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Arguments have been given by KRISCI[ (1) in favour of a phenomenological formula 
fitting high-energy elastic data over the whole angular interval. Tids formula is a super- 
position of three Gaussians in ilk• (k, 0 c.m. variables, fl = velocity of the e.m. protons). 
The various slopes in this formula are connected to the sizes of inner and inner do- 
mains of interaction. Whereas the gross features in the behaviour of high-energy data 
are well reproduced (we will ignore the fine-structure effects recently found in p-p (2)), 
this formula has some shortcomings: A) on the phenomenological side, the data for 
the largest value of /c• show a tendency to deviate from Kriseh's formula exhibiting 
a less pronounced fall-off; B) from the ~heoreisical point of view it is not clear why there 
should be only three domains of interaction whereas one would rather expeet~ an infinity 
of them as we get closer to the center of ~he target proton or, equivalently, as the 
encrgy of the incoming proton increases; C) the more serious theoretical drawback is 
that  Krisch's formula violates the general bound of Cerulus and Martin (s) valid under 
very weak requirements of analyticity and boundedness. 

This last complication was absent in the l)henomcnologieal fornmla previously 
proposed by 0RnAn (4). 

hi  this paper we will show that  if we assume that  the thrce-Gaussian formula of 
ref. (~) is replaced by an infinite series of Gaussians (in which case we assume an in- 
finity of domains of interactions thus accounting for point B) above), such that  the 
first few terms reproduce Krisch's formula, automatically this accounts also for points 
A) and C). 

This leads us to a four-parameter integral formula that we propose as a phcnom- 

(*) S u p p p r t e d , i n  p a r t  b y  U ~ A F - E O A I t  G r a n t  68-0015. 
(**) On  leave  of absence  f r o m  Faeuld,ado 4e  Filosofia,  C ieac ias  y L o t r a s ,  U n i v e r s i t y  of S~o Pau lo .  
(1) See A. D. I~RISCH: Phys. Rev. Left., 19, 11 I9  (1967), where  re fe rences  to  p rev ious  p a p e r s  c a n  be  

f o u n d .  I n  t h i s  p a p e r  t h e  d,ata  a n a l y s e d  r e fe r  to  dat/dt for  p -p  e las t i c  se!~ttering,  da~/d,t b e i n g t h e  p-p  
d, ifferential  c ross-sec t ion  f r o m  w h i c h  t h e  effects  d.ue to  p a r t i c l e  i d e n t i t y  h a v e  been  r e m o v e d .  In  t h e  p r e sen t  
p a p e r  we sha l l  r e fe r  to  da~/dt a l t h o u g h  t h e  s a m e  a r g u m e n t s  cou ld  be  r e p e a t e d  for  t h e  u s u a l  da/dt. 

(~) See fo r  i n s t a n c e  A.LLABY et al.: Corn R e p o r t  68-7 and- t h e  r e fe rences  quoted- t h e r c .  
(3) F.  CERULUS a n d  A.  /~ARTIN: Phys. Lelt., 8, 80 (196t) .  
(*) J .  OREAR: Phys. Rev. Lett., 12, 112 (1964); Phys. Left., 13, 190 (1964). 
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enologieal  tool  to  fi t  h igh -ene rgy  d a t a  ( f ine - s t ruc tu re  effects (2) exc luded) .  The  dom- 
i n a n t  c o n t r i b u t i o n  to t h i s  f o r m u l a  as k• ~ oo exh ib i t s  Orear ' s  b e h a v i o u r  (4) t h u s  re- 
s to r ing  n o n v i o l a t i o n  of t he  Mar t in -Ccru lus  b o u n d  (3). A m a z i n g l y  enough ,  w h e n  t h e  
a c t u a l  n u m b e r s  arc used,  t h i s  a s y m p t o t i c  b e h a v i o u r  (eq. (10)) ha s  a slope v e r y  close 
to  Orear ' s  one. 

Accord ing  to w h a t  sa id  above  we assume 

bx:] 
(1) dt i t  at I,=o .=o (on -4- 1) L c n +  1 ' 

c > O ,  a > l ,  x-=-flk• 

where  C is a n o r m a l i z a t i o n  coefficient o 

(2) C ~ =  - 
~ o o  @",/k 1)' i~ 

a n d  a, b, c, v are  four  rea l  p a r a m e t e r s  10- 2 

to  be  a d j u s t e d  (b be ing  essent ia l ly  
t h e  slope of t he  d i f f rac t ion  peak) .  

I n~  a f o r t h c o m i n g  p a p c r  (a) we 
shal l  discuss how to sum a n d  how  
to  e v a l u a t e ' t h e  a s y m p t o t i c  b(~kaviour 
as x - ~  oo of t he  genera l  series in  (1). 10- ~' 
Here  we l imi t  ourselves  to not ice  t h a t  

choos ing  (r 

(3) v = { ,  a = 5 ,  c--~ 2 ,  
--6 

b = I0 (GoV/e) -2, ~ lo 

we ge t  a n  exce l len t  fit  over  t lm whole  
a n g u l a r  i n t e r v a l  to all  h igh -ene rgy  
d a t a  as seen in  Fig.  1 (where  t h e  ex- - 8 
p e r i m c n t a l  p o i n t s  arc as in  rcf. (~)). 10 

W i t h  t h e  ~bove  v a l u e  v = - ~  we 

ge t  

C d ~ r a -'~ 

_ _  _ _ _ _  ~ 

�9 exp cn + 1 

Fig.  1. - P lo t  of X = ( d a ' ~ / d t ) / ( d a t / d t ) ~ = o  a s  

g iven  by  eq.  (4) v s .  x 2 for p-p elt~stic da t~  
t~kcn  as in ref .  (U. 

10 ~lz I , t I 
o 2 

l T i i i 

4 6 8 10 12 
x2=~ 2 piZ(G eV/c ) 2 

(B) I i .  FLE~IING, A. GIOW~,'~INI a n d  E.  PrtEDAZZI: to be published.  
(6) i t  should be s t ressed t h a t  the  va lues  g iven  in eq .  (3) for t h e  p a r a m e t e r s  a re  no t  ob ta ined  f rom a 

bes t  fit of t h e  expe r imen ta l  poin ts  b u t  front a s imple  t r i a l  procedure ,  an d  b y  asking thai,  t h e  first few 

t e r m s  reprocluec Kr isch ' s  fo rmula .  
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Using now 

(5) 

co 

0 

the  series in eq. (4) can be summed and we obta in  

r 

C d a f ( 6 )  X - -  b a ~ / ~  d(x'~) a dy eosxy 

o 

[exp[y2/4b]--lexP[--Y~'(c~- 4b J. 

Upon der iva t ion  wi th  respect  to x 2, f rom eq. (6) we get  a simple th ree-parameter  
formula  which could be used for nmner ica l  fits to h igh-energy da ta  due to the very  
rap id  convergence of its in tcgrand.  

Owing to the  pa r i ty  of the  in tegrand  in eq. (6) we can also eva lua te  X by using 
the  Cauchy theorem which  allows us to obta in  an 0rear - l ike  series for X.  The poles 
of the  in tegrand  are located at  the in tercepts  of the  pa ramet r i c  curves 

(7) 

4b 
- - u  2 - ! - ' v  e = - - ] h a ,  

6' 

4b 
y=u+it;, m = 0 ,  ~=1, =~2 . . . .  , 

and we then  get  

(8 )  X . . . . .  a l l ' '  e x p  -- 

where 

(9) 

I t  is clear from eqs. (8), (9) tha t  the form (8) is an ideal  tool to eva lua te  X as 
x - ~  oo since the  series converges very rapidly wi th  increasing m, cont ra ry  to wha t  
we had in eq. (1). We  then  get  (with c = 2 )  

x - ~  8b a x4 �9 

W i t h  the  values (eq. (3)) b = 10, a = 5, f rom eq. (10) we find tha t  the  leading 
te rm as x --> ~ is domina ted  by exp [--flk• to be compared  wi th  exp [--k• 
in 0 rea r ' s  fit. Therefore  the  two agree wi th in  10%. Moreover  at  x Z =  12 the  value  
obta ined  from the  only t e rm in eq. (10) prac t ica l ly  coincides wi th  the  one obta ined 
summing  up ~he first eight  terms in (1), whereas at x 2 = 4 the  vnhm obta ined  from (10) 
is off by 20~ and is therefore  a l ready a good  approximat ion .  
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Summar iz ing  the results (val id  in the  par t icu la r  case v = �89 in eq. (1)), eqs. (1), 
(6) and (8) are different expressions for the  same quant i ty .  E q u a t i o n  (1) is a Kriseh- 
hkc  form and few te rms  p rov ide  a good approx ima t ion  for small  x thus  establ ishing 
a connect ion wi th  diffraction, whereas  eq. (8) is par t icu la r ly  useful for large x showing 
tha t  the  Cerulus-Mart in (a) bound  is no t  v io la ted  and therefore  res tor ing nonvio la t ion  
of anay t i e i t y  and boundedness.  Also, eq. (1) shows t h a t  the  cont r ibu t ions  coming  
from inner  and inner  domains  of in terac t ions  are  essential to avoid  v io la t ion  of the  
Cerlflus-Martin bound.  A t  the  same t ime  the  agreement  wi th  exper iments  is excel lent  
(Fig. l) and moreover  the  procedure  m a y  shed some l ight  on the  long deba ted  quest ion 
of whe ther  or no t  small  and large angles are to be a t t r ibu ted  to inheren t ly  different 
mechanisms or (as is implic i t  in the  present  approach) they  can be reconci led wi th  
one another  (~). 

One of us (H.F.)  acknowledges a fellowship f rom the  Brazi l ian Consclho Nacional  
de Pesquisas.  

(7) After this work was written, wc received a paper by C. COCCONI (CEi~N, NP Int. Report 68-17) 
in which, s~r t iag from very different motivations, similar results are obtained. 


