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S u m m a r y .  - -  A study is made of the effect of the tensor part  of the neutron- 
proton interaction in hypertriton. I t  is found that  the eorreetions obtained 
lor the volume integral of the A-nucleon interaction result in appreciable 
variation of the parameters of the A-nucleon potential as derived from 
studies of light hypernuelei. 

1 .  - I n t r o d u c t i o n .  

A m o n g  the  k n o w n  hype rnuc l e i  t he  l ightes t  one 3H A has a pa r t i cu la r  posi-  
t ion,  since the  low n u m b e r  of par t ic les  allows de ta i led  va r i a t iona l  ana lyses  
wi th  t w o - b o d y  cen t ra l  in te rpar t i c le  forces (1.~) or even  wi th  ha rd -core  (8) or 

t h r e e - b o d y  forces (% A small  n o n e h a r g e - s y m m e t r i c  t e r m  in the  A-J~  inter-  

ac t ion  has no p rac t i ca l  effect in 3ItA. Such  ~ t e r m  seems to  be requi/ 'ed b y  
some exper imenta l  d a t a  (5); i t  is also pred ic tab le  theore t i ca l ly  (6) w i th  a spin- 

dependence  Of opposi te  sign for  ~ p r o t o n  a nd  a neu t ron .  Since in h y p e r t r i t o n  
the  n-p pa i r  has spin 1, t he  first p e r t u r b a t i v e  cor rec t ion  to  the  ene rgy  due to  

this  t e r m  is zero;  even  a m o r e  accu ra t e  va r i a t iona l  ca lcu la t ion  shows t h a t  i t  
is no t  i m p o r t a n t  (~). 

(1) R. •. DAI,1TZ and B. W. DowNs: Phys. Rev., l l0 ,  958 (1958). 
(2) ~R. H. DAL]TZ and B. W. DOWNS: Phys. Rev., 114, 593 (1959). 
(3) B. W. DOwNs, D. S•rrH and T. TRUONG: Phys. Rev., 129, 2730 (1963). 
(4) j .  D. C~AI~K I I I  and B. W. DowNs: Phys. Rev., 132, 2727 (1963). 
(5) M. RAYMUND: NUOVO Cimento, 32, 555 (1964). 
(6) R. H. DALITZ and B. W. DOWNS: Phys. Rev., I l l ,  967 (1958). 
(7) S. ROSATI: unpublished. 
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I n  a s tudy  of ~HA it m a y  be of interest  to t ake  into account  also the  ten-  
sorial pa r t  of the  neu t ron-p ro ton  interact ion.  A previous work  (s) has inves-  
t iga ted  the role of such a forc% bu t  any  definite conclusion was excluded due 
to  the  par t icu lar ly  s imple t r ia l  wave  functions used. A re -examina t ion  of the 
p rob lem is made  wi th  more  flexible t r ia l  functions containing a larger  n u m b e r  
of var ia t ional  paramete rs .  

2.  - n - p  p o t e n t i a l  and  w a v e  f u n c t i o n s .  

W e  follow the  formula t ion  of the  p rob lem as given in I and  we l imit  ore'- 
selves to point ing out the essential  differences wi th  respect  to  I .  

We assume the  following neu t ron-p ro ton  potent ia l :  

(1) Va.p(r)  (W~-~ W~a~'%) e x p [ - I c r ]  W. e x p [ - - v r ]  S~.,(r) 
~ - - -  " 3 , r r 

where ~ is the  vector  Paul i  m a t r i x  and  

3 
S~,,(r) -----~ ( t ~ ' r ) ( a p ' r ) - - t * . ' t ~  . 

FEHS]3AC]~ an4 SOHWiNGE~ (9) have shown that with this n-p potential it is 

possible to  fit the  proper t ies  of the  deuteron  and  the  low-energy n-p scat ter ing 
da ta .  Here  we consider six sets of pa rame te r s  (see Table  I)  selected f rom 
ref.  (9); five sets are the  ones jus t  considered in I (*); the  new one, the  sixth,  
was shown by  PEASE and  FESKBACK (~o) to also yield a correct  value for the  
binding energy of the  t r i ton.  

I n  the  main,  our calculations have  been per fo rmed  wi th  the  poten t ia l  of 
Sype b) of Table  I which pract ical ly  coincides in our case wi th  the  more  general  
Hal l  and  PowelVs one (~). The other  five cases are considered to  see how the  
resul ts  m a y  depend on the  ac tua l  choice. 

The t r ia l  wave  f-unction of the  h y p e r t r i t o n  is chosen to  have  the  form 

(2) V~EoC/(r, s, t)% + xg(r, s, t ) F ~ ,  

(s) ]~. BARS~LLA and S. :RosATI" NUOVO Cimento, 20, 914 (1961) (this work will 
be indieated hereafter by I). 

(9) H. F:EStIBAC~ and J. SCHWI~G:E~: .Phys..Rev., 84, 194 (1951). 
(*) The values given fc, r W a in Table I of I must be mulr by a factor 3. 

(10) R. L. P]~As]~ and H. FnsHBAen: Phys. t~ev., 88, 945 (1952). 
t 11) It. H. ttALI~ and_ Y. L. POWELL: Phys. Rev., 90, 9t2 (1953). 
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T A B L E  I .  - -  _~eutron-proton potential l)arameters. 

I353 

k 

Neutron-proton 
potential 

parameters 

a) 34.46 
b) 46.92 
c) 49.82 
d) 82.46 
e) 75.11 
1) 55.44 

w~+w.. 
(MeV .fermi) (MeV. fermi) 

62.97 
50.64 
50.76 
18.57 
27.96 
40.59 

k 
(fermi -1) 

0.7402 
0.8425 
0.9050 
1.0341 
1.0341 
0.8471 

(fermi -1) 

0.7236 
0.6524 
0.6524 
0.3619 
0.4708 
0.5882 

txl 

0.205 
0.195 
0.198 
0.145 
0.167 

where ~,, and  ~ ,  axe the  normal ized  spin funct ions for the  S and  t h e / )  waves ,  
respect ive ly  (*); r is the  neu t ron-pro ton  distance,  s [t] the  A-pro ton  [neutron]  
distance;  the squaxe of the  coefficient x gives direct ly  the  percentage  of the  
2) wave.  We have  chosen the radia l  funct ions ] and  g as follows 

(3) ](r, s, t) ~ (e~p [ -  .~s] + ~ exp [ -  .~8]) (exp [ -  ~t] + 

+ ~ e~p [ -  ~t]) (c~p [ -  ~ ]  + B e~p [-- &~]), 

(4) g(r, s, t) r r2(exp [ - -  y~s] + C exp [ - -  7~s]) (exp [ - -  y~t] + 

+ C exp [ - -  ~2t]) (exp [ - -  ~ r ]  + JO exp [ - -  ~r])  . 

The funct ion (2) wi th  f as g iven b y  (3), bu t  wi th  x =  0, coincides wi th  the  
one used by  DALI~z and  D o w n s  (~) which results  in a fa i r ly  good descr ipt ion 
bo th  of the a s y m p t o t i c  behav iour  and  the  correlations be tween the  three  par-  
ticles. For  this reason we have  chosen the  D radia l  funct ion g wi th  a com- 
pletely similar dependence on the interpaxticle distances.  

As a result  of the  small  value of the  A binding energy the  3H A can be pic- 
tured  as a A bound  to  a deuteron not  ve ry  much  distorted.  Consequently if  
the  functions (2), (3) and  (4) are to accura te ly  describe the  hype r t r i t on  we 
mus t  obta in  a good descr ipt ion of the  free deuteron wi th  the  wave  funct ion 

(5) ~d 

+ xC2 (exp [ - -  ~lr] + D exp [ - -  (~2r]) SCka~} ~/o , 

where C1 and C~ are the  normal iza t ion  constants  for the  S and  D radia l  func- 
tions, Z o is the  singlet funct ion for the  n, p pair ,  and  S ~ = 3 r ~ r ~ - - ~ j ~ r  ~. 

(') Th6 complete form of these spin functions is given in Appendix A of I. 
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Using the  funct ion (5) we have per fo rmed  var ia t iona l  calculations so as~i) to 
check our t r e a t m e n t  of the  deuteron  core of hype r t r i t on  and  ii) to have  a 
reasonable  s ta r t ing-poin t  for the  pa rame te r s  re la te4  to the  n-p side in the  

3 * wave  funct ion for H A. The results  for the  var ious n-p potent ia ls  are l isted 

TABL)~ II.  - Binding  energy B~ and wave /unction parameters o/ the deuteron /or the 
potentials o] Table I .  

Neutron- 
proton 

poteutial i 
! - -  

a) 
b) 

e) 
/) 

(fermi-l) (fermi -I ) 

0.313 0.800 
0.305 0.8]4 
0.306 0.833 
0.348 1.064 
0.328 0.973 
0.328 0.862 

B 

3.425 
3.633 
3.'i93 
2.893 
3.293 
3.008 

51 (~2 I * 

4 ~ 7 3 7 1 ~ - 0 3 0 . - ~ 8 7  ~ . 1 5  (fermi-i). (fermi-i) . D _ B a 

4.667 1.523 1 0.086 --2.08 
4.775 1.553 0.087 --2.11 
3.745 1.213 0.076 --2.18 
4.158 1.343 0.078 --2.16 
4.390 1.426 0.081 --2.21 

Ixl 

0.194 
0.183 
0.183 
0.136 
0.155 
0.173 

in Table  I I  where B* represents  the es t imate  obta ined  for the deuteron  bind- d 

ing energy.  The values obta ined  for B* are reasonably  near  to  the  exper imenta l  
va lue  the difference being be tween 0.02 and  0.15 ~ e V ,  according' to the  dif- 
fe ren t  potent ia ls  of Table  I.  We m a y  argue t h a t  the  r-side dependence in the  
hype r t r i t on  radial  functions (3), (4) is not  complete ly  sui table;  however,  we 
can t ake  into account  the  ma in  effect of this fact  by  assuming B*,  in the  hyper-  
t r i t on  var ia t iona l  cMeulations, to  be the  t rue  deuteron binding energy.  

3. - Three-body variational calculations and results. 

The calculations per formed are s t ra ight forward  generalizations of the cor- 
responding ones in I,  so we l imi t  ourselves to point ing out a simplification not  
used in I .  As the  to ta l  k inet ic  energy commutes  wi th  the  orbi ta l  angular  
m o m e n t u m ,  its ave raged  value,  calculated wi th  the  funct ions (2), does not  
contain  any  S - D  mixed  t e rm;  moreover  the  S radial  funct ion (3) and  the D 
one (4) have  a p roduc t  fo rm 

3 

y [  g~(r~) [(r l ,  r~, r3) ~ (r, s, t)]. 
i =1  

I t  is therefore  possible to use the  result  obta ined  in Appendix  of ref. (1~) wi th  
apprec iab le  reduct ion in the  numer ica l  calculations. 

(12) j .  W. 3'IURPH~ and S. ROSATI: ~ucl .  Phys. ,  to be published. 
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We come now to the  p rob lem of eva lua t ing  the  m i n i m u m  volume integral  
C of the  A-2~ poten t ia l  necessary to give the  required  b inding energy.  The  
m i n i m u m  has to be found b y  va ry ing  all the var ia t iona l  paramete rs .  For  fixed 
values of all the  other  pa ramete r s ,  the  o p t i m u m  value of the mix ing  para-  
me te r  x, as shown in I ,  can be readi ly  eva lua ted :  so we have  a min imiza t ion  
problem in a twelve-dimensional  space. I n  a first stage of the  calculation,  
s ta r t ing  with one of the  pa r ame te r s  we var ied  i t  b y  plus o1" minus a corres- 
ponding step. H a v i n g  chosen for the  p a r a m e t e r  considered t h a t  value which 
gives the  smallest  vo lume integral ,  the  same opera t ion was repea ted  for the  
nex t  pa ramete r ,  and  so on. I n  the  ne ighbo~rhood of the  m i n i m u m  we changed 
the  procedure.  We changed one p a r a m e t e r  a t  a t ime  by  mult iples  of a cer ta in  
quan t i ty  so as to find its corresponding bes t  var ia t iona l  value.  When  all the  
pa rame te r s  had  been considered the  opera t ion  was again  repea ted  wi th  the  
vaxying quan t i ty  reduced b y  one-half  the  preceeding value,  etc. This process 
was s topped when the f luctuat ions in the  m i n i m u m  were judged to  be un-  
impor tan t .  

We have  pe r fo rmed  a first group of calculat ions on ~HA wi th  the n-p po- 
tent ia l  of t ype  b) and  a A-v~ Yukawian  poten t ia l  shape. The results  are col- 
lected in Table  I I I ,  where we also report :  (marking wi th  an asterisk)  those  
obta ined b y  DALITZ and D o w ~ s  (2) using pure ly  centra l  forces. Three  dif- 
ferent  values of the  A binding energy are considered, name!y  BA----0, 0.25 
and 1.00 1V~eV, so t h a t  i t  is qui te  ppssible to in terpola te  so as to ~(~b~ain the  
results for any  binding energy in the  range considered (*). 

TABLE IV. - Results ]or the various n-p potentials o/ Table I and A-~N ~ Yukawa shape 
with intrinsic range 1.4843 fermi. 

Neutron-proton potential 

t U2 (MeV'fermi 3) 

a) b) e) d) e) I ]) t 

r J 703 701 ] 697 ] 682 686 ' 699 

A second group of calculations were devoted  to seeing how U2 changes 
when the  different n-p potent ia ls  of Table  I are used. We  assumed BA ----0.25 !V~eV 
and a A-3ff Yukawian  potent ia l  corresponding to the  exchange of two pions : the  
results obta ined  for the  volume integral  axe l is ted in Table  IV.  Some of the  
preceding calculations were repea ted  using a a  exponent ia l  shape for the  A-A a 

(*) There is still a noticeable uncertainty in the A-d separation energy; the  best 
present results give BA(sHA) = (0. 2 ! • 0.2) MeV. 
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potent ia l :  the results are quite s imilar  to those obta ined with  Yukawian  shape,  
so t hey  will no t  be discussed fur ther .  

4. - Conc lus ions .  

For  the  pa r ame te r s  of the  n-p poten t ia l  (2) we have,  in the  main ,  con- 
cent ra ted  on the  choice b). This choice seems to be the preferable  one, b u t  
i t  m a y  be tha t ,  wi th  sui table var ia t ions  in the  paramete rs ,  i t  is possible t(~ 
obtain  equivalent ly  good results.  I n  this respect  i t  is in teres t ing to  observe  
thu t  potent ia ls  like a), v) and  ]), hav ing  p a r a m e t e r  values r a the r  near  to  those  
of b), also give results,  ve ry  near  to the  ones of po ten t ia l  b). 

Wi th  respect  to the case of central  forces, the  in t roduct ion  of a tensor ia l  
t e rm  in the  n-p poten t ia l  gives some corrections to U 2 which m a y  be eva-  
lua ted  as 3 or 4 %  b y  inspect ion of Table  I I I .  These corrections are of some 
impor tance  for the A-nucleon potent ia l  as ac tual ly  der ived f rom light  hyper -  
nuclei data.  Le t  us discuss briefly this point .  We assume the  value (*) U , =  

910 ]~eV.fe rmi  3 for the  A-3~' vo lume in tegra l  in 5HeA for  the  case of ex- 
change oil t w o  pions and  a Gaussian shWpe. F r o m  Table  I of ref.  (~), i t  is 
possible to evalua te  how U2 changes assuming a A-0V Gaussian poten t ia l  
shape instead of a Yukawi~n one. To fix the ideas, let  us ~ssmne BA(~tiA) 
= 0.25 MeV~. Wi th  the hypothesis  of purely  central  forces we have  (~) U2 = 
= 667 MeV. fe rmi  3 so tha t ,  using this  resul t  and  the  one for U 4 we obta in  

V, ~ 386.5 ~ e V . f e r m i  3 , V~ ~ 174.5 ~ e V . f e r m i  ~ 

where V~ and V~ indicate  the  in tegral  over  all the space of the  A - ~  po ten t i a l  
in the singlet and in the  t r ip le t  spin states.  When  a tensor  t e r m  is inc lude4 
in the  n-p potent ial ,  we can give the  es t imate  for a Gaussian shape:  U~ = 

----695 ~VleV.fermi ~, and  consequent ly  

V~ = 40'7.5 MeV. fe rmi  ~ , V~ = 167.5 ~ e V . f e r m i  ~ . 

I t  is quite easy to repeat  the  evaluat ion  for g~ and  F~ for any  4esidered 
BA(3HA)<I  ~ e V ,  wi th  conclusions very  similar  to the preceding ones. 

The author  wishes to t h a n k  Dr.  B. BARSELLA for his col laborat ion in the ini- 
t im calculations on this problem,  t i e  is much  indebted  to Prof.  B. I t .  FLOWERS 

(*) See reL (~); the errors quoted there  for U4 are not essential for the p r e s e n t  
discussion. 
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for  his hospi ta l i ty  a t  the  Physics  D e p a r t m e n t  of 5~anchester Univers i ty  where 
the  numerical  calculations were pe r fo rmed  and the  work  concluded. He  mus t  
also t h a n k  Prof .  FLOWEgS for mak ing  t ime  avai lable  on the  Atlas compute r  
and  5Its A. EASON for the  invaluable  help in the  p repara t ion  of the  programs.  

R I A S S U N T O  

Si studia l'effett~ delia parte tens(~riale dell'interazione neutrone-protone nell'iper- 
tritone, Le r ~rovate per il volume integrMe dell'interazione A-nucleone eom- 
portano v~ria,zioni apprezz~bili nei parame~ri del potenzi~le A-nueleone derivato dallo 
studio degli ipernuc]ei leggeri. 


