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S u m m a r y .  - -  The mathemat ica l  aspects of singular potent ia ls  in non- 
relat ivist ic  quantum mechanics are s tudied in terms of the self-adjoint  
t ransformations related to singular differential operators  in the  space 
L2(0 , ~ ) .  The physical  content  is expressed by the spectral  decompositions 
and for a t t rac t ive  potent ials  found to be determined only up to a para-  
meter  defining a par t icular  extension. In  general it  is not  possible to 
determine a specific extension by  a cut-off procedure. 

1 .  - I n t r o d u c t i o n .  

The  r e c e n t  w o r k  of FEINBERG a n d  PAIS (1,e) has  m a d e  i t  d e s i r a b l e  to  s t u d y  

t h e  f o r m a l  t e c h n i q u e s  a p p l i e d  b y  t h e m  to  u n r e n o r m a l i z a b l e  f ield t h e o r i e s  on  

t h e  f i r m e r  g r o u n d  of s i n g u l a r  p o t e n t i a l  s c a t t e r i n g  (3-5). U n f o r t u n a t e l y  t h e  

m a t h e m a t i c a l  i m p l i c a t i o n s  of s i n g u l a r  p o t e n t i a l s  in  n o n r e l a t i v i s t i e  q u a n t u m  

m e c h a n i c s  h a v e  n o t  been  w o r k e d  o u t  in  such  d e t a i l  as  in  t h e  m o r e  f a m i l i a r  

case ,  a l t h o u g h  a f i rs t  s t ep  in  t h i s  d i r e c t i o n  has  been  done  b y  t h e  w o r k  of 

CASE (~) a n d  SCARF (7). Th i s  m a y  be  due  to  t h e  f a c t  t h a t  a t t r a c t i v e  p o t e n t i a l s  

s i n g u l a r  as  r -~ (~ > 2) a r e  of a r a t h e r  ~ c a d e m i c  i n t e r e s t  f r o m  t h e  p h y s i c a l  p o i n t  of 

v iew,  b e c a u s e  in  g e n e r a l  t h e y  do  n o t  l e a d  t o  ~ H a m i l t o n i a n  b o u n d e d  i n f e r i o r l y .  

(1) G. I"EINBE~(; and A. t'AIS: Phys. Rev., 131, 2724 (1963). 
(2) (~. FEINBERG and A. PAIS" Phys. Rev., 133 B, 477 (1964). 
(3) N. KHURI and A. PAIs: Singular Potentials and Peratization, I, preprint .  
(a) A. PAIS and T. T. W ~ :  Singular Potentials and Peratization, I I ,  prepr int .  
(5) A. P .~s  and T. T. W u :  Scattering Formalism ]or Singular Potential Theory, 

preprint .  
(6) K. M. CASE: Phys. Rev., 80, 797 (1950). 
(7) F.  L. SCARF: Phys. Rev., 109, 2170 (1958). 
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This does not  mean  t h a t  the  m a t h e m a t i c a l  s i tuat ion is obscure.  Singular 
differential  opera tors  are ei ther  self-adjoint  or give rise to a well-defined class 
of self-adjoint  extensions in the  Hi lbe r t  space of square- in tegrable  funct ions  
L2(0~ co) (Sect. 2 and  3). The corresponding resolutions of the  iden t i ty  are dis- 
cussed in Sect. 4 in t e rms  of sca t te r ing  solutions and  bound-s ta t e  wave  func- 
t ions.  Ana ly t i c i ty  proper t ies  in the  coupling cons tan t  g2 are displayed b y  
a spec t ra l  represen ta t ion  of the  reso lvent  in the  complex g2-plane. F ina l ly  
i t  is shown (Sect. 5) t h a t  i t  is no t  possible to fix a specific self-adjoint  extension 
b y  a cut-off procedure,  except  in a special  range  of coupl ing-cons tant  values  
for  the  po ten t ia l  r -2. This leaves the  (~ physical  ~) content  of t t ami l t on i ans  not  
bounded  below unde te rmined  up  to a p a r a m e t e r  fixing the  extension.  

2.  - S i n g u l a r  d i f f erent ia l  operators .  

I n  order to s tudy  the  possible mean ing  of singular potent ia ls  in q u a n t u m  
mechanics  we begin wi th  some resul ts  f rom the theory  of singular  differential 
operators .  An exhaus t ive  t r e a t m e n t  of the  subject  can be found in Stone 's  
book (8), f rom which we have  bor rowed the  general  s t a t emen t s  of th is  Section. 

We consider the  differential  opera tor  

4 2 

(2. l ) L --  dz: + g2 V(z) 

in the  in te rva l  (0, c<)). The po ten t ia l  funct ion V(z) shall  be in tegrable  over  
every  closed in te rva l  in ter ior  to (0, co). To avoid complicat ions  not  of inte- 
rest  in our context  we assume V(z) > O. The point  z---- c~ is a singular  point  
of the  opera to r  (2.1) and  the  point  z----- 0 is said to be singular,  if the  in tegral  

a 

fdzl V(z) i, a > 0 ,  
0 

does not  exist. This is the  case we are in teres ted  in. 
The  opera tor  L defines a l inear  t r ans fo rma t ion  H* in the  space L~(0, cxD) 

with  domain  D*. D* is essential ly the  set of all funct ions  ]eL2(O, c,o) such 

t h a t  L / E  L2(O, co). For  /, g e D* we have  

(2.3) (g, L1) = [g , / ]0  + (Lg, 1), 

(8) M. H. STON~: Linear Trans/oru~ations in Hilbert Space, in Ann. Math. Soc. 
(New York, 1932). 
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where the limits 

(2.4) [g, f]o = lim (-- ~ f ' +  g'f) l~=b-- lim (-- O f ' +  g'/)]~=, 
b-->co a---~0 

do exist (~ is the complex conjugate of g). ~f D is the set of all ] E D *  such 

that 

(2.5) [g, f]o = 0 for every  g ~D*, 

then the operator  L with domain D defines a symmetr ic  t ransformat ion  H 

in L~(O, c~) with adjoint  H*. 
For  physical  interpretat ion H needs to be self-adjoint or a physical ly  rea- 

sonable self-adjoint extension has to be given. To find out whether  H is 
self-adjoint or not  we consider the solution w(z ,  k) of the differential equat ion  

d ~ w  
(2.6) L w  - -  - dz 2 ~- g2 V( z )w  = k '~ w ,  

where k is in the upper half-plane (Ira k ~ 0). We call no or n~ the number  

of linear independent  solutions of (2.6) which belong to L~(0, a) or L~.(a, a<)), 

where a is arbitrt~ry ~ 0. The number  n of independent  solutions in L.~(0, ~ )  is 

~. ~ j y~ =: n o -~- '~'~r - - 2  . 

I t  is c~lled the ((deficiency-index)) of the t ransformat ion H. The numbers  

no and n~ ~re independent  of k in the upper  h~flf-plane and m a y  have the  
values 1 ,2  each. Hence n = 0 ,  1 ,2 .  

I t  has been shown by V0N NEU)IAN~ (9) t ha t  the domain D* (~',tn be de- 

composed in the form 

( 2 . 8 )  D *  = D �9 Dk~ �9 D ~ , .  

Dk, and Dk, are the linear manifolds in L~(0, c~) belonging to the eigenvalues 
k 2 and k 2 of (2.6). Because 

(2.9) dim D k 2 -  dim D~ = n , 

H is clearly self-adjoint for n = 0, while for n = 1 ,2  se]f-adjoint extensions 
have to be constructed.  

We now determine the numbers  n~ and no for certain classes of potentials.  

(9) •. ]. ACHIESER and I. M. GLASSMANN: Theorie der lineare~t Operotoret~ i ~  
Hilbert Rau,~ (Berlin, 1958). 
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For  a potent ia l  wi th  the  p rope r ty  

r 

(2.!0) ~dz  z I V ( z ) I < c ~ ,  b > O, 

b 

there  exists only one solution of (2.6) in L~(O, co) for I m  k > O. We call i t  
](z, g, - -k )  and  define i t  in the  usual  way  b y  the  Volterra  integral  equat ion 

co 

](z, g, -- k) = exp [ikz t + g21d~ sin k(~ --  z) V(~) ](~, g, -- k ) ,  
k ( 2 . 1 1 )  J 

I(z, g, k) = ](z, ~, - ~) . 

The second solution 

(2.12) ](z, g, k) ~- l(z, g, - - k  exp [ i~]) ,  W(f(z,  g, k), /(z, g, --k))  ~-- 2ik 

(W means the  Wronskian determimmt)  is not  9, L2(a, oo) and we have n~ 
The solutions for the  potenti,~l 

('.t,.13) g'- V(z) ._ Z'-' 

a r e  

(2.14) 

l (z ,  ~, - k) = V 

/ ( z , v , k ) - -  | ' - 2  H~Z)(kz)exp - i ~  v - ~  , 

where H (I) zmd H (2) are the  g a n k e l  funct ions of first and second kind. 
] ( z , v , - - k )  is in L~(a, oc:,), and ](z ,v ,k)  is not ,  independent  of the value v. 
Again n| =: 1. To determine no for the poten t ia l  (2.13) we look at  the  general 

solution of (2.6): 

(2.15) w(z ,  v, k) = ~ V ~  J~(kz) + ~ V z  ~ ( k z )  

in terms of the  Bessel funct ion J, and the  ~ e u m a n n  funct ion 2V. 
I f  v > l ,  only v/zJ,(kz)  is in L2(0, a) and we have  n 0 = l .  Bu t  for 0 < v < l  

and  purely  imaginary  values of v = i y  (y real) every  solution (2.15) is in 
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L~.(O, a)  and no - -2 .  Hence the t ransformat ion  H is self-adjoint for a repulsive 
potent ial  (2.13) with v 2 ~ l  ( n = 0 ) ,  while for v ~ < l  we have to look for pos- 
sible extensions ( n = l ) .  I t  is a peculiar p roper ty  of the  potent ial  (2.13) t h a t  

H has the deficiency-index 1 in the range � 8 8  where the potent ia l  is 
repulsive. 

We now turn  to potentials tha t  are more singular than  z -2 at  the origin= 
For  the sake of simplicity we assume the form 

where 

] 
V(z) = - 5 +  V'(z) , 

b 

<2.~6) fd= z i V'(z) 1< c~ for b > 0 

o 

and ~ > 2. The t ransformat ion 

1 
(2.17) z' ---- -- 

Z ~ 

of (2.6) leads to the differential equation 

(2.18) ( d~v 1 V' ~ - ~ - - ~ .  
__ d z  ~ + g 2  z , = - ~ + ~  z '4 

Because of (2.16)we can obtain asymptot ic  solutions for z'-->c~ (z-->0)~ f rom 

d~v~ g +'z'~'-4 Vo 0 (2.19) - -  dz;'-  -+- = " 

These have the form 

(2.2o) 

where Z~ 
of the equation 

is a cylinder funct ion of index v. We define as a fundamenta l  system 

(2.21) d 2 w ~  92 - 0 dz+= -~- ~ Wo ~--- 
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t h e  func t ions  

~o(Z, g) = 

(2.22) 

]/~z / igz ~�89 /igzl-(~/2'~ [ize ~ - -  2 

m0(~, - g) = m.(~, .q ~xp  [ i~ ] )  = 

w (q~o(Z, g) ,  ~o(Z,  - g ) )  = - 2 g  . 

A so lu t ion  of t h e  ful l  eq. (2.6) in Lo(O, a) fo r  t h e  p o t e n t i a l  (2.16) can  b e  
o b t a i n e d  f r o m  t h e  Vo l t e r r a  i n t eg ra l  e q u a t i o n  

(2.23) 

if ~(z, g, k) : ~o(Z, g) - -  ~gg d~ {cfo(z, g) q%($, - -  g) 

o 

~(z, g, k) = q~(z, ~, ~) .  

-q0(z ,  - g) q0(~, g)}- 

. ( k  2 _  g2 V'(~))  ~ (~ ,  g, k ) .  

W e  c lear ly  h a v e  no : 1 for  a r epu l s ive  p o t e n t i a l  (g2 ~ 0)and  no : 2 for  ar~ 
a t t r a c t i v e  p o t e n t i a l  (g~< 0). n = 1  is t h e  (~l imit-point  ~ and  n = 2  the  (~ l imi t -  
circle ~>-case, f irst  d i scussed  in t he  f a m o u s  p a p e r  of WEYL (lo). The  f u n c t i o n s  
~0(z, •  k) m a y  be  c o m p a r e d  w i th  t he  so lu t ions  

~(z, v, k) ---- F(1 ~- ~,)2 ~' k-" V/z Jv(kz) ~ z �89 exp  [~ In z ] ,  

(2.24) ~(z, - - v ,  k) ---- F(1 -- v)2"k ~ V~ J_,(kz) ~ z�89 [ - -  v In z] ,  

w ( q ~ ( z ,  ~,, k ) ,  of(z ,  - - ~ , ,  k ) )  = - -  2 v  , 

fo r  t he  p o t e n t i a l  (2.13) (v n o t  an  i n t e g r a l  n u m b e r ) .  

3 .  - S e l f - a d j o i n t  e x t e n s i o n s .  

To c o n s t r u c t  all  se l f -ad jo in t  ex t ens ions  of t he  t r a n s f o r m a t i o n  H, if n = 1 ,  
we use  t he  m e t h o d  of S tone  (s). A c c o r d i n g  to  (2.8) we can  d e c o m p o s e  t h e  

(1o) H. W~'YL: Math. Ann., 68, 220 (1910). 
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domain D* in the form 

(3.1) D* ~ D e D+, G D_~ 

where D+, and D_, are the linear manifolds which belong to the eigenvalues 

k ~ = - ~ i  and k 2 = - - i  of (2.6). Because of n = 1  these have  dimension one. 
As we have seen in Sect. 2 every  solution of (2.6) is now in Z~(0, a). Hence 

we may  span D+, and D_, by  the functions 

defined by (2.11) for a potent ia l  of the class (2.10) or by  (2.14) for (2.13). 
We now show tha t  the domain D of H can be characterized as the  set of all 
elements J ~ D* which satisfy 

(3.3) [/:~,, ]]o = ( - -  ]• ~- ] ' . , / ) I . -o  ~- O . 

To see this we recall tha t  we have defined D us the set of all / c  D* such 

theft (2.5) holds for every g e D * .  Every  g ~D* c~n be wri t ten in the  form 

(3.4)  g - -  g,, + ~,]+~ + ~ J - ~ ,  go E D ,  

where ~ ,  ~ ~re some (~,omplex numbers.  Hence (2.5) is equivalent  to 

(3.,~) [ i + , ,  I3~ = o . 

To reduce (3.5) to the condit ion (3.3) we use another  decomposit ion of g: 

! 

(3.6) g : g'o ~- fl~h~ ~- fl2h~ , go e D .  

h~ and h2 are functions with compact  support  such tha t  

(3.7) W ( h , ,  h2)],=o :/: O . 

Hence for every g and ] ~ D* 

(3.8) [i, g]~ = [], g~]~ = [], g'o]: : O,  

where we have used the f~et tha t  D is the closure of the set of funct ions 
with compact  support  and ~(0)----0 ~ ~'(0). ]• are, of eours% elements of 

/)* and (3.5) implies (3.3). 
Because the Hamil tonian  is a real transformation~ we have to define self- 
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adjoins  extensions which are real  wi th  respect  to complex  conjugat ion.  To 
do so we define She funct ion 

(3.9) ]e = N ]+~ exp i - -  ]-~ exp --  i 

and  She domanin  D e as She set of all e lements  / � 9  D* such t h a t  

(3.10) U , / o ] o  = o .  

The differential opera tor  L wi th  domain  D O is a self-adjoint  t r ans fo rmat ion  H o 
in L~(0, c~) : 

(3.11) (g, H o f )  = ( H s g ,  /) , l ,  g �9 D o .  

H o is real, because ] is a real  funct ion.  This guarantees  t h a t  the  resolu- 
t ion  of the iden t i ty  is real. As O runs  f rom 0 to 2z  we get  all possible self- 
adjoins  extensions wi th  this p roper ty .  

Nex t  we de termine  the  solutions ~e(z, g, k) of the  differential equat ion  (2.6) 
which saSisfy She b o u n d a r y  condit ion (3.10). Consider first  She po ten t ia l  (2.16). 
The general  solution is 

(3.12) q~o(z, g, k) = q~(z, g, k) - -  c~(z ,  - - g ,  k) 

with  some complex  num ber  c. The condit ion 

? r 
(3.13) [fo, ~o]0 = ( - - ]o~o  + 1o~o)1,-o = W~o0(~o, ]o) ---- O 

( W  means  the  Wronsk ian  evMuaSed a t  z) yields 

W~_,(lo(z),  ~0(z, g, k)) ~-o(]o(z) ,  ~o(z, g)) 
(3.14) c ~-- 

Wz_, (/o(z), ~(z, - -  g, k)) W~.o(to(z), ~o(Z, - -  g)) 

]o is a real funct ion  and  f rom (2.22) we see for g2~  0 

( 3 . ] 5 )  ~o(z, - g) = ~o(Z, g ) .  

Hence  Iv I----1 and  (3.14) m a y  be wr i t t en  as 

T~-0(]o(z), ~0(z, g)) 
(3.] 6) exp  [2 i z (O) ]  : W~~ ~0(z, --  g)) " 

/By (3.16) a one-to-one correspondence of O and  Z is set  up in She inter~ 

4 5  - I 1  N ' u o v o  C i m e n t o  
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vals  0 < 0 < 2Jr a nd  0 < Z < ~. The  so lu t ions  

(3.17) 
1 

(po(z, g, k) = ~ {exp [ i g ( O ) ] q J ( z  , g ,  k )  - -  exp  [ - -  i z ( O ) ] q ~ ( z  , - -  g ,  k)} 

are  real  for  pu re ly  i m a g i n a r y  values  of k = i~ (~ real). (3.17) leaves  unde t e r -  

m i n e d  the  phase  of the  so lu t ion  for  z--> 0. This  p r o p e r t y  of t he  wave - func -  
t ions  has  a l r eady  been  discussed b y  CASE (~). 

The  s i tua t ion  is comple te ly  t he  same  for  t he  p o t e n t i a l  (2.13) in  t he  r ange  
v 2 < 0 .  W e  jus t  h a v e  to  s u b s t i t u t e  v for  g in (31.6). B u t  for  0 < v < l  we 

find wi th  (2.24) t h a t  

(3.18) 

w,-o(lo(z), ~o(Z, ~,)) 
w,=0ffo(z), ~o(Z, - V)) 

3~ 
o ' = o + ~  

= 2"  F(1 + v) cos ((w/4) + (0 ' /2))  
F(1 - -  v) cos ( ( w t / 4 )  - -  (O' /2))  ' 

is a real  n u m b e r  which  m a y  h a v e  e v e r y  va lue  be tween  --cx3 and  + c ~ .  A 
one- to -one  co r re spondence  be tween  O in 0 < O < 2~z and  c in - -  cx~ < c < + c~ 

is g iven b y  (3.18). I t  is possible to  define a specific ex tens ion  b y  p u t t i n g  
c = 0. This m e a n s  t h a t  the  solut ions  of the  different ial  eq. (2.6) shal l  b e h a v e  
like the  more  regu la r  f u n c t i o n  ~%(z, v)-=--z "~�89 nea r  t he  origin.  W e  e m p h a s i z e  

t h a t  such a b o u n d a r y  condi t ion  does n o t  m a k e  sense for  v2<  0 or  a t t r a c t i v e  

po ten t i a l s  of t he  class (2.16). I f  v = �89 t he  po t en t iM (2.13) van i shes  and  z =-0  
is a regula r  b o u n d a r y  point .  W e  m a y  t h e n  use a regula r  b o u n d a r y  cond i t ion  

(3.19) ~v(0) c o s ~ v -  ~'(0) sin~v = 0 ,  0~<~v < ~t. 

The  c o n s t a n t  - - c  is equal  to  t g ~ :  

(3.20) ~ o ( ~ ,  v = ~ )  - e ~ o ( Z ,  v = - ~) o_o 
tg  ~ ~o(Z, v ---- �89 - -  7 , ~ -  ---- --  c . 

= - '  - C ~ o ( Z ,  ~ - - �89 

(3.19) defines all se l f -adjoint  ex tens ions ,  if z ---- 0 is a regula r  b o u n d a r y  point~ 
i . e . ,  if t h e  in tegra l  (2.2) exists .  

4.  - Spectra l  r e p r e s e n t a t i o n s .  

The sel f -adjoint  t r a n s f o r m a t i o n  H ( n = 0 )  as each  se l f -adjoint  ex tens ion  

H e (n = 1 )  gives rise to  a spec t ra l  decompos i t i on  of the  u n i t  o p e r a t o r  E in 
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L2(0, c~). An a rb i t r a ry  funct ion h eL2(0,  c~) can be represented  in t he  f o r m  

~ - c o  co  

(4.1) h(z) = Id~(k~)h(k~)q~(z, g, k ) ,  h(k 2) g, k )  
~ 0 

Here  as in the  following we give only the  fo rmulae  for  the  t r a n s f o r m a t i o n  H 

( re=0) .  I n  case of H e ,  ~o takes  the  place of ~. 
To de termine  the  spectra l  dens i ty  d~/dk ~ we ex tend  the  me thod  of Kre in  (~) 

to our  p rob lem which derives d~/dk 2 f rom the  reso lvent  

1 
(4.2) H - - k ~ E  ~ G(z, ~lg ~, k 2) = 

](g,--k)  is J o s t ' s  funct ion (1~): 

~(z, g, k)/(~,  g, - -  k) 
] ( g ,  - -  k )  ' z < ~ , 

~($, g, k) / (z ,  g, - -  k) 
z > ~ .  

] ( g ,  - -  k )  

(4.3) /(g, - k )  = w(l(z ,  g, - -k) ,  ~(z, g, k)) .  

For  two funct ions  hi, h2eL2(0, c~) we have  

(4.4) 

This yields 

(4.5) 

r  + c a  

co  co  "]*co 

0 0 - - c a  

for h 1 ~  h and  h2----(1/(H--Ek2))h. Le t  h(z) be a funct ion of compac t  sup- 
por t  in a circle of radius  ~a a round z----a such t h a t  

(4.6) h ----- %a ' 

co 

f ! %  (z) 1 2 d z = l .  a 

0 

(11) See e.g. ref. (9). 
(12) R. JOST: Helv. Phys. Acta, 20, 256 (1947). 
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Making a subtract ion at k 2 ----i we obtain  f rom (4.5) 

(4.7) 

Because 

(4.8) 

-{-r 

G(a, alg ~, k 2) = G(a, alg 2, i) + ~--~lim { f d ~(k'~')k,, §  ] q%(k'2) ]2. 
- - o a  

1 § k2k '~ 
k , 2 _  k 2 

- - c o  

I m  G( a, a l g 2, i) = ~a-~lim J(~d~(k'2) I~(k' 2) [2 

--co 

where the integrand is positive, we can interchange limit and integration 
(Dini's theorem l). ~Ience 

(4.9) 

and 

(4.10) 

where we have used 

lim , - o  , - , l ~ a ( k ' 2 ~ 1 2  = lim 
t~a--~ ~a-->0 

I m  G(a, atg2 , i) = f  d~(k'~) (q~(a, g, k')) 2 
k '4 + 1 

- - c o  

Jcco 

~" dg(k ':) 1 ~- k2k '2 
a(a ,  ~ tg 2, k~) = R e ~ ( ~ ,  ~lg", i)) . j ~ ; ,  ~ ~ k,2_ ~2 (~(~, g, k ' ) ) ' ,  

--co 

f k,)2 dz q~(z)~v(z, g, = (~(a, g, k')) '2 , 

0 

(?(a, g, k) is real for real k). Similarly as in Regge's  analysis of complex 
angular momenta  (1~) it follows from (4.3) and the definitions of the functions 
](z, g, ~ k )  and ~(z, g, k) tha t  the  Jos t  function ](g, ~ k )  is analyt ic  in the  
product  of the  half-planes I m k  > 0 and Re  g > 0 with continuous boundary  
values on I m  k = 0 and R e g  = 0. Hence we ma y  infer from (4.10) and (4.2): 

(4.11) dQ = l i m  G a, Ig 2,k 2 is) G(a, k 2 -  2~@(a,g,k))2~ ~ 0 (  ( a + - a lg  2, i~)}= 

= ~(a,  g, k) / (a ,  g, - k) /(a, g, k) . (~(a, g, ~))2 
](g, --  k) /(g, k) -- 2,k /(g, _ k) ](g, k) " 

(13) A. BOTTI~-o, A. M. LONGONI and T. R~GGE" NUOVO Cimento, 23, 954 (1962). 
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(4.12) do  _ k 1 
d k  2 ~ ]](g, k) l ~ '  

k ~ > O  

( f ( g , -  k ) =  ](g, k)) .  F o r  k ~ <  0 we  g e t  

(4.13) dk d = .:) , 0 

co 

f 1 dr(g, - -  in)  . . . .  5T~ = dz(qJ(z, g, iun)) 2 - -  4 ~  ](g' iun) du  

o 

f r o m  t h e  zeros  of ] ( g , - - k )  in  t h e  h a l f - p l a n e  I m k  > 0. 

L e t  us  c o n s i d e r  t h e  pos s ib l e  cases  fo r  t h e  p o t e n t i a l  (2.13) a s  e x a m p l e s .  I n  

t h e  r a n g e  v > 1  we  h a v e  n = 0. T h e  s p e c t r a l  d e n s i t y  can  b e  e v a l u a t e d  w i t h  

t h e  f u n c t i o n s  (2.14) a n d  (2.24):  

d 9 k l 1 k 2 
(4.14) v >  1: d-k ~ - -  zt [/(v, k)I '2 - -  2 .4"1 '~(1 + v)k  -2~ ; > 0 

The  c o r r e s p o n d i n g  d e c o m p o s i t i o n  of E l eads  to  t h e  t t a n k e l  t r a n s f o r m a t i o n  

co co 

0 0 

F o r  v -va lues  b e t w e e n  0 a n d  1 we  def ine  a s e l f - a d j o i n t  e x t e n s i o n  b y  

(4.16) %(z,  v, k) = q~(z, v, k ) -  cop(z, --~,, k) ,  

w h e r e  c is  a r ea l  n u m b e r .  W e  f ind  

(4.17) 
1/o(v, k ) 1 2 :  2k 4,F2(1 + v)k - : "  {1 - -  2c' k:~ cos vzt + c ' 2 k ~ ) ,  

c ' - -  2 - ~ F ( 1 - -  v) c .  
2~I ' (1 + v) 

(la) R. JOST and W. KOIIN: Kgl. Da,~,. Viden.  Sels., Mat . -Fys .  3iedd., 27, no. 9 (1953). 
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The  reso lu t ion  of the  i d e n t i t y  is 

(4.~8) 0 < ~ < l ;  h(z)=a f 1 
c ' )  0 ,  2 dk'2 ( 1 - -  2c 'k  '~  cos~7~ + c'2k '4~) 

0 

co 

�9 V ~  (J~(k 'z)  --  c 'k  '~ (J~ (k 'z ' )  --  e 'J_~(k '  

o 

The  J o s t  f u n c t i o n  

z'))h(z'). 

(4.19) V~-k2 2 e x p [ i 4 ] 2 ~ F ( l + v )  �9 l o ( v ,  - -  k )  = - -  =--~ 

has  a zero in the  u p p e r  ha l f -p lane  a t  

(4.20) ~ =  \ ~ !  , 

if c ' ~  0. This  obscure  (~ b o u n d  s ta te  ~) does no t  occur  for  the  phys ica l ly  rea- 

sonable  b o u n d a r y  condi t ion  c---- 0. The  e xa mple  (4.18) can  be f o u n d  in Ti tch-  
m a r s h ' s  b o o k  (is). 

L a s t  we cons ider  the  a t t r a c t i v e  range  v2<  0 (v-~i~ ,  y real). The  J o s t  
f u n c t i o n  of the  se l f -adjoint  ex tens ion  

(4.2:) 

is 

(4.22) 

where  

(4.23) 

1 {exp [i)~(O)]q~(z, i~ ,  k)  - -  exp [-- i x ( O ) ] c f ( z  , - -  i y ,  k)} ~o(z, i t ,  k) = 

]o(i~, - -  k) ---- W(/(z, i~, --  k), To(z, iy ,  k)) = 

= exp --  ~7 2 -  

e x  l) [ - -  i ( z ' - -  y in k)]} , 

g'---- Z + ~(Y) + ~, l n 2 ,  F(1  + iy) - - I F ( l + i y ) ] e x p [ i T ( ~ , ) ] .  

(15) E. C. TITCHMARSH: Eigen]tenction Expansions Associated with Secand-Order 
Di]]erential Equations (Oxford, 1946). 
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I t  has zeros in the  upper  half -plane a t  

L 7' _1 L~7--_I , n ~ O~ _• 1. ~ 2~ ... ,  

~ccumlat ing  a t  k ~ - - 0  and  k s - - o o .  These bound  s ta tes  have  a l ready  been 
obta ined  b y  CASE (6). Each  spect ra l  poin t  is shif ted to the  nex t  one, if Z' 
runs  f rom 0 to ~z, i . e . ,  all extensions are passed. The point  spect ra  for Z ' =  0 
and  Z'----z are identical ,  because there  are two accumula t ion  points.  (4.22) 
yields the  spectra l  dens i ty  

k 1 1 
i]~l s = 2 j ? ( ~ +  ~ i  I~-4 {oosh ~ (~r/2) - cos~ ( z ' -  y in k)}'  

d~ k s > 0 , 
(4.25) dk 2 - -  

.~= 7 ~(ks + z .  ~) . k s <  0 .  

I t  is invar ian t  under  the t r ans fo rmat ion  Z ' ~ z ' §  (m an in tegra l  num- 
ber). The S -ma t r ix  e lement  is 

lo(v, k) 
(4.26) S o ( v ,  k)  = le~(v, - -  k ) -  

. exp [y(~/2)] exp [ i ( z ' - -  ~ In k)] --  exp [ - -  ~(~i2)] exp [ -  i ( z ' - -  ~ In k)] 
= ~ exp [ - -  ~(ui2)] exp [ i ( z ' - -  ~ l n  k)] - -  exp  [~(~/2)] ex-p [ - - - i ( z ' - -  y-ln k ) ]  

I m k > O .  

Thus far  we have  considered the  spect ra l  r epresen ta t ion  of the  resolvent  

1 1 
(4.27) H - - k S E  - -  - -  d S / d z S  ~ - g2 V - -  k s 

in the  complex k2-plane ( [m k > 0) for real  values  of gS. I n  a similar way  
we can arr ive  a t  a spectra l  represen ta t ion  in the  complex g2-plane for kS< 0 
which displays the  ana ly t ie i ty  proper t ies  in gs. The representa t ion  is re la ted 
to a resolution of the  iden t i ty  in the  space L~(0, c~) which is the  set of all 
funct ions  v(z )  such tha t  

(4.2s) IdzV(z) Iv(z)Is< ~ .  
o 

(Recall  V ( z ) >  0.) E v e r y  v ~LV(0, oo) can be represen ted  in the  fo rm 

+co co 

(4 9) v(z)  (.s)=fdz 
~co 0 
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Proceeding as in the  k~-plane we ob ta in  

-{-r 

(4.3o) a(~, ~ / g ~ , -  n:) = ~ e  ~(~, ~, i ,  - n ' - ) .  (d~(r  1 +  g~g'~ ~ j g , 4 +  l g2 g,~ ( l ( a ' g " i n ) )  ~" 
- - v o  

Because of (2.11) the  funct ions  ](z, g', in) are real  for  all g2 X 0. The  1.h.s. 
of (4.30) is ana ly t ic  in the  hal f -p lane  l~e g > 0. Hence  the  spec t rum ex tends  
only f rom - - d o  to  0 und we can de te rmine  the  cont inuous  purr  of the  spec t ra l  
densi ty  f rom the  d iscont inui ty  across the  cut :  

da -- ig 1 v 1 
(4.31) . . . .  ~ §  g 2 ~  0 , dg 2 ~ I](g, in)12 -I- N', 2 ~(g2 2 

(4.32) 

co 

=fdz V(z) p(z, g~, in) . 
0 

The discrete points  g2 ~ 0 are the  necessary  coupling cons tants  for t he  exist-  
ence of bound  s ta tes  wi th  energy - - n  ~. The resolvent  can be represen ted  b y  
the in tegral :  

(4.33) a(~, r ~, - n ~ ) ) =  ~e (~(~, ; l i ,  _n2) + 
0 

_F ~" da(g"-) 1 § g2g,2 
J g,i + i g~-  g;2 ] (z, g', in) 1(~, g', in) .  

The exis tence of (4.33) follows f rom 

(4.34) 

0 

I m  a ( ~ ,  ~ l i ,  - ~ )  - ( d o ( g " - )  i~) ) - ' .  - - j  ~ (/(a, g', 

I f  the  poten t ia l  has  the  p rope r t y  

(4.35) f dz zV(z)  ~ c~ , 

0 

then  there  are only discrete spectra l  points  accumula t ing  a t  - - c ~  (16). For  
k 2 > 0 the  g~ become clearly complex.  An i l lus t ra t ion of this s i tua t ion  is given 
b y  ICegge's analysis  of complex angula r  m o m e n t a  (13) which is re la ted  to  the  

(16) K. ~EETZ: Journ. Math. Phys., 3, 690 (1962). 
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po ten t i a l  (2.13). I n  th is  case the  spec t ra l  in t eg ra l  ex t ends  on ly  f r o m  - - c ~  t o  
g 2 = - - ~  (v = 0). H e n c e  the  reso lven t  can be e x p a n d e d  in to  powers  of g2 in  
the  reg ion  Ig z l <  �88 for  k 2 <  0. F r o m  the  exper ience  w i t h  po ten t i a l s  of t he  c lass  
(4.35) (~e) we bel ieve t h a t  this  is also t r u e  for  k 2 >  0. 

5.  - C u t - o f f  l i m i t s .  

H a v i n g  discussed the  m a t h e m a t i c a l  p rob lems  c o n n e c t e d  wi th  s ingular  po-  
ten t ia l s  in some de ta i l  we are  left  wi th  t he  ques t ion  of phys ica l  i n t e r p r e t a t i o n .  
I n  pr inciple  these  po ten t i a l s  h a v e  to  be  re jec ted ,  if t h e y  do i m p l y  ~ H a m i l -  

t o n i a n  n o t  b o u n d e d  below,  b u t  one m a y  r ega rd  t h e m  as m a t h e m a t i c a l  ideal i-  
zat ions .  Howeve r ,  th is  does m a k e  sense only ,  if a specific se l f -adjoint  e x t e n s i o n  

can  be selected acco rd ing  to  phys ica l  a rgumen t s .  W e  shall  show n o w  t h a t  
the  u sua l ly  a d o p t e d  cut-off  p rocedure  does no t  offer a poss ib i l i ty  t o  do so. 

W e  define the  (~ regular ized  ~) p o t e n t i a l  

(5.1) V~ (z) = 
V(z) b < z , 

V(b) 0 < z < b ,  

where  V(z) is a s ingular  po ten t i a l  of the  class (2.13) or (2.16). W e  could  ju s t  
as well  h a v e  chosen a n o t h e r  f u n c t i o n  V n (z) wh ich  is r egu la r  a t  t he  or ig in  a n d  

tends  to  V(z) in  t he  l imi t  of some cut-off  p a r a m e t e r .  The  conc lus ions  t o  be  
d r a w n  do n o t  depend  on the  m e t h o d  of (( r egu la r i za t ion  ~). Iqow cons ider  z ~ b 

as a r egu la r  b o u n d a r y  point .  Then  a b o u n d a r y  cond i t ion  of the  f o r m  (3.19) 

(5.2) w(b) cos ~ v ( b ) -  w'(b) sin~v(b) = 0 

(5.3) 

wi th  

defines some sel f -adjoint  ex tens ion  of t he  different ia l  ope ra to r  L in the  in ter -  

va l  (b, c<)). The  so lu t ion  of the  different ial  eq. (2.6) u n d e r  the  b o u n d a r y  con-  

d i t ion  (5.2) is 

q~b(z, g, k) = el(Z, g, k) - -  t(b) of(z, - - g ,  k ) ,  z > b ,  

(5.4) 
. . . .  q~(b, g, k) cos ~v(b) --  ~'(b, g, k) sin ~v(b) 

t(b) ~(b, - -  g, k) cos ~p(b) - -  q~'(b, - -  g, k) sin ~;ib-) " 

I n  the  in t e rva l  O~<z < b we h a v e  the  so lu t ion  

(5.5) w(z) = sin z ~ / k 2 - -  g2 V(b) 
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under  the regular  boundary  condit ion w ( 0 ) ~  0. Hence 

(5.6) cotg~p(b) ---- ~/k 2 -  g2 V(b) cotg ~/k ~ --  g2 V(b) b . 

The  question is: does t(b) t end  to a definite l imit  for b ->O, if we insert  (5.6) 
in to  (5.4) ? 

Consider first the potent ia l  (2.13) with the fundamenta l  sys tem (2.24): 

v2-- t .  ] ~(b, v, k) -~ b ~+�89 
(5.7) g2V(b)__~ b2 , [ ~(b, -- v, k) --> b -~+�89 b - ->0 .  

This  yields: 

(5.8) t(b) --> b ~ %/t --  v2 cos ~ /~- -  v ~ -- (~ ~- .~) sin %/~ -- ~2 
v ~  - ~ cos v ~ - - - ; 2 -  ( -  ~ + �89 sin %/~ - ~ 2  

Hence  t(b)-->O for b--~O, if v >  O (the system (2.24) cannot  be used for 
integral  values of v) and the regularizat ion selects the solution of(z, v, k). While 
this is to  be expected for v > 1 because then  q:(z, ~, k) is the only solution in 
L~(O, a), a specific self-adjoint extension corresponding to the value c---- 0 (see 
(3.14)) is defined in the range 0 ~ v ~ 1. However ,  for v ~  0 (v ~-i~) we find 

(5.9) t(b) --> exp [2i~, In b -- 2i8(~)],  exp [-- 2i8(~)] ----- 

%/t ~- r 2 cos % / ~ - ~ - -  (i r ~- �89 sin %/t + r 2 

V~ + r2 cos V i - 4 ~ -  ( -  ir + �89 sin V t  + r~ 

and  all we can say is It(b)I----1. No definite extension of the form (3.10) can 
be obta ined by  regularization. 

A similar analysis for the potent ia l  (2.16) with the  fundamenta l  system (2.23) 

1 
(5.10) V(b) : -~ + V'(b) ; 

results in 

(5.11) 
2g 

t(b) T ~ ' e x p  [-- ~ b-q] 

c f (b ,g ,k )  . , b ~ / 4 e x p [ ~ b  -q] 

cf(b, --  g, k) ~ b ~14 exp b-q 
q - - - - ~ - - i  

cos (%/Z g2 b-~) %/~ g2 _ g sin (%/~g~ b-~) 

cos ( V -  g2 b-q) V :  g'- + g sin (V:.q2 b-~) 

The regularizat ion selects the solution of(z, g, k) in Z2(O, a) for g 2 ~  0 and 
does not  lead to some definite self-adjoint extension for g2< 0, because 

q 
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We arrive at  the disappointing conclusion tha t  either the regularization is 

not  necessary, because the t ransformat ion  H is a lready self-adjoint (n = 0), 
or it does not  result in a definite extension Ho(n----1)  with the only excep- 
t ion of the potential  (2.12) in the range 0 ~ v ~  1. 

6 .  - C o n c l u s i o n .  

The potentials which we have discussed are examples of the more general 
class: 

g2  

(6.1) V(z) = z~ + ~(z) 

where 

b 

f dz z ! ~(z)  l 
0 

< ~  and a>~ 2. 

The sign of the regular potent ial  ~(z) m a y  be arbi t rary.  As we have seen 
the case ~ = 2 has to be considered separately.  We may  then put  g ~ =  v 2 - � 8 8  
and have to distinguish three ranges of v~-values: 

1) v"-~ 1. The potential  is (( s t rongly )~ repulsive near the origin. The trans- 

formation H is self-adjoint (n = 0). Every  sequence of regular- 
ized t ransformat ions  tends to H in the limit of the cut-off para- 
meter. 

2) 0 ~ < v ~  1. The potent ial  is (( weakly ~) repulsive (�88 ~ v2~ 1) or ~ weakly ,) 

a t t ract ive  (0<v2<�88  near the origin. There exists a class of 
self-adjoint extensions H o (n =-1). A regularization method  se- 

lects the extension belonging to the boundary  condition 
~o(z) ~-- z ~+�89 for z --> 0. 

3) v2~ 0. The potential  is (~ s t rongly ~ a t t rac t ive  near the origin. Again 

we have a class of self-adjoint extensions H o (n = 1). But  a re- 
gularization does not  lead to a definite extension. 

The generalization to higher angular  momenta  ( l >  0) is obvious. We just 
have to substi tute ~2--/(/~-1) for v 2. 

I f  ~ ~ 2, only two ranges of coupling constant  values g~ have to be dis- 
t inguished:  

1) g2~  0. The potential  is repulsive near the origin. Eve ry  regularization 

method results in the self-adjoint t ransformat ion H (n = 0)  



708 K. M~TZ 

2) g ~ <  0. The  p o t e n t i a l  is  a t t r a c t i v e  n e a r  t h e  o r ig in .  T h e r e  is  a c lass  of self-  

a d j o i n t  e x t e n s i o n s  H o ( n  = 1 ) .  I t  is n o t  p o s s i b l e  t o  se lec t  a de f in i t e  

one b y  a r e g u l a r i z a t i o n  m e t h o d .  

I f  we  wish  to  c o n s i d e r  h i g h e r  a n g u l a r  m o m e n t a  ( l ~  0)~ we  m a y  t r e a t  t h e  

c e n t r i f u g a l  t e r m  - - l ( 1 - ~ l ) / z  ~ as  a p e r t u r b a t i o n  a n d  a b s o r b  i t  in  t h e  i n t e g r a n d  

of t h e  V o l t e r r a  eqs .  (2.11) ~nd  (2.23). 

T h e  g e n e r a l  t h e o r y  can  of course  a lso  be  e x t e n d e d  to  s u p e r p o s i t i o n s  of po -  

t e n t i a l s  of t h e  c lass  (6.1), e .g . :  

( 6 . 2 )  = + 

I n  a n a l o g y  to  (2.21) we m a y  t h e n  use 

d z  ~ + \,=1 z" ' ]  w ~  = 0 

as t h e  u n p e r t u r b e d  e q u a t i o n  fo r  t h e  de f in i t i on  of  t h e  s o l u t i o n s  q~(z), w h e r e  in  

t h e  s u m  ~ '  a l l  t e r m s  w i t h  ~ = 2 h a v e  been  d r o p p e d ,  b e c a u s e  t h e y  can  b e  

t r e a t e d  as  a p e r t u r b a t i o n .  

R 1 A S S U N T ( )  (') 

Si s tudiano gli aspet t i  matemat ic i  dei potenziali  singolari  nella meeeanie~ quan- 
t ist iea non relat ivist iea in funzione delle trasf(nmazioni autoaggiunte  riferite ~ operatori  
differenziali singolari nello spazio L2(0, ~ ) .  I1 contenuto fisico 6 espresso dalla decom- 
posizione spet trale  e per  potenziali  a t t r a t t iv i  si t rova  ehe ~ determinato  solo sino ad 
un parametro  che definisee una part icolare estensione. In  generale, con un procedimento 
di taglio non b possibile de te lminare  un'estensione speeitiea. 

(*) Traduzione a cura della Redazione. 


