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Abstract. Three distinct trends in the modeling of hot working behavior of metallic materials 
are identified. These are respectively (a) analytical and numerical methods to characterize the 
material flow behavior and related macroscopic properties, (b) metallurgical models to predict 
microstructural parameters at each step in a multi-step processing operation, and (c) hot 
workability models to predict optimum conditions of temperature and strain rate for a single 
step deformation. Important features of the models are critically examined and some possible 
directions for future work indicated. 

Keywords. Hot working; modeling; microstructural control; processing maps. 

I. Introduction 

Mechanical working of metals at high homologous temperatures (T > 0"5 Tin) is known 
as hot working. The final product may be obtained from the workpiece either in a single 
step involving large deformation or a series of steps each of which imparts only a small 
deformation. Obtaining a sound defect free product with close dimensional tolerances 
is the primary objective of the common metal working operations such as rolling, 
forging and extrusion. 'Right the First Time' manufacturing is becoming increasingly 
important in the hot working industry. Also net shape and near net shape technologies 
are becoming common. The physical and mathematical modeling of hot working 
processes is a cost effective and speedy route to process optimization and process 
development. This kind of modeling enables the forming engineer to obtain informa- 
tion such as the load and power required to accomplish the shape change, the 
maximum allowable strain in a given step in the sequence of forming operations, the 
stress and velocity distributions in the component, optimum process conditions like 
temperature and strain rate and probable location of defects. It facilitates a reduction in 
die and tool design costs as well as the product and process developmental expenditure. 

A mathematical model may be defined as a set of differential equations which provides 
a quantitative description of the hot working process. The entire process or only some 
specific aspects of it may be modeled. Several conventional methods of varying 
complexity such as the slab method have been in use in hot working computations 
(figure 1). While these give a first order estimate of the quantities of interest to a forming 
engineer, they are inadequate in meeting all the information requirements. 

Recent developments in mathematical modeling of hot working have been taking 
place along three major directions. The first is the activity related to numerical 
simulation of metal flow during hot working of components. While the finite difference, 
finite element and boundary element methods are in vogue, the finite element method 
has been by far the most popular. Metal flow simulation models consider the workpiece 
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Figure 1. Conventional methods of modeling in metal forming. 

to be a macroscopically homogeneous continuum possessing definite rheological 
properties. Microstructural changes occurring during and after deformation are not 
considered. This type of mathematical modeling is discussed in section 2. The second 
recent development is in the design of manufacturing schedules which result in desired 
microstructures in a consistent fashion, such as in the controlled rolling of HSLA steels 
(Sekine et al 1982; Roberts et al 1984). The initial conceptualization of such methods 
and the thrust for continued efforts came from Sellars (1980, 1990). Based on empirical 
relations for microscopic phenomena such as dynamic recovery, dynamic recrystalliza- 
tion, static recovery, static recrystallization and grain growth, this methodology, also 
described in section 2, aims at calculation of microstructural parameters like grain size 
at each of several steps in the processing schedule. The third recent trend is to model the 
intrinsic hot workability of the material and to determine the optimum working 
conditions for processing in a single step. Models with this perspective are useful in 
materials development and characterization programmes. The dynamic materials 
model and the polar reciprocity model are two examples in this category. These are 
discussed in section 3. 

2. Numerical and phenomenological models 

Conventionally, modeling of metal forming processes has been made by methods such 
as the slab method, slip-line field method and uppdr or lower bound methods (Altan 
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Table 1. Summary of analytical and numerical models of metal forming (Altan et a11983). 

Input 
Output 

Velocity Stress Temp. Stresses 
Method Flex stress Friction field field field on t o o l s  Comments  

Slab Average (a)(b) No Yes No 
Uniform Average (b) No No No 
energy 

Slip line Average (a)(b) Yes Yes No 

Upper Distribution (b) Yes No No 
bound 

Hil l ' s  Distribution (a)(b) Yes No No 
Finite Distribution (a)(b) Yes Yes Yes 
difference 

Finite 
element Distribution (a)(b) Yes Yes Yes 

Matrix Distribution (a)(b) Yes Yes Yes 
Weighted 
residuals Distribution (a)(b) Yes Yes Yes 

(a)~ = tLa,, (b)z = m~Y/~/3. 

Yes Ignores redundant work 
Average Redundant work can be 

included approximately 
Yes Valid for plane-strain 

problems 
Average Gives upper bound on 

loads, can determine 
free boundaries 

Average Can treat 3-D problems 
Yes Requires considerable 

computer time 

Yes Same as above 
Yes Treats rigid/plastic 

material 
Yes Very general approach 

et al 1983). The slab method is based on the assumption that metal deformation is 
homogeneous and that stress or strain gradients in the material exist only in one 
direction. In this method, the workpiece is considered to be divisible into either slabs, 
slices or tubes. This method aims at a closed form solution to the metal flow equations. 
It provides an estimate of strain or load borne by the component.  The slip-line field 
method gives some insight into the pattern of material flow. However the method 
applies rigorously to plane strain deformation of a rigid, perfectly plastic isotropic solid 
unless artificially modified (Blazynski 1983). It cannot take into accountstrain harden- 
ing as also redundant and frictional aspects of deformation (Collins 1968; Johnson et al 
1982). The upper and lower bound theorems provide respectively the upper and lower 
bounds on power required in plastic flow and estimate of the load required (Thomsen 
et a11965). They are based on the theory of limit analysis and assume reasonable stress 
and velocity fields. The limitations, applicability and usefulness of different methods in 
analysing metal forming problems have been discussed by Altan and Lahoti  (1979). 
Each of these methods can give only a part  of the total information that is most often 
necessary. For  example while the slab method permits calculation of the stress 
distribution in the workpiece, it does not provide any information about  the velocity 
field. The reverse is true in case of upper and lower bound methods. None of the 
methods can output the temperature field (table 1). 

2.1 Finite element analysis 

Finite element analysis of flow simulation enables the forming engineer to obtain direct 
information about  time dependent fields such as velocity or displacement as also the 
stress tensor and the temperature (Owen and Hinton 1980). From the velocity or 
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displacement fields the changing shape of the workpiece can be determined. From the 
stress field tensor the working load or torque can be determined. The finite element 
method (FEM) has practical utility in preform and process design, assurance of die fill, 
optimizing the forming steps, flashless process design of forgings, tool design, billet 
shape and size optimization, die parting line determination, evaluation of grain flow 
and defect prognosis. The method involves the discretization of the component 
geometry into suitable elements, derivation of the element equations from the field 
equations based on continuity and/or compatibility conditions and the constitutive 
relations, assembly of element equations, imposition of initial or boundary values of 
local and global constraints, numerical solution of the set of equations generated and 
post processing of the evaluated quantities. For the treatment of plastic flow problems 
the analysis is carried out in incremental steps and may also involve use of iteration in 
any given incremental step. This is because of the nonlinear nature of plastic deforma- 
tion and the finite strains involved in metal forming. 

The early eighties witnessed the formulation of a coupled analysis of viscoplastic 
deformation and heat transfer involved in the metal forming problem. For example, 
Rebelo and Kobayashi (1980a, b) conducted a coupled analysis of viscoplastic defor- 
mation and heat transfer involved in the upsetting of a solid cylinder between two 
plattens. Huetink (1982) employed a mixed Euler-Lagrangian method for simulating 
thermomechanical forming problems. Subsequent developments in combined thermo- 
mechanical analysis have been rapid and several two- and three-dimensional finite 
element programs have been developed to model the metal flow in different forming 
processes. These programs differ from one another in the complexity with which the 
problem is mathematically formulated, the rheological behavior modeled (Shimazaki 
and Thompson 1981), the way friction is accounted for, the nature of the analysis 
attempted (transient or steady state), the reference frame used to characterize the 
deformation and other tensors (Eulerian, Lagrangian, or an updated Lagrangian etc.), 
the way thermomechanical coupling is modeled (Rebelo and Kobayashi 1980; Argyris 
and Boltsinis 1981), and the way the mesh is renewed (Gelten and Konter 1982; Badawy 
et al 1983; Boer and Rydstad 1984). In the simulation of hot rolling by finite element 
analysis several research groups have been active (Kobayashi 1982; Beynon et a11986; 
Grober et a11986; Huetink et a11988; Kopp et a11988; Pietrzyk et al 1986; Amici et al 
1989; Montimitonnet and Buessler 1991). 

While several of these models deal exclusively with the metal flow and/or heat 
transfer involved in the process, some formulations considering the thermomechanical- 
microstructurat coupling have also been proposed. For example Rantanen et al (1989) 
combined a general purpose finite element package called ABAQUS with MICROPLA, 
which is a model for microstructure evolution. This combination leads to a weak 
coupling in which the solution iterates through the heat transfer, metal flow simulation 
and microstructural aspects of the problem. However, experimental validation of 
mechanical and thermal aspects of metal flow has been done only for a few simple 
geometries and boundary conditions such as uniaxial compression or plate rolling. 
Studies on validation of the microstructural part in this weak or sequential thermo- 
mechanical coupling are few. This is particularly true for nonsteady metal flow 
problems (Pietrzyk et al 1994). 

A critical review of the state of finite strain plasticity has been provided by Naghdi 
(1990). Several problem areas still exist in finite strain plasticity where there is no 
general consensus. These include identification of plastic strain, admissibility of 
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additional variables representing work hardening, invariance properties of variables 
characterizing plastic strain and work hardening, the number and nature of yield 
criteria, primacy of stress space or strain space formulations of yielding, validity of the 
associated flow rule, superiority of Eulerian description over Lagrangian description, 
splitting of velocity tensor, choice of deformation rate tensor and introduction of 
orientation variables or tensors. These differences in fundamental issues are bound to 
result in significantly different predictions of the field quantities by the finite element 
formulations which depend on how these fundamental issues are accounted for in the 
problem description. While there are many theories of finite strain plasticity with 
differing mathematical and computational complexity, experimental validation of 
most of these models is lagging behind. Thus circumspection is necessary in choosing 
the appropriate constitutive equation for characterizing metal flow in hot working by 
the finite element method. 

Because of the large number of variables in metal flow simulation, the number of 
degrees of freedom rapidly becomes quite large for any three-dimensional analysis. 
Automatic and adaptive remeshing becomes necessary because of distortion of the 
finite element mesh at large strains. Due to this computational complexity, the 
published literature has been by and large in the nature of demonstration of the 
capabilities and underlying principles of the method proposed rather than problem 
solving involving complex geometries of actual components. However flow simula- 
tions are expected to become more common as experience with various FEM codes 
increases, cost of hardware dwindles and high performance graphics engines and more 
powerful algorithms become available. 

A good engineering judgement and prior intuition is necessary for making use of 
solutions offered by the finite element analysis for optimization of component, pre- 
form and tool geometries. Finite element analysis usually assumes that the material is 
a homogeneous continuum so that the apparatus of continuum physics can be used. 
Changes in the internal structure are usually considered to reflect on the rheological 
behavior. But the evolution of microstructure, as it occurs with increasing strain and 
number of forming steps, cannot be predicted by the general formulations of the finite 
element method. A novel method of calculating the microstructure, which may be 
characterized by a parameter like the prior austenite grain size in steels, has been 
formulated by Sellars and coworkers. This is described in the next section. 

2.2 Sellars methodology 

Many hot working schedules involve discrete strain steps interspersed with pause 
periods. The pause periods could range from a few hundredths of a second for rolling of 
wire rod to about one minute in fiat rolling and forging operations. The deformation in 
a given step is usually small. Extrusion and plate rolling are the two exceptions where 
reductions greater than 80% in a single step are common. Microstructural changes 
such as dynamic recovery or dynamic recrystallization may occur during deformation. 
Similarly microscopic phenomena like static recovery, static recrystallization, meta- 
dynamic recrystallization and grain growth may also occur during inter-pass pauses. 
Thus the final structure obtained in the hot worked component is a net result of its 
thermal and deformation history. Sellars and coworkers (Sellars and Whiteman 1979) 
have considered the different microscopic phenomena given above and provided 
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SELLARS METHODOLOGY 
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Figure 2. A block diagram of Sellars methodology. 

algorithms for calculating the recrystallized fraction, grain size and grain boundary 
area. Starting with a reheated microstructure, changes in the grain size produced as 
a result of recrystallization, recovery and grain growth following the first working step 
are computed. The updated value is used as the initial grain size for the second pass and 
so on in an iterative manner. The kinetics of each of the phenomena as a function of 
time and strain are followed independently and their influence on the microstructure 
and mechanical properties is calculated at every step. The kinetics of the phenomena 
depend on the initial microstructure and the processing conditions. A block diagram of 
the algorithm used by Sellars (1980) is shown in figure 2. The inputs here are the initial 
grain size, the time-temperature profile, and the rolling parameters such as the rolling 
speed, diameter of rolls and the degree of reduction attempted. The algorithm makes 
use of empirical and phenomenological kinetic equations. Extensive laboratory testing 
is used to evolve the phenomenological or empirical equations and associated material 
constants. The output consists of the specific grain boundary area, the retained strain 
and the grain size. 

This approach has been nourished by contributions from a number of research 
groups (Ahlblom and Roberts 1979; Sellars and Whiteman 1979; Parthington and 
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Talbot 1980; Roberts 1985a; Saito et a11985; Choquet et a11986; Yada 1987; Laasraoui 
and Jonas 1991; Yoshida et a11991; McLaren and Sellars 1992; Najafi-zadeh and Jonas 
1992; Cetlin et al 1993). Sellars (1980) gave the evolution equations for low carbon 
steels. He has presented a set of empirical equations relating important metallurgical 
variables to the Zener-Hollomon parameter, time, temperature and grain size (table 2). 
These equations allow prediction of peak strain, fraction of softening, time for 50% 
recrystallization, the recrystallized austenitic grain size, and the ferrite grain size after 
cooling. Pietrzyk et al (1993, 1994) connected a thermomechanical treatment of the fiat 
rolling process with the Sellars equations and calculated the grain sizes as they develop 
in a seven stand finishing mill. 

The following points summarize the current status of this approach: 

(i) The microstructural evolution equations in this approach are obtained from 
isothermal laboratory tests. However there may be a temperature distribution in 
the workpiece due to heat transfer or plastic deformation. Such distributions could 
be predicted by the finite element method but cannot be made use of in this 
methodology. 

(ii) While the approach provides information about the structure and properties that 
will be produced in a specific material subjected to a preassigned processing 
schedule, the calculations are required to be repea~ed afresh for any changed 
schedule or a new material. At present this methodology has been applied for the 
hot rolling of only a few materials such as HSLA steels and C-Mn steels which are 
usually processed by controlled rolling. 

(iii) Some of the empirical equations used to predict the evolution of microstructural 
parameters are fitted with data from hot torsion tests where strain rates obtainable 
are smaller by one or two decades compared to the actual process being simulated 
and necessitating corrections to the equations (Medina and Lopez 1993). The 
uncertainty introduced by corrections can be avoided by using high strain rate 
compression tests. While in principle any manifestation of microstructural change 
can be modeled by a suitable phenomenological kinetic equation, the Sellars 
methodology has not been used so far to track changes in microstructural 
parameters of materials systems where there exist multiple phases or when 
phenomena like superplastic flow, coarsening or dissolution of some of the 
constituent phases or texture softening or hardening is involved. 

It has been realized that none of the models proposed under this methodology will be 
accepted by the engineer until a full substantiation is performed by considering the 
grain structures obtained under industrial conditions. Sellars (1990) while comparing 
the predictions of several sets of empirical equations, emphasized the need to do further 
work in order to generate the basic flow curve data and improve the modeling of 
kinetics of microstructural changes. 

2.3 Hot inteorated mathematical simulation (HIMS) 

A significant recent development is an integrated approach to metal forming which 
aims to bring in the work of several investigators under a common umbrella called 
HIMS (Yoshida et al 1991). 

This simulation procedure can estimate simultaneously the temperature, working 
force and torque as well as the metallurgical properties (yield stress, grain size) from the 
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exit of the reheating furnace to the finish of the final forming operation and subsequent 
cooling. It combines the finite element method of flow simulation in hot working with 
heat transfer analysis and the Sellars methodology described above. The metal forming 
system is considered to comprise three simulators which are mutually coupled namely, 
the temperature simulator, the deformation resistance simulator and the metallurgy 
simulator. The deformation resistance simulator estimates parameters such as load, 
torque and motor power required for shape change, as well as the strain and stress 
distributions in the component, The temperature simulator estimates the temperature 
of the workpiece and the tooling. The metallurgy simulator estimates metallurgical 
properties like austenite grain size, the effect of phase transformations and the 
mechanical properties produced in the end product. This approach is useful in 
establishing an industrial work schedule for bulk production employing a given forming 
process. Like the other methods described above, the HIMS does not consider the 
problem of defining and characterizing the hot workability of the workpiece material. 

3. Models of intrinsic hot workability 

Intrinsic hot workability may be defined as the innate capacity of a material to undergo 
shape change during hot working. In the models defining hot workability, a macro- 
scopic parameter is defined in such a way that it can be easily evaluated from 
laboratory generated test data. The purpose is to determine the optimum working 
conditions of temperature and strain rate for hot working. 

There are several microscopic phenomena which take place either simultaneously or 
in isolation in the deforming workpiece such as dynamic recovery, dynamic recrystal- 
lization, dissolution and growth of particles, superplasticity, dynamic strain ageing, 
adiabatic shear banding, void formation at hard particles, wedge cracking at grain 
boundary triple points, spheroidization of acicular and lamellar microstructures and 
reversal of strengthening mechanisms. Depending upon the nature of the material 
system and the processing conditions employed, different microscopic phenomena may 
participate in the evolution of structure during hot working. The occurrence of any 
microscopic phenomenon usually has a bearing on the flow stress. The chosen intrinsic 
hot workability parameter should be a sensitive function of the kinetics of the 
microscopic phenomena. The interpretation of processing maps based on the intrinsic 
hot workability parameter would be facilitated by the understanding of micromecha- 
nistic maps such as that proposed by Raj. 

3.1 Raj micromechanistic map 

The Raj map is a plot in the strain rate and temperature space (Raj t 981 ). It shows the 
boundaries delineating the occurrence of different microscopic phenomena in the 
deforming solid. Such maps may be plotted to cover the warm and hot working 
temperature ranges of the material. Construction of the map involves first the selection 
of probable microscopic phenomena. Appropriate equations are used to estimate the 
bounds of temperature and strain rates for these different microscopic phenomena. The 
areas enclosed by these bounds are the domains in which the particular microscopic 
phenomenon will prevail in metal deformation. The equations used to specify the 
bounds are obtained from suitable phenomenological and kinetic models. The 
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Table3. Theequa t ionso fmic romechan i smsused in thecons t ruc t ionofRa jmap(Ra j  1981). 

Mechanism Constitutive equation Condition 

Cavity formation 

Wedge cracking 

Dynamic recrystallization 

Adiabatic heating 
induced localization 

l l8 (1-  v)(I - 2v + ! )  f~G fDb]~ 
i ~  - 

8a, f~6D~ 
~]w - - -  dkTfbp 2 

R T /  L QG J 

Ductile fracture if i > i d 

Wedge cracking if t3 < i w 

Not a detrimental mechanism 

Adiabatic shear banding if ~3 > i ,  

D v and D b a r e  diffusivities, Q is the activation energy, kT has usual significance, Z is a function of strain rate 
defined at a given strain, G is shear modulus, Cp is specific heat, p is density, ccr is critical strain for DRX, n is 
a dimensionless constant, v is Poisson's ratio, p is particle diameter, J~ is particle volume fraction, d is the grain 
size, ]~, is the area fraction of the grain boundaries covered by the particles, D is atomic volume, 6 is the grain 
boundary thickness, a, is the flow stress, R is the gas constant. 
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Figure 3. Raj micromechanistic processing map for commercial purity titanium. Boundary 
delineating ductile fracture shown for two inclusion sizes: 0.05/~m and 2 #m. 

phenomena chosen by Raj for plotting a map for aluminum are dynamic recrystallization, 
adiabatic shear banding, wedge cracking at grain boundaries and cavity nucleation at hard 
second phase particles. Using the equations proposed by Raj, given in table 3, a processing 
map has been constructed by the present authors, for commercial purity titanium (figure 3). 
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The workability window shown in figure 3 avoids the regions of undesirable pheno- 
mena like flow localization and fracture. 

Elegant looking and easily interpreted, the Raj processing map is nevertheless purely 
micromechanistic. Validity of the model kinetic equations for complex alloys is 
uncertain. Further, in order to plot the map a variety of experimental data are required. 
Construction of the Raj processing map is possible only when considerable knowledge 
about the material is already available. The domains in the map are sensitive to the 
assumptions made regarding the microstructural features. For example, the cavitation 
domain boundary would depend sensitively on the assumed size and the spatial 
distribution of second phase particles (figure 3). Few maps of the Raj variety have been 
constructed for engineering alloys. A really significant breakthrough in modeling hot 
workability has occurred with the introduction of the dynamic materials model. 

3.2 The dynamic materials model 

The dynamic materials model, proposed by Gegel and coworkers (Gegel et a11988) and 
popularized in India by Prasad and co-workers (Prasad et a11984; Prasad 1990), arose 
from considerations of physical systems modeling of Wellstead (1979). In formulating 
the model the proponents were seized of the question "how does the workpiece respond 
to the demands imposed on it by the hot working operation?" They postulated that the 
workpiece responds by exhibiting those processes which would maximize the rate of 
dissipation of energy. They visualized the metal working environment to be a system 
comprising three basic elements namely, the materials system, the control system and 
the equipment and tooling system respectively. The dynamic materials model is the 
connecting link between the material system and the control system. It considers the 
workpiece in hot working to be a nonlinear dissipator which dissipates energy as 
viscous heat and internal structural changes. This conceptualization allows one to treat 
the problem macroscopically, thereby avoiding the consideration of operative atomic 
processes (Gegel 1988). 

In the dynamic materials model the total instantaneous power is split into two 
components G and J as in (1). The splitting is substantiated by a convex extremum 
principle known as the maximum rate of entropy production (Ziegler 1963). 

fdP=SE= flSdE+ flEdS=G+J, (1) 

where S and E are the instantaneous flow stress and the strain rate respectively. The 
quantity G, which is given by the area under the true stress-true strain rate diagram, is 
designated as dissipator power content and its complementary component J as 
dissipator power co-content. J in the model is assumed to be related to microstructural 
changes occurring with deformation while G is related to continuum effects. 

From the convexity between a set of potential functions in stress and strain rate 
spaces, as postulated by Ziegler, it is possible to obtain the constitutive relation for 
a material system undergoing deformation as 

s = c e ' ,  (2) 

where C is a material constant and m the strain rate sensitivity. 
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In the dynamic materials model, J is used to grade the hot workability of different 
materials. Since J is a function of strain rate and temperature, it is used to define the best 
operating conditions for hot working a given material by choosing a reference 
condition of the material. An ideally viscous material obeys the constitutive relation in 
(2) with rn = 1. For this condition J = Jmax" Hence it is possible to define a ratio 

J 2m 
t/-- Jma ~ m+l' (3) 

The dimensionless parameter  q is called the dissipation efficiency parameter  because it 
is considered to describe how well the workpiece dissipates power by microstructural 
changes relative to an ideal viscous condition. Opt imum hot working conditions are 
deduced from the dissipation efficiency maps which show the variation of r/ in 
temperature and strain rate space. 

For  plotting q maps, true stress-true strain data are determined from simple tests 
such as uniaxial tension, compression or torsion at several combinations of strain rate 
and temperature. From these flow stress values the dissipation efficiency maps are 
plotted by numerical interpolation and differentiation. Gegel (1988), Padmavardhani  
and Prasad (1992) and Zhao et al (1992) have constructed the dissipation efficiency 
maps for a number of metals and alloys, including Ti-6242, nimonic alloys, titanium 
and nickel aluminides, copper alloys, aluminum and its alloys, nickel and its alloys, 
stainless steels, zirconium alloys and several other materials. Peaks and valleys in these 

0.5 

0.0 

. -0 ,5 

~- - 1 . 5 ~  :b'' l J  / / , - % r a - / / / ~ 1 1  

-2.5 ~ 
-3 0 

1172 1181 - 1205 1221 1238 1255 

T E M P E R A T U R E  ( K )  

Figure 4. A processing map of dynamic materials model. 
The instability parameter contours are superposed on the dissipation efficiency map to 
separate out the stable working conditions from unstable regions. The micromechanisms 
identified by metallography are marked by capital letters: [A] Wedge cracking at grain 
boundaries: [B] z( phase with wedge morphology; [C] Kinking and spheroidization; [D] 
Cavities at grain boundary triple points: [El Transformed :( in (:( +/~) matrix. The recommen- 
ded processing window is shown by a rectangle (Gegel 1988). 
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maps may be associated with certain microstructural changes. A representative map is 
shown in figure 4 for an (~ + [4) titanium alloy Ti -6A1-2V -4Mo-2Cr. This map shows 
an q peak around 1200 K and 10- 1 s- i vhich is associated with the occurrence of 
dynamic recrystallization of the :~ phase. 

Different microscopic phenomena have different dissipation efficiencies and other 
characteristic features which help in their identification in the map. Microscopic 
phenomena which are beneficial to hot workability such as dynamic recovery and 
dynamic recrystallization display high dissipation efficiencies. However, since micro- 
scopic phenomena detrimental to hot workability such as cracking and void formation 
also possess high dissipation efficiencies, a means of separating them from the former is 
required in order to use the dissipation efficiency maps for deciding the optimum hot 
working conditions. For this purpose regions in the map associated with instabilities 
are identified with the help of suitable instability criteria (Malas 1985; Kumar 1987; 
Gegel et al 1988). According to Gegel (1988) only after superimposition of the instabi- 
lity contours can the dissipation efficiency map be considered a "'processing" map. 

The strength of the dynamic materials model is lhat it captures the most important 
characteristic of the deforming workpiece in hot working namely, the strain rate 
dependence of the flow stress. Because of this fact a correlation between the topo- 
graphic features in the ~1 map and the microscopic phenomena in the corresponding Raj 
map is normally found. In the dynamic materials model, the effect of strain history on 
the hot working schedule has not been considered to be significant. However, memory 
or deformation history dependence is a basic feature of metallic materials exhibiting 
rate insensitive flow behavior. At hot working temperatures where rate dependent flow 
is observed, the history dependence may be small but cannot be neglected altogether 
(Alexander 1989). 

3.3 Polar reciprocity model 

This model has been introduced to account for the deformation history dependence of 
flow stress while at the same time recognizing the strong rate dependence of flow 
stress as the primary flow characteristic of the workpiece (Rajagopalachary and 
Kutumbarao 1989). 

The splitting of instantaneous power dissipated by the system can be done either as 
a constitutive assumption or by invoking a more fundamental principle such as the 
associated flow rule of plasticity. A split component may be utilized to track the rate 
dependence of the plastically deforming material in hot working environment. In this 
model, the associated flow rule of classical plasticity is used as the basis for splitting the 
total instantaneous inelastic power into two complementary components. This method 
has been adopted following Hill (1987), who established a one to one correspondence 
between first degree homogeneous dual potential surfaces. The procedure adopted is 
described below: 

Figure 5 shows a convex potential surface • -- K in stress space with origin at 01 . 
Let an arbitrary radius vector 07 P at point P on • be given. The magnitude of the 
normal to • at P is scaled so that it is equal to KK'/O 1P where KK' is the power being 
expended. For every point P on (1) a corresponding point P' may be found by drawing 
a parallel vector from O 1 in the direction v with a magnitude of the scaled normal as 
above. The locus of the points P' then constitutes a potential surface ¢I)' in strain rate 



690 V V Kutumbarao and T Rajagopalachary 

T 

T N pt 

Figure 5. Pole-polar relationship between two first degree nonlinear potential functions. 

space. The two potential functions have a pole and its polar plane relation. A point of 
discontinuity in one potential surface is associated with a straight edge or plane in the 
other potential surface and vice versa. The constants K and K' are presumed to be 
scalar valued functions of deformation history and temperature. The two conjugate 
potential functions can be dependent on variables which may not be subject to polar 
reciprocity relation. The effect of strain or deformation history is taken into account 
with such variables. Because of the one to one correspondence between the potentials in 
stress and strain rate spaces the following equation is true for a given temperature and 
deformation history: 

ff~SdEI"+f:EPdS=SE 1". (4, 

The two integrals in (4) may be called as hardening power I~' H and dissipative power I)¢ o 
respectively. The system behavior may be nonlinear but may be such that the bijective 
correspondence discussed above is still valid. 

Once the power is split as in (4) l?v' H or I)¢ o acquire a significance which the total 
power dissipated does not have. The total instantaneous power reflects the current 
condition of the material as specified by the current flow stress and the current imposed 
strain rate. A .parameter to characterize the material behavior can be defined by using 
either l,iz H or W D. In this model an intrinsic hot workability parameter based on W H is 
defined as 

~ =  l/~Hmi n 1 . (5) 

There could exist several material systems subject to deformation at a given strain rate 
and temperature and dissipating at a specified rate. It is postulated in this model that 
two materials with the same response S and dissipating at a given rate will behave 
identically under all identical future stimulii during hot working provided that they 
have the same area under the stress-strain rate curves and possess equal values of 
a parameter characterizing the strain history. This pbstulate enables the optimum hot 
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working conditions for a given material to be determined. WHmin is used in (5) to 
normalize WH. The normalization enables the intrinsic workability to be described in 
relative terms. The comparison is made with a fictitious material having the same 
macroscopic properties as the material under consideration, but whose W H is.indepen- 
dent of strain history and whose stress-strain rate curve is linear such that W H = W D. 
A suitable assumption about the dependence of WD on the strain history enables us to 
show that the polar reciprocity and splitting of power as in (4) are valid even when the 
flow stress developed in the body is of the form 

S = H(E e) + CF(Ee), (6) 

where H(E p) and C are different functions of strain history. If the effect of the strain is to 
shift the potential surfaces in stress with respect to the origin then we have a contribu- 
tion to H(EP). If the effect of the strain is to scale the potential surface in the stress space, 
such as in isotropic expansion or contraction, then the change is reflected in the value of 
C. Equation (6) will represent a generalized Malvern material if C is constant. The term 
H(E v) in this case is considered as exclusively dependent on the strain history and the 
temperature. In polar reciprocity model a constitutive assumption is made that H(E P) 
is given by 

ff ' SdE 

(7) 

Stain w 

u3 

STRAIN E p 

Cas¢l- Work hardening Behaviour ' H(E P) increases 
with st roin 

~S mln b 
u~ 

STRAIN E p 

Case 2: Flow softening i H(EP) decreases and I.evels off. 

Figure 6, Choice of history function in polar reciprocity model and its nature when the 
material exhibits (a) strain hardening and (b) strain softening. When idea] plastic flow occurs 
the history function has zero magnitude. 
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as a measure of strain history until a strain El is accumulated. The stress-strain 
rate curve may be plotted at strain El.  A sort of fading memory of the material's state 
at the beginning of plastic flow with increasing strain is implied by (7). The implications 
of this definition of history function are shown in figure 6. For a work-hardening 
material H(E e) increases with strain. It asymptotically decreases with strain when 
strain softening occurs. Its magnitude is zero for ideal plastic behavior, in which case it 
may be assumed that strain rate sensitivity is the only factor controlling intrinsic 
hot workability. 

It can be proved that the following power law is valid when polar reciprocity exists 
between two convex potential functions @ and qb', i.e. 

F(E ~) = (~:~)~', (8) 

where m' is a modified strain rate sensitivity exponent. From (5)-(8) the polar 
reciprocity model arrives at a measure of intrinsic hot workability termed ~ as 

~ = l - k m , + l  j (9) 

When the material exhibits ideal plastic flow the history function defined by (7) would 
be zero and the strain rate sensitivity exponent, m' in (9) becomes equal to the 
conventional strain rate sensitivity m used in (2). In this event, the dissipation efficiency 
t/defined in (3) and the hot workability parameter ~ sum to unity. It follows that 
features that are identified as hills in the 11 maps reproduce as basins or lakes in ~ maps 
and vice versa. Thus the predictions of the polar reciprocity model are identical to those 
of the dynamic materials model in the absence of strain history dependence. 

Tests such as uniaxial compression or plane strain compression at several hot 
working temperatures and strain rates are adequate for the evaluation of~. The chosen 
temperatures and strain rates form a grid of points in temperature and strain rate space. 
A ~ map may be constructed at a strain E 1 as follows. From the true stress-true strain 
diagram the flow stress at E t is known. The area under the flow curve up to E 1 can be 
determined by numerical quadrature. The minimum stress in flow curve up to El ,  i.e. 
Smi n, is determined. The product SminE 1 is subtracted from the area determined by 
numerical quadrature. This difference is normalized by the area under the flow curve up 
to E 1 . This fraction equals to H(EP)/S which is the ratio of strain history dependent 
component of flow stress to the flow stress. This procedure may be repeated for flow 
curves obtained at all the grid points chosen for testing in the temperature-strain rate 
space. From the strain rate dependent components of flow stress at these grid points, 
obtained by using (6), the modified strain rate sensitivity exponent m' can be determined 
by numerical differentiation. Since m', H(E e) and S are known at each of the data 
points, ~ can be evaluated. Zeta values at several combinations of temperature and 
strain rate are used to construct two-dimensional contour maps and three-dimensional 
surface plots at a given El. Several such maps can be plotted for a given material at 
different plastic strains. 

The ~ maps exhibit different topographic features (figure 7). An elaborate exercise 
has been carried out by Raj agopalachary (1994) to establish a correspondence between 
the topographic features in the ~ maps of titanium alloys and the microscopic 
phenomena that take place concurrently with shape change. This exercise included 
a close examination of post-deformation microstructures and the phenomenological 
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Figure 7. A ~ intrinsic hot wrorkabilit~ map for commercial purity titanium at 0.1 strain in 
compression. (a) Two-dm3cnsional contour plot and (bt threc dimensional surface plot of~ in 
temperaltlre strain rate ~,pa,:e. 

Table 4. The microscopic phenomcna observed during hot compression of titanium alloys 
and thc corresponding ~ values. 

M ~croscopic phenomena 

Cracking, shear banding, adiabatic shear banding, grain growth, dynamic strain ageing 0.8 1.0 

Cavitation at grain boundaries, dynamic recovery, dynamic recrystaltization 0.7 0.8 

Dynamic recovery, dynamic recrystallization, grain pinching, texture softening, superplasticity 0.5 0.7 

Superplasticity < 0.5 

characteristics of deformation. Some of the important conclusions that emerge from 
this study are: (1) Phenomena involving creation, rotation and migration of interfaces 
in the material result in ~ basins in the maps. This is the case with phenomena like 
superplasticity (Rajagopalachary and Kutumbarao 1996), spheroidization of lamellar 
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phases and dynamic recrystallization. The ~ basins are considered to be repositories of 
good intrinsic hot workability. (2) Grain growth would cause large increase in ( and poor 
intrinsic hot workability. Flow localization that leads to adiabatic shear banding and 
fracture would also produce high ( hills or plateaus. A correspondence between the 
magnitude of ~ and the microscopic phenomena that were observed is given in table 4. 

Many microscopic phenomena are known to possess their own characteristic strain- 
thresholds for initiation. The characteristic strain threshold as also the kinetics of the 
phenomena may be functions of strain rate and temperature. Such functional dependency 
produces motion of domains in the ~ map with plastic strain. This may be illustrated by the 
behavior exhibited by (c~ + fl) titanium alloy BT9 (figure 8). This alloy exhibits a 
microscopic phenomenon called grain pinching over a temperature range 1173-1243 K 
and strain rate range of 10- 3 s - 1 to 102 s - 1. This is a structure homogenization process in 
which the interface between the e and fl phases breaks down. The local protrusions or necks 
pinch the other phase progressively, to produce an equiaxed and refined grain structure. In 
this process a large interracial area is created. Corresponding to this process a ( basin is seen 
in the processing map of the alloy. This domain would shift from a high temperature to 
a low temperature as strain is increased. Such observations have the implication that (i) 
( could vary sensitively with the plastic strain and (ii) while predicting the optimum 
conditions of hot working from the ~ maps, the magnitude of plastic strain the workpiece is 
likely to experience should also be considered. 

Figure 9 shows the domains of prevalence of some microscopic phenomena in a range of 
titanium alloys identified on the basis of the corresponding ( maps. A good agreement has 
been found between the optimum working conditions predicted by the polar reciprocity 
model and the industrial working schedules for the titanium alloys studied. This is evident 
from table 5. 

An important feature of the processing maps for titanium alloys based on the polar 
reciprocity model is that microscopic phenomena which promote good workability occupy 
regions that are sufficiently distinct from those occupied by phenomena which are 
detrimental to workability. The associated flow rule of plasticity, on which the polar 
reciprocity model rests, is based on the convexity of potential functions. The hardening 
power term 1~ H increases monotonically to attain a high value and ~ tends to 1 at very large 
strain rates where the associated flow rule fails. The dissipative power component Wo 
exhibits a cusp catastrophe under these conditions and the material shows a macroscopic 
instability in flow behavior. Thus a ~ value approaching 1 is definitely a condition of 
instability. Hence the superposition of a separate stability condition on the ~ maps is not 
considered necessary. 

While the polar reciprocity model is based on continuum approximation of the material, 
it may be possible to reformulate it for composite materials where more than one phase 
coexist. Composite materials, which are of topical interest, most often have microstructural 
periodicity. Such materials can be modeled by a mathematical homogenization process. 

4. Conclusions 

Recent developments in mathematical modeling of hot working strive to satisfy the 
increasingly exacting demands of the forming engineer charged with producing sound 
components at minimum cost. Simulation of metal flow during hot working has been 
attempted. Integrated simulations of a coupling between metal flow, heat transfer and 
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phase change are well formulated but have to mature into applications. The algorithms for 
calculating the microstructural parameters are reasonably well established. Such calcula- 
tions may become routine in determining the optimum deformation sequences in rolling 
mills. Experimental validation of the predictions made by this methodology by data from 
industrial rolling schedules is inadequate even for the hot rolling schedules that were 
modeled. The equations employed in the methodology need to be developed and evaluated 
for other hot working processes as well. Intrinsic hot workability studies are likely to 
become an integral part of material development and characterization programs. The 
predictions of the polar reciprocity model and the dynamic materials model look very 
promising for homogeneous materials. For solids which are aggregates of discrete phase 
particles with macroscopic dimensions, there is a necessity of redefining the intrinsic hot 
workability measures. Interesting results may be expected to emerge when the three listed 
directions of mathematical modeling are combined into a unified approach. 
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