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Summary. - -  A~ ineerpre~,~tion as (~ spin entropy )) of $he are~ of the inner 
horizon of a Kerr black hole is proposed. The black hole is considered 
as a spin system with a spin temperature defined on the inner horizon. 
Those considerations enable us to obtain a mass formula shnilar to 
Smarr's one which contains also the new parameters defined on the inner 
horizon. 

The definition of the temperature  and the angular velocity associate4 with 

the event horizon of a Kerr  black hole is mainly founded on the Killing- 

horizon nature of the event horizon (i). Also the inner horizon of a Kerr  black 
hole is a Killing horizon. Therefore, it is possible to define in the same way 

two anMogous parameters for it, namely 

t 4~L 
the  angular  velocit~ ~ _ -  

M A _  

and the  (( temperature ~) 
A - - A §  

T - -  
3 2 x c M A _  ' 

where M and L are the mass and the angular momentum,  while A+ and A _  

are, respectively, the area of the event horizon and the area of the inner horizon 
of the Kerr  black hole. 

The existence of the inner horizon and the variabil i ty of its area have been 

recognized to be related to the existence and to the variabili ty of the rotat ional  

(~) B. CART~: in Les astres occlus (New York, N.Y., 1973). 
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energy of the  K e r r  b lack hole (~~). Hence  it is na tura l  to look for an inter- 

p re ta t ion  of the  pa ramete r s  A_ and  T_ as an (~ en t ropy  >> and a (( t empera tu re  ~> 
(respecti,vely), sui tably related to the  rota t ional  propert ies  of a Ke r r  b lack hole. 

To this purpose,  we shall follow a procedure  similar to Bekenste in ' s  one (5) 
to define the  en t ropy  A+. 

IJet us consider a pure  spirt in teract ion of the  hole with a part icle;  i.e. a 
t r ans format ion  on the  event  horizon which changes the  angular  m o m e n t u m  

of the black hole keeping the  en t ropy  A+ cons tant .  
I t  is known (e) t ha t  the  energy E of such a part icle is E ~ ap~/(r~ + aZ), 

where a ~- L / M ,  r+ is the radius of the  event-horizon and  p~ is the  angular  

m o m e n t u m  of the  particle.  

The change in the  to ta l  energy is given b y  

(1) ~M --~ ~9+ ~L,  ~L = p~.  

The above  relation can be wri t ten as follows: 

(2) 

where 3A_ is the  corresponding var ia t ion  of the area A_: 

~A_-- - -128~Map~/A+ (we recall t ha t  A + A _  ~-64~SL2). 

I n  other  words, during a spin t ransformat ion ,  there  is a var ia t ion  of ~he area 

A_ which is posi t ive (respectively negative) if the  part icle is co-rotat ing with 
the  hole, i.e. a and p~ have  the same sign (or, respectively,  counterrotat ing,  
i.e. a and p~ have  opposite sign). 

This ~rgalment enables us to consider A_ as a <( spin en t ropy  >> and T as 
a <( spin t empera tu re  >> of the bI~ck hole. 

I n  analogy with  (5) (where it was suggested to consider the  black-hole 
en t ropy  A+ as ~ measure  of the  n u m b e r  of the  possible distinct internal  con- 
figurations of a black hole), we can consider the spin en t ropy  as a measure  of 
the  n u m b e r  of the  spin internal  configurations compat ib le  with the  macros ta te .  
Wi th  << spin internal  configuration >~ we mean  the  set of orientat ions of the  
angular  m o m e n t a  of the  particles which have  formed the  hole. When  such 

orientat ions (as regards the  orientat ion of the  angular  m o m e n t u m  of the  hole 

itself) are fair ly equally distributed,  there  would be more  <( spin disorder ,> 

(more spin entropy)  t han  in the  case of a popula t ion of particles mos t ly  co- 
ro ta t ing  (or counterrota t ing)  with the  hole. 

(~) L. SmARR: Phys. Rev. I~ett., 30, 71 (1973). 
(3) A. CtmlR end M. FIX.ANCAVIOLIA: Read. Ace. Naz. I~incei, 61, 448 (1976); Acta 
Phys. Polon., 9 B, 3 (1978). 
(4) M. CALVANI and M. I~RA~CAVIGLIA: Acta Phys. Poton., 9 B, 11 (1978}. 
(5) J. BEK]~NSTEIN: Phys. l~ev. D, 7, 2333 (1973). 
(6) D. CHRISTODOULOU: Phys. Rev. l~ett., 25, 1596 (1970). 
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The spin en t ropy of a rota t ing black hole with given M and L can be also 
considered (from a point  of view of the information theory) as a measure of 
the inaccessibility of information about  the orientations of the angular  mo- 
menta  of the particles which have  formed the hole. 

I t  is known (7) tha t  a spin tempera ture  can be detected b y  means of an 
external  field (for example, a magnetic  field). Analogously, let us assume 

tha t  the rota t ion of the hole is a kind of external  field. Wi th  this in mind, there  
is no spin tempera ture  in a nonrotat ing black hole, because there  is no (~ external  
spin field ~> and, as a consequence, in the absence of inner horizon, the parameters  
T_ and A_ are meaningless. 

We observe tha t  the capture  of a particle with spin opposite to the spin 
of the hole produces a decrease of the spin entropy.  This would suggest t ha t  
most  of the interior configurations are counterrotat ing,  and this is consistent 
with the fact  tha t  the spin tempera ture  T defined by  the mass formula (2) 
is negative definite. 

In  fact,  a spin system has an energetic upper  limit to its allowed states 
and, therefore,  it  can reach negative tempera tures  with a finite energy. A 
negative spin tempera ture  means tha t  the high-energy states are occupied 

more than  the low-energy ones (this implies tha t  an increase of the to ta l  energy 
M with L = constant  produces a decrease of the spin en t ropy A_). 

Therefore, we can consider a Ker r  black hole as double system: a rigidly 
rota t ing body  with a tempera ture  T+ or a spin system with a spin temper-  
a ture  T_ associated with the  ro ta t ion of the black hole. 

The interaction with a particle having energy E = ~M and spin Pv ~ ~L 
can be evaluated for the rotat ing body by  the formula 

(3) 3M --~ T+ ~A+ ~ ~2+ 3L,  

while for the spin system it can be evaluated by  (2). 
We can call T_ 8A_ the (~ spin heat  ~) ~Q,,i~. As a consequence ~2_~Z 

will be the  work done, evaluated on the inner horizon, to increase or decrease 
the angular momen tum of the black hole (ef. (8)). 

Le t  us now consider the two minima of energy on the horizons for a part icle 
with spin p~. 
They  are 

E+,, = ap~l(r~+ d- a S) = Q+ 8L  on the event  horizon r = % ,  

E-~i n = ap , l ( r  ~_ ~ a S) = ~ 3L  on the inner horizon r - -  r_ .  

(7) A. ABRAGAM and W. G. PROCTOI~: Phys. t~ev., 109, 1441 (1958). 
(s) N. RA~SEY: Phys. Rev., 103, 20 (1956). 
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Therefore, it  is clear tha t  all isentropic t ransformations (i.e. the  isoareal 
transformations) are possible only on the two horizons. 

We can express the variat ion of the spin heat  during an external  isentropie 
t ransformat ion as the difference between the two minima of the energy of the 
interacting particle:  

~Q~,io = E + - E~ nlln ~ 

Since E+in represents the energy given to the hole by  the particle, we see tha t  
the variat ion of the spin heat  is the  fract ion of this energy which does not  
produce any  increase in the rotat ion of the inner horizon. 

The heat  produced in an inner isentropic t ransformat ion is 

rain 

and we see tha t  the increase of thermal  heat  of the black hole is the  fract ion 

of given energy wich has not  increased the ro ta t ion of the event  horizon. 
I f  we consider the rota t ing hole as a double system, we can modify as follows 

the Smar t  formula (3) for Ker r  black holes: 

(~) ~ / = i v + A + + i v  A + O+L+ 9_L, 

or, equivalently,  

(5) M ~  t 2 + L - ~ / 2  L .  

We can consider s as the rotat ional  energy of the rigid system and 
s as the energy of the (( external  spin field ~ for the spin s y s t e m .  

l~elation (5) can be considered as the dual of 

M 2 = A+/16~r -}- A_/16z, 

where the square of the mass is expressed as the sum of the entropies only (8). 
We can also notice that ,  in the limit of Ker r  extreme black holes, we ha:co 

iv_ _-- 0-, according to the fact  tha t  iv+ ~ 0+ when L = M s. Therefore, our 
interpretat ion of iv_ as a spin tempera ture  could suggest the following ideal 

situation: an extreme Ker r  black hole is a spin system in which the spins of 
the particles are all opposite to the spin of the hole (while co-rotating spins 

have all contr ibuted to the spin of the hole). 
We remark  tha t  this is inconsistent with the fact  that ,  for i v  ---- 0, we do 

not  have corresponding zero spin entropy.  However,  we stress tha t  the same 
paradox arises in the interpreta t ion of A+ as a thermal  en t ropy for the ex- 
t reme Ker r  case. 

18 - II 2Vuovo Cimenlo' ]3. 
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W e  a re  p r e s e n t l y  i n v e s t i g a t i n g  an  a n a l o g o u s  i n t e r p r e t a t i o n  for  t h e  a r e a  

of t h e  i n n e r  ho r i zon  in  t h e  case  of l ~ e i s s n e r - N o r d s t r o m  a n d  K e r r - N e w m a n  

b l a c k  holes.  

I t  cou ld  b e  also i n t e r e s t i n g  to  s t u d y  t h e  pos s ib l e  a p p l i c a t i o n s  to  a r o t a t i n g  

b l a c k  ho le  of t h e  p r o p e r t i e s  of n e g a t i v e  t e m p e r a t u r e  (l ike,  e.g., t h e  p o s s i b l e  

v i o l a t i o n  of K e l v i n ' s  p o s t u l a t e  (s)). 

I n  a f o r t h c o m i n g  p a p e r ,  we  sha l l  s t u d y  t h e  i s o t h e r m s  T+ ~ c o n s t a n t ,  

T_ ---- c o n s t a n t  a n d  t h e  b e h a v i o u r  of t h e  sp in  h e a t  c a p a c i t y  C = T_(~A_/~T_)z .  

T h a n k s  a r e  due  to  M. I~ICAI~CAu for  his  e n c o u r a g e m e n t  a n d  he lp fu l  

d iscuss ions .  

�9 R I A S S U N T 0  

Si proponc un ' interpretazione del l 'area delI 'orizzonte interne di ua buco nero di Kerr  
irt t e rmini  di << entropia di spin ~. I1 buco nero ~ in ta l  mode interprctato come urt 
sistem,~ di spirt dotato d i u n a  tempera tura  di spin definita sull 'orizzonte interne.  
Queste considerazioni permettono di serivere un~ formula di  massa simile a quella di 
Smarr, ma eoinvolgente anche i paramet r i  definiti sull 'orizzonte interne.  

CIIHHOBa~I 3nTpOnnH Bpamammefic~ qepHofi ~,~pbL 

Pe3mMe (*). ~ YIpe~aaraeTc~ ~nTepnpeTatIn~ o6aacT~ BnyTpermero ropn3ouTa ~tepHo~ 
~Ibtp~ Keppa x a r  <( CHHHOBO~ 3HTponHH >>. qepna~ Abipa paccMaTpnBaeTca, r a t  cnn- 
noBa~ CnCTeMa co cnnnoBo~ TeMnepaTypo~, onpe~eaeano~ na BHyTpeHHeM ropH3OHTe. 
Taroe  paccMorpenne aOaBO~eT ~aM noay~mTS MaccoBym qbopMy~y, anaao r r~uym 
qbopMyae CMappa, roTopa~ co~ep~nT noBsm napaMeTp~L onpe~enenrmm na Buy- 
TpeHaeM rop~3ouTe. 

(~ IIepeae3eno pa)atalue~t. 


