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SYSTEMS ANALYSIS

STOCHASTIC GENERALIZED GRADIENT METHOD FOR
NONCONVEX NONSMOOTH STOCHASTIC OPTIMIZATION

Yu. M. Ermol’ev and V. 1. Norkin UDC 519.95

1. NONCONVEX NONSMOOTH STOCHASTIC PROGRAMMING PROBLEMS

Nonconvex nonsmooth stochastic optimization problems for discrete-event systems considered in [1] can be stated in
general form as

minimize [F(x) = Efx, 6)] N

subject to

XEXCR", ¥)

where x is the solution vector (a variable), 8 is a random parameter defined on the probability space (6, L, P), fix, 0) is a
random function evaluating the quality of the solution x given the random parameter 6, E is the expectation symbol, X is the
feasible set.

An essential feature of the problem is that the function f{*, 6) is not endowed with good analytical properties. In
particular, it may be nonconvex, nonsmooth, and even discontinuous.

A standard approach to the solution of the problem involves approximation of F(x) by its empirical mean:

N
minimize [Fyx) = UN Y fix, 6)] (€
i=1
subject to
xEXCR", C))

where 6;, i = 1, 2, ..., N, are independent identically distributed observations of §. As shown in [1], this standard approabh
is often meaningless, because the functions f{x, 6) and thus Fj(x) may have a poor analytical structure even if F(x) is a
smooth function. Moreover, the function F(x) may be nonconvex and nonsmooth, which leads to a highly nonsmooth or
discontinuous Fp(x) whose multiple local minima have nothing in common with the true minima of F(x). In this case, our
only choice is to use stochastic search procedures based on direct evaluation of the function F(x) and its derivatives.
Application of the smoothing method for this purpose is considered in [2].

If the (generalized) differentiation and expectation operators are interchangeable

OF (x) = 9By / (x,6) = E, 9/ (v, 6),
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then for the stochastic generalized gradients of F(x) we may use the subgradients £tk = g(.t". 6) € 3fix*, 6). The case when
the function F(x) is continuously differentiable although fix, 6) are nonsmooth is considered in [3-7].

The case when the expectation function F(x) is locally Lipschitzian is considered in [6. 8, 9]. Moreover, as shown in
[1], we are often dealing not with general Lipschitzian functions, but with functions formed from some basic (continuously
differentiable) functions by the operations of taking maximum or minimum and smooth transformations. They are included in
the class of so-called generalized differentiable functions [10].

Section 2 briefly discusses the main practical problems with such functions. Section 3 formally introduces the class
of generalized differentiable functions and examines its properties. Sections 4 and 5 prove convergence of deterministic and
stochastic generalized gradient methods (with projection of the current approximation on a nonconvex feasible set). These
procedures generalize the results of Dorofeev [11, 12] obtained for the case of quasi-differentiable functions F(x), which are
not applicable to the problems of Section 2.

2. EXAMPLES OF NONSMOOTH STOCHASTIC SYSTEMS

Let us consider some examples of stochastic systems with nonconvex and nonsmooth performance functions. In these
examples, the system is exposed to the action of discrete events (a discrete-event system, DES).

2.1. Controlled Risk Processes

Consider the simplest model describing the evolution of capital of an insurance company. Assume that the initial
capital of the insurance company is x;, the insurance claims are received at random time moments 7y, 7, ... and for random
amounts Ly, Ly, ... . The reserve R(x, f) of the insurance company at time ¢ is the difference between the initial capital x,
plus accumulated premiums P(x,, ¢) and the aggregated claims C(x5, ) plus reinsurance payments c(x3)t:

R(x,t)=(x +P(x2.t))-(C(x3,t)+c(x3)t). 0<t<T,

The parameters X,, x4 are specifies in the insurance and reinsurance contracts.
The premium P(x,, t) collected during the time interval [0, ¢) is x,. The sum of claims is

N@®
C(x3,0)= Z min {L;, x3},
k=1
where N(z) is the random number of claims during the time interval [0, #); x5 is the reinsurance threshold specified in the
reinsurance contract. Bankruptcy occurs at the moment 7(x) = min{0 < ¢ < T: R(x, t) < 0}; if R(x, ) = 0 for all t € [0,
T}, then we take r(x) = T + 1. This event can be averted by selecting appropriate values of the variables x = (x, X,, X3)
from the feasible set. Assume that 7, 75, ... and L, L,, ... are defined on some probability space (6, L, P). An important
indicator of this process is the risk function F(x) = E min{0, R(x, 7)}.
The function fx, 6) = min {0, R(x, 7)} is obviously constructed using the operations of taking minimum and
maximum.
Now assume that Prob{R(x, t) = 0} = 0 for all x and ¢ (this always can be achieved by adding a random noise to the
parameters of the process R(x, £)). Then with probability 1 the function fix, 6) is generalized differentiable (see Section 3)

with the subgradients
1

; 6) = T(X)d y, T()ST,
ECO=H ] — ()~ e ()
3
0€Rr?, T(x)>T,

where n(x3) is the number of cases when L, > x3, 0 < 1 < 7(x).
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2.2. Communication Networks with Failure

Consider a network of interconnected elements, which may be in a "normally operating" state or in a "faulty” state.
The network has an input and an output and is regarded as normally operating if there exists a path from input to output
consisting of normally operating elements. Denote by 7,(x, §) the time of fault-free operation of element i, where x € R'is
the vecter of controlled parameters and 6 the vector of uncontrolled random parameters. Then the network lifetime flx, 6) is

expressed as the maxmin of 7;(x, 6):

f(x,6) = max min re(x, 6),
pedecePl

where @ is the set of paths from network input to output; the subscript e identifies a path element.

For a sufficiently large general network, the function fx, 6) cannot be computed analytically (it is difficult to
enumerate all the paths P; from ¢). This rules out the deterministic approximation (3), (4). However, a simple (wave-front)
algorithm exists that evaluates the function f{x, 6) and its stochastic (quasi)gradients g(x, ) for each observation of the vector

0.
Simple conditions (see, e.g., [7, 13, 14]) guarantee differentiability of F(x) = Efx, 6) and the equality VF(x) =

Edf(x, 8) even for nondifferentiable fix, 8). These conditions, however, do not ensure continuous differentiability of F(x), and
this function may be nondifferentiable even in very simple practical cases (see (1, 13, 14]).

2.3. Simple Conveyer Line

A conveyer line [15] consists of n serially connected machines. A part moving down the line is sequentially served
by each machine, if it is powered. Denote by x; the time when machine i is powered; by y; the time when the part leaves
machine i'; by yo(6) the time of arrival of the part in the conveyer line; by 740) the (random) processing time of the part by
machine i. Let a; be the unit cost incurred when a part is waiting for machine i to be powered, b; the cost incurred when a
powered machine i is waiting for a part to arrive. Then the random cost associated with waiting for a machine to be powered
or for a part to arrive for processing is calculated by the following recurrences:

°6)=0, y,=0.
£ 3,6) = £ 71 (x, 5, 6) + max {by,_, = %), a(x; = y,_D},

y; = max o xt +10), i= 1,2, ...

The functions fi(x, y, 6) are again constructed using the operations of taking maximum and minimum, and are nonconvex and

nonsmooth.

2.4. Systems with Queues

Consider a network consisting of m servers handling messages or streams of messages. At each instant, a server may
process only one message, which is then passed to another server in accordance with a known routing rule. If the next server

is busy, the message is enqueued to be served according to the first-in, first-out rule.

For each server i = 1, 2, ..., m, we introduce the following notation: #; is the initial queue length; rij(x, 0) is the
(random) processing time of message j dependent on the controlled parameter x and the uncontrolled (random) parameter 6;
oi(x, 6) is the time of arrival of message j in sever i; Bij(x, 6) is the time when server / starts processing message J; v;(x, 0)

is the time when server i finishes processing message j.
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The algorithm for server i is described by the following recurrences:

@ = "'=ain‘=0' ﬁﬂ =0
P k

Bu= zrz‘j’ yik=.21rij' k=1,...,n,
= /=

By=max{y;_yy b

y‘.‘=ﬂi/.+ri/.=max (7'0-1)’aij}+r j=12,...

7] i if?

Message streams are modeled in this system by introducing special servers that do not receive new messages, have an infinite

message queue, and emit (processed) messages at appropriate intervals.
Note that each instant « when a message arrives at a server or each instant 8 when a server starts processing a new

message coincides with the instant y when some message completes processing on some server. It is therefore sufficient to

consider only the processing completion moments .
The message routing procedure is defined by integer-valued functions pif(x, ) that define the destination of message

J processed by server i.
Note that many important efficiency measures of this network are nondifferentiable functions of x, despite the

continuous differentiability of the functions rij(x, 9).

THEOREM 2.1 [13, 14]. Assume that p,-j(x, 0) = Wij- Then the function 7,/():, 0) is expressible in terms of r,-j(x, 0)
by the operations of taking maximum and minimum and forming positive linear combinations.

Consider a particular case of the theorem, when the message paths pjj are fixed, Bij = M. Denote by I; = {servers
r|p, = i} the set of correspondents of server i. Then

.= max [y, . i
i (}"O_l).i'er;n?' sjmax (a‘.(j_l),y‘. ,/,)) + T
f

which explains the assertion of Theorem 2.1.
The main operating measures (criteria) of this network are expressible in terms of the times v, (x, 6). For instance,

the mean queue length of server i is

k
f(x )= (B(x. ) = a,(x.8)) / y,(x, 6);

j=1
the utilization rate of server i is

k
f(x,0) = 7%, 6) / v,(x, 6)

i=1

and so on.
For a sufficiently general network configuration it is difficult to express the efficiency measures f{x, 6) explicitly in

terms of the functions Tij(x, 0). In general, these efficiency measures are obviously complex nonconvex nonsmooth functions
of the network parameters.

3. GENERALIZED DIFFERENTIABLE FUNCTIONS

So-called generalized differentiable functions provide an appropriate model for the performance functions of discrete-

event systems considered in the previous section.
Definition 3.1 [10]. The function f: R" - R is called generalized differentiable (GD) at the point x € R" if in some
neighborhood of x there exists an upper semicontinuous multivalued mapping df with closed convex values dfix) such that
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fO)=fx) +{gy—x)+o0(x 28 (5)

where (-, ) is the scalar product of two vectors in R", g € 9fly), and the residual term satisfies the condition
p 8

ok Lk
lim.‘.‘lﬁ:“ky_'b_ll.=o (6)
ko ly" =l

for every sequence y"_—> x, g € 5ﬂy") The function f is called generalized differentiable if it is generalized differentiable at
every point x € R"; df(x) is the subdifferential of f at the point x.
Example 3.1. The function |x|, x € R, is generalized differentiable with the subdifferential

+ 1, x>0,
alxt =4 [=1, +1], «x=0,
-1, x<0.

Its decomposition (5) at the point x = 0 is given by
Iyl =101 + sign (y)-(y — 0) + 0.

Generalized differentiable functions have the following properties (see [10, 16]):

— generalized differentiable functions are locally Lipschitzian, but in general are directionally nondifferentiable;

— continuously differentiable, convex and concave functions are generalized differentiable; the gradients and
subgradients of these functions can be used as generalized gradients;

— the class of generalized differentiable functions is closed under the finite operations of taking maximum and
minimum and under superposition; ‘

— we have the calculus of generalized gradients

3 max (f, (x), £,(x)) = conv (3f(x) | £(x) = max (f, (x), £, (x))}, %)

where conv{-} is the convex hull of the set {-}, and the subdifferential 5fo(fl, .«» fp) of the compound function fy(f}, ---, f)
is evaluated by the standard chain rule; _

— the class of generalized differentiable functions is closed under the expectation operation, and EF(x) = Edfix, w)
for F(x) = Efix, w), where f(-_,_ w) is a generalized differentiable function;

— the subdifferential dfix) is nonuniquely defined by Definition 3.1, but the Clarke subdifferential [17] dfix) always
satisfies Definition 3.1; for every dfix) we have dfix) S dfix); dfix) is a point almost everywhere in R";

— some elements 3fix) for compound functions of the form fx) = max(fi(x), f,(x)), fix) = min(fj(x), f(x)), and fx)
= fo(fix), ..., fn(x)) can be computed by Nesterov’s lexicographic method [18];

— we have the following analogue of the Newton—Leibniz formula:

1

FO) = f) =1 —1t)yx+ty),y—x)dt,
0

where g(1 — ) x + ty) € 5]((1 — 0 x + ty).

These properties of generalized differentiable functions suggest that they are an appropriate model for performance
functions of various nonsmooth stochastic systems (see Section 2).

4. DETERMINISTIC GENERALIZED GRADIENT METHOD WITH
PROJECTION ONTO A NONCONVEX FEASIBLE SET

Let us consider a deterministic analogue of the stochastic problem (1), (2) to demonstrate the technique that we use
to prove convergence of the generalized gradient method.
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Consider the problem

f(x) - min, ®
x€EX
where
X={xeR" Iy (x) <0}, ®

fix) and ¥(x) are generalized differentiable functions. Let Eﬂx) and g\b(x) be subdifferentials of fx) and y(x) at the point x,
respectively. In particular, they may be identical with the Clarke subdifferentials df(x) and dy«(x).
Assume that constraint (9) is regular, i.e.,

p (0, 0¢ ()= inf gll>0 (10)
g € dy (x)
for all x such that y(x) = 0. A necessary condition of optimality for this problem has the form (see [16])

0 € 3 (x) + N (x),

where

{Aaw (x) 1420}, y(x)=0,

Nylx) = 0, ¥ (x) < 0.

Denote the solution set by X* = {x € X|0 € 3fx) + Nyx(x)} and the set of optimal values by f* = {fx) | x € X'}.

Consider the following conceptual iterative method:

Lex, an
F* e, (f - p8Y), (12)
sfearixh, k=01,..., (13)

where IIy is the (multivalued) projector on the set X, i.e., z € II(y) if and only if y — z € Ny(z); the nonnegative numbers
py are defined by the conditions

limp, =0, D p, = (14
k=0

k - oo

Remark 4.1. Method (11)-(13) is a generalization to the nonconvex case of the subgradient methods of Shor [19],
Ermol’ev [20], and Polyak [21] (originally developed for convex functions f{x) and a convex set X). A similar method is
considered in [11, 12] for the class of subdifferentially regular (quasidifferentiable) {unctions, which are not applicable for the
important applications of Section 2 (for instance, they include convex and weakly convex [22] functions and the maximum
function, but do not include concave functions and the minimum function).

THEOREM 4.1. The sequence {x"} generated by method (11)-(14) converges to the solution of problem (8) in the
function, i.e., the minimum (by the function f) limit points of {x*} are contained in X', and all the limit points of the
numerical sequence {f{x¥)} constitute an interval in the set f* = {fix) | x € X"}. If the set f* does not contain intervals (for
instance, f* is finite or countable), then {xX} converges to the solution of the problem, i.e., all the limit points of {x¥}
constitute a connected subset of the set X and {j(x")} has a limit in f*.
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The convergence theorem is proved by contradiction using a nonconvex nonsmooth Lyapunov function fix) for the
sequence {x*} (as in [11, 12, 16, 20, 22]). The proof repeatedly uses the following assertion concerning the sequence {x*}
generated by the algorithm (11)-(14).

LEMMA 4.1. If lim x*s =y € X", then for every ¢ > O there exist indices /; > k, such that |x* —y| < & for

S~

allk € [k, [) and

limsup £ (x 1’) <f(y)=limf(x k’). (15)

§ > o s

Proof. Let X¥+! = xk — p ¢k and write

k+1 k k
=M F - pehy = x -t b = K - p 0
where
Qk=gk+hk,
k_ o k—~k+1y _ 1 /—k+ —k+1 k
LIRS )_a(x okt )) € N, (xk* ). (16)
We have the bounds
k l —k+1 —k+1 I —k+1 k k
A = = IFF Y - 0= < — — =
N R R N T E N R
HQXI =2 lx* " = ekl < R4 - k) = g*).
Py Py

Two cases have to be considered: Y(y) < 0 and y(y) = 0. In the first case, for k = k, the method (12)-(14)
functions in a sufficiently small neighborhood of the point y as a subgradient method in the unconstrained problem, and the
assertion of the lemma is well known (see [10, 16]).

We will consider the case y(y) = 0 (the case y(y) < O can be treated as a simpler repetition of the case y(y) = 0).
Fory = lLim x* let

k=p (0, @)= igf (gl 1 g€ 3y K}, (17

v=p (0,3f (%) + Ny () = inf {llgll | g € (3F &) + N, O))}, (18)
g

7=sup{lgl 1 g€ f (). (19)

8

By upper semicontinuity of 5f, 5¢, there exists an &-neighborhood of the point y such that

sup (lgl 1 g U@, lz-yll<e}<s2y=T, (20)
z

ing gt g€y (z), z-y| < gl<2y=Tr @1
Let
N@={gE N1 gl <T},

G(2)=3/(2) + N ().
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Clearly,
p (0. G(y) = inf {ligll | g€ G (»)} > .
I'4

By upper semicontinuity of 5¢ and G there exists an g;-neighborhood (¢, < €,) of the point y such that for all z, lz—yl
< &,
p Oy (). 0y ) <u/2 (22)

where po(-, -) is the Hausdorff distance between two sets.
By generalized differentiability of f and v, for the constant ¢ = »%/(64 T'(1 + 2 I'/u)) there exists €3 < &, such that

given | z—y| < & we have
f@OQ<sfO)+@z=-N+clz-yl, (23)
p@ sy Fdz=N+clz=yl={dz=)+clz-y| (24)
for all g € f2), d € 3Y().

Now let € = &3, p; = &/(4T") and take some ¢ < €. Let | x —y| < ¢/4 and p; < p, foralls > §.

Let
k
m = sup {mi|x"-yll<se/2 Yk€E [k, m)}

We will show that m; < oo for all s > S. Indeed, if for all k we have |x* —y| < &/2, we get a contradiction:

k-1
k k
e/23 Ik =y > ot —x = x =yl Bv/2 Y pme 4>,
r=k
when k - oo. Now,
m m,—l m -1
lx "=yl < llx “yl+p, _ 1Q,* ls3e/4
s
Since
m‘—l m,—l
k
e/4s ||y pQfIlsT Y o,
we have k=k k=k

m -1
1

/c;/c Pu> Z%'

For k € [k,, m], s > S, substitute the approximations x and the subgradients g¢ € JfixX), generated by algorithm
(11)-(13) in decomposition (23):
FENsro)+E8 x = e lt -y <
' k k k
sro+Eh e I = e T -yl = (25)
k k k k
=fO)+ (g +ah e~ e - T e -y,

where A is defined by Eq. (16). Let us bound the term u, = — (h¥, xk — xks),
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If Y(*) < 0, then & = 0 and u, = 0. Consider the case @) > 0, ie., B # 0. Since

o gl geap (X, A= 00,

k+1
h € Nyl(x
we obtain

r =245 d*edp T, a4, >0,

k

and

0<A, = [a*1/ ld*| sT/ @/ 2) =2/

Substitute in Eq. (24) x**+! = I[(x**1) for z and d* for d:

0=y (* Yy <@ X m e et =y (26)

Now, multiplying Eq. (26) by A\, we obtain

AT A PR P I o PR 07 MY ERET

+ I'(1 +2c/;4)|lxl”'l -xk|| < @n
k k
< 2eT/u)flx* = x o) + Qe T/u) |2 =yl + T(1 + 2c/u) x** - <.
Using inequality (27), we rewrite Eq. (25) in the form
FeRy < £ () + (g% + h5 x* = x5y + T+ 2e/u ) 5 = K| +
(28)

k
U+ el = xS+ T+ 2T wy xS -yl

We now have to bound the scalar product

k-1
(gk +hk,xk—xk') =(gk+hk, Z (gi+hi)).

i=k
]

To this end, we use the following lemma.
LEMMA 4.2 [16]. Let P be a convex set in R" such that 0 < v < |p]| < Ty < +oo forall p € P. Then for an

arbitrary set of vectors {p” € P | r = k, ..., m} and every set of nonnegative numbers {o" € RY|r=k, ..,m— 1} such
that
m-1 2
97,
Zp'?ao>0. sup p” < o;),
r=k ksrsm 6r,

there exists an index ! € (k, m] for which

-1 -1 =1

( ZPrPr/ 2p> ; , Zp ;

r=k r=k O

I

w
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We now continue the proof of Lemma 4.1. Let

P=conv{G(2) ! lz=yll Se},
pi=gl+a", k=k srsm=mg,

7O=V/2, l"0=F.

We have the inequalities

m m —1 m k
v koo ko llxr=xt e
2pS>ZpS>—-r——>ﬁ=ao>O
k=k k=k
k] 1
and
lim supp, =0.
s*@kzk,

By Lemma 4.2, for all sufficiently large s there are indices [, k; < I; < mj, such that

L=t [ -1

{ . ' 2
(g5 +nn, k;kp,‘(gUh")/ ;kp,(>>‘;—6~
1,_l
kg _ev |
Ek"s > ur?

Substituting these bounds in inequality (28) for k = I, we obtain the final bound

-1 L -1
2! s
l v k
f(x ‘)‘f()')_ﬁkzkpk+l"(l +2T/p) ckzkpk+(l“+c+2cl'//l)|lx =yl +

+ T2 + 2c/u Y, s 29

2

‘f(y)—600r2

k
ev+ T +c+2cT/pu)flx =y +[‘2(1 +2/u)p,,

where ¢ = »2/(64T(1 + 2I'/w)).

We have thus proved that for all sufficiently small ¢ < ¢ and sufficiently large s there exist indices /; such that
ﬂxj‘ —y| < efork € [k,, ) and fixk) satisfies Eq. (29). This completes the proof of Lemma 4.1. Q.E.D.

Proof of Theorem 4.1. The proof involves multiple applications of Lemma 4.1. in the framework of the convergence
proof procedure described in [22] and generalized in [11, 16, 20]. The proof consists of the following steps.

10. The sequence {x} is obviously contained in the compact set X.

20, By boundedness of the generalized gradients gﬂx) on the compact set X, we obtain

lim [x¥*' —x¥ < sup  [lgll limp, =0.
k -+ o gEIH(x)xEX k-»o

Hence it follows that the limit points of the sequence {x} form a connected set in X.
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30. The sequence {xX}, for example, from the compact set X has a compact set of limit points X'. The continuous
. . , . . . . .
function f{x) attains its minimum on X' at the point x'. Note that the point x' = lim x%s is contained in X , because

§~o0o

otherwise by Lemma 4.1 it is not a minimum point of f. Thus, lim inf fx*) € f°.
K=o

49, Let us show that the limit points of the sequence {f(x¥)} form an interval in f‘. If lim sup Ax) = lim inf
fixk), then the assertion follows from 3°. Let k- ko=

lim sup / (x*) > lim inf 7 (x ) =/ er.
k-~ o k - oo

Assume that the assertion of the theorem is false. Then there exists a number fi 3 f' such that f; < limsup
k-

Sfix¥(w)). Choose the number f, so that

liminf/ (x) =/ </ </, < lm sup (x b,

k= o

The sequence {fix¥)} intersects the interval (f;, f,) from bottom up infinitely many times. Thus there exists
subsequences {x*s} and {x"s} such that

f(x",)s/'l <f(.r")<f2s/(x",), k<k<n, s=1,2,... (30)

k

Without loss of generality we may assume that x% — x’. By 20 and continuity of f we have
. k
limf (x5 =f(x") =-f1 =i
5§~ ™

Thus, lim xk = x’ € X*. We can now apply Lemma 4.1 to the subsequences {x*},.,,s =1, 2, ... . Take ¢

such that

S~oo

sup f(W< [2,
{y:uwv-x'1s¢

Then property (15) contradicts inequalities (30). The contradiction proves that

[lim inf £ (x*), lim sup/ (x ")) cs

k -0 k ~oo

Since X and f‘ are closed sets, we have

k -

[Iim inf /£ (<¥), lim sup f (x ")] cr
k =

50. Now assume that f* does not contain intervals, for instance, f* is finite or countable. From 40 we obtain

lim f(x*) =/s €. €)))
k- o
If some limit point x' = lim x*s is not contained in X', then by Lemma 4.1 we obtain a contradiction with the
s

convergence of the sequence { f{x¥)} stated in (31). Q.E.D.
Remark 4.2. Theorem 4.1 remains valid also for the randomized generalized gradient method of the type (11)-(14),
where the gradient gk is evaluated not at the current point x¥, but instead at a close point 2 ie.,

k -5, ~k ~k
¢t e @, ||.\-‘—.\-"usak, limd, = 0.
k
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In this case, Lemma 4.1 follows from the stability property of the method stated in Lemma 5.4 below. If the points
#* are chosen at random, then fixk) = dfizX), with probability 1 and the method converges to the stationary (in Clarke’s
sense [17]) points X = {x |0 € 3fix) + Ny(x)}. In the last case we may apply formula (7) and the chain rule to evaluate gk
€ ofiik).

5. STOCHASTIC GENERALIZED GRADIENT METHOD WITH
PROJECTION ONTO A NONCONVEX FEASIBLE SET

Consider the stochastic programming problem (1), (2), where the objective function F(x) is generalized differentiable
and the set X = {x|y(x) < 0} is defined by a generalized differentiable function (x) that satisfies the regularity condition
(10). Let X* = {x | 0 € 3F(x) + Ny(x)} and F* = {F(x) | x € X}.

Let us consider a generalization of the stochastic quasigradient method of [20] to the case when the objective function

F(x) = Efix, 6) and the constraint set X are nonconvex:

Lex, (32)
xX iy e nx(xk —pA,Sk(w)). Ek=0.1,.... (33)
k L i
= — E' = - 1 =20,
s5(w) "k,;,' (@), m=k-r,+120 (34)
k

Here the random variables x%(w), £ (w), sw), k = 0, 1, ..., are defined on some probability space Q, L P), fi(w), i =0,
1, ..., are random vectors (stochastic generalized gradients) such that the conditional means are

E ti@) | %), ....x @)} = g'w) € ¥ (x'()), 35)
6@l < C < +

I is the (multivalued) projector on X, i.e., z € Ix(y) if and only if y — z € Nx(2); the nonnegative numbers 7, and the
monotone decreasing sequence of nonnegative numbers p; satisfy the conditions

n=k+l-r,sm< +w; 36)

) ®
2pk=+oo, Zpk2<+&. (37)
k=0 k=0

Remark 5.1. The method (32)-(34) combines the ideas of the stochastic quasigradient projection method [20] (for a
convex function F(x) and a convex set X) and averaged stochastic gradient methods [8, 12, 16, 23-25] (for nonconvex
functions F(x)). In [11, 12] a similar method is studied for the case of subdifferentially regular (quasidifferentiable) functions
F(x) and y(x). This method, however, is not applicable to the examples from Section 2.

THEOREM 5.1. Assume that F(x) and ¥(x) are generalized differentiable functions, and the sequence xk(w) is
generated by method (32)-(34), where ry, ny, py satisfy (36), (37). Then the minimum (by the function F) limit points of the
sequence {x(w)} are almost surely contained in X" and all limit points of the numerical sequence {F(xk(w))} almost surely
form an interval in the set F . If the set F contains no intervals (for instance, it is finite or countable), then all the limit
points of {x"(w)} almost surely form a connected subset of the set X" and the sequence {F(x"(w))} has a limit in the set F.

Proof. Denote x¥*1 = x* — p,sk and write
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. ky ok k k k k
& =P ) =x =P (T A =x"=p O,

where
0% = sk 4 nk,

hk=L(§“' SILGET) e N,

The norms are bounded as follows:
k _L -k +1 k+| —k +1
1A= I - s S E =k = sty
k __l~ k o+ ok | ks 3 2
Qo= Zolem" ~ g 0 =t = st
Now take a subsequence {x¥s(w)}. For k > k.,

k
PR (w) = .\'k’(w) - E PQ Yw) =

t=k
3

= xw) - EP,Q(w) S @ =y @ -5 ),

where

y @) = ZP,Q(w)—)’,‘(w) p, 05 @), K=k,

t= k
yiw) = x "),
Q (w)—— Z(g (@) + h'(w)),

Bw) =E{ @) 1 x°@), ..., x ()} € 3F (x"(w)),

r l -r+ -+
W@ = o () - G @) € Nyx" " (@)

r

’

k+
& @)= Zp,,, S ) - ),

r—k r=r

Instead of the sequence {x¥(w)};;, consider the close sequence {yk (@} sk»> S

(3%

(39)

(40)

(41)

42)

(43)

44

= 0, 1, ..., generated by the

deterministic procedure (39)-(44) (with a fixed w). This procedure uses the generalized gradients g'(w) of the function F

. k . . .
evaluated not at the points y, (w) but at the close points x"(w). Moreover, the vector A’ (w) is the normal to X not at the point
5
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Ykli(w), but at the close point X’ *!(w). As a result, we obtain the bound

lyk(@) = <@ = 15 @)l < sue [HOIELACE
In Lemma 5.1 we will show that lim 6k (w) = 0 almost surely. Note that
POt = F O < Ll @) - @) = L, @), (5)

where Lg is the Lipschitz constant of the function F on the set X. Hence it follows that the differences IF(xk(w)) —
F(y,c (W), k = k;, may be arbitrarily small when s is sufﬁcnently large. The rest of the proof is divided into several lemmas.
LEMMA 5.1. The random sequence {g'o(w)} where

!

Co(w) = Z p’" 2 (£ (w) = 2 (w). n, < m. (46)

’r-r

almost surely has a limit.
Proof. Let

|
-, rsr</{(,
4

n
tr
0  otherwise

Then

t=0 r=r r=0lt=r

ZP, 2 A, & -2 = il (kill ,p’) N =

r=0lt=r r=0r=

kil(zlm",}(u -8 - Z'(zl,,p,J(E -3

The sequence
k=1

BaS [zl,,p,]@'—zs @

r=0{r=r
. . . o
is a martingale with respect to the stream of o-algebras generated by the sequence {x*(w)} 0" Let

[ =sup {llgll | g€ IF (x), xE X} < + .

Then

r=0| t=r r=0{(t=r

= o0 2 o0 r+m
E G @l?<@+0 Y ( Zl,,p,] <C+0)°Y [Zm] <
ST+0m?Y pl< +w,
r=0

<k =k
E ISy @)l < 1+ E (@)l * < const < + e
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The martingale (47) thus almost surely has a limit. For the residual term

k—=1( o

ak(w) = Z Zi,rpr ¢t -2"
r=0lt=k

we have the following bounds

k
(u)

| )

/ VoL
l}:A,,p,i HE+ 1370 <
=&

n[\/J‘

k-1

£ L k
<c+03 [zl] =(r+c>zp,(z«,] -
t=k t=k r=0

r=0

k+m
—(F+C)Zp, 21 ST+O)Y p, >0 a5 ko
r=r, t=k

Thus, the sequence {{Ok(w) = Eﬁ(w) + of(w)} almost surely has a limit. Q.E.D.
COROLLARY 5.1. For every sequence of indices {k;} — o we have

ék’(w) = ks:li ”C:(w) | >0 almost surely as s - o

s

Remark 5.2. Lemma 5.1 and Corollary 5.1 remain valid if r, = k in Eqgs. (34) and (35) is replaced with E || £(w) || 2

< C< 4+,
LEMMA 5.2. Let w be such that { yo"(w)} o has a limit. Assume that lim x*«(w) = x(w) 3 X". Let

==

m(e,w)=sup (m | |x*w) - x (@) se foral ke (k,m)

Then £(w) exists almost surely such that for every ¢ € (0, ] there are indices l(w) € [k(w), m((e, w)], for which

F(x (@) = lim F (x @) > lim sup F (x "(@)). (48)

§ =~ © y -+ o

.. k
Lemma 5.2. follows by Egs. (38), (45) and Corollary 5.1 from a similar property of the sequences {)'ks("")}ka“
generated by Egs. (39)-(42). Let us state this property in the form of a separate lemma.

LEMMA 5.3. Let w be such that {;‘Ok(w)} has a limit. Assume that lim xs(w) = x(w) € X*. Let

S

m (&, w) = sup {m | Ily:(w) —x(@)|| se forall k€ [k,m)}.

Then £(w) exists almost surely such that for every ¢ € (0, €] there are indices [(w) € [ky(w), my(e, w)], for which

F (x (w)) = lim F (x k(@) > lim sup F O ‘(u)) (49)

§ = ™ §+ ®

Lemma 5.3 in turn follows from a stability property of the deterministic subgradient method (11)-(13).
LEMMA 5.4. Assume that the sequence of initial points {y*} converges to y = lim y°. For each s consider the

s~

k
sequence {y }:s_k such that
—Rs
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q k k IS
)'xL+I =7 —pk(gs +h)), s<k<ng
= k k
gfeq, WH=cofgeamt lly-y <4

y = ,0)
k e X [

-k k
S Iy =3I <d;h

k

-k k k_k
Yo =Y P8

where co{-} is the convex hull of the set {}.
Let

n -1
1

k k _ k
p.= sup p., 0 = sup 8 , o = p..
§ ksk<ns Sk’sk<ns s k;/! s

! ]

i s

Ifo € 5]‘()') + Ny(y) and o, = o = 0, then for every sufficiently small ¢ there exist p = p(y, &) and 3 = E(y. £)
such that for {y Sk}:x_k with the parameters 8¢ < 5 and pX < p there are indices /; for which | y:lr —y|| < ewhenk €

[k, &) and ) = lim fy") > limsup fiy").

S=o g—~oe

Proof is similar to that of Lemma 4.1. We have to consider two cases: ¥(y) < 0 and ¥(y) = 0. In the first case the
generalized gradient method operates in a sufficiently small neighborhood of the point y as for an unconstrained problem, and
the assertion of the lemma is well known (see [16]). In what follows we consider the case when y(y) = O (the case y(y) <
0 may be treated as a simpler repetition of the case y(y) = 0). As in the proof of Lemma 4.1, for y = limy* we define p,

v, v by relationships (17)-(19) and choose ¢, &,, &3, ¢ so that relationships (20)-(24) are satisfied.
_ Now, set £ = min{é;, 0v/2} and take some & < ¢. Let 3, = £/4, p; = €/(4T") and assume that |[y* — y| < &/4, §;
< 81, Pg < ;l fors = S.
Define the index

m =sup{m| [ly/ -yl <e/2 Vre (k,, m)}.

We will show that &/2 < |y, — y|| < 3e/4.
First let us prove the left-hand inequality. If ||y, — y|| < &/2, then m; = n, and we obtain a contradiction:

n
e, >3 /42 ly -yl zov/2

Now,

=1 m - m—lI

m m =1 m )
llyg = = »ll < Iy, -yl +o, ¢ s, +hy | <3e/4.

Since

m =1 m -1

1 ‘ 5 : f
elas<| ¥ plef+nhlsr T ok
k=k’ k=i s
we have
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k k
Letg, € Gésk(yx ). Then
‘ n+1 bk n+
_ i ki ki _ ki - = ki ki
gs_Z'ls & Z'{s =1 g;IEd/()’:l)v ly" -

k k
A ‘ : )s"sés.
i=1 i=1

iy —yl <ed s, <edkysk<m,1<i<n+1, ten |y —yl = I¥¥ —y51 + Iy =yl <8
+ 3e/4 < € < &.

Using decomposition (23) for z = yxki we write
O <o+ @ s =D+ ey =y I+ T+ ol -yl
Here yski (1 £ i < n + 1) can be approximately replaced with y:k. Thus,
FORH SO +EE -y +cllyf =yl + @+, + (T +o)lly* =yl
Multiplying these inequalities by )\,"i and summing over i, we obtain

FOH<sro) + @5y - e lsf =yl + @+ s, + T+ o) lly* -yl =

' : . . 50
AR AR AT TR IS o
+cllyf =yl + @+ 08+ T+ lly* - yll,

where
N L N T B kK _k -
hy =0y =z e, N5 =5 1 <6f zf =M.
k k _k
Let us bound the term u; = — (h;,y, — y¥).
If Y(y,%) < 0, then h* = 0 and u* = 0. Consider the case when Y5 > 0, ie., ut # 0. Since
3 k
ke Nz = g1 g€ oy (2,4 > 0L,

we have

k_ 1k k k =3,k k
hE=2afdf, df €y (z), A >0
We have the bounds
0<AX= kI Nafl s T/ /=20 p

Substitute z,k and dsk in decomposition (24):

_k ko k .
W) <@l 2l = ez =y (51)
. k+1 -k k, k =k -k k k+1 k —k -k k
Note that y; =Ys —pshs =ys —¥s +2 and thus ll)’s =z | =1y =¥ | = 8 .
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Replacing z,* in (51) with the close point y,f ™!, we obtain

k+ |

0=p Yy <@yl = et -y r@r+oel (52)

Now multiply Eq. (52) by \,* < 2[/u:

k+1

—(rk vk =y < @R/ lyf =y I+ T+ 2/l = fl

(53)
+ (1 +2c/ )|y’ =yl +20@r + c)és / p.

Using inequality (53), we rewrite Eq. (50) in the form

FOH SO +EE+rbyE =y + (c+ e mllyf =y I+ (1 + 2 /)0 p X+
(54)
+ @ +c+2Tc/w)lly’ = yll + @F +c)(1 + 2Tc / u)d k.

Now use Lemma 4.2 to bound the scalar products

k-1

ko ok gl

(gsk + bk, yE =y =g + A, > (g +h))
i=k

Let

P=conv{G(2) | l|lz—y|l <&}
pi=g +h!, k=k srsm=m,
7o=v/2 [,=12r,
Then

m -1

Ily ’—yll
Ep >2p 2%—0 >0 for §2§,

lim sup p, k=limo =0.
;-ook>k g-ao“

By Lemma 4.2, for all sufficiently large s there are indices Iy, k; < I; < m, such that

l—l L =1

(g’+h’ Zp ok / EP >> ' Ekpf
k=

Substituting these bounds in inequality (54) for k = [, we obtain a final bound for ¢ = v (64T (1 + 2T/p)).

| =1 /—i
2‘

f(y Ny < f(y) - B P, +2r(l+2r/u)c‘; f—!—
K k=k

T2 (1 + 2/ @) p+ 0 + ¢)(1 + 2Tc /w)d + 20 + ¢ + 2T / ) [|y° = vl < 55)

ev+["2(l +2c/u)p + QT +o)(1 +2Tc/ p)d +

<f(y - 1600 T

+@C+c+2lc/wly’ - yl.
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We have thus proved that for all sufficiently small £ < ¢ and sufficiently large s there are indices /, such that | ysk —y| =

€ for k € [k, [) and j(y:[x) satisfies condition (55). This proves the lemma. Q.E.D.
We need another lemma concerning the length of the steps [ x¥*! — x*|| in method (32)-(34).
LEMMA 5.5. For method (32)-(34) almost surely

lim x5 @) = <*(w) |l =0.
k-~ o
Proof. Using (32)-(34), we obtain
k
14 @) - @) < sk @)l <p - 3 gl +
r=r,

k k
+pku;‘; 3 ¢ (@) - s’ @)l spku;,': S g @)l + e lak@)l,

r=r, r=r,
where

') = E (@) | X°@), ..., X)),

k
)= 3 E@ - g @) k=t L,

r=r
3

Here ¢ € 3F(x'(w)) are uniformly bounded and thus

k
. 1
Jimp, 17 > g'@) =o.

kp=r
k

By Lemma 5.1, the sequence {;‘Ok(w)} (see Eq. (46)) almost surely has a limit. Thus for {pkAk(w)} we have

lim A%w) = O almost surely, which completes the proof of the lemma. Q.E.D.
koo

Now we can complete the proof of Theorem 5.1. Consider the set @' & Q such that the series {g'ok(w)}::O (46)

converges. By Lemma 5.1, P(Q") = 1. Take some w € Q'. The rest of the proof repeats steps 19-59 from the proof of
Theorem 4.1 and uses Lemma 5.2 instead of Lemma 4.1.
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