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1 .  - I n t r o d u c t i o n .  

In  the  last  few years  a large amoun t  of theoret ical  work, using the  mos t  
var ied methods  and  arguments ,  has led to the  now common belief t ha t  a 

- - p r e s u m a b l y  first o rde r - -phase  t ransi t ion f rom hadrons  to a quark-gluon 
p lasma  takes  place at  a t ransi t ion t e m p e r a t u r e  of 0.150 to 0.200 GeV and 
a t  densities not  much  larger t han  in nuclei. This holds for hadron  m a t t e r  wi th  
to ta l  ba ryon  num ber  and strangeness zero; if these are not  zero and  their  
conservat ion is enforced by  chemical  potentials ,  the  t ransi t ion t empe ra tu r e  
will depend on the  lat ter .  This case, however,  will not  interest  us here. 

Present ly  the  only avai lable theoret ical  models  s tar t ing  f rom first principles 
(QCD Lagrangian)  are QCD lat t ice calculations, a sort  of exper imenta l  theory.  
They  definitely seem to establish the  existence of a phase  transi t ion.  The 
main  point  is, however,  t ha t  all other models lead to the  same qual i ta t ive---  
and in mos t  cases even quan t i t a t ive - - resu l t s .  Therefore, if one wishes to con- 
f ront  the  current  theoret ical  ideas with experiments ,  one might  choose among  
the  various models any  one which has a sufficient number  of explicit ly calculable 
predictions.  We  choose the  s ta t i s t ica l -boots t rap  model  (SB~) .  

All approaches  suffer in one way or another  f rom the idealizations necessary 
to enable theorists to arr ive  a t  any  results a t  all: in the  SBM the main  ideali- 
zat ions are the  assumpt ions  of equilibrium in in/initely extended ma t t e r ,  bo th  
very  far  f rom the  real  s i tuat ion in part icle  collisions (and oven in heavy- ion  
collisions). 

The number  of papers  directly and  indirectly concerned with the  phase  
t ransi t ion a t  hand is so large t ha t  it would be impossible to give a list of 
references doing justice to all authors .  I n s t ead  I refer to the  Bielefeld (( In te r -  
na t ional  Sympos ioum on Stat is t ical  ~ e e h a n i c s  of Quarks  and  Hadrons~) 
(1980) [1] and  to the  Biclefeld Workshop  (( Quark  ~V[atter Fo rma t ion  and  
H e a v y - I o n  Collisions )) (1982) [2] where all present  ideas and  all re levant  ref- 
erences are available.  In  the  course of this pape r  I shall then  refer  only to 
works t igh t ly  connected with the  presenta t ion ;  m y  apologies go to all authors  

who migh t  feel they  should have  been quoted bu t  who have  not. 

1"1. The experimental /acts. 

Remark. We shall, in the main body o/ th is  paper, assume that the (~ measured 
<PT} ~) are indeed the true <PT}, although there can be serious doubts about this 
(to be explained in appendix B). ~or our purpose the qualitative trends are 

more important than the exact numerical values. 

Figure  1.1 is t aken  f rom ref. [3] and  exhibi ts  several  impor t an t  points :  

i) <PT> increases wi th  the  mul t ip l ic i ty  per  uni t  r ap id i ty  dN/dy ,  

ii) a t  higher mult ipl ici tes  i t  levels off. 
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Fig. 1.I. - The average transverse momentum as a function of charged-particle den- 
sity in the central rapidity region of proton-antiproton collisions at ISR and CERN 
p~ collider energies: �9 ISR proton-proton, V ~ =  63 GeV, IY]< 2.0; �9 CERN collider, 
proton-antiproton, V/~ = 540 GeV, lY] < 2.5. (Figure taken from ref. [3].) 

We shall take  these two quali tat ive s ta tements  for granted. Two other  
features seem ra ther  to  indicate tha t  the  quant i ta t ive  values of <p~) might  
still contain some systematic errors: 

iii) the  mult ipl ici ty dependence of <PT) at  ISI% has been observed only 
very  recent ly  [3a], while before in measurements  with larger errors it  seemed 
to be absent  [3b, e]; 

iv) the <PT> at  lOW multiplicities a t  ISI~ lie above those of the collider; 
this is ulikely to be true.  

In  fact,  as pointed out  in appendix B, the  <PT) values m ay  depend appreci- 
ably on extrapolat ion methods  used when the  p~ distr ibution is measured over 
an interval  with a lower cut. The remaining differences at  low multiplicities 
(between ISI~ and collider) are of the  order of the errors discussed in appendix  B 
and suggest t ha t  we should present ly  not  worry  about  point  iv) above. 

Figure 1.2 f rom ref. [4] shows t ha t  the PT distributions at  the  eollider differ 
for different multiplicities over the  whole range of measured PT and tha t  the  
effect on (PT> is not  SO much due to  the  large PT tails ( ~ 2 GeV/e) which con- 
t r ibu te  only a small f ract ion of the measured particles, bu t  must  come essentially 
f rom lower PT where the usual the rmodynamic  in terpre ta t ion  (Boltzmann spec- 
t rum) implies then  an apparent  change of t empera tu re  with multiplicity.  

Figure 1.3 f rom ref. [4] shows the  overall PT distr ibution with its (~ thermo- 
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Fig. 1.2. - Transverse-momentum distribution for different multiplicities at ~/~ = 
= 540 GeV. The slope rises with multiplicity already at rather low ( >~ 1 GeV/e) PT" 
A ( n / A y ~  = 10.2, �9 ( n / A y ~  : 5.7, o ( n / A y ~  = 2.4. (Figure taken from ref. [4].) 

dynamic  ~> low-pT pa r t  and the  typica l  large-pT tail  (already seen a t  ISR)~ which 
we shall in terpre t  as p rob ing  the  quark-gluon plasma.  The fit [4] to the  da ta  
is with a QCD-inspired formula  discussed in appendix  B~ where it  is shown 
that~ in spite of its looking impressive here~ it  is unsui table  for determining (PT)" 

1"2. T h e  t h e o r e t i c a l  m o d e l  - O u r  in te rpre ta t ion  of the  da ta  will be  done in 
the  f r amework  of a recent  version of the  s ta t i s t ica l -bookst rap  model  (SBM)~ 
developed in collaborat ion with J .  RAFELSKI. We  shall present  here only re- 
sults and refer for their  der ivat ions to the  original papers  [5-8]. 
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Fig. 1.3. - Inclusive PT distribution at V~ = 540 GeV fitted by a semi-empirical 
formula discussed in appendix B. �9 (h + + h-)/2, ]Y[ < 2.5 UA1. (Figure taken from 
ref. [4].) 

The model  considers a s t rongly in teract ing hadron  gas;  a t t r ac t ive  inter-  
act ions are represented b y  allowing all possible hadron  react ions A q - B  + 
-k ... ~ - A ' +  B ' q - . . .  compat ib le  with f o u r - m o m e n t u m  and b a r y o n  n u m b e r  

conservat ion (other conservat ion laws can be added);  the  possible types  of 
part icles A, B, ... fo rm the  hadronie mass spectrum ~(m% b) which p lays  a central  
role in the  model :  ~(m 2, b)dm ~ is the  number  of different types  of hadrons  
wi th  ba ryon  num ber  b and  mass  in {m% dm~}. To T(m% b) belong the  (( input  
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particles ~) pion and nucleon (strange, charmed ... particles m ay  be added bu t  
are here not  impor tant )  as well as all allowed bound and resonant  states and 
all corresponding antiparticles.  I t  has been shown tha t ,  if all possible particles 
{A, B, ...} are counted in ~(m ~, b), the  interact ing-hadron gas formally reduces 
to a mix ture  of infinitely many  ideal gases with mass spectrum ~(m 2, b). Applying 
this same idea also to its consti tuents,  clusters of mesons and baryons,  one is 
led to consider these too as systems of strongly interact ing consti tuents,  hence 
again as a mixture  of ideal gases with mass spectrum v(m 2, b)- - thus  the clusters 
counted in T(m ~, b) consist of clusters, which consist of clusters, etc. This self- 
consistency requirement  generates an (infinitely) nonlinear integral  equat ion (*) 
for 7:(m ~, b), which has a unique physical solution growing exponential ly  in m: 

(1.1) ~(m 2, b) : ](m ~, b) exp [m/T  (b)] , 

where /(m:, b) is polynomial ly  bounded;  To(b) is calculable f rom the  boots t rap  
equation. In  thermodynamics  ~(m 2, b) appears in integrals of the  type  

co co 

m o rr~ 

= m ~ d E h ( m , E ,  b,. . .)  exp T -~ 

m o m 

which do not  exist for T ~ Tc(b ). Since thermodynamic  quanti t ies (energy 
density, part icle number  and baryon  number  densities, etc.) are represented 
by  such integrals, they have some singularity aS T (b) indicating a phase transition. 

Calculations simplify if one does not  require strict,  bu t  only average ba ryon  
conservation (other conservation laws can be included) by  introducing a ba ryon  
chemical potent ia l  #;  then  the  critical t empera tu re  is Tr 

This settles the  a t t rac t ive  forces. Repulsive forces are dealt  with d la Van 
der Waals  by  giving each part icle a volume, f rom which other particles are 
excluded. In t roducing  this concept in the  BE,  leads automat ical ly  to  the  
result  t ha t  the proper  volume of a part icle must  be proport ional  to its mass [9], 
a feature  which SBM shares with the bag model [10] and with nuclear physics. 
I f  now thermodynamics  is, in addit ion to the  exponential  mass spectrum, 
equipped also with finite (mass-proportional) part icle volumes, the singularities 
due to  ~(m 2, ~u) are somewhat  weakened (quantities which diverge at  Tr for 
point  particles diverge less or may  even become finite for extended particles), 
bu t  they  remain at  the same place in the (T, #)-plane. We have then  the follow- 
ing si tuation depicted in fig. 1.4. 

co 

(*) The (~ bootstrap equation ~ (BE) of the form ~ = input particles • E ]...f{prod- 
ucts of &functions and v's}. 2 
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Inside the  region called (( hadronic  phase  )) we have  a gas consisting of all sorts 

of hadron  clusters; the  nearer  we come to the  critical curve, the  more  clusters 
coalesce into ever bigger clusters and,  when we reach the  critical curve, they  
all d isappear  in one infinitely large cluster of infinite m a s s - - i n  str iking s imilar i ty  
to condensat ion where droplets  coalesce in larger droplets  and  finally into the  

liquid phase. As the  volume of a cluster is propor t iona l  to its mass,  all dus te r s  
have  the  same energy densi ty  eo and on the  critical curve the  whole sys tem has 
then  reached this densi ty  e~. 

1000 

I 

quark - gl.uon 
plasma phase 

~- 500 ha~ronic 
"~ phase 

il/vacuum I 
0 50 

I I I 
100 150 I 200 

T(MeV) To 

Fig. 1.4. - The singular curve of the statistical-bootstrap model [5]. In the shaded 
region the model is unreliable, because there the (otherwise negligible) effects of Bose- 
Einstein and Fermi-Dirae statistics become important. 

We  now relate  SBM to the  bag  model.  The  two models share the  mass-  
vo lume relation, which in the  bag  model  is wr i t ten  M =  4B.  V. I t  is reasonable  

to t ake  the  S B ~  mass -vo lume relat ion to  be  numer ica l ly  the  same, thus  to  
ident i fy eo = 4B. 

There  is a fur ther ,  much  more  impor t an t  p rope r ty  which bo th  models  share:  
the  exponent ia l  mass  spec t rum [10, 11]. Since the  mass  spec t rum and  the  
part icle  volumes determine together  the  tho rmodynamica l  bohaviour  of our 
system, the  hadron  gas seen as a SBM cluster sys tem is identical  to  a hadron  
gas seen as a gas of bags  up to and  incIuding the  critical curve T(/~). Thus 
SBlY[ i s - - a s  a t h e rm odynam i c  mode l - - fu l l y  eqnivMent to a gas of QCD bags [12]. 

Our dus te r s  are exci ted QCD bags  and  choosing the  pion and  the  nucleon as 
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input  (instead of quarks) amounts  to imposing local colour neutrMity inside 

the bags and accepting Nature ' s  own solution of the QCD bound-state  problem (*). 

Once this is accepted, it is clear what  must  be on the other side of the criticM 

curve: since on the critical curve all clusters ~_ bags have coalesced into one 

infinite supercluster ~ superbag, the mat te r  on the other side of the critical 

curve is no longer a more or less dense gas of clusters: it has there become the 
very matter which is inside bags: a quark-gluon plasma [5, 12-14]. As such, it 

possesses the properties of a b lack-body radiat ion of an almost massless gas 

of only a few species (flavours • with feeble interaction. 

1"3. The in]initely extended hadron phase in SBM. - Going back to the 

hadron phase, we list a few more quant i ta t ive  properties near the critical curve. 

The model allows a simple straightforward calculation of densities, like baryon 

number  density, number  density of baryons ~-an t ibaryons ,  pions, kaons, ..., 

energy density, cluster number  density and, impor tant  in our context,  of the 

average mass and volume of clusters as well as of t ransverse-momentum dis- 

tributions. 

All numerieM results in this paper  are computed with a model having the 

following parameters  [5]: 

(L3) 

B "~ ---- 0.145 GeV (bag cons tan t ) ,  

T o : =  To(ff = 0) = 0.19 G e V ,  

/ ~ 0 .  

Only # ~ 0 is here specially adapted to the situation (p~), the other two pa- 
ramentcrs  have not been fitted to the present experiments;  their values had 

been chosen (**) in 1980 (for application of the model to relativistic heavy-ion 

collisions [5]). I n  so far, the results displayed in this paper  are predictions; 
the most  characteristic being the following ones. 

While all densities and (pT(T)~ go to finite values on the critical curve, 

the average cluster mass M(T) and the average cluster volume (V(T)} go to 

oo there [8] (for details see subsec~. 2"2): 

(1A) 
<M(T)> ~ const.  (To-- T) -1 , 

<V(T)> = <M(T)>/4B. 

(*) In the very spirit of the SBM the input particles need not be really (~ elementary ~, 
they serve as building blocks of all higher composite states. For our purposes the pion 
and the nucleon do suffice, while p and A would not, because pions and nucleons do exist 
as ]ree particles; quarks, however, do not (so far) exist free. 
(**) T o is not really a free parameter; it is calculated from the BE which, however, 
contains another parameter m o lying between m~ and m~ [6, 9]. 
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Figures  :t.Sa) a nd  b) show some par t ic le  n u m b e r  densit ies (here in a a  irrele- 

v a n t  no rma l i za t i on :  n u m b e r  per  << nuc leon  vo lume  >>). 

F igure  1.6a) displays  the  ave rage  cluster  m~ss (M(T)) as ~ func t ion  of T 

and  fig. 1.6b) the  s~me as a func t ion  of (p~(T)) (see subsect .  3"2). I t  is seen 

t h a t  a t  p~ collider energies c luster  m~sses f r o m  300 MeV to  more  t h a n  10 GeV 
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s a m e  m o d e l  (~ = 0).  
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should currently occur (0.3 GeV/c g (PT} ~< 0.48 GeV/c), possibly leading to a 
bumpy structure of the rapidity distribution in event-by-event plots. 

Figure 1.7 shows the entropy per particle as a function of the temperature. 
A commonly used rough estimate is that  the entropy S is proportional to the 
number of particles produced. This is exactly true for a black-body radiation 
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F i g .  1.8. - E n e r g y  d e n s i t y  vs. t e m p e r a t u r e  f r o m  t h e  S B M  [5] (/~ = 0) n o r m a l i z e d  to  
% = 4B.  N o t e  t h a t  e r e m a i n s  r a t h e r  s m a l l  u p  to  T / T  o ~ 0.6 i m p l y i n g  t h a t  m o s t  o b s e r v e d  
p a r t i c l e s  c o m e  f r o m  r e g i o n s  w i t h  T of  o r d e r  T o. 
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of massless particles, where S / N :  4 independent of T and of the number of 
species of particles. In our case it is only approximately true at low particle 
numbers, but it becomes true (with S/N--> 2.04) for large particle numbers 
(T ---> To), because for T -~ To the entropy density as well as the total particle 
number density go to finite constants. 

In fig. 1.8 we display the energy density e (normalized to 4B, the bag energy 
density) vs. temperature (# ~ 0). Note the steep rise of e between 0.12< 
< T < T o ;  it has the consequence that  one finds experimental temperatures 
hardly ever outside this interval (see below). 

The most important property shown in this figure is that  (due to finite 
particle volumes) e reaches a finite limit as T--~ :To; therefore, the transition 
temperature can actually be attained--and not only approached asymptotically 
for e-> c~ as in earlier versions of the SB~ (where, therefore, To was claimed 
to be a limiting temperature). 

1"4. How the model is related to a real collision. - All  this applies to in]initely 
extended hadronic matter in equilibrium. Experiments unfortunately produce 
only microscopic lumps of such matter, which are never in equilibrium. The re- 
lation between the described model and the situation in a collision is, therefore, 
far from trivial  I t  seems, however, that  at any given time equilibrium is 
nearly reached locally, so that  the above model might be applied locally and then 
be folded with collective motions assumed ad hoe [15] or derived from special 
models [16]. 

Qualitatively a collision goes through the following stages: the two col- 
liding particles will~ in the overlap region, slow down and compress each other, 
whereby locally kinetic energy is changed into internal-energy density (beat). 
In energetic collisions the so-produced energy density e will, in the overlap 
region, be laxger than 4B, so that  the system (locally) enters more or less in 
the quark gluon phase and reaches there ~ temperature T ~ e ~, which may be 
considerably higher than To. Then it expands and cools until it reaches the 
critical curve, where it breaks up into hadronic clusters. In less central regions 
or in peripheral collisions the energy density might remain below 4B and there 
the system does not enter into the quark gluon phase. The steep rise of e(T) 
shown in fig. 1.8 has, however, the consequence that  even then the temperature 
will not be much below To, so that  we may expect that  over large parts of the 
rapidity distribution the apparent temperature in very-high,energy collisions 
is near To: in the very central region because the system returns from the 
quark gluon phase and breaks up into hadrons at To; in the other regions because 
it reaches T < T o even at moderato energy densities. Since, moreover, particle 
production disappears exponentially with falling temperatures (fig. 1.5a), b)) most 
produced particles come from regions with temperatures of order 0.14 GeV 

T~< To, which, as argued, might be reached up to nearly the ends of the 
rapidity distribution. Therefore, in the central region (lyl<<ln (V/s/m)) we 
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expect <PT> corresponding to = To, w ile even near ends (Iy:.<ln --1) 
we still might  have <p~) corresponding to ~ 0.14 GeV, only about  20 ~o less than  
at  y----0 (see fig. 3.3b)). Thus in very-high-energy collisions <PT(Y))--~Oonst (within 

20 %) over most  of the rapidi ty  distribution. This is a quali tat ive bu t  char- 
acteristic prediction of our model. I t  could not be made in statist ieal-thermo- 
dynamical  models not possessing a critical t empera ture  (phase transition).  

The present observations hold, of course, only on the  average. If  one triggers 
for special events, one will find characteristic deviations, one of which we here 
are precisely interested in: namely <PT) VS. central mult ipl ici ty (subseet. 3"3). 

While most  emi t ted  particles originate from the decay of hadronie clusters 
at  t empera tures  T<~To, very  few may  escape already from the plasma phase. 
This can happen in two w'~ys: ei ther on the surface of the quark-gluon blob 
a q and a ~ are near to each other  and, at  the same time, have a relat ive mo- 
me n tum  such tha t  a meson could be formed (mostly ~; baryons  would need 
the conspiration of there  quarks) which then might  escape with a momen tum 
typical  for the local t empera ture  of the plasma at  t ha t  moment ;  or a single 
very energetic (at the tail  of the momentum distribution) quark or gluon tries 
to escape alone and, since confinement forbids this, it has to hadronize by  
dragging a tail  of q~l pairs behind and giving rise to a jet  of hadrons which 
will have  an internal  momen tum distr ibution whose average (in jet  direction) 
should again correspond roughly to the local plasma temperature .  (Very ener- 
getic jets f rom single bard  scattering would not  fall under  this category though 
an average over not  so ex t remely  energetic hard-scat ter ing processes might.) 
These two mechanisms would give rise to the main par t  of the  weU-known 
large PT (those whose distr ibution takes off at  PT ~ 1.5 to 2 GeV/c from the  
underlying Boltzmann-l ike distr ibution characterized by  T ~ To; see fig. 1.3) 
which, in our interpretat ion,  would thus  probe the quark-gluon plasma di- 
rect ly  [17-21]. 

Wha t  is the difference between the quark-gluon plasma at  T >> To and 
the  big clusters near To which inside also consist of quarks and glnons? W h y  
do the  la t ter  break up so easily, while the former allow only occasionally the 
escape of a hadron? F rom the  point  of view of the stat ist ical-bootstrap model 
the  largo clusters ~ear To (while being filled with a quark-gluon plasma) are 
stiff composed of hadrons, which amounts  to saying tha t  colour neutra l i ty  is 
locally satisfied in subregions of nucleon size (much smaller than  the  whole 
cluster): such a cluster has no difficulty to rapidly disintegrate into the  
already preformed hadrons. 

Above the critical curve this short-range eolour correlation is no longer 
enforced; the mechanism which did so has broken down (because of the sin- 
gular i ty  in the par t i t ion  funct ion describing clusters in clusters in clusters). 
This makes the escape of hadrons more difficult. 

I f  one does not  in tend to  tes t  a hybr id  model  in which collective and thermal  
motions are superimposed [15, 16, 22], then  only transverse momenta  and 
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multiplicities being invariant  under collective motions (PT only under longi- 
tudinal  ones) remain as means of testing the above ideas by confronting ex- 
perimental  data  with quantities calculated from equilibrium thermodynamics.  
This will be done in sect. 2 to 4. 

In appendix A we discuss possible distorting mechanisms, which presently 
will be ignored. 

In  appendix B we shall show why the (( measured <PT} ~) might  not always 
be the t rue <p~} and propose a safer method to determine them. Our notat ion 
will be tha t  of ref. [5-8]. 

2. - Thermal  and hadrochemica l  equil ibrium. 

We consider an infinitely extended hadron gas in equilibrium as described 
by the statistical-bootstrap model [5-8], called (~ S B ~  gas ~>. 

2"1. Transverse momen tum PT. - If  one neglects Bose and Fermi statistics, a 
particle of mass m has at  temperature  T a momentum distribution (for a com- 
plete derivation with statistics and longitudinal motions see [23]) 

(2.1) /(p, m, T)d~p : const .exp [-- ~/p~ + malT] asp ; 

writing p2 _ p~ Jr p~ and integrating over p~,, one obtains, with d2pT---- 2zp~ dpT 
and p~-= [PT], the PT distribution 

d N ( p i  , m, T) c o n s t p l - ~ / ~  + m~ g l ( ~ / ~ +  mS/T) (2.2) dp• -- 

0.7 ' I ' I ' I ' I ' 

0.6-- Y 

0,5 J~t 

>~ o.4 

x /  

0.2 

0.1 

, I , I l I i I i 

0 0.04 0.08 0.12 0.16 ).20 
T (GeV) 

Fig. 2.1. - Average transverse momenta (Boltzmann approximation) as functions of 
the temperature according to eq. (2.3). 
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and  the  m e a n  PT 

c~ 

.[p~.(dN/dp• dpz 
(2.3) <p . (m,  T)>" = o  ~ K~(m/T) 

co 

I (dN/dp~) dp~ K2(m/T) 
o 

These  f o r m u l a e - - w h i c h  are  mode l  i ndependen t - - -have  been  first der ived  wi th  

Bose  and  Fe rmi  s tat is t ics  i nc o rpo ra t e d  b y  IMA:EDA [24]; see also append ix  B. 

F igure  2.1 shows (pv(M1T) > for  m , ,  inK, m x and  my = 1.175 (mean va lue  
A and  E). D iv id ing  eq. (2.3) b y  e i ther  m or T leads to  universa l  func t ions  of 

m/T on t he  r .h .s :  

(2.4) 

<p.>/T =:v, <p• = :w, mlT = : z ;  

K~(z) 

V~_Z Z --> cx3 ~ for  

3~ 
- -  for  z --~ 0; 
4 

V 
W = - - - - - -  

Z V ~ K~(z) 
K2(z) 

- 

2 z  for z - ->cx~,  

37~ 
for  z ~ 0 .  

4z 

A 6 

V 

5 

' I ' I ' I ' I 

i i I r J I I t I I 
0 2 4. 6 8 10 m/T 

Fig. 2 . 2 .  - Universal scaling curves for the average transverse momentum: <pT>/T 
and <pT>/m as a function of m/T as following from eqs. {2.4). 
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The curves in fig. 2.2 display v and w as functions of z; whenever two of the 
three variables {(PT}, m, T} are known, the thi rd  follows from fig. 2.2. 

2"2. Particle number densities, entropy density, pressure and average cluster 
mass. - We describe the SB3Y hadron gas by a procedure [5-8] in which the 
extended-particle quantities can be simply expressed in terms of the point-particle 
part i t ion function Z~t (8, V, 2 ...), which is explicitly known [5, 25] and from 
which point-particle densities (energy, entropy, particle numbers, pressure ...) 
follow as usual: 

energy density e~t: 

(2.5) e~t(~, 4, ...) = 

baryon number  density %t: 

1 
(2.6) %dfi, 2B, ...) = ~ 2~ - -  

pion number  density ~pt: 

(2.7) 

1 ~ lnZDt " 

V ep ' 

8 In Z,~. 

~2B ' 

1 
~o~(fi, 2=, ...) = V 2= - -  

8 In Z~t 

and similarly for strange particles (K, Y). The corresponding quantit ies for 
extended particles are then found by the rule [5-8] 

(2.8) intensive quantity Jot extended particles = 

intensive quantity ]or point particles 
1 + e~t(fl, 4, ...)/4B 

From the definition as derivatives with respect to a fugacity it  follows tha t  
particle number densities refer to final particles after decay of M1 clusters. 

The entropy density a ~- S / V  is 

( 2 . 9 )  a - 
1 -+- ept/4B i :t- e:d4B ' 

where # = T I n  2 is the baryon chemical potentiM. The pressur~ is 

(2.10) p __ P: t  
1 + e,d4B 

with 

(2.u) T 
Po~ = - V In zo,(p, v ,  4 ) .  



16 R. HAGEDORN 

I t  is remarkable  tha t  the pressure obeys an << ideal-gas equat ion ~ [8] in the 
form 

(2.12) P - (3Tr T ,  
<v> 

where <V) is the expectat ion value of the to ta l  volume (which is not  fixed) 
of the  system and <No) the expectat ion value of the number of clusters present;  
while each of these two is c~, their  rat io is a finite, well-behaved funct ion of 
# and T. Tha t  we obtain the ideal-gas equation in these variables is not  in 
contradict ion with our claim to describe a strongly interact ing system: while 
in the case of a t ru ly  ideal gas N and V are fixed external  parameters ,  they  
are here dynamical  variables (functions of /~ and T). I t  turns  out tha t  near 
the critical curve <NJV> -+ 0 and P --> 0. There, however, the system is instable 
(dP/dV> 0), so t ha t  a Ygaxwel/ construction is necessary from which a first- 
order phase t ransi t ion results with P everywhere finite > 0. 

Finally,  the average cluster mass [8]: as the tempera ture  is l imited to To 
(of order m~), most  clusters (except the ~: itself) are moving with nourelat ivist ic 
velocities, so tha t  the total  energy carried by a cluster of mass M is in good 
approximat ion 

(2.13) Eo,..,o. ~ M +  ~-T, 

hence, by  averaging, the to ta l  energy 

(2.14) 

and, with eq. (2.12), 

<E> <F> 3 T=~o~ 3 
(2.15) <M> ~ <V> (No> 2 P~--~--~' 

which was shown in fig. 1.6a) and b) as a funct ion of T and (p~). For  T---~To, 
these formulae become exact.  

These and other  quantit ies are available through simple and short computer  
programs based on the  model described in ref. [5-9]. All curves shown here 
were calculated with those programs and the  parameters  (1.3). 

3. - Approach ing  the  phase  transi t ion.  

When the critical curve is approached,  all above point-part icle densities 
diverge; the  ext~nded-particlo o~es reach finite limits (since they  are divided 
by  the  diverging Gt); the energy density tends to 4B, the  en t ropy density 
(# : 0) to 4B/To, etc. 
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As all variables are functions of the tempera ture ,  one can plot  any  one 

against  any  other using the t empe ra tu r e  as a pa ramete r .  We  present  here a 
few of the  m a n y  possible combinat ions.  

3"1. Charged-particle number ratios. - We define the  rat ios  

(3.1) R ~ ( T ) ' =  {<N~(T)>/<N,~(T)>}cha,~ed 

and show in fig. 3.1 these rat ios  for kaons,  nucleons and  hyperons  as funct ions 
of the  to ta l  charged mult ip l ic i ty  emerging f rom an average  cluster. While the  
rat ios t end  to finite l imits a t  the  t rans i t ion  t empera tu re ,  the  average  mul t ip l ic i ty  

per  cluster diverges with the  cluster mass ;  hence the  rat ios level off for <N>r h-+ c~. 

0.3 

0.2 

0.1 

S 
I I 

K/u 

,Win 

I 
10 

<~h > / cLuste,. 
0 20 30 

Fig. 3.1. - The ratios K/r:, ~/r:, Y/r: (charged) as functions of the mean charged 
multiplicity emitted by an average cluster as calculated from the SBM [5]. 

I f  one would m e a s u r e / ~  as funct ions of dNoh/dy , curves of this shape should 
result.  The same rat ios  are p lo t ted  in fig. 3.2 as a funct ion of <pT(T)>. The 
bending down at  the  end (when T ~ To) is due to the  still s teeply rising ~: 
product ion  (see fig. 1.5). As the  to ta l  <pT(T)> is an a lmost  l inearly rising func- 
t ion of the  t empera tu re ,  (see fig. 3.3) a plot  of the  rat ios  vs. T would look ve ry  
similar. 

A comparison of these predict ions with exper imenta l  da ta  is difficult for 
reasons discussed in the  in t roduct ion  (model: infinite m a t t e r  in equil ibrium; 
exper iment :  microscopic collective mot ions  with only app rox ima te  local equi- 
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<p• (T)> (GeV/c) 

Fig. 3.2. - Charged-particle ratios (as in fig. 3.1) as functions of the average transve~'se 
momentum (pT(T)>~np~tir as calculated from the SBM [5]. 

l ibrium) and also since charged mult ipl ici tes  have  been measured  (more precisely, 
es t imated)  only as averages over  the  rap id i ty  in terval  - -  5 < y < 5 accessible to 
the  UA 5 detector  [26]. Therefore,  be tween the  model  and  the  exper iment  
var ious fur ther  averaging processes enter  which depend pa r t ly  on the  physics 
(e.g., collective motions)  and pa r t l y  on the  exper imenta l  set-up (e.g., acceptances).  

We  shah nevertheless confront  our results  with the  exper iment .  Our table  
shows in the  first column the  rat ios  as t a k e n  f rom tab le  I I  of ref. [26]; the  
second gives our ra t ios  in the  in terva l  0.3 G e V [ e < ~ p T ( T ) < p T , ~ ( T o )  , the  th i rd  
the  fac tor  by  which they  v a r y  in this PT in terval  and  the  four th  our values 
a t  the  measured  (PT}vA~ [4]. 

TABLE I. - The ratios R K = ~VK/N~, Rn = Nb . . . .  / ~ ,  R y  ~ N~yp . . . .  l ive.  

Ratio UA5 Model Factor of Model 
fig. 3.2 variation fig. 3.2 at <PT>UA1 

BE 0.11 0.14 .0 .25  2 0.24 
BB 0.07 0.02 --0.11 5 0.09 
By 0.01 0.005.0.055 10 0.04 

The es t imated  UA5 values [26] lie near  to or within the  in terva l  chosen in 
fig. 3.2. There is, however,  no <PT(T)> at  which we could reproduce all experi-  
men ta l  values s imul taneously  (which is indeed not  to be  expected).  At  <PT>vA1 

we over-es t imate  R K b y  a fac tor  2, Ry  b y  4, while R~ is abou t  correct.  
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Is this a sat isfactory agreement  or a catastrophic disagreement? We believe 
neither,  for the following reasons which again derive from the  wide t rench 
between the idealizing model  and the real i ty of a collision: 

i) We use [5] the grand canonical formalism, which is justified iu the ther-  
modynamical  limit (infinite system; t--> ~ ) ,  while in the experiment  we have an 
extremely small space-time region. Wi th  decreasing volumes grand canonical 
results become gradually less and less reliable. As a simple example consider 
pair product ion (p~, K K ,  ...). In  the grand canonical formalism one uses 
chemical potentials (here # ~- 0) and finds an equilibrium populat ion of pairs 
(leading factors, order of magnitude) 

[~ (3.2) N~,,-~ exp - - ~  , large vo lume .  

I f  the volume is not  infinite, the equilibrium populat ion depends on the vol- 
ume, such tha t  for very  small volumes one obtains [23] 

As discussed in detail in ref. [27], the  volume in a pp collision is <( small ~> and 
the equilibrium populat ion calculated in the grand canonical formalism m ay  
be too large by  a factor  of ~ 2. Reducing our values by  a factor  of 2 would 
make  the overall agreement  better.  

ii) The previous remark  still applies to  equilibrium. I f  the  t ime is short, 
(( chemical )~ equilibrium may  be only more or less approached.  Here  again 
the populat ion at  t ime t will be smaller t han  at  t -~ c~ [28]. 

iii) Our fig. 3.2 shows 

(3.4) ~ , ( T ) -  (Y,(T)} (N=(T)~ -- :F~((p• 

and this is, within the model, a unique funct ional  relat ion between R~ and 
(pT(T)}. Assume this relat ion to be indeed locally t rue  in a collision; then  
the var ia t ion of T over the whole space-time region as well as the influence 
of exper imental  cuts etc. may  be characterized by  an unknown temperature 
distribution W(T), normalized to uni ty .  

We then shall have to integrate  our local functions with weight W(T) over 
T ;  so that ,  in general,  

(3.5) (.y,>o=~,:~ (N,((To=.t}) } 
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and 

(3.6) 

One should not  even expect  to find a single <p~> at  which the  (Ri>oxpt = .Ri 

for all i. 

iv) In  view of these remarks,  of the  strong var ia t ion of the  Ri (column 3 
of the  table) and of the experimental  uncertainties we m ay  claim tha t  our 
model is not  in difficulty with respect to charged-particle ratios. 

3"2. The mean transverse momentum. - Let  n(m, T) be the mean  charged- 
particle number  density of the species with mass m. As the mean  transverse 
momen tum is a funct ion of the mass and of the tempera ture ,  the to ta l  mean 
transverse momen tum of charged particles is 

(3.7) 
~_, n(m, T)<p• T)} 

<pl(T)  } = m ~ n(m, T) 
m 

This function,  with m running f rom pions to hyperons,  is shown in fig. 3.3a) 
together  with the  individual  weighted contributions of pions, nucleons, kaons 
and hyperons to the  total .  Note  t ha t  the  weighted contr ibut ions of eq. (8.7) 
must  not  be confounded with the  <PT> these particles do actual ly have and 

0.5 i I i I i I i I ~ 

/ 

a) / .,,.z 
A 0.4. 

> d"~/- �9 .," 

~ 0.2 

g 
! I 

0 0.04 0.08 0.12 0.16 

(D 

I% 

V 

5 
0.20 0 
;"(GeV) 

' ~ )  ' I ' I . ~  

I I i I I I t I t 
0.04 0.08 0.12 0.16 0.20 

Fig. 3.3. - a) Total  <pT(T)> as function of the temperature  together with its individual  
(weighted) components (re, K, J~f', Y) according to eq. (3.7) evaluated in the SBlV[ [5] 
(# = 0). b) Tota l  <p~(T)> and <PT>~ as functions of the temperature  (eq. (3.7) and 
SBM [5], eq. (2.3)) (/~ = 0). 
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which are shown in fig. 2.1. In  fig. 3.3b) we show the to ta l  <p~(T)} together  
with the actual  t ransverse momen tum of pions. This figure il lustrates a source 
of error in determining a (~ t empera tu re  ~) f rom <p~>: take  <PT} ---- 0.45; if one 
takes into account  all particles one concludes T = 0.168 GeV, bu t  if one had 
erroneously assumed tha t  the contr ibut ion of heavier  particles was negligible 
due to their  rar i ty,  one would have  taken  the pion curve and found 
T = 0.184 GeV. 

As the  curves in fig. 3.3a) and b) have been computed at/~b~o~ ~ #~t,~o ~ 0, 
heavier particles contr ibute  only via pair  and associated production.  These 
figures are, therefore, specific to pp collisions; in pp and even more in heavy- ion 
collisions (# =/: 0) baryons  would increasingly contr ibute  and <PT>tot~ would rise 
higher above the pion curve. 

3"3. The dependence o /pv  on the multiplicity. - The experimental  re la t ion 
between <PT> and the mean charged mult ipl ici ty per unit  rapidi ty  intervM 
was depicted in fig. 1.1. 

Such a relation could be calculated quant i ta t ive ly  in a hybr id  model con- 
taining thermodynamics  coupled with collective motions [15, 22]. As we here 
wish mainly to see whether  the existence o /a  phase transition shows up in this 
relation, we t ry  a simple semi-quant i ta t ive connection between model and 
experiment.  Le t  

(3.8) n ( T ) ' =  ~ n(m, T) 

be the  to ta l  charged-particle number  density. In  a given volume V the to ta l  
number  is then  N =  n V - - b u t  what  is the volume V corresponding to the 
rapidi ty  interval  Ay----17 

A first guess is t ha t  it  might  be proport ional  to the average cluster volume 
<Vo(T)> -- <M(T)>/4B: 

(3.9) ~ .  ch dy - -  C(1)(T)n(T)<M(T)}/IB ' 

where C(1)(T) is the average number  of clusters per uni t  rapidi ty.  
A bet te r  guess starts  f rom the observat ion tha t  n = N / V  refers to a volume 

containing clusters plus empty  space. To obtain N :  nV we, therefore,  should 
take a volume made  up of the average cluster volume Vo plus its average share 
of empty  space. This is not  difficult, since the energy density is defined in 
much the  same way as the  part icle number  densi ty:  e(T) ~ (M = 4B. Vo)/(V= 
= V c + empty  space), so tha t  

(3.10) <V~- Vo+  emp ty  space> = 4B 
<Vc> s(T)" 
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With  this f a c t o r - - w h i c h  tends to 1 when the  phase  t rans i t ion is approached-- -  
we should mul t ip ly  the  r.h.s, of eq. (3.9) in order to replace the  cluster vo lume 
Vo b y  the  correct reference volume 

(3.11) d•(•) ~v Ch 
dy 

- -  C<2)(T)n(T)<M(T)>I~(T). 

Finally,  we argue t ha t  in f ront  of the  other rapidly  vary ing  f a c t o r s - - M ( T )  

diverges for T -+ To--we m a y  t rea t  the two unknown funct ions C <1,2) as con- 
slants.  All other  factors  are calculable in the  model.  

The  three full curves of fig. 3.4 represent  eq. (3.9) with C (~) = {6, 9, 12}, 
the  b roken  curve eq. (3.11) wi th  C (2) = 3.5. None gives ~ perfect  fit (which 
should not  even be a t t e m p t e d - - s e e  appendix  B), bu t  all show the  correct 
t rend,  which is ex t rapo la ted  in fig. 3.5 (eq. (3.9), C (~) = 9). R e m e m b e r  t ha t  
C (~) and/or  C <2) are here the  only free pa ramete r s .  

3"4. Interpretation. - The present  model  does not  t ry  to explain  how in 

the  central  region a var ia t ion  of the  t e m p e r a t u r e  can arise; it only asser ts  tha t ,  
if i t  is there,  corresponding var ia t ions  of <pT(T)> and dNch/dy mus t  occur. 
When  T---> To, then  <Pw> goes to a finite limit, while dAYch/dy diverges;  therefore,  
the  general  shape of the  curves is independent  of detailed assumptions.  

I n  more  elaborate  models  with longitudinal  collective mot ions  [15] a var ia t ion  
of the  t empe ra tu r e  is l inked to the  degree of thermal iza t ion  reached locally; a t  

0.50 . - -  

I / '  . / / ~  ~ \  cc2>:3.5 
 o,2r c<,>=G - 

I / 1 ,+ -  ~ c+=9  

~', r / / / '  ~ ;(1>=;2 " 
,~ o.3al- I l k  

v L/It+, 
O" 3 4 ~.i$1/ 

i , i i 
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F i g .  3.4. - M e a n  t r a n s v e r s e  m o m e n t u m  <PT> as  a f u n c t i o n  of  t h e  c h a r g e d  m u l t i p l i c i t y  
p e r  u n i t  r a p i d i t y .  T h e  f o u r  d i f f e r e n t  c u r v e s  a r e  c a l c u l t a e d  f r o m  eq .  (3.9) ( u p p e r  fu l l  
c u r v e  C r = 6, m i d d l e  C (1) = 9, l o w e r  C (1) = 12) a n d  eq .  (3.10) ( b r o k e n  c u r v e  C (2) = 3.5). 
T h e  c r o s se s  r e p r e s e n t  e x p e r i m e n t a l  d a t a  [4]. 
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large impact parameters most of the incoming energy remains kinetic and the 
temperature remains low, while small impact parameters lead to better ther- 
realization and higher temperatures as well as larger multiplicities. Sorting 
events with respect to multiplicities amounts grosso mode to sorting them 
with respect to impact parameter and/or to temperature. 

The shape of the curves in fig. 3.4 and 3.5 is closely linked to the phase 
transition which the model predicts. Indeed, without the phase transition the 
average cluster mass and volume would not diverge at a finite transition tem- 
perature and <PT} as a function of dNoh/dy would not level off. The observed 
levelling has nothing to do with the kinematical limit which is still far away 
a t  d~Vo~/dy ~ 2 o  

0.5C 

0.46 

0.42 

/N  

a~ o.38- 

? 2  ........ 
0.34 - 

0.30 . . . . . .  
10 -1 100 101 102 103 

dN/d.y 

Fig. 3.5. - Extrapolation of <PT> to large multiplicities (eq. (3.9) with C (1) ---- 9.) 
Crosses as in fig. 3.4. 

The present interpretation is only superficially different from that  recently 
proposed by VAN HOVE [29] insofar as we do not explicitly invoke a/irst-order 
phase transition; however, the present model indeed strongly suggests that  
the transition is of first order, because near to the critical curve there is a region 
of instability requiring a Yfaxwell construction [7, 8]; in the present paper, 
this fact is disregarded, because it would rather strengthen than invalidate 
our conclusions. 

Our approach to the problem is, however, different from the one chosen by 
BARSHAY [30], which also reasonably reproduces the data, but does not predict 
(pT(dN/dy)} to level off. Measurements extended to dN/dy ~ 30 would already 
decide between the two models. 
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3"5. Comparison ISR/UA1. - In  the int roduct ion we have read off f rom 
fig. 1.1 three intriguing facts:  

i) at  small multiplicities the <PT} of UA1 drop below those of ISR;  

ii) the strong variat ion of (PT} with dN/dY seen in UA1, which we 
just  have claimed to have  explained, is almost absent in the ISR data ;  

iii) f lat tening of the <PT} curves occurs a t  ISR at  significantly lower 
<PT} than  at  UA1. 

As decided in the introduction,  we shall not  worry about  the first two points. 
Physical  arguments  make them unlikely to be t rue;  moreover,  the analysis 
given in appendix B shows tha t  systematic errors might  possibly explain 
them altogether.  

Whatever  the possible systematic errors m ay  be, it seems tha t  for larger 
multiplicities the ISR (PT> do flatten at a lower value than  the UA1 <PT>" 
This poses a problem for our model:  if f lat tening is due to a phase transi t ion 
- -which  would occur at  a fixed t empera ture  (*)-- , then the corresponding <PT> 
should be the same. 

Might there be two consecutive phase transit ions [32], the first at  the tem- 
pera ture  corresponding to (PT>~SR' the second at  higher t empera ture  correspond- 
ing to <pT>.AI? Probably  not,  because, if at  UA1 the second has been reached, 
the  first must  have been already passed over: one should see two flat regions, 
the lower coinciding with tha t  of ISR;  nothing of tha t  sort is indicated by  the 
data. 

Could it be tha t  at ISR mainly pious are produced and at UA1 many  heavier 
particles (see fig. 2.1: heavier particles have, a t  the same T, larger (PT})' SO 
tha t  <Pr>vxl > <PT>,SR ? IqO, because if the (Pr> of the fiat par t  do belong to 
a fixed critical temperature ,  then the ratios of particle numbers for different 
masses are determined by  tha t  same temperature ,  so tha t  the <PT> should be 
the same again. 

We, therefore, should look for mechanisms which would make it  possible 
to push up (PT> with the collision energy without  changing the critical tem- 
perature  To. There are several possibilities. 

a) High cluster spin. The quali tat ive explanat ion is simple: the two 
incoming particles have an orbital  angular m o m en tu m  Lo ~ pob (b ~ impact  
parameter) .  In  an intermediate  stage a number  of clusters plus leading particles 
appear  which move  with much less momen tu m  and, therefore, smaller orbital  
momenta  L~ which, in general, do not  add up to Lo. The difference Lo -- ~ L~ = 
= ~ S~ must  then  reappear  in cluster spins. In  any stat is t ical- thermodynamical  

(*) The differences between pp and p~ collisions are irrelevant [31], since also for pp 
the chemical potential /~ ~ 0 in the central y region. 
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model with clusters, the latter do have spin; however, only as a statistical/luctua- 
tion with <S> = 0 and V/<S 2> ~ ~M/2m~;  for such a gas of clusters our 
<pT(T)> holds. If, however, something forces the clusters to have systematically 
<S> # 0, then one would expect another <PT>. Indeed, it has been known for 
a long time [33] that  the decay multiplicity n(M, S) decreases with growing S 
for fixed M; consequently the mean kinetic energy and thus <PT> must grow. 
A detailed analysis [34] shows that  

under favourable production conditions the spins of clusters can grow 
proportional to their mass; 

momenta in the plane orthogonal to the spin axis are strongly enhanced, 
while those parallel to the spin remain practically unchanged (intuitively obvious: 
centrifugal forces); 

in the spin-orthogonal plane the angular distribution in an event-by-event 
analysis is--contrary to intuitive expectation--anisotropic and simulates a 
two-jet structure. 

The average initial orbital angular momentum Lo is about 150 at ISI~ and 
1500 at UA1; it seems conceivable that  with a 10 times larger Lo there will 
be also more clusters with higher spins; this would automatically lead to larger 
<PT> at UA1 than at ISR--although the temperature should be the same (it 
might then be not ~ 0.190 GeV, but rather ~ 0.160 GeV; this latter value 
was considered the most likely one some years ago, theoretically [35-37] and 
experimentally [38, 39]). 

b) Collective transverse motion. The existence of such motions as well as 
of shock waves has been made likely by hydrodynamical calculations [40-43] 
in the case of heavy-ion collisions; it is not daring to conjecture their presence 
also in pp and p~ collisions, in particular if the system eaters into the quark- 
gluon phase and there expands. I t  is conceivable that  such transverse motions 
might become more violent with increasing collision energy and make <PT> 
larger at UA1 than at ISI~. Some remarks about the kinematics are found 
in ref. [44]. 

e) Influence o/the high-pT tail. In appendix A we make a rough estimate 
of how the large-pT tail of the PT distribution could influence <PT>. The estimate 
assumes that  the p~ distribution can be approximated by a superposition of 
decreasing exponentials, the first being fixed with a temperature ~ T, giving 
the low-energy <PT>, while the tail exponential has a (( temperature )) depending 
on the collision energy. Assuming for the sake of illustration only two suy.er- 
imposed exponentials (*), we find that  at ISR the tail pushes <pT> by about 
(2--3) %, while at UA1 it pushes <PT> by about 15 % (fig. A.4); this could 
aLmost explain the difference. 

(*) One needs three or more. 
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Certainly all these mechanisms  contr ibute  to the  difference in (PT} for ISI~ 
and  UA1 and it  will be very  difficult to disentangle them.  The point  is, how- 
ever, t h a t  they  produce different (PT} wi thout  needing different t empera tu res .  
Therefore,  there  seems to be  no inconsistency. 

4. - B e y o n d  the  phase  trans i t ion .  

Beyond  the  phase  t ransi t ion we enter  into the  quark-gluon plasma.  I n  

the  in t roduct ion we have  claimed t h a t  the  very  largo PT can be in te rpre ted  
as being due to part icles escaping f rom the p lasma  before it cools down to  
t rans i t ion t e m p e r a t u r e  and  to ta l  hadronizat ion.  

Such a pic ture  is complementa ry ,  but  not  necessarily cont radic tory  to QCD 
hard  scat ter ing;  in fact ,  it could possibly result  f rom an average  over  m a n y  
hard-sca t ter ing  processes. I f  it were true,  it should be possible to calculate 
the  large-pT distr ibution f rom the  proper t ies  of the  quark-gluon plasma.  W e  
do t h a t  now. 

4"1. Energy density o] a quark-gluon plasma. - In  order to keep things simple, 
we assume quarks  and  gluons to be noninterae t ing  and  massless. For  such a 
(black body)  gas the  S te fan-Bol tzmann law reads (ast is the  usual Stefan con- 
s tan t ;  ~ / 1 5  for QED) :  

(4.1) ~ = (~stT ~, (~st= ~ g B +  ggF , 

where gB.F ---- num be r  of internal  degrees of f reedom of bosons and  fermions,  
respectively.  We pu t  g~ ---- 8 (colour)-2 (helicity) ----16 (gluons), g~ ~ 3 (colour). 
�9 2 (hel ici ty) .3 (flavour).2 (ant ipart icle)~--36 (quarks),  where we took  into ac- 
count  u, d and s quarks  only. Thus  

O ' S i  ~ - - ~  - -  , ~ -  . 

30 \as~ V] 

4"2. Energy density in a collision. - For  an  order-of-magni tude es t imate  it  
suffices to assume tha t ,  in the  overlap region of the  colliding particles,  m a t t e r  
has essentially come to rest  and  mos t  of the  energy is thermalized.  I f  AV is 
the  overlap volume and AE the  energy contained therein,  then  f rom geomet ry  
AV/Vo ~ AE/E,  where Vo is abou t  a nucleon volume and  E the  e.m. energy. 
Hence,  independent ly  of the  impac t  pa ramete r ,  

(4.3) em~ x ~ E/Vo 

is the  order of magn i tude  of the  m ax i m a l  possible energy densi ty in the  overlap 
region (we do not  consider Loren tz -cont rac ted  volumes,  since we assume m a t t e r  
in AV to have  come to rest). 
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4"3. The m a x i m a l  collision temperature. - With (4.3) and (4.2) we obtain 

(4.4) :Tmax ~ E~" \astVo] 

as the maximal collision temperature, if in the overlap region a plasma is formed. 
This is the upper limit of the temperature at the instant of collision at the 
hottest points; subsequently the plasma expands and cools down until the 
phase transition is reached. Particles escaping from the plasma should show a 
PT distribution corresponding to a superposition of approximately termal dis- 
tributions with temperatures ranging from Tm~ = down to To. Therefore, the 
largest PT might indeed measure Tma ~. 

4"4. The tails o] the PT distribution. - In fig. 4.1 we show PT distributions 
as measured at ISR [45] and UA1 [4]. In order to eliminate the rising total 
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Pig.  4.1. - Inc lus ive  #T dis t r ibut ions  wi th  23 GeV < ~/s  < 540 GeV. I S R  [45] (=o only) : 
�9 23.5, ~ 30.6, <> 44.8, �9 52.7, o 62.4; UA1 [4] (all charged) :  * 540. The  high-pT 
ta i l s  are  f i t ted  by  h a n d ;  for  UA1 four  l ines are  d rawn to see how the  t empe ra tu r e  T 
belonging to t he  slope var ies  wi th in  the  expe r imen ta l  errors.  I t  is possible w i thou t  
forcing to d raw the  l ines such t h a t  t h e y  mee t  in one po in t  a t  PT = 0 ly ing  by  a fac tor  

600 below t h a t  where  all  curves  converge  ( =  1 by  definition). 
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cross-section, we have  normal ized the curves to i a t  PT --~ 0. This has  the  re- 
markab le  consequence t ha t  one can, withiu exper imenta l  errors, consider the  
high-p T tails as s t ra ight  lines meet ing  in one single point  a t  PT = 0 .  I f  we assume 
t h a t  these tails belong to part icles escaping near  T ,  this t e m p e r a t u r e  can 
be read  off f rom the  slopes. To see what  the  uncertaint ies  are, we have  made  

a best  eye fit to the  ISI~ da ta  and  laid four s t ra ight  lines th rough  the  UA1 
da ta  (shown in fig. 4.1). The I S R  and UA1 data  give in a In T vs. In E plot  
a set of points with ra ther  large errors, bu t  compat ib le  wi th  a linear in terpolat ion 

(the errors are too large to allow more  t han  that) .  Thus the  dat~ are compat ib le  
with the  law [46] 

(~.5) T .... ~ aE  b . 

The triples belonging to the four hand  fits are 

(4.5a) 

a 

b 

TUA[ 

0.164 

--~ 0.26 

0.842 

0.165 / 

0.25 

0.795 

0.168 / 
0.23 , 

0.714 

0.171 

0.21 

0.641 

These numbers  reflect the  uncer ta int ies  of the  fits and, therefore,  of our inter-  
pretat ion.  

4"5. Comparison with the quark-gluon plasma.  - W h a t  should a and  b be 
for a quark  gluon plasma? Equa t ion  (4.4) gives the  answer:  if quarks  were 
real ly massless (m~< T),  then  b = ~-. The values of b obta ined f rom the da ta  
lie indeed around t h a t  value. 

~Tith the pre l iminary  assumpt ion  t h a t  Vo is the  ordinary  nucleon volume 
(4~ /3) ]3=  545 (GeV) -3, we obta in  f rom eqs. (4.2) and (4.4) 

(4.6) aQ+ = = 0.104 [(GcV)~] 

also not  much  different f rom the exper imenta l  values. 
We thus  can s ta te  the  remarkab le  fact  t h a t  both ,  a and  b, as calculated 

f rom a massless quark-gluon plasma,  arc near  to the  corresponding values 
deduced f rom the assumption t ha t  the  physics behind the  da ta  is t h a t  of a 
quark-gluon plasma.  

Tha t  the  re levant  vo lume should be an ordinary  nucleon volume is not  
very  likely: the violent  shock of the  collision will p resumably  do more  t han  
concentra te  the  avai lable  energy AE in an unpe r tu rbed  volume AV ~ AE.  VolE; 

we ra the r  expect  t h a t  in addit ion the  volume will be compressed to some smaller  
value (in the  Fermi  and  Landau  models the  assumed volume compression even 

equals the  Lorentz  contract ion before the  collision). We  can es t imate  b y  what  
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amount the volume should have been compressed, if our interpretation of the 
data were correct; for the effective interaction volume AV = AE. V ~ J E  we 
obtain from (4.5a) and (4.4) 

(4.7) Vo j' = 6 . 2  t o  7 . 3 .  

Thus the compression factor is of order 6 to 7. This is considerably less than 
the still often assumed Lorentz contraction, which would require a compression 
factor 7 ~ 270 (at UA1); the energy density would be 270 times, the temperature 
(270) ~-~ 4 times larger: 3.2 GeV, in plain contradiction with the slopes of the 
large-pT tails. ~oreover, T should be proportional to v/E instead to E "~ and 
this contradicts the data from ISR to UA1. One can conclude that  the data 
-- i f  our interpretation is correct--rule definitely out the old cherished ((Lorentz- 
contracted interaction volume )). 

Whether our interpretation is correct or simply due to an accident is difficult 
to say. What speaks in favour of it is the logical consistency of the whole pic- 
ture: theory suggests the existence of a phase transition with a transition tem- 
perature corresponding to the observed flattening of (PT} and a quark-gluon 
plasma beyond with a temperature vs. energy relation corresponding to the 
observed high-PT tails. 

An analysis of experimental data leading to a clear distinction between 
(~ pure ~) QCD hard-scattering processes and a statistieal-thermodynamical back- 
ground or to the result that  the average over the pure QCD processes behaves 
like coming from a plasma or simply disappears under the statistical-thermo- 
dynamical background in inclusive measurements--such an analysis is not yet 
possible. 

Probably statistical thermodynamics of the plasma and perturbative QCD 
are complementary and compatible in a largo overlap region, outside of which 
each of them has its proper domain of validity (where the other fails): QCD 
perturbative hard scattering for very-high-energy jets and the plasma descrip- 
tion (with perturbative corrections [1, 2]) near to the transition region. 

4"6. _~urther remarks. - The experimental data are compatible with the 
interpretation that  the high PT come from a quark-gluon plasma phase and 
measure directly the highest temperature it has reached during the history 
of a collision. I t  then would follow that  this new phase had been entered already 
at ISR energies. 

The fact that  the straight lines in fig. 4.1 can, without forcing them, be 
drawn to meet in one single point is in itself interesting: it leads one to specu- 
late that  the ratio of the number of (~ leakage-from-the-plasma ~) events to that  
of ordinary ones (hadronizing at To) is approximately energy independent and 
of the order of 1:600 (see fig. 4.1). 
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At low PT the  UA1 distr ibut ion does not  join the  common s t ra ight  line of 
all I S R  distributions.  This has  several  reasons:  the  ISR  data  in fig. 4.1 refer 
to ~:o only, while UA1 registers all charged particles. Therefore, UA1 should 

see sys temat ica l ly  larger PT (and a somewhat  larger slope) (see fig. 3.3b)) t h a n  
does ISR.  Other  reasons were discussed in subsect.  3 '5;  all of t hem conspire 
to make  pT(UA1) > pT(ISR) a t  all PT" 

Our present  in te rpre ta t ion  does not  claim originali ty;  proposals  to see in 

large PT a s ignature of superheat ing a t  a phase  t ransi t ion [15] or of a new 
phase  of hadron  m a t t e r  ac tual ly  having  been reached have  been made  b y  
m a n y  authors  [17-21]. 

5. - Conclus ion .  

Do we see the phase  t ransi t ion h a d r o n - ~  quark-gluon p lasma (predicted 
by  so m a n y  models) at  p~ collider energies? 

Yes;  we even see it MreMy at  ISR  energies. 

This conclusion migh t  only be escaped if all speculations and  calculations 
about  this phase  t ransi t ion and the  use of stat is t ical  the rmodynamics  in this 
context  are senseless and if the  consistency (though not  detailed agreement)  
of their  predict ions with the  exper iment  is due to some mos t  unlikely accident.  

The various distort ing mechanisms enter ing between idealized the rmody-  
namics and real collisions m a y  affect numerical  values;  they  cannot  inval idate  
our conclusion. 

Discussions wi th  M. FAESSLEa and J .  ]~AFELSKI were very  helpful;  the  
la t ter  drew m y  a t ten t ion  to the  uncertaint ies  in determining the  experi-  

men ta l  <PT>. 

A P P E N D I X  A 

Dis tor t ing  m e c h a n i s m s .  

We have,  in the  course of this paper ,  ment ioned  several  t imes  the  wide 
gap between the  idealized model  of infinitely ex tended  m a t t e r  in equi l ibr ium, 
for which one can derive theore t ica l  results ,  and the s i tuat ion in a collision where 
measuremen t s  are possible.  Tha t  these theore t ica l  predict ions could have  
any th ing  to do wi th  quant i t ies  measurab le  in collisions is miraculous  enough. 
I t  becomes more  so if one looks at  some dis tor t ing mechanisms in more  detail.  
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A.]. Temperature distributions. 

A.1.1 P r i m o r d i a l  ( due  to  v e l o c i t y  d i s t r i b u t i o n s ) .  At all energies 
one finds rather flat rapidity distributions with a half-width larger than half 
the kinematic limit [47]. This proves that  strong collective motions in lhe 
forward-backward direction survive the collision and that  only a fraction of 
the total ly available energy could have been thermalized. Therefole, a tem- 
perature distribution results such that  at y ~ 0 we have T ~ To, while T ~  0 
when [y[-+y~.~ ~ in (%/~/m). This distribution will be different for diffelent 
impact parameters  b: in central collisions (b ~ 0) it will be flatter than in 
peripheral collisions, where it  will be peaked at y --~ 0. 

A.1.2. C o o l i n g .  Particle emission and expansion will cause both, the 
quark-gluon plasma and the hadron gas, to cool [5]. However, most particles 
will be emitted during the hot ter  stages, because of the ]~oltzmann-type fac- 
tors ~ e x p  [--re~T] entering in production rates. 

A.1.3. T h e  t e m p e r a t u r e  d i s t r i b u t i o n  a n d  m e a s u r a b l e  v a l u e s .  
Let  us combine all possible effects of this sort into a temperature distribution 
function W(T; E, Ct, C2, ...) which depends on the collision energy E and on 
experimental control parameters C~, C~, ... (e.g., acceptances, triggers, rapidity 
regions ...), but  which is otherwise averaged over all collisions fulfilling these 
bias conditions at E; then, if X is a quanti ty whose expectation value <X(T)} 
can be calculated in the model at fixed T, its experimental value will be (if the 
model is correct) 

(X}o=ot : = f  W(T, E, ...) <X(T)} (A.1) dT 

in particular for T itself 

(A.2) 

and then in general 

(A.3) 

<T>o,ot'=JW(T, E, ...) T d T  

<x>o=o~r <X(<To=~t> )> 

unless the control parameters C1, C~, ... were chosen such that  W is strongly 
peaked at some T (e.g, by selecting lY[ <1, large multiplicities and/or heavy 
particles). 

A.2. Transverse collective motions. - Already discussed in subsect. 3"5. 
Hydrodynamic calculations [40-43] suggest nonnegligiblc transverse collective 
motions, which can broaden the local p~ distribution. The calculations having 
been done for heavy-ion collisions, little is known quantitatively about this 
effect in pp and p~ collisions. 

Expansion will have very much the same effect, but here again little is known. 

A.3. High cluster spin. - High cluster spin was already discussed in sub- 
sect 35;  signatures [34]: single events should show azimuthal anisotropy with 
respect to the collision axis, large momenta and even a jet structure in and 
near some plane containing the collision axis, small momenta orthogonal 
to it. Averaged over events: an elongation of the PT distribution towards 
larger PT, hence larger PT or larger apparent temperatures.  
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A.4. Two-body  decays.  - Heavy  clusters do not  explode at once into final 
particles, bu t  disappear in steps along a decay chain, preferent ial ly  emit t ing 
in each step one or two (*) low-m~ss part icles (7~ K, JT) with low kinetic energy 
(of order T), so tha t  in an average step the cluster mass decreases by  only a 
few hundred  3[eV [48]. As long as the cluster  mass is large compared to the 
emit ted energy, the emit ted  particles have thermal  distributions [37]. At the 
end of the decay chain as well as in the subsequent  decay of some emit ted res- 
onant  states (p, r A, ...) a two-body decay with sharp  energy of the decay 
products  will take place. This two-body decay is far f rom being thermal ;  
what  dis tor t ing effect will it have on the m o m e n t u m  distribution? 

Let  u~ assume the fol]owing si tuat ion:  particles of mass m* are emit ted 
thermal ly  with a Bol tzmann distr ibut ion at t empera ture  T. Then these par- 
ticles decay:  m* ~ m~ ~- m2 with fixed m~.~ and, therefore,  fixed momenta  in 
the rest fr%me of m*. What will be the averaged momentum distributions of m~ 
and ma in the Lorentz frame where m* had a thermal distribution? This prob- 
lem is analytically solvable (ref. [49]~ subsect 7"6, and ref. [15]~ appendix IV) 
with the following results: 

the spectral distributions of particles m, and m2 will more or less differ 
Irom a pure ~Boltzmann distribution; 

it, therefor% is, strictly speaking~ not possible to assign to them a temper- 
ature; if one tries nevertheless by fitting them with a Boltzmann distribution~ 
the resulting effective temperature is different from the original T and depends 
on the fit criteria (least square~ same (p), same position of maximum) ; in view 
of the experimentally so easily accessible <PT} the most reasonable method 
is a fit with a Boltzmann distribution having the same (p) as the particle 
considered. Our results below are computed this way. 

' 1 ' I ' I ' I ' 

0 0.4 0.8 1.2 1.6 2.0 
p (GeV/c) 

Fig. A.1. - Tile momentam distributions of the ~ and the 2W coming from the decay 
A --~ = + ~  when the A had a Boltzmann distribution with T = 0.150 GeV. 

(*) Emission probabilities: P(1) :P(2 ) :P(3 )  = 0.69:0.24:0.06. 
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Example:  decay A(1.23 GeV) --> 5V(0.94) Jr n(0.14); the A follows a Boltz- 
mann  dis tr ibut ion with T ---- 0.150 Geu 

Figure  A.1 shows the three distributions (A, 2T, ~) as a funct ion of the mo- 
men tum p. Of course, = has much lower and 3T slightly lower momentum than  A 
because of their  masses. We now fit the curves for ~ and 2V of fig. A.1 with 

Bol tzmann funct ion  having the same (p} as the corresponding actual  distri- 
butions.  For  A ~ this works perfect ly  (fit and original indistinguishable withiu 
drawing accuracy ;  not  shown here), To~(JV)~ 0.131 Geu independently of 
the fit me thod ;  fig. A.2 shows tha t  for the decay pion the <~ best  Bol tzmann ~ 
curve deviates ra ther  much f rom the original (different fit procedures give 

0 
, I I I I ~ "  

0.2 0.4 0.6 0.8 1.0 
p (GeV/c) 

Fig. A.2. - The ~ momentum spectrum of fig. A.1 ( ) fitted with a Boltzmann 
distribution ( . . . . .  ) requiring that {P}solt . . . .  tit = (P}~. While the A had a Boltzmann 
spectrum with T = 0.150 GeV, the Boltzmann fit to the daughter pion is rather bad; 
its temperature is 0.085 GeV. 

visibly different results);  the <~ same-(p} ~> method gives To~gT:) ---- 0.085 Geu 
(Least square:  To~(~) ~- 0.09], <~ same max imum ~>: Toff(~) ---- 0.101, hence dif- 
ferences of ~ 15 %.) 

Of course, the pion with its smaller mass suffers more recoil than the nu- 
cleon and shows a more dis tor ted spectrum.  

Table A.I  displays two cases in which the deviations (visible in the disagree- 
ment  of the result ing To~ f rom the three fits) of the spectra f rom thermal  ones 
are reflected and two others proving the method to yield correct  results in 
t r iv ia l  eases. 

The results in the last  two lines are obvious:  in line 3 nothing happens to the 
part icle of mass 2 and in line 4 the two particles of mass 0.5 did not  receive 
decay energy,  hence they  have a thermal  spec t rum with T ~ =  �89 Tor~ina~ (the 
small differences in Tef~ are due to our not  having aimed at gre~t numerical  
precision). The first two lines i l lustrate t ha t  the decay recoil can ~ower as well 
as increase the effective t empera tu re ;  a l though in bo th  cases the two daughter  
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TABLE A.I.  
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Decay (*) Tori~i~l Te~ T~ff 
same same <p> 
maximum 

T~f, Remarks about  
least  square momentum spectrum 

~o_~ 0 -+- 0 0.150 0.034 0.082 0.063 far from thermal  
2 --~ 0 + 0 0.190 0.500 0.386 0.440 far from thermal  
2 -~ 2 + 0 0.190 0.190 0.189 0.187 exact ly  thermal  (trivial) 
1 --* 0.5 ~ 0.5 0.190 0.095 0.095 0.094 exact ly  thermal  (trivial) 

(*) T he  n u m b e r s  g ive  the  masses  in GeV. 

p a r t i c l e s  h a v e  zero  m a s s ,  t h e  ef fec t  is o p p o s i t e  in  t h e  two  cases ;  t h e  h igh  T~f 
in  t h e  s econd  ease  is s i m p l y  b o r r o w e d  f r o m  t h e  l a r g e  p a r e n t  m a s s .  S ince  no  
g e n e r a l  r u l e  ( excep t  for  t h e  u n h a n d y  a n a l y t i c  f o r m u l a e  [15]) can  be  g iven ,  
we h a v e  c o m p u t e d  s e v e r a l  r e a l i s t i c  e x a m p l e s  a n d  o b t a i n e d  m o r e  or  less  sa t i s -  
f a c t o r y  B o l t z m a n n  fits ( a l w a y s  ~ s a m e  <p} @ 

The  r e s u l t s  for  p -+ ~r:, A -+ (JVr: a n d  3g'~) a n d  % - +  yT a r e  s u m m a r i z e d  
in  t e r m s  of e f fec t ive  t e m p e r a t u r e s  as f u n c t i o n s  of t h e  o r i g i n a l  t e m p e r a t u r e  
To~i,i.a~ a t  w h i c h  t h e  p a r e n t  p a r t i c l e  was  e m i t t e d  (*) (fig. A.3) .  The  b r o k e n  
l ine  T = Tor~,~, i l l u s t r a t e s  wel l  w h a t  d i s t o r t i o n s  in  e f fec t ive  t e m p e r a t u r e  
( d e t e r m i n e d  f r o m  (PT}) we h a v e  to  e n v i s a g e  f r o m  2 - b o d y  d e c a y s .  As  m e n t i o n e d  

0.24 

0.20 

0.16 

-~ 0.12 

0.08 

0.04 
/ 

/ 
/ 

I 

Teff ~ ~origlnc~t - 

I 
/ 

/ u ( e  - ' - "  rt u ) 

u(&--~ u~') 

I l I I I I I I I I I I 
0 0.04 0.08 0.12 0.16 0.20 0.24- 0.28 

Toriginat(GeV) 

Fig. A.3. - The effective temperatures  7'e~ ~ of the daughter  particles in a few typical  
decays plot ted against  the temperature  belonging to the Boltzinann distr ibution of 
the parent  par t ic le  Toraina 1 (from Boltzmann fit requiring <P>m = <P>o~gi~l). 

(*) The relat ion Tea = J(Torai,~l, m*, ml, m2) is l inear within drawing accuracy in 
the  region 0.1 GeV < To~ai~a~< 0.2 GeV. As this is the only interest ing region, we did 
not  t ry  to find how Te~ ~ behaves outside it.  
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above,  such decays  occur  mos t ly  a t  the  end of decay chains and  occasionally 
if  a c luster  emits  a resonance  which domina t ing ly  decays into two s table  par-  
ticles. Thus in very-h igh-energy  collisions the  cont r ibut ion  of genuine 2-body 
decays m a y  be smal l  and  the  d is tor t ion  too;  i ts  general  t r end  will be to lower 
the  appa ren t  t e m p e r a t u r e .  

A.5. Contributions ]rom the quark gluon phase. - We have  s t a t ed  t h a t  fig. 4.1 
suggests  t h a t  ubout  once in 600 ord inary  events  (hadronizat ion at  the  phase  
t rans i t ion)  a leakage f rom the  quark  gluon p l a sma  occurs;  f rom I S R  to UA1 
this  f rac t ion  does not  much  depend on the  collision energy.  W h a t  then  is the  
influence on (PT) f rom the  tails? Assume for s impl ic i ty  t ha t  the  d is t r ibut ion 
is g iven b y  the  sum of the  o rd ina ry  plus a leakage cont r ibu t ion  and  tha t ,  there-  
fore (neglecting for this  o rder -of -magni tude  es t ima te  the influence of masses) ,  

d(dhT/dy) 

2~p• dp• 

2,0 

A,o. exp [-- p• § A~,~h exp [-- p• 

1 § (Ah~gh/Alo~) 
�9 J_ § (A~i~h/A,o~)(Th,gh/T,o~) ~" 

With  Amh/A~o ~ = 1/600 we obta in  for the  correc t ion  fac tor  the  values  displayed 
in fig. A.4; for UA1 this  amoun t s  to an increase  b y  ~ 15 ~o, while for ISI~ i t  

1.8 

1.2 

~ 1.6 

V 

A 

1.4 

1.0 , I ~ I , I 
3 5 7 9 

Thlgh/r tow 

(A.4) 

Then  

(A.5) 

I 

11 

Fig. A . 4 . -  This figure illustrates that the (PT~ resulting from the superposition 
] ( P T )  = Alo~ exp [-- pT/Tlo~] + Ah~g h exp [-- pT/T~j~h] is even for Ah,~h << Alo ~ (here 1 : 600) 
substantially larger than the (Pr),o~ resulting from the low-T component alone. This 
effect would amount to an increase of 1 to 3% at ISR and ~ 15% at the Collider. 
Though it contains few particles, the large-pT tail does influence (PT) significantly. 
Our figure gives a lower limit. 
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remains  of the  order  of 1 to 3 %. Thus the  influence of the  ta i l  alone can raise 
the  <PT} f rom ~ 0.40 GeV/c at  I S R  to ~ 0.46 GeV/e at  UA1; this effect 
a lmos t  explains  the  difference in the l imi t ing  values of <pw} for large mul t i -  
plicit ies in the two exper iments .  

This is, however,  a qua l i ta t ive  s t a t emen t ,  because in rea l i ty  one needs at  
least  a superposi t ion  of th ree  exponent ia ls  (*) to fit the exper imen ta l  PT distri-  
but ions  including the  tai ls .  Also, as shown in append ix  B, exp [ - -pT /T]  is 
not  a ve ry  good ansatz  for de te rmin ing  (pT} ; in this es t imate ,  however,  a good 
p a r t  of the  l a t t e r  e r ror  cancels on bo th  sides in eq. (A.5). 

A.6. Imper / ec t  equ i l ibr ium even locally. - This is ve ry  difficult to e s t ima te ;  
,,~hould it  happen  t h a t  hadron  m a t t e r  in very-h igh-energy  collisions is a lways 
v e r y  fa r  f rom local equi l ibr ium, our whole me thod  would become inappheable  (**). 
Tha t  it never theless  gives reasonable resul ts  can be t aken  as an indicat ion t ha t  
local equi l ibr ium is more  or less reached.  Still, one has to dist inguish between 
kinet ic  and chemical equi l ibr ium, the approach  to the la t te r  depending on in- 
dividual  coupling s t r eng th  and/or  cross-sections [28]. I t  can happen  t h a t  i t  
makes  sense to speak of a local t empe ra tu r e ,  bu t  t ha t  ra t ios  of par t ic le  
numbers  for different species are still  fa r  f rom their  equi l ibr ium values a t  t h a t  
t empera tu re .  

A.7. S u m m a r y  o/ distortive mechanisms.  - The var ious  effects discussed 
(with the except ion of the last ,  which is beyond control) m a y  pa r t l y  com- 
pensa te  each other.  We pu t  t h e m  toge ther  in fable  A . I I ,  which m a y  explain  

TABLE A.I[. 

Effect oll apparent temperature Tcf~> Toriginal T e ~  Torigin,1 

temperature distribution due to no yes 
collective motion and cooling 

transverse collective motion depends on kinematics 

cluster spin ses no 

2-body decay yes at low Tor~in~l yes at high Torlginal 

leakage from the yes no 
quark-gluon phase 

why the expe r imen ta l  values  for To g iven in the  l i t e ra ture  v a r y  between 
0.14 GeV and 0.20 GeV. 

I t  m u s t  be s t ressed t h a t  none of the ment ioned  dis tor t ing mechanisms could 
possibly s imula te  a phase  t r ans i t ion  when i t  was not  there ,  nor  could they  
hide it, if i t  is there .  

(*) Cooling; see subsect. 4"5. 
(**) Even nonequilibrium statistical thermodynamics would then not help, because it 
uses the concept of local temperature. 
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APP]~NDIX :B 

Difficulties in determining PT. 

In high-energy hadron physics the PT distribution is strongly decreasing: 
for PT up to about (1--2) GeV/c nearly exponentially and then like a high power 
of 1/pT (or as a superposition of exponentials with smaller l /T).  I t  is, there- 
fore, obvious that  the region of small PT contributes dominantly to (PT}; as 
the current  (PT) are of order 0.5 GeV/c, the region below 0.5 Geu gives the 
main contributions. Unfortunately,  it is difficult to measure PT down to zero 
in very-high-energy experiments. Therefore, there are often cuts in the data 
excluding all PT below, say, 0.15 to 0.3 GeV/c (that is, excluding the most 
important  par t  contributing to (p~}). I t  is then customary to fit the meas- 
urable PT distr ibution--often over a very large region up to ~everal GeV/c~  
with some function, which then, if the fit is good, is extrapolated to zero and 
(PT) computed from it. Such a procedure appears reasonable if looked at in 
a logarithmic plot, but  it  may induce considerable errors, because the usually 
taken fit functions (looking so nice over large intervals) happen to fail seriously 
just in the region into which they are extrapolated and which is the most 
important  one for (PT}: namely, below 0.3 to 0.5 GeV/c, where, as we shall 
see, the (most likely) t rue distributions have a Gaussian shape which is not 
reproduced by most fit functions. 

The aim of this appendix is to illustrate what are the systematic errors 
possibly introduced by computing (PT} from these fits. While we shall show 
as examples the distributions for the ~, K and A e mass, the experimental 
situation is most often such that  the PT distribution is measured for a mixture 
of unidentified particles. We, therefore, give also such an example where 
~q-Kq-A" are superimposed. Finally, we show the dangers in using ~ nice- 
looking semi-empirical formula. 

]3.1. The most likely true distributions at low PT and their corresponding 
(PT}. - The claim of all statistical models (whatever their degree of sophistica- 
tion) tha t  below PT ~ 1 GeV/c the inclusive Pr distribution should be roughly 
thermal  has never been falsified; at lower energies it has been explicitly con- 
firmed; it has even been shown that  pions obey a Bose-Einstein-Planck distri- 
bution [50, 51]. We cannot reasonably doubt that  this will remain true at ISR 
and collider energies,where with the higher energy density the number of degrees 
of freedom increases and, therefore, the thermodynamical description should 
become still more adequate. 

In  this appendix, we, therefore, assume that the PT distribution below 
PT"~ 1 GeV/c is thermal. This is a safe assumption in the central rapidity region 
( - - l ~ y ~ < l ) ;  it might be t rue  even up to the ends. 

From an isotropic thermal distribution of particles with mass m at tem- 
perature T, one derives by integrating over an arbitrary ((longitudinal~> 
direction [23, 24] the TT distribution 

(B.1) W ( p . ) d p .  = c o n s t . d p _ L p •  -~ m 2 ~ (:~ 1)"+~K~ n p , 

where {~= 1} -~  {fermions/bosons}. 
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This fo rmula  remains  unchanged  if collective mot ions  in only one direct ion 
((~ longi tudinal  ~) exis t  and  when T does not  (or ve ry  little) depend on the  lon- 
g i tudinal  veloci ty  [23], as is indeed the  case over  large pa r t s  of the  rap id i ty  
d is t r ibut ion  (see subsect .  1"2). We thus  have  good reasons to assume this 
fo rmula  to be t rue  for mos t  par t ic les  produced.  

Note  t h a t  W(p~) is defined above such t h a t  

(B.2) fW(p• dp• n u m b e r  of par t ic les  

t h a t  is, the  phase-space  fac tor  OT~pT is absorbed into W(pT). We rewri te  (B.1) 
to conform wi th  the  cu r ren t ly  used notat ion.  Using 

d3a d3G 
(B.3) E w .. : -  E ap o 2~p j_dp • dp,, 

and in t roducing  the  r ap id i ty  y 

(B.4) 

p,, _~ %/p2 § m: sinh y ,  

E ~ - - ~ / p ~ + m : c o s h y ,  

E 2 ~ p2 m 2 

we find dp~l--~ Edy,  so t h a t  

dSa ] d(dN/dy) 
(B.5) E dp- ~ : const .  2zp• dpl  

with  dN/dy being the  t o t a l  mul t ip l i c i ty  per  uni t  r ap id i ty  of the  species (mass m) 
considered. Normal iza t ion  does not  in te res t  here, hence 

(B.6) 1 d(dN[dy) W(p• d~a 
2~p• d p ~  - -  cons t .  - -  c o n s t . E  ---- 

P i  dP 3 

F r o m  this the  mean  p~ becomes 

(B.7) (p• T)} • fpi(d(dN/dy)/2zp• dp~) 2~p• dp• 
f ( d( dN /dy) /2zp • dp j_) 27~p • dp • " 

The in tegra t ions  can be done with  the  resul t  [23, 24] 

(B.8) 
(~ 1)"+IK~(n(mlT)) 

n ~ l  

:~ (:F 1).+,/~;(~(~/I')) 
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Equat ions  (B.6), (B.8) are the  official, model- independent  expressions for the 
PT distr ibut ion and for (PT} when thermal izat ion at  fixed t empera tu re  T is as- 
sumed. N[odels differ by  using different equations of state,  i.e. relations between 
energy densi ty,  t empe ra tu r e  and chemical potential(s) .  

B.2. Comparison to two approximations. - We now compare  these exact  
formulae  numerical ly  with two f requent ly  used approximat ions:  

(B.9) d(dN/dy) ~ I exp [-- p• , 
2~p~dp~ texp [ -~ /~ :~  m~lT] 

in the case of Bose, Bol tzmann  (n = i in (B.6), (B.8)) and Fermi  statist ics 
at  several  mass values ( though to each mass belongs a definite quan tum sta- 
tistics~ we compare  with all; e.g, for fake ~ fermions).  Note tha t  the second 
choice of (B.9) real ly  covers also the  first;  in fact~ 

(B]o) [-- + m /T] exp f o r  P~ < < m ,  

exp [ - -  pj.IT] for p• >> m t 

thus  i t  also covers the  sometimes used Gaussian approximation.  Indeed~ if one 
neglects quan tum stat ist ics (Bose, Fermi)  and assumes tha t  m/T>>], theu  
f rom K(x) ~.~'V/~/2x exp [-- x] (x >> 1) i t  follows tha t  eq. (B.6) becomes [23] 

(B.11)  
d(dY/dy) const. (pl + mh~ exp [ -  V ~  + m*/T], 
2~p• d p .  m/.>> 1 

1.0 

~'~ \ f "  

~o~/ \ -~ \ ~+ 

g I- .,/"\. 
~ ~ ~ �9 

~ ~ "~'"-\\ \ / 
l- "-, .", .  -1 

~, ~ \ B o s e  ~ ' . , ~ , . .  I 
"d I ~ x_ " . ~  I 

~ -  I - - - . - - - - ~ . . . ~ ' ~ . . . ~  �9 4..~.. ~_. j 
I fermi ~ "~"'~,4 
I i I n I n I J I I 

0 0.10 0.20 0.30 0.40 0.50 
pj_(GeV/c) 

Fig. B.I. - Thermal PT distributions (of =). The three exact curves (Bose, Boltzmann, 
Fermi) are compared to exp [ - - v / p ~ / T ]  and exp [--pT/T] for m =  m~; T=0 .167  GeV, 
over a small PT interval in a linear plot. 
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where, of course, the exponential  is the most  varying part .  We conclude from 
(B.11) that ,  i] drastic approximations must be made, exp [ - -  %/~  q- m2/T] not 
only covers the Gaussian and the linear exponential, it also is the physically best 
motivated one [52]. I f  only PT but  no masses are measured, one might take m 
and T as fit parameters  and will, up to PT~  1 GeV~ obtain something much 
bet ter  than  with either Gaussian or linear exponential  fits (*). 

Our comparisons are made at T----0.167 Geu 
Figures B.1 and B.2 show the distributions at  the pion mass; once linearly 

over a smal l in terval  and once logari thmically over a larger one ; the second figure 
shall only i l lustrate how misleadingly nice things can look in a logarithmic scale. 

10 o 

.N 10-- 2 -- �9 exp [- rn /T~ 
C~ 

~ 10_4 

~ lo -~ v 

~ B 

Flo-~ X r-,4 

5 
"~" 10-1o 
"d 

0 1 2 3 
p• (Gev/c) 

Fig. B.2. - The same Pr distribution (of ~) as fig. B.1, but over a large p~ interval 
in a logarithmic plot. The enormous differences in the most important 1oW-pr region 
are less exhibited than in fig. B.1. 

For  the nucleon mass (fig. B.3 and B.4), the effect of quan tum statistics 
is negligible, bu t  exp [--p~/T] is real ly bad. 

Next,  we compare the (PT} values following from these approximat ions:  

(B.12) 

exact :  (eq. B.8) ; 

~ K ~ ( m / m )  . 

Bol tzmann:  (p• ~-- - -  K2(m/T ) , 

exp [--p• <p• = 2T ; 

|/=mT K~(.qT) 
exp [ - - V ~ - ~  m2/T]: <p.) = f 2 K~(m/T)" 

(*) I have been trying to progapate this simple consideration for about 15 years; 
it seems to be in vain. 
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Fig. B.3. - PT distributions as in fig. B.1, bu t  for the nucleon. With  the larger nucleon 
mass the differences between the exact and approximate formulae are more pronounced; 
statistics, however, is unimportant .  
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Fig. B.4. - PT distributions as in fig. B.2, but  for the nucleon. With the larger nucleon 
mass the differences between the exact and approximate formulae survive in the log- 
arithmic plot over a large interval:  statistics, however, is unimportant .  
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Consider first the l imiting eases m / T - >  0, co: 

m / T  ~ 0 

(P~}{~%W} ~ -4 $(2) [ 1 . 9 2 ] J '  

3~ 
(B.13) Q~J }Bo,, . . . . .  ~7 T = 2 .35 6 / ' ,  

For  m -+0, the  last  two members  of eq. (B.12) mus t  obviously become e q u a l  

m/T -+ c~ 

�9 

(B.14) 

We show the distr ibut ions (B.12) in the  most  usual  t empera tu re  in terval  
0.1 G e V < T < 0 . 2  GeV in fig. B.5-:B.7. 

The lesson f rom these figures is t ha t  stat ist ics is still impor t an t  for (PT}=, 
while for K and A~ it  may  be safely neglected.  In  all cases exp [ - -  ~ v / p ~  - m2/T] 
induces an underes t imate  of (PT} by  4 to 7 ~o, while exp [--pT/T]  leads to values 
too low by 12 to 45 %. Thus the  la t te r  should real ly  never  be used for extra-  
polations aiming at determining (PT}. 

0.60 
' I ' I ' I ' I ' 
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o. o 

(BoLtzm~n 
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0.40 �9 . 

~'~ ~" .~ 

i [ :  I ] - 

. I "  ~ exp 0.20 [_PL/T] - 

I = I = l I I = 

0.10 0.12 0.14 0.16 0.18 0-20 
T (GeV) 

Fig. B.5. - Mean transverse momenta computed from exact (B.8) and approximate 
formulae (B.12) for =; exp [--pT/T] gives inaceeptably bad estimates of (PT}" 
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Fig. B.6. - Mean transverse momenta computed from exact (B.8) and approximate 
formulae (B.12) for K. Already for K statistics is a 1% effect; exp [--pT/T] gives 
inaeceptably bad estimates of <PT>. 
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Fig. B.7. - Same as fig. B.5 and B.6, but for 3~. 

Next ,  we compare  exp [--pT/T] to a reasonab ly  real is t ic  superposi t ion 
~ + K ~ - 3 ~ .  While  in the  previous  examples  we have  compared  the  (~true)) 
and  a p p r o x i m a t e  d is t r ibut ions  at the same T~ we now change the  phi losophy:  

we calcula te  f r o m  the  exac t  eq. (B.6) a superpos i t ion  of 8 0 % ~  ~- 
-}- 15 % K + 5 % J~' at  T = 0.15 GeV and a s sume  this  d is t r ibut ion  to be 
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real is t ic  one up to PT = ] .5 GeV/c. We give this <~fake exper imenta l  ~> dis- 
t r ibu t ion  to someone to fit i t  wi th  A exp [--pT/T] over  var ious  in tervals  
(PT cuts)  wi th  A and T as free p a r a m e t e r s  and  see wha t  happens .  

F i t  1: 0 G e V / c 4 p v ~ l . 5  GeV/c ,  no c u t ,  

f i t  2: 0.3 G e V / e 4 p T 4 1 . 5  GeV/e ,  lower c u t ,  

f i t  3: 0.3 G e V / c ~ p ~ t  GeV/e ,  lower and  uppe r  cut ;  

the  lower cut  is not  unusua l  [4] in h igh-energy exper iments ;  the upper  one might  
have  been m o t i v a t e d  by  t ry ing  to avoid the  influence of the  large-pT component .  
The belief in exp [--p~/T] as a good rep resen ta t ion  of da ta  is, of course, due to 
usual ly  p lo t t ing  PT dis t r ibut ions  logar i thmical ly  over  a large PT range and cut- 
t ing  t h e m  below (0.1 to 0.3 GeV/e). Then they  look indeed sui table  for such a 
procedure .  Moreover,  this optical  illusion m a y  seduce one to fit the  logarithm 
of the  d is t r ibu t ion  with a ~- bpT. This is wha t  we have  done in this cxampl% 
whose resu l t  is d isplayed in fig. B.8 (fit 1), B.9 (fit 2) and B.10 (fit 3); to 
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1.6 

Fig. B.8. - The full line represents a. ~< fake experimental ~> distribution: superposition 
of 80% r: § 15% K + 5% 3~" with T = 0.15 GeV computed from the exact formula 
(B.6); the broken line is a best fit to the logarithm with a ~-bpT in the region 
0 GeV~pT-< 1.5 GeV/c (fit 1). 

see how good the  fits look, one should cover  in fig. B.9, B.10 the  excluded p a r t  
wi th  a s t r ip  of paper .  H o w  bad  i t  real ly  is if used as an ex t rapola t ion  to de- 
t e rmine  (PT} is shown in a l inear  plot  in fig. ]~.11. Depending on the  fit region 
we obta in  different es t imates  of T and  (Pr} as l is ted in table  ]~.I. 

All (P~}fi~ are  too low b y  abou t  10 ~o, while differing among  each other  
by  ~ 3 %; the t e m p e r a t u r e  is e s t ima ted  too high by  10 to 15 ~o. 
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Fig.  B.9. Fig.  B.10. 

Fig.  B . 9 . -  The  same as fig. B.8 bu t  w i t h  a different  fit i n t e rva l :  0 . 3 < p •  
(fit 2). F i t  2 looks muoh be t t e r  t h a n  fit 1, p rov ided  one regards only the  fit in te rva l .  

Fig.  B.10. - The  same as fig. B.8 bu t  w i th  a different fit in te rva l :  0.3 < P i  < 1 (fit 3). 
F i t  3 is ahnos t  perfect ,  p rov ided  one regards only the  fit i n t e rva l  (assume da ta  for 
PT < 0.3 GeV/e unknown;  cover  the  regions outs ide the  fit in te rva l  wi th  a piece of paper) .  

t 

? 

0 0.2 

I ~ I ' I ' 

.~ f;t region 

0.4 0.6 0.8 1,0 
pj. (GeV/c) 

Fig.  B.11. - Same as fig. B.10 bu t  in a l inear  p lo t ;  if only  the  fit region is considered 
even here  the  fit is perfect .  I f  used for compu t ing  <PT> i t  would, however ,  give a bad 
result ,  as obvious f rom the  shaded par t .  
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TABL~ B.I. - Eit  of a (~fatce experimental~ Pw distribution with exp [--pT/T]. 

Fit region T~it <PT>m (( true values )) 

fit 1 
0 ~<pT~< 1.5 0.171 0.342 

fit 2 T = 0.150 
0.3 ~< PT ~< 1.5 0.166 0.333 <PT> = 0.378 

fit 3 
0.3 ~<pT~< 1 0.171 0.34 

B.3. A n  empirical  ]ormula inspired by QCD. - The previous  examples  were 
res t r i c ted  to p T < ] . 5  GeV/c. This is the  main  region cont r ibut ing  to (PT}. 

We know, however ,  t h a t  above 1.5 GeV/c the  d is t r ibut ion  becomes flutter 
due to the large PT which m a y  push  up <p~) by  order  of 10 % (appendix A.5). 
I t  is then  t e m p t i n g  to t r y  to fit the  whole d is t r ibut ion  (which m a y  have  a cut  
a t  low PT) wi th  one single express ion  inspi red  b y  QCD; for ins tance  with  

d(d /dy) ( p. 
(B.15) E ~ ---- cons t .  - -  A , 

2~p• dp• \ P ~ o ]  

w h i c h - - o v e r  a large PT in t e rva l  0.3 GeV/c KPT K10 GeV/c and  p lo t ted  logari th- 
m i c a l l y - g i v e s  indeed an impress ive  fit (see fig. 1.3) [4], seducing one to com- 
pu te  also (PT} f rom it. This will induce again sys temat ic  errors  of the  order  
of 10 ~o and more.  Indeed ,  for Pr--> 0, c~, we have  

(B.16) ( Po ~" 
1 - - - - p . ~ e x p  - -  p•  

po po 

P• 

for p•  ~ 0, 

for p• ~ c o .  

J u s t  in the  mos t  i m p o r t a n t  small-pT region, this d is t r ibut ion approaches  the  
s imple exponent ia l  wi th  all its d i sadvantages  ( table B.I) .  

Thus in spi te  of the  impress ive  fit, which now includes the  large PT, the  
e s t ima te  of <PT} coming f rom it  

(B.17) 
n 2 S(po/(p• + p~)) p• 2po 

(P '>  = S(Po/(P• Jr Po))~p•177 ---- u - -  3 '  

will be ~ 1 0  % too l ow- -~ n  e r ror  of the  order  of the  ISR/UA1 discrepancy at  
low mult ipl ici t ies  (fig. 1.1). 

The semi-empir ical  d is t r ibut ion (B.15) suffers, however,  f rom a fur ther ,  
equal ly  i m p o r t a n t  disease: i ts  nonuniqueness .  Indeed ,  the  (~same~) curve  
(within abou t  expe r imen ta l  errors)  can be obta ined with  r a the r  different pa-  
r ame te r s  yielding <PT> differing by  up to 10 %. This is i l lus t ra ted  in the  fol- 
lowing example :  we draw the  three  curves l is ted in table  B . I I  and p lo t ted  in 
fig. ]3.12. 
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Pe n (PT~ = 2Po/(n - -  3) 
(GeV/c) (GeV/e) 

1.0 8 0.400 
1.3 9 0.433 
1.6 10 0.457 

The lesson is t h a t  eq. (B.15) is unsui table  for de te rmin ing  (PT) f rom the  
data~ because i ts  inheren t  nonuniqueness  as well as i ts  failing a t  low PT in- 
t roduce  e r rors  el  the  order  of ] 0 %  which m a y  compensate~ or add up to 2 0 % .  

' I ; I ' I I I I 

i0 -I 

i0 -3 

+o -s 

10 
o. o 

o ~ 

10 -7 

lo-9 

MULTIPLICITIES~ PT DISTRIBUTIONS ETC. 

T A B L E  B . I I .  - Three curves o] the type (Po/(Po § PT)) ~ 

I l I I I I J I I 
0 2 & 6 8 10 

PI(GeV/c ) 

Fig. B.12. - The essential nonuniqueness of fits with (Po/(Po + PT)) % The three curves 
belong to three different sets of parameters 

{~} : / l ' 0 /~1"3111"6~ 
/ s J / 0  j / 10 j  

and deviate from each other by about typical experimental errors. Yet they give 
(PT)-~ 0.400, 0.433, 0.457 GeV/c (mainly due to their different slopes at PT ~ 0). 
TO this adds the error common to all fits approaching an exponential at PT ~-~ 0. (See 
fig. B.11 and table B.I.) 

B.4. A better ]it method ]or ]inding (PT).  - Nei ther  the  t h e r m o d y n a m i c  
fo rmula  (B.6) nor  the  power  law (BA5) can be used to de te rmine  (PT)~ because  
the  first  does not  reproduce  the  tai l  at  large PT (which can cont r ibu te  ~ 15 ~ 
to (PT)~ see subsect .  A.5)~ while the  second fails to account  for the f la t tening 
a t  P T =  0 (whereby (PT) m a y  be u n d e r e s t i m a t e d  b y  ~ 10 %). As, however ,  
the i r  ranges  of va l id i ty  seem to over lap  in the  region 0.5 to ] Geu one might  
expec t  a good fit over  all  PT wi th  a sui table  combinat ion  of the  two;  (PT} cal- 
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cula ted  f rom this would be a safe e s t ima te  including the  influence of the  large pT 
as well as t ha t  of the Gauss ian - type  f la t tening at  P T =  0. 

I p ropose  the  following method :  

find s f rom expe r imen t  or b y  ex t rapo la t ion  or f rom a 
model ;  a rough guess is sufficient; 

fit the  exper imen ta l  d is t r ibut ion  with  

( /max ~/p m ! 
(B.18) f (p•177 Z ~ i V ~ m ~  ~ (:~: 1)z+lK1 1 + 

(i=g,K... ~=1 

~- BO(P2_- Pl ) (  ~,0 / n 
\P , q- Po] ' 

~fermions / 
O(x) is the usual  s tep funct ion,  ( T  1) ~ [ bosons ] 

where  the N~ are given and where  the  switching point  Pl m a y  be chosen any-  
where  between 0.5 and  1 GeV/c (as seen f rom fig. B.9-B.11, the  fit should not  
significantly depend on this choice), while the  fit p a r a m e t e r s  are A, B, T, Po 
and n. One then  requires  t ha t  at  p~ values  and slopes of the two funct ions should 
match ,  which leaves one with  only 3 free p a r a m e t e r s ,  say A, T, n. This me thod  
should suffer l i t t le  f rom the nonuniqueness  encountered  with  the  power  
fit (B.15) (fig. B.12 and  table  B . I I ) ,  since T would essent ial ly  depend on the  
t h e r m a l  pa r t ,  ~ on the  tai l  and A on the  overal l  normalizat ion.  

The sum over  1 (coming f rom Bose /Fermi  stat is t ics)  can be cut  off at  
l ~ , ~ - 1 0  for pions, at  5 for kaons and  at  i for nucleons and hyperons  (~ee 
fig. B.1, B.4). The whole p rocedure  would, even on a small  computer ,  t ake  
not  much  more  t ime  t h a t  the  fit wi th  eq. (B.15) alone; it  would, however,  give 
a much  safer e s t ima te  of <PT) in all cases where a lower cut  in the  da ta  makes  
i ts  direct  de te rmina t ion  impossible.  

I suspect  that~ if the  collider and I S R  da ta  are analysed  with  this method,  
the appa ren t  inconsis tency visible in fig. 1.1 will be reduced (if i t  will not  
d isappear  al together) .  
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