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Summary.  - -  Circular timelike geodesics in the vicinity of a Reissner- 
NordstrSm black hole of mass m and charge q are considered. These 
geodesics exist for all r > (3m/2)[1 § ( 1 -  8q2/9m~)�89 and are stable for 
all r > to, where r s is the largest real root of r 3 -  6mr 2 -~ 9q 2 r - -  4q4/m = O. 
For q2= 0 these expressions reduce to the familiar Schwarzschild results 
r > 3 m  and r > 6 m ,  respectively; for q2=m2 they reduce to r > 2 m  
and r > 4m. 

I n  Schwarzschi ld  co-ord ina tes  Xo= t, x l =  r, x2~- O, x 3 =  q~ wi th  c :  G :  1, 

t he  R e i s s n e r - N o r d s t r 6 m  m e t r i c  m a y  be w r i t t e n  (1) 

(1) d s 2 =  - -  C d t 2 +  r  r~(d02+ sin2Od~v 2) 

wi th  

q2 (2) q~ = 1 _ 2 m r  -~- r 2" 

The m e t r i c a l  fo rm (1) also encompasses  t he  Schwarzschi ld(2)  me t r i c  

(q5 = 1 --  2re~r) a n d  the  de S i t t e r  (3) un ive r se  (~b _-- 1 - -  r2/R 2, 0 < r < R) .  

(1) H. R]~ISSNE~: Ann. der .Phys., 50, 106 (1916); G. NORDSTR5~: l:'roe..K. Akad. 
Wet. Amsterdam, 20, 1238 (1918). 
(3) K. SCHWARZSCHILD: Sitzber preuss. Akad. Wiss., PhysiI~.-math. Kl., 189, 189 (1916); 
J. DnOSTE: Proc. W. Akad. Wet. Amsterdam., 19, 197 (1916). 
(a) W. DE SITTER: Man. .No t . .Roy .  Astr. Soc., 76, 699 (1916); 77, 155 (1916). 
Circular geodesics do not exist in the empty de Sitter universe as is readily confirmed 
with the aid of eq. (9b). 
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The mot ion of test particles in the field of the static metric (1) may  be 

determined f rom the Lagrangian (4) 

a s  2 
(3) ~f ------ 

d~ 2 

where dots denote differentiation with respect to proper time. The absence 

of explicit t- or ~-dependence in (3) leads to two conserved quantities 

(4) E ---- ~bi, J ~ r 2 sin ~ 0~b, 

where E and J correspond to the energy per lmit mass and angular m o m e n t u m  

per lulit mass of the test particle. The motions are planar  (0 ---- ~/2, 6 ---- 0) and 

are governed by  the orbit eq~lation 

[dQ~ E ~-- ~b 
(5) \~__~] --  d~ ~b~2, 

or equivalent ly 

1)o ] 
where ~ ~ 1/r and r  dr 
and consequently, for such motions 

(7) 

and 

(s) 

For  circular mot ion  d 2 ~ / d ~ =  d~/d 9 = 0 

_ _  r 2 ~ '  

~ '  + 2rqb 

2r~52 
E 2  ~ , 

~5' + 2r~b " 

Circular motions require and energy and angular m o m e n t u m  E and J which 

are both real and finite. Hence circular motions exist only for those values of 

r for which both  

(9a) ~b' + 2 r r  > 0 

and 

(9b) ~b' ~ 0 , 

are satisfied. Equat ions (9) define an existence domMn on the r-axis whose 

(4) See, e.g., C. MOLL]~R: The Theory o] Relativity (Oxford, 1952), p. 228. 
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threshold value corresponds to the radius at  which the orbital velocity of the 

test  particle reaches the local velocity of light. 

The stability of circular geodesics may  be investigated by means of the 
s tandard  stabili ty analysis which is based on a LagTangian formalism (5) and 

which leads to the condit ion 

(10) 2qqs ' -~q  - q~(,/~' - -  q ~ " )  < 0 .  

I t  is interesting to note t ha t  the radius of the smallest stable circle (defined 
by  equal i ty  in (10)) is also the radius at which E 2 and j2 achieve their mi- 

n imum values 

4 ~b~5' - -  2r~b'2 
E~i~ 3~b'- t- ~qS" ' J ' ~ :  3q~q~'-t- e~q  5"" ( 1 1 )  2 _ _  2 

Hence for spherically symmetr ic  metrics of the form (1), a stability threshold 

for circular geodesics occurs at  tha t  value of r for which the slopes of the 

energy and angular -momentum curves vanish (Fig. :[ and 2). The Sehwarz- 

62' 

q : O  

: 0 5 m  ~ 

i i _ _  i r i i �9 

2 3 4 5 6 7 8 

Fig. 1. - E ~ vs. rim for circular timelike geodesics about a Reissner-NordstrSm black 
2 hole. For q2= 0, j~2 reaches its minimum value E ~ , ~  8/9 at r =  6m. For q2= ms, 

the minimum value is E ~ n =  27/32 at r =  4m. For every value of q2, E~_+ 1 as 
r /on --> oo. 

(5) E . T .  WHITTAKER: Analytical Mechanics, 4th ed., Chap. VII (Gambridge, 1937); 
see also A. A~EZUTI jr. and P. HAVAS: Relativity and Gravitation, edited by C. G. 
KurE~ and A. PEn~.s (London, 1971), p. 1. 
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s c h i l d  g e o m e t r y  : 

- -  ~ b " =  0 ( / ) ' =  2m (12) (/) ---- 2 - -  2 m  e , 

F r o m  (5), (7) a n d  (8) we h a v e  

(13) (do'l~ E 2 - - 2  2m __~2 
\dqq j~ + 77e +2m&, 

(14) j .2 _ m r  (2 - -  2re~r)  "~ 

2 - -  3 m / r  ' E"- - -  2 - -  3 m / r  

j2/m2 

12 

8 

/ / / q Z =  0 

= m 2 

.i 

Z~ 6 8 IIo 12 

Fig. 2. - J ~ / m  2 vs .  r / m  for circular t imelike geodesics about a Reissner-!~ordstrSm 
black hole. For  q~= 0, J2 reaches its minimum value J ~ n =  12m2 at r =  6m. For  
q 2 = m 2 ,  the minimum value is J~ in=  8m2 at  r = 4 m .  For  every value of q2, 
j2__> m r  (dashed line) as r i m  -* oo. 

F r o m  eqs. (9), (10) a n d  (11) we f ind  

r > 3 m  

(25) 
r >  6m 

a n d  

(26) j ~ ~  12m2, ~ ,n  = s/9.  

T h e  R e i s s n e r - N o r d s t r S m  g e o m e t r y :  

(17) ~b __-- 1 - -  2m~ ~ q2~2 ~ (pt ~ 2 q 2 ~  _ _  2 m ,  ~,~ ~ O q 2  . 

(ex i s t ence  t h r e s h o l d ) ,  

( s t a b i l i t y  t h r e sho ld )  



446 A. ~R~EI~TI jr. 

F r o m  eqs. (5), (7) a nd  (8) we ob ta in  

(18) [d~~ 2 -  E 2 - 1  2m ( q2 ) 

(19) j~ = m r - - q  ~ ( 1 - - 2 m / r +  q2/r2)~ 
1 - - 3 m / r +  2q2/r 2' E ~ ' :  1 - - 3 m / r + 2 q 2 / r  ~ 

J~ and  E 2 are p lo t t ed  in Fig.  i a nd  2 for  severa l  va lues  of q~. F r o m  eqs. (9) 

t he  exis tence condi t ions  for  t he  R e i s s n e r - ~ o r d s t r S m  case are  

(20) r ~ - -  3 m r  + 2q ~ > 0 ,  r - -  q2/m > 0 .  

The exis tence threshold  va lue  defined b y  these  two equa t ions  is 

3m 1 (21) r > -~-  [ + (1 - -  8q~]9m~) t] 

which  for  0 < q2<m~ is a lways  smaller t h a n  3m. Thus  circular  mo t ions  in  

the  R e i s s n e r - ~ o r d s t r S m  field exist  no t  on ly  for  r > 3m as in the  Schwarz-  

p I 

- 2  

Y 

q20 // 

Fig. 3. - Existence criteria for circular timelike geodesics about a Reissner-NordstrSm 
black hole. The existence threshold is defined by the larger of the two roots of the 
quadratic y ~ - - # - - 3 m r +  2q~= 0. For q 2 = 0  this root has the value e = 3 m .  For  
q~= m S it has the value r = 2m. 

schi ld case bu t  also in t he  region 2 m < r < 3 m  (Fig. 3). The lower  l imi t  
r - - - -2m is ach ieved  a t  q 2 =  m 2, t h a t  is a t  t he  t r ans i t i on  be tween  a Reissner-  

~ o r d s t r S m  b lack  hole a n d  a n a k e d  s ingular i ty .  
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F r o m  eq.  (10) t h e  s t a b i l i t y  c o n d i t i o n  for  t h e  R e i s s n e r - ~ o r d s t r 6 m  case 

becomes  

(22) r 3 - -  6 m r S ~  - 9 q 2 r  - -  4 q ' / m  > 0 . 

F o r  qS << m ~ t h i s  c o n d i t i o n  is e q u i v a l e n t  to  

( 2 3 )  r :> 6m[1 - -  q 2 / 4 m 2 ] .  

H e n c e  s t a b l e  c i rc les  ex i s t s  in  t h e  R e i s s n e r - N o r d s t r S m  f ield d o w n  to  r a d i i  wh ich  

a re  in  a l l  cases  sma l l e r  t h a n  t h e  Schwarz sch i l d  s t a b i l i t y  t h r e s h o l d  r ~ 6m. 

I n  fac t ,  in  t h e  l i m i t  qS__> m 2, r , - >  4m (Fig.  4). F i n a l l y ,  for  q S =  m s 

(24) J2o = sin2, 27/32. 

qZ= 0 - - ~  
= o 5 2 ~ - - . . ~  

~-" =m 

r / m  
i i i i i ____._).. 
2 

Fig. 4. - Stabi l i ty  criteria for circular t imelike geodesics about a Reissner-NordstrSm 
black hole. The s tabi l i ty  threshold is defined by  the largest real root  of the cubic 
y ~ r 3 - - 6 m r 2 ~ 9 q 2 r - - 4 q 4 / m = O .  For  q 2 = 0  this root has the value r = 6 m .  For  
qS= m 2 i t  has the  value r =  4m. 

I n  s u m m a r y ,  c i r cu la r  t i m e l i k e  geodes ics  a b o u t  a R e i s s n e r - N o r d s t r S m  b l a c k  

ho le  ex i s t  a n d  a r e  s t a b l e  d o w n  to  r a d i i  wh ich  a re  s m a l l e r  t h a n  t h e  c o r r e s p o n d -  

ing  t h e s h o l d s  for  t h e  S c h w a r z s c h i l d  case.  This  r e su l t s  f r o m  t h e  f ac t  t h a t  a 

R e i s s n e r - ~ o r d s t r S m  source  of m a s s  m a n d  cha rge  q is f o r m a l l y  e q u i v a l e n t  

(for geodesics)  to  a Schwarz sch i l d  source  w i t h  v a r i a b l e  mass  (6) 

q2 

(25) m* ~ m 2r  

(e) Equat ion (25) transforms the Schwarzschild metric and orbit  equation (13) into 
the Reissner-Nordstr6m metric and orbit  equation (18). 
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I n t e r e s t i n g / y ,  the  presence  of electric charge of e i ther  s ign on the  source  reduces  

t h e  effective mass  of t he  source, aga in  on ly  as far  as the  m o t i o n  of u n c h a r g e d  

t e s t  par t ic les  (geodesics) are concerned  (7). I t  is this  lowered effect ive mass 

which  accounts  for t he  lowered thresholds  for c i rcular  geodesics i n  t he  l~eissner- 

~ o r d s t r 6 m  case. The n e g a t i v e  sign in  (25) reflects a f u n d a m e n t a l  difference 

b e t w e e n  m~ss a n d  charge,  v iz .  t h a t  l ike masses  a t t r ac t ,  while  l ike charges 

repel.  Specifically, t he  s ign difference in  (25) arises f rom the  ~aet t h a t  i n  as- 

s e m b l i n g  a R e i s s n e r - N o r d s t r 6 m  source h a v i n g  mass  ~nd  charge,  the  respec t ive  

energies  of f o r m a t i o n  ~nd  hence  the  e q u i v a l e n t  m~sses m u s t  i n v a r i a b l y  be of 

opposi te  sign. F o r  charged  t es t  part icles ,  t he  m a g n i t u d e  of the  effective mass  

depends  also on  whe the r  the  so~trce a n d  tes t  pa r t i c l e  charges are a l ike  or un l ike ,  

a n d  hence  on whe ther  the  electric i n t e r a c t i o n  ene rgy  (and its e q u i v a l e n t  mass) 

is n e g a t i v e  or posi t ive .  

(7) This is true for noncircular geodesics as well. In  the case of quasi-elliptic motions, 
for example, the exact perihelion advance associated with the Reissner-NordstrSm 
solution is less than that  associated with the Schwarzsehild solution, being smaller 
by  a factor of m * / m  (A. A n ~ T I  jr.: to be published). 

R I A S S U N T O  (*) 

Si prendono in considerazione geodetiche temporali eireol~ri in prossimitg di una buea 
ner~ di Reissner e Nordstr6m di massa m e earicn q. Tall geodetiche esistono per ogni 
r > (3m/2)[1 + (1- -  Sq~/9m~) �89 e sono stabili per ogni r > r s ,  in eui r s g lu mnssima 
radice reals di r ~ -  6mr ~ + 9q ~ r - -  4q~/m = O. Per ~- = 0 queste espressioni si riducono 
ai soliti risultati  di Sehwarzschild r > 3m e r > 6m, rispettivamente; per q~= mz si 
ridueono a r ~ 2m e r > 4m. 

(*) Traduzione  a eura della Redazione.  

I~pHTepHH cyHIeCTBOBaHH~ H yCTOfiqHBOCTH ~.JIIl ~py~oBb~X FeO~e3HqeCKHX ~mmfi 

B oKpeCTHO~TH qepHofi ~ p b l  Pefieaepa-Hop~IeTpeMa. 

Pe31oMe (*). - -  PacCMaTprlBa/OTC/I KpyroB1,m BpeMerrmzo~o6rmm reo~e3rl~ecKrm narmrI 
B ogpecTrmCrrI ~epno~ nblpJ, I Pe~cgepa-Hop~czpeMa c Macco~ m ~ 3apa~OM q. ~TI4 
reo~e3n~ecr~e nrmmi cymecTBytor ~YL~ Bcex r > (3m/2)[1 + ( l -  8q2/9m~)�89 n nB;Lqrorcn 
CTa6H~IbHt,IMH ~J]a Bcex r > rs, r;~e r s eCTb nan6o~mlm~ Be~ecTBerrr~l~ Koperm ypaBnennn 
r 3 - - 6 m r 2 + 9 q 2 r  - 4q4/m~O.  ~ m  qz=O aTrI B s i p a ~ e ~  CBOZ~TCn r H3BeCTItbIM pe3ysm- 
TaTaM IHBap~am-m~a r > 3 m  a r > 6 m ,  COOTBeTCTBeP~rO. ] ~  q2=m~ OI~t CBO~ITC$/ 
K r > 2 m  rI r > 4 m .  

(*) Hepeaec)eno pec)aKque~. 


