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S u m m a r y .  - -  I t  is shown that,  for a system consisting of two spin-} 
particles, every local hid/den-variable theory must satisfy a certain 
inequality D. I t  is shown that  the inequality D implies Bell's ineqnality. 
An example is given in which Bell's inequality is satisfied while inequal- 
ity D is violated. The same example shows that  a nonempty set of 
(logically) possible results exists which are consistent both with quantum 
mechanics and with Bell's inequality, but  which are not consistent with 
inequality D and/hence not consistent with a local hidden-variable theory. 
A necessary and sufficient condition is given for Bell's inequality and 
inequality D to be equivalent; this condition is not generally satisfied for 
the system we consider. 

1. - Introduction. 

To date ,  in order  to  f ind exper iments  whose  predic t ions  are cons is tent  
e i ther  wi th  q u a n t u m  mechan ics  (QM) or wi th  a local  h idden-var iab le  t h e o r y  

(1.h.v.), on ly  Bell 's  inequa l i ty  has  been  avai lable  (1). 
Accord ing  to  [FREEDI~A~N and  C~AUSE]% the  d a t a  f r o m  thei r  expe r imen t  

(, in ag reemen t  wi th  q u a n t u m  mechanics~ viola te  these predic t ions  (viz. those  

imposed  b y  the  presence  of local  h idden  variables)  to  h igh  s ta t is t ica l  accuracy ,  

t hus  p rov id ing  s t rong  evidence  agains t  local  h idden-var iab le  theor ies  ~ (~). 

(1) J. S. BELL: Physics, 1, 195 (1965). 
(2) S . J .  FREEDMiN and J. F. CLAvS]~]~: Phys.  Rev. Lett., 28, 938 (1972). 
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Never theless  accord ing  to some au thors  (3), wi th  w h o m  we agree, it seems 
~dvisable  tha t ,  for  ma t t e r s  so crit ical and  i m p o r t a n t  o ther  exper iments  be 

per formed.  
U n f o r t u n a t e l y ,  for some exper iments  t h a t  cun be pe r fo rmed  t o d a y  and  for  

which  we believe t h a t  QM and  a n y  1.h.v. t h e o r y  should  lead to  incompa t ib le  

predic t ions ,  Bell 's  inequa l i ty  does no t  allow one to  d e m o n s t r a t e  such a con- 
jecture .  Le t  us consider,  for instance,  the  phys ica l  sys tem S consis t ing of two 

p h o t o n s  7 ob ta ined  b y  pos i t ron ium decay.  I f  this sys t em is described,  in 
ag reemen t  wi th  QM, b y  g m i x t u r e  of 2nd  type ,  then,  as was shown (4), infor- 
m a t i o n  ~bont  po la r iza t ion  correlat ions of the  two ,/ ob tg ined  b y  C o m p t o n  

sca t te r ing  does no t  v io la te  Bell 's  inequal i ty .  
Moreover  there  are s t ronger  reasons to  t h ink  t h a t  Bell 's  inequa l i ty  is too  

m u c h  of u (( weak  ~ condi t ion :  the  t h e o r y  p roposed  b y  JAUC~ (~) cun never  viola te  
Bell 's  inequal i ty ,  as shown in (~). W e  recull  t h a t  uccording to  J a u c h  t h e o r y  

mix tu res  of 2nd  t y p e  do no t  exist  in Na ture ,  while a phys ica l  sys t em consist ing 
of two subsys tems  on which  separa te  mcasm'es  can be pe r fo rmed  is descr ibed 
b y  a m ix tu r e  of ~st type .  Never the less  for  the  sys tem S the  predic t ions  on po- 

la r iza t ion  correlat ions ob tg ined  b y  C o m p t o n  sca t te r ing  are different, as shown 
b y  JAUCtt (s), depend ing  on whe t he r  QM or J a u c h  t h e o r y  is valid.  Bell 's  inequal-  

i ty  in this c~se does no t  seem sui table  to  d iscr iminate  be tween  cases we k n o w  

are different  (s). 
A c t u a l l y  for  the  sys t em consist ing of two spin-�89 pgrt icles in a sing'let s ta te  

we f ind an  inequa l i ty  D which  implies Bell 's  inequa l i ty  b u t  which,  in genera],  
is no t  implied b y  the  la t ter .  W e  shall show also t h a t  there  are results  con- 

s is tent  wi th  QM and  wi th  Bell 's  inequal i ty ,  b u t  incompnt ib le  wi th  a 1.h.v. 
theory ,  because  t h e y  viola te  inequa l i ty  D. 

The  example  on which  we shall  give the  proof  of the  a b o v e - m e n t i o n e d  results  

shows t h a t  inequa l i ty  D is s t ronger  t hen  gn inequa l i ty  f o u n d  b y  SE]~]~EnI (s). 

(3) V. CAPASSO, D. FORTUNATO and F.S]~LLERI: Intern. Journ. Theor. Phys.,7,319(1973).  
(4) V. CAPASSO, D. FO]C~VNATO and F. S]~LLERI: RiV. NUOVO Cimento, 2, 149 (1970). 
(~) J . M .  JAUC~I: Rendiconti S.I..F., Course IL  (New York, N. Y., 1970), p. 20. 
(~) One could ask : (( Then, is it not sufficient to perform that  experiment for which QM 
and Jauch 's  theory predict different results without using Bell's inequa]ity~. )); we can 
give the following answer: (( the results obtainec[ by JAUCH are still unsuitable for an 
immediate comparison with experimental data, because they do not take into account 
the finite volume of the source of photons and the finite volume of the targets where 
Comp~on effect takes place; these volumes should not be taken too small, if, for reason- 
able source intensities and in reasonable time intervals, we want to observe a number 
of events large enough to be statistically meaningful ~). People are working in Catania 
on this problem in the experiment they are carrying ou~ (:). 
(~) G. FAn_~CI, S. NOTARRIGO, A. R. PENNISI and D. GUTXOWSKI: Boll. S . I .F. ,  
No. 93, 39 (1972). 
(s) F. S]~LLERI: Left. 2(uovo Cimento, 3, 581 (1972). 
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Moreover it seems to us tha t  the method  we have  followed is suitable to be 
generalized to fur ther  conditions, different f rom ].h.v. The Pool axiomat ics  (9), 
for instance,  makes  essentially use of the condit ional probabi l i ty  on which is 
based our t rea tment .  

The nex t  questions to be invest igated are: 

i) Can inequal i ty  D make  the exper iment  on Compton scat ter ing of 
photons  of the sys tem ~n (~ exper imen tum crucis ~>r 

ii) Is  inequal i ty  D necessarily satisfied b y  J a u e h ' s  theory? 

iii) Does inequal i ty  D increase the likelihood in the stat is t ical  sense of 
the  hypothesis  tha t ,  in the  F reedman  and Clauser experiment ,  a 1.h.v. theory  
is not  valid? 

We  do not  know yet  the anwers to these questions, bu t  even if inequal i ty  
D does not  allow one, as in the above-ment ioned  questions, to opera te  a discrim- 
inat ion sharper  than  tha t  one opera ted  b y  Bell 's  inequali ty,  it seems to us 
tha t ,  in the  scheme of thought  t ha t  guided us in finding inequal i ty  D, it is pos- 
sible to find even stronger  conditions. 

2. - We do not  s tart ,  as BELL does, f rom correlation functions P(a, b) but  
f rom a set A (the set of the  values of hidden v~riable 2). On P(A) (the set of 
~11 subsets of A) a posit ive measure  P is defined s imply addi t ive and normalized 
(probabili ty).  Hence  our hypotheses  are, f rom a ma thema t i ca l  point  of view, 
more  general then those of BELL, because we do not  require the existence of 
a p robabi l i ty  densi ty p(2), 2 e A. On the contrary,  ours are the mos t  general  
hypotheses  under  which it is permissible to speak of probabi l i ty  (~o) : let us recall  
t ha t  complete  addi t iv i ty  of the measure  P is not  required. 

We shall suppose t ha t  there exist two functions:  

(2.1) /I:,-QXA--9-{--1, ~ - ] } ,  / 2 : ~ 2 •  - ? 1 } ,  

where 

(2.2) .o=6~xr  0 {o]o<o<~}, (b= (~]o<~<2:~}. 

The physical  meaning of such functions is the  following: for fixed a ~  s 
b ~ ,  2 ~ A ,  ]l(a, 2) takes the value == 1 if and only if the spin componen t  of 

(9) J. C. T. POOL: Events, observables and operations and the mathematical approach to 
quantum theory, lectures presented st the NAT0 Advanced Study Institute on Quantum 
Mechanics and Ordered Linear Spaces (1973), %o be published in Lecture Notes in Physics 
(Berlin). 
(10) B. DE FINETTI: Teoria della probabiZitd (Torino, 1970). 
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a par t ic le  relat ive to the direction a has the value • 1, f2(b, ~) takes the  value 
~= 1 if and  only if the  spin componen t  of the  other part icle  relat ive to the di- 
rection b has the value ~ �89 

Local i ty,  in the same sense ~s Bell 's, is expressed b y  the hypotheses  t ha t  fl 
is independent  of b and f2 is independent  of a (11). 

So, in order that ,  as in q u a n t u m  mechanics,  for an a rb i t r a ry  direction the 
to ta l  spin componen t  (given b y  the  sum of the  spin components  of the two 
particles relat ive to t ha t  direction) be zero, let us impose the condition 

(2.3) V a e f 2 ,  V , ~ e A ,  

Le~ us introduce the  function 

/l(a, ~)=-]~(a,  ~). 

(2A) 

defined by  

(2.5) 

IMP) :A ~ { -  1, + :1} 

V , ~ A ,  f~o(,~) = L(a, ,~), r = 1 , 2 .  

I n  order t ha t  the  mean  value of the  spin component  of a particle relat ive 
to an a rb i t r a ry  direction be zero, like in QM, let us impose the  condition 

(2.6) V a e g ,  P{!7)(+ ~)} = P { ] ; ) ( -  ~)} = �89 r = 1 , 2 .  

Let  us define 

= P{ t l , , , (+  1) n (2.7) k,, - 1  I ; -~(+ 1 ) } ,  

according to (2.3) we have  

a~, a j~Q; 

(2.s) % = P{/7~(+ 1) n t ; ~ ( -  1)}. 

(2.9) Theorem. Vi, j, k ~ J ,  where Jr is a set of indexes and each index 
refers to a un i t a ry  vector,  the inequalities 

1) k~k<min (k , ,  k~) + min (�89 k~j, 1 k~) 

2) kj/~max (kij~--~ik--�89 1--~iJ--~iI~)= 1�89 

must  be valid. F r o m  now on ineqnal i ty  2) will be  called inequal i ty  D. Before 
giving the proof let us introduce,  in order to make  the formal ism simpler, the  
following nota t ion:  

(2.9.1) V i e  J ,  1+= - 1  t lo,(+ 1),  ]7 = I72(-  1) 

(11) I t  is easily shown that the subsequent condition (2.3) implies the independence 
of fl, ]2 from hidden variables of the instrument. 
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Let  us go on to give the proof of 1) 

(2.9.2) kj~= + + - -  + + 2{/, n / ~ } -  n P{(]  i n ]~) 

INEQUALITY 125 

(?, u i:.)} = 2{s,  + n t~ + ~ A +} + P[],+ n t~ + n i T } ,  

+ + 
+ ~< 2 { ] , n D } = k , ,  

2{D + n / :  n t, }-- 2{f i  n g}  = k,~, 

{ 2{][ n f i } =  ~ T - -  ki~, 
2{t? n/~ ~ i;} < 2{I: m E~} =1= _ k,~,. 

inequali ty 1) is therefore proved. 
We shall give the proof of inequal i ty  D by  means of lemmata  from (2.9.3) 

to (2.9.6). 

(2.9.3) Propos i t i on .  The following al ternat ive holds: either 

P{]+ c~ ]+} -1- P{]+ n ]+} --~ 1 and 2{]~. cl ]+} @ P{]~. n ]+} = 1 

or ];, ]i ,  L >  0 can be found, such tha t  (12) 

(s~, s::} = <s, +, s ; } ,  

2[s~ n i$} + 2 G  ~/~} = 1 + D 
and 

2{i;: o i, +} + 2{s;' ~ i : }  = ~ - ~.  

Proof, Proposition (2,9,3) follows from the equality 

~t = 2{i. +} + e{/2} = 2{(i~ u i:) n i,. +} + 2{(f f  u 17) n h +} = 

= 2{i+~ n i,. +} + 2{/~ n/~} + P G  n 5 +) + 2{17 n p~}. 

(2.9.4) I f  the first proposit ion of al ternat ive (2.9.3) is valid, then  inequal i ty  
D is satisfied. 

This proposit ion is obvious. 

(2.9.5) I f  the second proposition of al ternat ive (2.9.3) is vMid~ then  

~{i~ t + n i n g } > ~ .  

Proo]. 

+ ~ = p{l'~ ~ D +} + 2{i~ ~ t2} = 2 { ( t ;  ~ t, +) ~ (i; ~ g ) }  + P{s'l ~ I, + ~ t~ + ) ;  

(12) {]+, ]~-} denotes the set whose eleInents are only i+ and f~-. 
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f rom the previous relat ion it  follows immedia te ly  tha t  

,r .q_ P{/~ ~/~* ~/ :}  - L = � 8 9  P{(l, ~/7) u (/: ~/~)1 > o. 

(2.9.6) I f  the second proposi t ion of a l ternat ive  (2.9.3) is valid, then  in- 
equal i ty  D is satisfied. 

Proof. 
/ 

according to (2.9.5); fu r thermore  f rom the definition of L in (2.9.3) it follows 

L =  I1 -  ~ , - -  k~kj. 

Proposi t ion (2.9.6) has thus been proved.  

(2.9.7) The proof of inequal i ty  D can be obtained f rom (2.9.3), (2.9.4) 
and (2.9.6). 

Proposi t ion (2.9) has thus been proved.  

3. - Inequa l i ty  1) is equivalent  to Bell 's inequality.  

3"1. - P(a~, aj) is defined as in BELL (1), viz. it is the mean  value of the prod- 
net  of the  results of the  measurements  per formed on ~ p~rtiele along the direc- 
t ion a~ and on the other part icle along the  direction aj. An easy calculation 
gives 

(3.1.1) P ( a , ,  a,)  = 1 - 4 k ,  , v i ,  j e J .  

3"2. - We remind the  reader  t ha t  Bell 's  inequal i ty  can be wri t ten  

(3.2.1) [P(a~, a j ) -  P(a~, a~) I < 1  + P(aj, a~:) , 

which, because of (3.1.1), becomes 

(3.2.2) k j ~ < � 8 9  lk~k-- k~j], 

an  inequal i ty  which is equivalent  to inequal i ty  1). 

4. - Inequa l i ty  D implies Bell 's inequality,  i.e. the set Av of the tr iplets  
R1, R~, R~ such t h a t  

O<R~<~, I  O<R~<�89149 , O<R~<�89  
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and 

v i ,  j, k : { i ,  j, k} = {1, 2, 3} ,  

R ~ >  1�89 - R;- -n,~l 

is a proper  subset of the set A~ of the triplets R~, R~, R3 such tha t  

0<R~<�89 0<R~<�89 0<R~<�89 

and 

vi ,  j, k: {i, j, k} = {1, 2, 3},  

f l  _ _  

The proof is obtained by  the following 4"1 and 4"2. 

4"1. Let  Q be the square whose side is [0, 1 " - ~]. V(R~, R3) ~Q, let A,(R2, R3) 
be the set of the triplets R1, R~, Ra such tha t  

Vi, j , k : ( i , j , k } = { 1 , 2 , 3 } ,  R~>1�89 I . 

Let  A'~ be the set union of the sets A'~(R2, Rs) when the pair (R2, R3) describes 
the square Q. 

B y  taking into account  tha t  V(R2, R3) ~ Q the set of values for R~ allowed 
by  the inequalities D is not  empty,  it  is easily proved tha t  

4"2. - However  fixed (R2, Ra)c  Q, it is proved by  direct calculation tha t  
the set of values of Ri allowed by  inequali ty D is a closed interval,  which we 
denote  by  [dl(R~, Ra), d:(R:, R~)], and it  is a subset (proper  or not  according 
to the pair (R2, R~)) of the set of values of R1 allowed by  inequali ty B, which 
is also a closed interval,  and we denote it by  [bl(R:, R3), b2(R:, R3)]. 

We have 

V (R2, R3) +Q , b2(R2, R~) = d2(R~, Rs) = �89 IR2-  R~ 1 �9 

:For R~9- R~>�89 

(~.2.2) For  R ~ +  R3•�89 

bl(R2, R3) = R~-J- Ra-- �89 <O < dl(R2, R3)= l�89 R 2 -  R31. 



1 2 8  

4"3.  - A n  e x a m p l e  f o r  c a s e  ( 4 . 2 . 2 ) .  

(4.3.1) 

1) .  G U T K O W S / ~ I  an~ G.  M A S O T T O  

The numerical values chosen, satisfying the conditions required by 
(4.2.2), are the following: 

85 10 
k i r  - -  200 ~ k i z  ~ 2 0 0  " 

(4.3.2) From inequali ty D it follows tha t  

k j ~  - -  tQI: ~ 12 - -  k i ;  < k ;k  d -  kite �9 

(4.3.3) Permuting the indexes we have 

k i i  - -  k i k  ~ 1 __ k;l~ ~ k i j  ~ -  tr 

(4.3.4) from which, substi tuting the values chosen, we obtain 

5 25 

(4.3.5) Let  us choose ]cjz----- 0, i .e .  a value which violates inequality D; we 
will show tha t  it  does not violate Bell's inequality. 

(4.3.6) We have, owing to (3.1.1), 

35 40 
_P(a~, aj)  - -  50 ' ~O(ai~ ak) = 50 ~ P(a j~  ak) ~- 1 ,  

75 100 
IP(a. as) --P(a,, a k ) ] -  50 '  1 + /~  a,) = 5~  ; 

with analogous calculations it can be verif ied tha t  Bell's inequality is not 
violated for all permutations of indexes i ,  ], k.  

5 .  - Comparison between Bell's inequality, inequality D and QM for ex- 
ample (4.3) previously considered. 

5"1.  - -  Since equivalence between Bell's inequality and inequali ty 1) has 
been proved, the limitations on ksk given by  Bell's inequali ty can be obtained 
as intersection between the sets of values allowed by inequali ty 1) (written 
in the equivalent form (3.2.2))~ for all the permutations of indexes i ,  j ,  k .  
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(5.1.1) A n  ea sy  ca l cu l a t i on  wil l  show t h a t  Be l l ' s  i n e q u a l i t y  g ives  t h e  s ingle  

n o n t r i v i a l  l i m i t a t i o n  

25 
kj~ < 20~ 

whi le  i n e q u a l i t y  D g ives  t h e  two  l i m i t a t i o n s  (4.3.4). 

(5.1.2) The  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  t h e  m e a s u r e  of t h e  sp in  c o m p o n e n t  

of a p a r t i c l e  a long  d i r ec t i on  aj  g ives  t h e  r e su l t  -4- �89 u n d e r  c o n d i t i o n  t h a t  t h e  

m e a s u r e  of t h e  sp in  c o m p o n e n t  of t h e  o t h e r  p a r t i c l e  a long  d i r e c t i o n  aj  ha s  

g iven  t h e  r e s u l t  - - � 8 9  is exp re s sed  b y  

(5.2.1) i0{I $ n Z}  
p{ ] ; }  , 

a n d  i t  is equa l  to  2k~j because  of (2.6) a n d  (2.8). 

(5.2.2) This  p r o b a b i l i t y ,  a cco rd ing  to  QM is exp res sed  b y  

COS ~ a i a j  . 
2 

I f  we  ass ign  to  k~j a n d  k~ t h e  va lue s  of t h e  p rev ious  e x a m p l e ,  t h e n  QM gives  

for  kjk t h e  ~ollowing l i m i t a t i o n s :  

0.565 43.36 

200 ~<kJT~< 2 0 ~  

N o t i c e  t h a t  va lue s  of k j ~ s  (0.565/200, 5/200) a re  c ons i s t e n t  w i t h  QM a n d  

i n c o m p a t i b l e  w i t h  a 1.h.v. t h e o r y  a n d  t h a t  t h i s  can  be  a s s e r t e d  on  t h e  g r o u n d s  

of i n e q u a l i t y  D a n d  n o t  on  t h e  g r o u n d s  of Be l l ' s  i n e q u a l i t y .  

N o t e  a d d e d  i n  p r o o ] s .  

In a subsequent paper  we shall answer to some remarks by  S. J. FREED~t~r and 
S. NOTARnIGO. 

�9 R I A S S U N T 0  

Si dimostra  ehe, per  un sistema costi tui to da due partieelle di spin �89 ogni teoria a varia- 
bili  nascoste locali  deve soddisfare ad una certa diseguaglianza D. Si dimostra c h e l a  
diseguaglianza D implica la diseguaglianza di Bell. Si d~ un esempio in cui la disegua- 
glianza di  Bell ~ so4disfat ta,  mentre la diseguaglianza D ~ violata.  I1 medesimo esempio 
mostra ehe esiste un insieme non vuoto di  r isul ta t i  (logicamente) possibili ehe sono 
eompatibfli  tanto  con la meceanica quantist iea quanto con la diseguag]ianza di Bell, 
ma che non sono compatibi l i  con la diseguaglianza D e quindi non sono compatibi l i  
con una teoria a variabfli  nascoste loeali. Si d~ una eondizione, in generale non soddi- 
sfat ta  per  il sistema eonsiderato, neeessaria e suffieiente affinch6 la diseguaglianza di 
Bell e la diseguaglianza D siano equivalenti.  

9 - I l  .Nuovo Gime~to B.  
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HepaneHCTnO 6o~ee cTporoe, qeM HepaBeHCTBO B e ~ a .  

Pe3ioMe (*). - -  I-loKa3blBaeTca, qTO ~JI~I CnCTeMl~I, COCTOame-~ H3 ,~Byx qaCTHI~ CO ClIHHOM �89 

mo6aa aoranJ~Haa  T e o p n a  co  CKp]bITblMH IlepeMelJIJb~MrI ~IOYOKHa yJIOBJIeTBOpJtTt, onpe- 
~ e J i e i ~ o M y  HepaBeHcTay D.  I lo ra3 l~maeTca ,  qTO HepaBerlCTBO D 3arJ~IoqaeT B ce6e  Hepa-  

BeHCTBO Ber tha .  IIpHBO~rITCa IlprlMep, B KOTOpOM HepaBeHCTBO B e n n a  y~IOBJIeTBOp~IeTCYl, 

TOr~a  KaK HepaBeHCTBO D H a p y m a e T c a .  ~TOT IlprlMep i ioKa3bmaeT,  qTO c y m e c T s y e T  
i~enycTaa CHCTeMa (JlOrHqecKI~) BO3MO~KHI~IX pe3yYlbTaTOB, KOTOpaa corJ IacyeTca  ~ c 

KBaHTOBO~ MexaHaKO~ ~I C HepaBeHCTBOM B e a a a ,  HO KOTOpaa He co r J IacyeTca  c I~epa- 
Bt~HCTBOM D H, cJie)ioBaTesibtto, He corJ IacyeTc~ c JIoKaJIbHO~ TeopHe~l CO CKpI~ITIAMI?I n e p e -  

MeltI~IMH. IIpI4BO]I~ITC~I Heo6xO~HMI, Ie ~I ~OCTaTOXtHI~Ie ycYlOBtlfl, ~tTO6bI HepaBeHCTBO 
B e n n a  a HepaBeHCTBO / )  6blJIrl 6I, r 3r, B!elBa3ierlT~ibi. ~TO ycnoBr le  B O6IIIeM c n y ~ a e  i~e 

y~oBneTBop~eTCa ~tJIa paccMaTpr lBaeMo~ HaMI4 C~ICTeMbI. 

(*) Ilepeaec)etto pec)aKtlue~. 


