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S u m m a r y .  - -  The proof of unitarity for gauge theories involving a 
Faddeev-Popov ghost is revisited. We assume the existence of a gen- 
erator F of the Slavnov transformations. The subspaee of the unphysical 
one-particle states is that spanned by F. Under the assumption that 2' 
is conserved and obeys the condition 2"2= 0, we prove that the un- 
physical states do not contribute to the unitarity equation restricted 
to the physical subspace. 

In  this paper we present an al ternative approach to the proof of uni tar i ty  

for gauge theories given by B]~ccHz, ROUET and STOMA (1). 

I n  gauge theories one has to introduce unphysieal  modes and fields, in 

order to ensure manifest Lorentz covariancc and renormalizability. Let  G 

be the whole vector space of the asymptot ic  states. Usually, one tries to define 

a subspace G'c G which has positive or positive semi-definite metric ~nd allows 

a physical  interpretat ion of the vectors (or of equivalence classes, like in the 

Gupt~-Bleuler formulation of QED). 

The problem of uni ta r i ty  can be formulated in the following way. Let  

(*) To speed up publication, the authors of this paper have agreed to not receive the 
proofs for correction. 
(**) Work supported in part by the Alexander von Humboldt Stiftung. 
(1) C. BECCHI, A. ROU~T and R. STORA: Gauge ]ield models, in Lectures Given at the 
Erice Summer School (1975). This paper gives the references of the previous works. 
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~ G' be any  physical vector  and S the scat ter ing operator.  In  general,  one 
expects  t ha t  

S W ~ G ' ,  

i.e. S does not  leave the physical  subspace invar iant .  However,  a physical  
in terpre ta t ion  is still possible when, for any  ~, Va e G', tim H-matrix elements 

(~0, Sv/) obey the un i ta r i ty  equat ion 

(1) ~ (~, S+n)(~, S~) = (~, ~). 
n~com~lete set of ~' 

In  non-Abelian gauge theories one usually introduces the  Faddeev-Popov  
ghost  field ¢*(x). This is a scalar field obeying Fermi  statistics and  t rasforming 
according to the adjoint  representat ion of the  gauge group. This field enters  
the  Lagrangian in a bilinear and quadril inear way. Therefore,  one can define 
a ghost  charge Q, a conserved Hermi t ian  scalar operator  with the commuta t ion  

relat ions 

(2) [O, Cq = -- ¢~, [Q, A D = 0 ,  [Q, ¢*'] = ¢*~, 

where A~ is the  gauge field. Moreover, Q commutes  with any  ma t t e r  field. 
Le t  the field theory  be invar iant  under  Slavnov t ransformat ions  (1). Then  

i t  is reasonable to assume tha t  these t ransformat ions  are genera ted  by  a t rans-  
lat ional invar iant  operator  F,  belonging to the  one-dimensional representat ion 

of the  gauge group. We assume then  

(3) [F, S] = 0,  

(~) F[o> = o,  

(5) [Q, F] = - F ,  

a¢~ = ~ { r ,  ¢ , } ,  

(6) aa(v, ¢,,}, 

where the  1.h.s. of eq. (6) indicates the Slavnov t ransforms of the fields, and 
5A is an an t ieommut ing  parameter .  Moreover~ we require t h a t  the field theory  

is such tha t  

(7) F ~ =  0 .  

This assumption is a crucial one, a l though we did not  succeed in finding a 
reasonable set of hypothesis  t ha t  makes it also necessary. There are models 
in which un i ta r i ty  is broken and  (7) is not  satisfied (2). 

(2) G. CuRcI and R. FERmtRI: Phys. Left., 63 B, 91 (1976). 
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We assume tha t  G is a Fock space, given by  the asymptot ic  states. Le t  

G (1) be the  one-particle s tate  vector  space. The physical subspaee G i c  G can 

then  be easily defined by splitting G (1) into the direct sum 

(8) V m - -  G ~ O  V~ 11 , 

where G~ 1~ and  Gm. are the  physical  and unphysica.1 subspaces. Then G' is made 
up of vectors containing only physical  modes. We eharaeterizc G m and G m u 

by  means of F,  i .e.  F is represented tr ivial ly in G (1) .~nd G (1) gives ,~n irreducible 
representa t ion  of E.  Moreover, G~ ~ should have a positive definite metric. 

Then,  for any  v teG'  , we have 

(9) F ~  = 0 .  

We denote  by  Ic>, 1~>, la,>, i = 1, 2, the  one-part icle states belonging to the  
sectors Q 1, 1, 0 of ~(') respectively. We drop all the group representat ion : - -  ~ U  ' 

indices and the momen tum in the notations.  We chose lai> in such a way t h a t  

{ FIa,> = I~>, I"l~> = o,  
(lO) FIc> = la,>, Fla~> = o.  

Since /v is a Poinear6- invariant  quan t i ty  and it is invar iant  under  the group 
transformations,  all these states must  have the same mass and spin, and belong 
to the same representa t ion of the gauge group. Condition (7) is satisfied and 
it  is easy to see t ha t  (10) is the  most  gencr.~l si tuation which realizes (7) with 

three  sectors of charge Q - - 1 ,  0, - 1 .  

In  terms of creat ion operators,  we have 

[_u, 2~1 = ~+, {F, e-} = o, 
t" (11) IF, ~;] = 0 ,  {F,  ~-} = ~,. 

From the  canonical theory  we have (we drop the m o m e n t u m  dependence and 
the group indices of creat ion and annihilat ion operators) 

(12) 

and,  in general,  

(13) [ai,  a~] = ~,j  , 

where ~ is a nondegenerate  numerical  matr ix.  
and eqs. (11)-(13), we get  

(i4) 

{~, ~+} = 1 ,  {e, ~+} = -  1 

By using the Jacobi  iden t i ty  

[iv, -~ *hi a~] = 0 , 

~2i all = -  c ,  [2', -~ 

{F, c} = 0,  

{F,  ~} = - n , ) ~ .  
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Some Lagrangians for non-Abelian gauge theories are not  Hermi t ian  and,  
therefore,  the S-matr ix  is not  un i t a ry  on the  whole space G. In  these cases, 
however,  one can show tha t ,  to every  order of the per turba t ive  expansion for 
any  ~, ~0 ~ G', 

05) (q, ~+ ~) = (q, S - ,  W). 

In  fact ,  in these models the following relat ion is valid:  

(16) .Lf+(x ) = ~-1  .tfW, 

where W is the  Q-charge conjugation operator  

c~ :¢, ___> ¢ . , ,  c 6 : ¢ . , _ + _  ¢, ' C d . A ~ , . . + A # .  . ,  , 

Then eq. (15) follows f rom the  invariance,  under  charge conjugation,  of the  
physical  states and f rom eq. (16); in fact ,  

= = 

where T is the ant i t ime-ordered product  (a). 
By  using eq. (15), we can write eq. (1) in the  form 

(17) ~.  (of, S-  l n ) ( n ,  S~fl) = (q~, ~p) . 
n E coml)lete set of O' 

We introduce the  following operator  p roduc t  V. Le t  A B  .. .  M N  .. .  be 
either creat ien or annihilat ion operators,  then  

(18) V ( A B  .. .  M . Y )  = ( - -  )t~' A '  B '  . . .  [0} <0[M'N'  . . . ,  

where A ' B '  . . .  M '  N '  . . .  are the operators A B  . . .  M . Y  . . .  re-arranged in such a 
way that ,  on the left  of the projector  on the vacuum,  there  are only creat ion 

operators and, on the right,  only annihilat ion operators.  (--)t~ is the par i ty  
of the permuta t ion  of the an t icommut ing  operators.  V acts l inearly on l inear 
combinations of monomi~ls and, moreover,  

v(1) = IO><Ol, 

(a) !kT. N. BOGOLIUBOV and D. V. SmRKOV: I n t r o d u c t i o n  to the T h e o r y  o] Q u a n t i z e d  

F i e l d s ,  Chap. III  (New York, N.Y.,  1959). 
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The sum over  a complete set of st,~tes in G can be then  wri t ten  

(19) 

where 

1 = V(exp [w + ~]) ,  

(2o) "1" --1 x / ~ -  ~,(a, aj~,~ + c+c - ~+~) 

(the sum ~ runs over the momenta  and the internal  indices) and ~ is the 
analogous quan t i ty  for the physical modes. Equat ion  (17) will then  be satisfied if 

(21) ~(2) = i f ,  s ~  V(exp [~d + 2])sv)  

is 2- independent  for any  9, ~0 E G'. To show this, we consider the derivutive 

with respect  to 2: 

(22) 
e~(z) 

e~ - (9, s-~ ~{~:~(2)~;) + ~+e(~)c-~+#(2)e}s~), 

where 

(23) 

By  using eqs. (11) and (14), we can write eq. (22) in the form 

(24) ~¢~(2) _ ~Vzi + ~ (9, s-~ ~{{F, e+} e(~)a - ~ -  51 e(2){F, ~} 

+ c+#(2)[v;)a,, F] - IF ,  a ~ ] # ( ~ ) e } ~ ) .  

l~ow we use the fact  tha t  F commutes  with S and annihilates the physicM 
states  (eqs. (3) and (9)): 

(25) ~ ( 2 )  

Finally,  we show tha t  

(26) [F, ~(2)] = 0 .  

This can be shown direct ly by  using the commutat ion  relations (11) and (14). 

More simply, one can see tha t  E eoramutes by  construct ion with the number  
of physie-fl modes and with the number  of unphysicM modes. Then the coef- 
ficients of the power expansion in 2 of the 1.h.s. of eq. (26) coincide with the 
coefficients of the expansion in number  of unphysicM modes of [/v, o~(1)]. Bu t  
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#(1) = 1 and,  therefore,  eq. (26) is obta ined.  

~ ( ~ )  
- - 0 .  

G. c u g c i  a n d  R. FERRARI 

Final ly ,  we have  

(28) 

where 

(27) (IN ~- m~)~ Z = 0 .  

Also in this case, one can define creat ion and  annihi lat ion operators  and  write 

commuta t i on  relat ions like those in eqs. (11) and  (14). The field Z can be 

uniquely wr i t ten  in the  fo rm 

Z(x) = x. ~ ;¢~(x) + Zl(X), 

(29) 

wi th  p~ = m ~. 

(V7 + m ~) Z* = 0 ,  i = 1 , 2  . 

To the scalar fields X~ now we can associate creat ion and  annihi la t ion op- 
erators  a~, a~. One-part icle  s ta tes  can be also defined [lp>, 12p>. F r o m  eq. (28) 
• ~nd f rom U(y))~(x) U-l(y) = Z(x + y) one can find how these s ta tes  t r ans fo rm 

under  space- t ime t rans la t ions :  

{ U(y)12p> ---- e x p [ - -  ipy] t2p>, 

U(y) ] l p > =  exp [--  ipy] ( [ l p > -  ipy [2p>) 

The scalar p roduc t  among  these s ta tes  is defined in t e rms  of a ma t r i x  

(30) <ip'  l iP> = ~.  2po ~(~,(p- F )  . 

The metr ic  is t rans la t ional  i nva r i an t  only if 

~1~ = ~1 ,  ~ : 0 .  

I t  can be easily seen t ha t  eq. (10) is compat ib le  wi th  t rans la t ional  invar iance  

also when lal> and  [a~> represent  the s ta tes  associated to a dipole field. 

The commuta t i on  relat ions (11) and  (14) can be der ived f rom the renor-  

realized Slavnov t rans format ions  b y  tak ing  the  a sympto t i c  l imit,  and  f rom 

the  equat ions of mot ion  of the  a sympto t i c  fields. 

I n  some Zagrang ian  models,  dipole fields appea r  in the a sympto t i c  l imit  (1), 

e.g. a field ;~(x) which obeys the  equat ion of mot ion  



AN ALT]gRNATIV~E APPROACII TO TI lE  PROOF OF UNITARITY FOR GAUGE THEORIES 2 7 9  

:?. * *  

One of us (R.F.)  would  l ike to t h a n k  Prof.  W.  ZIMMERlVIANN" a n d  ti le 
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as the  A l e x a n d e r  y o n  H u m b o l d t  S t i f t u n g  for a Scholarship .  

• R I A S S U N T 0  

Si riesamina la prova dell 'unitariet~ per teorie di gauge the contengono un fimtasma di 
Faddeev e Popov. Si assume l'esistenza di an generatore delle trasformazioni di Slavnov. 
I l  sottospazio degli stati  a una particella non fisica rappresenta in modo non banale F.  
Nell'ipotesi che F sia conservato e c h c  obbedisca alla condizione F ~ =  0, si dimostra 
che gli stati non fisici non contribuiscono all'equazione di unitariet£ ristretta al sotto- 
spazio dci vettori fisici. 

V e3 I O Me He IIOHy~IeHO. 


