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Summary. — Fror the point of view of quantum mechanies, the problem of two
coupled oscillators with two different coupling parameters is considered. By using
the accurate definition of Dirac operators the wave function in both coherent state
and number state (Schriodinger picture) are obtained. The Green’s function and the
expectation value of the energy are calculated; the transition amplitude between the
coherent states when the coupling parameters are different and equal, as well as the
eigenstates, are given. The constants of the motion for such a system have been also
considered.

PACS 03.65.Ge - Solutions of wave equations: bound states.
PACS 4250 - Quantum optics.

1. - Introduction.

In the last few decades the most relevant problem to the field of quantum optics,
is the problem of frequency converter and parametric amplifier, where two
electromagnetic fields are coupled [1-11]. In fact, this problem has played a central
role in several physical phenomena of interest, such as coherent Raman and Brillouin
scattering, spontaneous and stimulated emission of radiation, super-radiance, ete. In
the mean time some authors [12-14] have taken the problem further by considering
three coupled electromagnetic fields, which leads to more complicated non-linear
parametric interactions. The frequency converter, parametric amplifier and the
photon-photon process of Raman or Brillouin scattering have been treated
extensively by direct use of the coupled equations of motion. The treatment has been
extended to include the statistical properties such as the expectation values and
fluctuations, as well as the density matrix and the quasi-probability distribution
functions (P-representation, W-Wigner, and @-function). Obviously, the analysis is
drastically simplified if we first diagonalize the Hamiltonian at exact resonance and
only one coupling parameter is used. In the present paper we shall deal quantum-
mechanically with two more general coupled oscillators, where the Hamiltonian
with two different coupling parameters will be diagonalized at off resonance.
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The Hamiltonian we shall consider is given by

(1.1a) H=H, +H,,
(1.1b) Hi=hwa’a+ hoyb'b,
(1.1¢) Hy=#x,(a'b+ab®) + hry(a’d + ab),

where w; and w, are the fields frequencies, while A; is the coupling constant that
incorporates the non-linear susceptibility of the crystal and the driving field
amplitude, and X, is the coupling constant measuring the strength of the mixing of
the two modes. It would be interesting to point out that the Hamiltonian (1.1) can be
obtained from the quantization of the ecavity modes, by taking the magnetic
permeability and the electric permittivity to vary at the same time, see for example
ref. [2]. Here we may say that the Hamiltonian given by eq. (1.1c) has been used by
the authors of ref.[15] to describe the simultaneous non-degenerate parametric
amplification and mixing of two modes via a rotation of their polarization, where the
Schriodinger-cat wave function is calculated. Also in ref. [16] the evolution operator of
this Hamiltonian is used as a squeeze operator to calculate the Glauber second-order
correlation function, and to discuss some other statistical properties, which is of
interest to the field of quantum optics. In the following section of the present paper
we shall introduce the accurate definition for the Dirac operator to diagonalize the
Hamiltonian (1.1) and then to calculate the wave function in the coherent state as well
as in the number state. Section 3 is devoted to give the exact expression for the
Green’s function, and to calculate the partition function. In sect. 4 we shall
concentrate with the calculation of the transition amplitude in both coherent and
number states. Finally, in sect. 5 we have constructed a linear and a quadratic
invariant for the Hamiltonian (1.1). In sect. 6 we give our conclusion.

2. — The coherent and the number states wave functions.

In this section we shall calculate the wave function in both coherent and number
states, by using the accurate definition for the Dirac operators, that is to diagonalize
the Hamiltonian given by eq. (1.1). To reach this goal, let us define the following
operators:
2.1a) a= 2w h) (v g +ip1),

(2.1) b= (2uyh) (w2 gz + ipy) .

Therefore, if we substitute egs. (2.1a), (2.15) into eq. (1.1), we have

1 1
(2.2) H-= E(P% +p) + E(w%‘ﬁ + w3gd) + 21612 + napipe

where

(2.3a) 1= (A1 + A) Vo w,,
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(2.3b) o = (Al - )\2)/V(1)1(1)2 .

To diagonalize the above Hamiltonian, we shall use the following operators:

(240) At) =[2Q, A V1720 2 [k, (Vv cos gy (t) + Vv sin gy (1)) +

+14J, (V1 cos6p; () + Vygsinopy (£)],
@4b) B(t) = [20_ 2 Vy1y2] " [k, (V1 cos 6z (£) — V7, sin0g, (1) +

+ 4, (Vr2 cos 0pa () — Vy; sinp; (H)].

The following abbreviations have been used in the above equations:

(2.5a) J. = (y172) V4 [yscos26 + v, S0 + us Vy,yosin 26112,
Y Y Y / Y1Y
(2.5b) J = (7’1 Yz)_l/4[ 1 COS20 + Ye Sin20 ~ M2 VY172 Sin 20]1/2 ,
y Y t2V
(2.5¢) ky=(y172) Y[y 03 cos?0 4+ yowisin®60 + s \Vy17s sin2614/2
Y
(2.5d) k, = (y1y2) Y4 [yswdcos?0 + y, o} sin®8 — x; \/y; yosin26]Y/2,
y — 1Y Y

(<]

(2-56) )’1 = _2 [Al((l.)l + (l.)2) + )\2((1)1 e 0)2)],
V W)

[¢)]
(2.5f) }’2 = \/_l‘ [Al(wl + (02) - )\2((1)1 - wz)],

wg

1 2V
(2.59) 6= — tg"l( 7‘13)
2 i — wl
and
(2.6a) Q% =k# cos?6 + kZsin®6 + \y,y.sin26,
Y1Y

(2.6b) Q% =k cos®6 + kZsin?0 — \y,y,sin26,
where
{2.6¢) k2=w?+ (A2 + 1%, i=1,2.

Now, if we use eqs. (2.4a), (2.4b) together with eq. (2.2) we find
: 1 ‘ 1
2.7 H=h.Q+AA+E +h.Q_BB+E,

where A and B satisfy the commutation relation

(2.8) [A,A"]=[B,B']=1.
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In order to calculate the wave function in the coherent states, let us define the state
|, B) as follows:

29) I, B)=exp[—é(|a|2+ |ﬁ|2)]m§:=0 ;; I, m).
From eqs. (24) and (2.9) we have

(2.10a) At)|a, B) = a(t) |2, 8),

(2.10b) B(t){a, B) = B(b)|a, B).

Therefore, if we use eqs. (2.4) together with eqs. (2.10) we get

3
(2.11a) Jx[\/_lcosoai + \/_smea—] b =

q1 qo

20, 4 .
= [a(t) h+ Vrive — k. (Vyzcosfg + Vo, Smo{h)jl%,s,
3 . 0
(2118) J, [\/)fz cosf— —Vy, s1n0—]',ba5 =
3¢, oq;
20Q 4 .
= [ﬂ(t) by Vyire =k, (Vyicos6g — Vy, Sme(h):l%s

From egs. (2.11a), (2.115) we obtain the wave function in the following form:

1/2
(212) (g, g2, ) =N exp[— %(ﬂ) [(k,/J,) cos®0 + (k,/J,) sin®6] ‘112]

[ 1 Y1 172 s 9 2
"exp | — —(—) [(k, /J,) cos®0 + (k, /J,) sin®01qF |-

2h\ v,

[ 1
- exp o [(k, /J,) — (k, [J,)] sin 26q, qu-

[ { Pk, d, ]
-exp (t)\/ ( ) # ks /J cos 6 — B(t) ()’2) 2—Iiusine Q|
! Y1 h T1 h 1l

[ 2k, [J 1/2 1 1
- exp ﬁ(t)\/ ( ) ﬁ COS0+a(t)\/2(ﬁ) kx—/']x sinf (g, |,
5 Y2 h Y2 h 1

where N is the normalizing eonstant, given by

213) N =[], J, 172 Q, Q)" exp[—%[ﬁ(t) + B2 + |af? + |[3|2]]
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and
(2.14) a(t) = a(0) exp[—1Q . t], B(t) =pB(0) exp[—iQ _t].

To calculate the wave function in the number state (Sehrodinger wave function), we
have to use egs. (2.9) and (2.12) and we find that

Q.Q_ |
(215) '\P,"/Lm(qu qz, t) = [ ] (r]ny2n+mn! m!]_l/z'

(hr)?

ko \l/2 1/4 1/4
-Hn((——x—) [(ﬁ) cos6q1+(ﬁ) sin@qz})-
h‘lx 71 Y2
k, \12 1/4 1/4
‘H, (—J—) [(ﬁ) cos@qz—(—y—Q) sianI])-
hdy T2 71

r -
-exp 21fz Iz [(k, /J,) cos®0 + (k, /J,) sin®6]qf |-

" €xp Zh\n [(k, /J,) cos®6 + (k, /J,) sin®6]q3 |-

J

-exp| — ;—h[(kx/Jx) ~ (k, /J)] sin2()q1q2]exp[—i[£24 (n + %)t +Q_ (m + %)t“

In the following we shall employ the result obtained in this section to calculate the
Bloch density matrix, and then to calculate the expectation value of the energy.

3. — The Bloch density matrix and the expectation value of the energy.

In the present section we shall make use of the coherent-state wave function given
by eq. (2.12) to calculate the Bloch density matrix. However, we shall first start by
calculating the Green’s function. The Green’s function is connected with the
coherent-states wave function by the equation

<]

1 {
CAY Glq1, 92,91, 2, 1) = — J bos (@1, G2, Y501, g5, 0) P2 d’B.
T

—®

Therefore, by inserting eq. (2.12) and the corresponding complex conjugate at ¢t =0
into eq. (3.1) and by evaluating the integral one finds

B2 Glq1, g2, q1, g2, t) = (2haJ J) ' [Q2,Q /sinQ, t sinQ_ t]V%

i 72 /2 km 9 k’y f
-ex —ZetgQ, tcos?o+ —ctgQ _tsin®0] (g2 + ¢, |
p[Zﬁ(‘m) (Jx gy Jy g (I1 qy
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[ 1z k k
- exp ——(ﬁ) (J—ycth_tcoszo+ }ictg9+tsin26)(q22+q2’2)]-

Yy x

[ i (& k
cexp| —| ZetgQ, t — —LetgQ _t| sin26( +q{qg) |-
p_2h(Jx gz, J, g ) 9192 (11‘12)]

12 k k ]
exp| — (ﬁ) (J—xcosec9+tcos20+ J—ycosec!)_tsinzo)qlql’ .

T Y

[ 12 k k , ]
- exp —i(ﬁ) Y cosecf _t cos?6 + —= cosecQ , t sin®0|gaqs |-
h Y2 Jy Jx ]

-

ik k, .
cexp| — —( = cosec , t — — cosecf _t|sin26(q,qs + q2¢7)|.
xp[ 2fl(J + J ) 9192 + q2q()

4 ¥

s

Since the Hamiltonian (1.1) is a constant of the motion, therefore the system is in
equilibrium, and then the analytic continuation { — — iy# in the Green’s function (3.2)
leads immediately to the Bloch density matrix. In this case we have the following
expression:

33) (g1, 2,915 G5, 7) = (2, )" 2, Q_ [sinQ, t sinQ _t]'/%-

172 ( k ,
‘exp[— 2ih(_7'_2) [J—x [(g2 + q{%) ctgh(yhQ ,) — 2¢,q] cosech (yAQ ,)] cos?6 +
Y1 x

Kk
+ J—y [(qZ + q{®) ctgh(y%Q _) — 2q;q{ cosech (yAQ _)] sin20”~
¥

1 71 12 ky 2 2 ' 2
exp| — — | — — [(gf + ¢5°) ctgh(yhQ ) — 2¢,q, cosech (yAQ )] cos®6 +
2h Yo Jy ’

+ %[(qz2 + q5%) etgh(yhQ ,) — 2¢.qs cosech(yAQ )] sin26H-

T

1 kx [P AN y ’ !
'exp[— E[—J_ {(q192 + ¢ g2) ctgh(yhQ,) — (1492 + g2¢1) cosech (yh( )} —

k, , .
- J—J {(q192 + q{ @2) ctgh(yhQ _) — (q192 + g291 ) cosech (yh{2 _)}] s1n20].
y

As a special case if we take the coupling parameter 2, — 0, we obtain eq. (4.1) of
ref. [10].
To calculate the expectation value of the energy, we have to calculate the partition
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function which is given by

3.4) Q= [ [ Ca g v dgde,

where C is the density matrix. From egs. (3.3) and (3.4) one7 finds

3.5) Qly) = i cosech ( % vhQ +) cosech ( % yhQ _) .

The expectation value of the energy can be obtained by using the equation

(3.6) (B)=— 2 In[Q(y)].
9y
Thus
E\_1 vhQ yhQ _ )
3.7 <h>—2[.(2+ctgh(—2 )+Q_ctgh(——2 ]

4. — The transition amplitude.

Suppose we take the coupling parameters A; and 2, to be equal in eq. (2.2),
therefore we shall find the parameter u,-— 0, and hence the energy for the system
when A; = X, will be different from the energy when A; # A,. In this case we may turn
our attention to calculate the transition amplitude between the states when A, # A,
and A; = X,, in both the coherent and the number states.

To do so, we have first to obtain the wave function in the coherent state for the
Hamiltonian (2.2) when A, = 2, = A. We find the following expression:

ki k_ /4 1 _ - _ _
(4.1) ¢&£(Q1,Q2,t):[ 2 ] exp[——[a2<t>+52<t>+ |a|® + Iﬂlzl]'
(hr) 2

[ 1
expl — [k, (coséq, + sindg,)® + k_ (cos g, — sin Sql)z]]-

ek, _ o [2k
-exp | a(t) T’(ql cos¢‘+q2sinc‘)] exp[{j(t) T(qzcoso‘—qlsina‘):l,

(4.2a) k% = wcos?e + wisin®e + 24 Vo, w,8in 28,

where

(4.2b) k? = wfecos?s + wisin®e — 22 Vw; wssin2¢,
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4.2¢)

and

(4.2d)
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a(t) = 2(0) exp[ — ik, t],  B(t) = B(0) exp[ —ik_t].

The amplitude connecting two coherent states is given by

4.3)

(2,818, @) = f V5(a1, @25 Ddas(qrs g2, 1) d1dge -

By inserting egs. (2.13) and the complex conjugate of eq. (4.1) into eq. (4.3) and then
evaluating the integral, one finds

4.4)

where

4.5)

and

(4.6a)

(4.6b)

(4.6¢)

&’Bla”@)

(k k_Q,0_)/2

-exp

% Z*2(1) + B2 (L) + a2 (8) + B2() + |afP + B2+ |22+ Iﬂlz]]-

- exp

['“’” [8t) \Vk, — VI, G* ) VE £, — B* <t>\/_fl>]2]
[’““
" exXp

l—a<t)\/’+\/—(a*(tn/—mﬂ*(t)\/—ﬁ)]‘]

-exp| —— (a* () Vi, J.J, + a®) kI, fi —‘g(t)mﬂ)zJ.
.exp[l‘;—" (B* ) Vk_ Jody + ) /T ke, fo + B /knyf3)2],

U =Tk, k_JoJ, +kod, (ks fE+k_ f2) + b, Iy f2+ k£ + kyk,]

-

2

1/4 71 1/4 )
f1=( ) c0s0cosa‘+(—) sin g sin 4,
Y2

/

-2
—

e
Il
——
X[

1/4
) sinf cosé — (—Y—Z) cos ) siné,
Y1

=
I
el

1/4 g 1/4
) cosOc0s3+(——) sinf sin g,
71
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Yo 1/4 . Yi 1/4 .
(4.6d) fLi={— sing cosé — | — cos 6 siné.
Y1 T2

Now we shall calculate the transition amplitude A, from the state |n, m) to the
state |7, ), where |n, m) and |#%, m) are the eigenstates for the cases A; = X, and
Ay = Xy, respectively. The transition amplitude can be calculated from the following
equation:

@

4.7 Anpim = f

»

I "P:m(ql’ qz, t) ¢1zm(q1’ qs, t) dql dq2 s

where ¢:;(q;, g2, t) is the wave function for eq. (2.2) when 2, = A, which takes the
form

k.k_
(hn)?

/k_ 1
-H, [ ry (cos éqy — sin&ql)] exp[— o8 (k. cos?8+k_ sinzo‘)qiz]-

1 ; . 1
exp| — — (k_cos®’¢ + k. sin®8)qf | exp| — — (k, — k_) sin23q, ¢s |-
2h 2h

af oo Heos (o2

By inserting eq. (2.14) and the complex conjugate of eq. (4.8) into eq. (4.7) we
have

e k_:
48)  bum(qy, g, t) = [ ] [2"+mq! m!]‘”zHﬁ.N - (cos 8q; + sin8q2>]-

(49 Ay = () ey k_Q L Q YVALT T, 20 Mt el plaml] /2
i i 1
'eXPikn(ﬁ+l)+k (m+l)—.(2+(n+—)—§2(m+l)t.
o] oc k+ k— 1 |
c ) de ) dyH | x Hojy ~—(k, 22+ k yD|
J K [\)ﬁ”] [Vﬁy}exp[ 2n 7 ?”]

] *

Hy || (o, + f)]H 5 -
n W, 1t Y m fin Y3 4

1|k, k

where f1, fo, f3 and f; are given by egs. (4.6).
To calculate the integral in eq. (4.9) we shall introduce the generating function
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©

(4.10) A, g5 = dedy exp[

—

il

oh f1 Jyf4)x +

k k k k
ko + 22+ L2y 42| 2AL- 2 xy ||
( szz Jyfa)?/ szlf2 Jy fafa| oy
C T 1/2
k. \1/2 k, \12 k /
exp[—(sZ+s? +sf+s2)) exp|2x sl(—+) +s3( ) fi—sdl—1| £
| h hel y
r T ’
k. \1/2 k, 1/2 k. \1/2
.eXp 2?/ 32(_) +33('—) _f2+84('h<]_y) fé
| | z ¥ 4

Therefore, the transition amplitude is given by

2 (e, k_Q ., Q Y/A[2rmtrtmplml nlm!]~1/2.

\/;
Ji-a.fos He-afms

1 _
-exp[i[k+ (ﬁ,+ E)t+k_ (m+
exp[— (sf + s + sZ + s])]-

(4.11)

A i, =

1 1

30

o |

an+7h1 n+m

ds] 38y sy s

2 A T
exp[; [Szvlh k_JyJy+ssfzt+ 34]%]2]' exp[l—, [si VEy k- Jody + 83fi = 34f4]2]'

3

-exp{—[sﬂ/k k, + 5, f3 — 82.f4] ]exp[—[sﬂ/k k, + 8 fi — 81 fol ]

sy =83=83=54=0
where

(4.12a) =Vk_kJ, fi,

(4.12b) Fo= Ve ko d, £,

(4.120) h=Vkik,J 1,

(4.12d) fi=\h_k,J. 1,

and fi, f5, f3 and f; are given by eqs. (4.6).
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After some minor algebra, eq. (4.11) can be expressed in the following form:

2 oy -
(4.13)  Apps = —= (ki k_Q , Q )4 [n! m!nlm!]/2-

Vi
.exp[z‘[m (m : )t+k_(7k+ l)t—f)+(n+ %)t~£)_(m+ %)tH

n m n P
2 2 X 2lp M@ —k—p+ri(m—j— )] grrmoioAL

k=0j=0p=07r=0

Do | =
(3]

(=Y TTE P (Fyg [F VP T (Fay [Fy ) (Fa )™ 3 (Fyg)" %

(A+ /A_)(r'z—rﬁ)/4(B+ /B_)(7z—nl)/4(iT+FZ'!,;.‘!)—l(A+A_ — FZ)(ﬁ+7iL)/4,

. (B+ B — G2)(n } m)/4P(1/2)|7_L—77L|

(A +7)/2

iF pasin-m| G
2 (n+m)/2 2 ’
VA,A_-F VB.B_ -G
where P stands for an associated Legendre function of the first kind. Note that in the

above expression m = r +j,and n = p + k — r, also n — m and n — m are even, while
A, mim 18 equal to zero otherwise. The following abbreviations have been used:

(4.140) Fiy = ll[\//;k—u i VR AL
(4.14b) Fy = li (Vb Jody fs+ ok, fil,
(4.14¢) Fpy = %[mﬁ + ok, i,
(4.14d) Fp= ll—,[mﬂ + V. k, £,

(4.14¢) F= lz—,(ﬁﬂ ~fife)s

(4.14f) G= lz—,(fzfs AL

while

(4.150) A.= l[(kkk_Jng, —kk) = (fE +F3 - f1 - D1,

ll
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1 o
(4.15b) B. = 7 (hpky — ko k_J J) + (fF+ 15— f5—fDI,
and
~ 1
(4.16a) [= E[(n+m)-+ |n —m|],
-~ 1 __ -
(4.16b) T=E[(n+m)+ |n —m|].

5. — The constants of the motion.

As has been stated in earlier work [17], if one can find explicitly time-dependent
invariants, then the eigenvalues and eigenstates of these invariants would be helpful
for solving some explicit quantum-mechanical problems. Therefore, we shall concen-
trate in this section on discussing the constants of the motion for the system given by
eq. (2.2). Let us start by seeking linear invariants in the form [18,19]

2
(GR Y I= _zl[ai(t)pi + B;(t) ¢;].
1=
To construct a linear invariant we need

ol <& ol 0H 3l 3H
= + =0

(5.2) I=—
ot i=10g; dp; dp; 9g;

From egs. (2.2) and (5.1) together with eq. (5.2) we have

(5.3a) % =wif +u,8s,
(5.3b) % = wlay + iy,
(5.3¢) % = —o, ~ ppay,
(5.3d) % = — oy — .

After some minor algebra we find

1/4
(bda) o) = (ﬁ) [A; sin(Q,t+ ¢,)cost— B, sin(Q2_t+ ¢,) sinb],
T2
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1/4
(54b)  ax(t) = (H) [Bysin(Q2_t+¢,)cos0+ A sin(Q,t+¢,)siné],

71

vy \1/4 k k
(5.4c) ﬁl(t)=(’—z) A~ cos(Q.t+¢;) cost— B, — cos(Q_t+ ¢,) sinb,
Y1 Jcr Jy

o, \1/4 k k,
(b4d) B.() = ( A ) [Bl J—y cos(2_t+¢,) cosb + A, J_ cos (2, t+ ¢,) sin 0],
72

y T

A, By, ¢, and ¢, are arbitrary constants, while v, y,, ¢ and Q , and { _ are given by
egs. (2.5) and (2.6), respectively.

Now we turn our attention to construct a quadratic invariant, therefore, we shall
introduce the following transformation:

~o\1/4
(5.5a) q1=('—1) (2 cos 6 ~ y sin0),

1/4
(5.5b) Q= ) (y cos6 + x siné),

1/4
) (p, cos6 — p, sinb),

(5.5d) P2 =

|
(5.5¢) p= (
|

1/4
—) (p, cost + p, sino).

Then the Hamiltonian (2.2) will take the form

‘ 1
5.6) HoH = %(JﬁPf +RE) + 2 PR+ kY,
where

B [z, P,] =1k =y, P,].

Since we assume that the relation (5.7) holds, therefore eq. (5.6) is simply identified
as the linear superposition of two independent oscillators

1 ‘
(5.82) H,= = (J2P2 + k2x?),

1
(5.8b) Hy= — (3P + by

Now, we are in the position to construct two pairs of invariants 7, and I, satisfying
eq. (5.2), thus

(5.9a) I,=a,P2+8,2%+y,[x, P.l,,
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(5.9b) I, = azyPy2 + ,Byyz + v, 0y, Pls,

| where «;, 8; and y;, j = &, y are real functions of time, then by substituting eqgs. (5.8)
and (5.9) into eq. (5.2) and after some manipulation, we have

(5.10a) I9 =Cl2 ;2 [—2 +(@, o —J§c+Px)2-,
(5.10b) I0=C3* g, [i’—z +(<'r_y—J§a_Py)2-,
(5.10¢) I =Ci2k; [f—; (,a+Px+.o+k3x)2-,

Cht ]
(5.10d) I = C}k,; [f—f (i._Py+,o_k§?/)2-,
where -

(5.11a) . (t)=v.|Q.| V2[coshé, + u. sinhd, sin(2Q.¢t+ ¢.)]'2,

(B11b) 0. (1) =7.|Q.| Y?[cosh?, + . sinhd. sin(2Q.t+ 5. )%,

Y+»T4502,84, s, %=, Cy and C, are independent constants, while ¢, and . are
real phases.

By making use of the inverse transformation of eqs. (5.5) and substituting the result
into egs. (5.10), we obtain the quadratic invariants for the Hamiltonian (2.2).

6. — Conclusion.

In the present paper we have considered the problem of two-mode coupled
oscillators with two different coupling parameters, which is the result of the
quantization of the cavity modes, by taking forth the magnetic permeability and the
electric permittivity to vary at the same time. The problem has been considered in a
purely quantum-mechanical way, for example we have managed to calculate the wave
function in both coherent state and Schridinger picture, by using the accurate
definition of Dirac operators (2.4) where the Hamiltonian (2.2) ecan be diagonalized.
The Green’s function has been calculated by employing the coherent-state wave
function and then the average value of the energy is obtained.

From the earlier work [20], it is well known that the transition amplitude between
two different eigenvalues can be regarded as a general coherent-state wave funetion,
which has wide applications in quantum opties, and, since the energy for the system
given by eq. (2.2) will be different if we take the coupling parameters A, and A, to be
equal, therefore we extended our discussion to include the transition amplitude in
both coherent state and number state. Finally, explicit formulae are obtained for the
linear invariant, and a construction for two equivalent families of quadratic invari-
ants for each mode is given. Elsewhere the statistical properties at exact resonance
for the Hamiltonian (1.1) are discussed in detail [21].
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