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Abstract. The Lin-Shu dispersion relation is applicable in the (asymp-
totic) case of tight spirals (large wave number kg). Here we reconsider
the various steps leading to the Lin-Shu dispersion relation in higher
approximation, under the assumption that the wave number kg is not
large [(krr) = O(1)], and derive a new dispersion relation. This is valid
for open spiral waves and bars. We prove that this dispersion relation
is the appropriate limit of the nonlinear self-consistency condition in
the case where the linear theory is applicable.
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1. Introduction

The basic dispersion relation of Lin and Shu (1964) for spiral density waves was
derived on the asymptotic assumption of a large wave number kg i.e. of a small
pitch angle (tight spirals). However, this assumption is not applicable to open
spirals, or to bars.

As we will see below in the response calculations the wave number kg enters
through the combination kre, where

€ = (P ur 1)

is the epicyclic small parameter, with (t%* the dispersion of velocities and x the
epicyclic frequency. In the Lin-Shu dispersion relation the quantity [k g re] is
about 1 at co-rotation. Thus it is smaller than 1 in the whole ‘long wave’ branch
of the dispersion relation from the inner Lindblad resonance up to co-rotation, as
well as in the extension of the ‘short wave’ branch beyond co-rotation up to the
outer Lindblad resonance.

The various steps and assumptions used in deriving the Lin-Shu dispersion
relation were analysed in the Maryland Notes on the Dynamics of Spiral Structure
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(Contopoulos 1972). There, however, only a first order epicyclic theory in e was
used.

In order to find a dispersion relation appropriate for relatively small kg (kgr =
O(1), or smaller), we will need a second order epicyclic theory.

In 82 we derive the response density in the case of a flat (two-dimensional) galaxy.
Then, using also Poisson’s equation, we derive, in 83, the new dispersion relation.
We show that this dispersion relation agrees with the self-consistency conditions
derived for nonlinear waves (Contopoulos 1979) in the limit where the linear theory
can be applied.

2. The response density
We write the potential of the spiral galaxy V in the form
VF=lkgt ¥ 2
where V= V(r) is the axisymmetric background and
V1= Vi (r) exp [i (wt —26)], @)

Represents a two-armed spiral mode with eigenvalue @ =2Q, where Qg is the
angular velocity of the spiral pattern. We write

V() = exp [i0()]. @)
where @ is complex; the derivative of @ is the complex wave number
O =k = kg + ik;. ®)

(Accents mean derivatives with respect to r). The imaginary part K, is related to the
amplitude A of the potential by the relation

k= —dln Aldr. (6)

Thus kg is the wave number used by Lin and Shu. In our case kg is of O(r™)
and it may even be zero (bar).
The corresponding density response is given by Shu (1968)

rot ()= [f d#dJ, { of yry— )\ 0h  0Es
oE 2 sin (wr, —26,)

x | V;(?)exp[f(m';—z‘é)]d;}, @

—_—Tg
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where f, is the axisymmetric distribution function, given as a function of the energy
Ey =} (7 + J3rD) + V, (), (8)
and the angular momentum
Jo = (rg VoH* =rg Q. ©

Here 7, is the half-period of the unperturbed orbit, & the angle between the peri-
centron and apocentron of an epicyclic orbit going through a given point (r, 6) at
time 7,. The quantity r, is defined by equation (9).

A second order epicyclic theory gives (Contopoulos 1975)

7= 5o+ 5, cos 0; + s, cos 26;, (10)
and 7= — Z (s, sin 6, + 2s, sin 26,), (11)
To
where g — T (F—1) =y —u, (12)
To
with ¥y =72,y =m 71, (13)
To To

7, being the time of the apocentron passage (where @,=0). This orbit goes through
r=r, with radial velocity ¥ = r (defined by equation (8) if E, is given) at time 7 = 7,
i.e. for O=m- Yi-

We have further

5% — I(dxo 3x) (14)

YU 122\dr, 1,

where Kg is the “‘epicyclic frequency’

Ko = %+ V”) " (15)
and $o = ry—3s,. (16)
We can see that s1/ro is of O(¢), while s,/r;= O(€).

The value of 7 is given by
w|e =Ko (1 +a, 53), 17)

But the expression of a, will not be needed.

JAP.A-6
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Using these relations, and omitting terms of O(€%) we find
T—r=R + Ry, (18)

where R, = (ry—r) (1 -+cos y)— T sin 5, (19)
Ko

So , , 27 F o

and Rz=_a —2|(rg — 1) +..g— cosy —4(rg—r)—sin vy

31 Kﬂ Ku

+[ o —rr — "-;] cos 2y — 2(ry —1) g';sin 2y =3[ —rr+ ‘i;]} . @)

We have also
T= R, + R, 1)

where the dot means differentiation with respect to 7. Hence, in this approximation,

2 __ S )2 + ".2
Sl = (ro r K—ss (22)
0
therefore (ro — r)/r and t/kr are of 0(¢).

The dispersion of velocities ("2 cannot be smaller than a minimum value
(0-2857)"%/k+, necessary for axisymmetric stability (Toomre 1964), where

kp=x*27 G o, (23)
And o, is the surface density. Thus we write
(PR = Q(0-2857)V2 [k, (24)

Where Q = 1. In realistic models Q may be of order 2. For Q = 1 (marginal
stability) the small parameter ¢in our galaxy varies between 0-26 at r = 4kpc and
0-10 at r = 20kpc, while for Q = 2 it varies between 0-5 and 0-2.

In equation (7) we need also the expression (derived from the formulae of Ap-
pendix A of contopoulos 1975):

w7 —20 = (wrg — 200 L+ A, + As, (25)
where 8, =, Q (1 + X sg), (26)
oo
Ay =i!-2—"[f—(1 + cos y) + (ro — 1) sin ?],
FoxoLig 27)
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and A, = SQ“SS {2(:- r)- (1 +cos y) — [(r,, —r?+ :] sin y}

FoKoS. 1

= =2
% {2(:-0 — r)i sin? y — [(ro —rp— g ]sm ¥ cos y} (28)
Sf Ko "'0
where S, = 0(62). As we will see the terms containing S, do not contribute in the
response integral, thus its value is not given.
We write further

wry — 20, = vgr = m(1 — a,5}) (-l;o _2Q, :o Sf), (29)
To %o
where 3y = (& — 2Qq)/ko. (30)

In the last integral of equation (7) we have also
Vi (F) = Vi (r) exp [i0(F) — i®(")] = V() exp {i[k(Ry+ Ry +...)

+ 3K (R + Ry )* + .1} (31)

Thus equation (7) is written

ofe . 0fo
22—+ o—
*(p) — V* ofe w_( aJy 3Eo) Ty
roy (!‘) V (F') J.dr fdrudro[aEu ZSin(Vo'ﬂ') ;;
X _[ dy exp {i[vey + A1+ As + k(Ry + Ry) + 3K'RE + ---]}]' (32)

where k, k* ... are calculated at r.
We introduce not the unperturbed distribution function (Shu 1970)

fom 2Q404(ro) , exp [_ (E, — Eoo)]’ (33)

*ﬁ"("’)n o
where Ey, Jo are given by equations (8) and (9) and

Eoy == =04 V(ro). (34)

L
2n

Thus E, — Ey =§. [:‘-" + 3 (r —ro)t -!-4’:‘;8’—3&& —ro)? + ] (35)

1
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After some operations we find

ofe ofy fo .
2504 Y0 . __J0 oy 5 2 36
o, “BE, Gy, T T )
where T — ¥ o[4In (Q° % ("0)) 4 (Eﬂ _ E“") (d In <f'2>0)]. (37)
KkgroLdry \ ig (%) (Do drg
Further
orty 0= vy + K0 (38)
- FD KO

Using these values in equation (32) together with the expressions

dfdry = 3 1o/22e (39)
and &folO0Ey = — fol{F%)e (40)
wefind rof () =¥y () [ ar [ dro%%@ exp [— (By — B30

—0 0 g

K. F2 .
x[—H— ! (vu+2n"g°sf—~@)jdy
“o —_n

2 sin (vgm) rokd

x exp {ibny + Ay + As -+ KR+ R) + PRI (41)

This is the basic ‘response equation’. From this equation we can easily derive
the Lin-Shu formula (1974) under the following assumptions and simplifications:

(i) We assume that [kr| is large, of 0(¢ 7).

(ii) We assume that we are not close to the Lindblad resonances or the particle
resonance, i.e. sin (Vo) is not of 0(¢%) or smaller.

(i) We write £ = ro—r and integrate & from — oo (instead of — r) to .

(iv) We omit all terms except those of the lowest order.

Then we find the well-known formula

o _Viogf, v (42)
1 ) (1 sin () G (XR))

f

where G, (Xg) =2i f dy cos (vy) exp [— Xp (1 + cos 7)] (43)

i
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and Xp =k} {F%)/x (44)

The various quantities like v, K are calculated at r, while the corresponding quan-
tities vo, Ko are calculated at r,. [An exception to this rule is the unperturbed sur-
face density oo, which means oo(r), while the surface density at ro is written explicity
oo(ro)]- In the next approximation in e we use also in equation (41) the terms kR,
and %k’R?; and the cubic term in (Eo — Eqp). After several operations we find

,I*_g%{l_ - [G _iX dG, dln dG,M)]} (45)
AT wem O e & Tmy (fo_ «¥sin (m)/1)°

where k is now complex. This formula is essentially that of Shu (1970) if we set

k = kg + ik, and omit terms of O(k?).
In fact, if k is complex, we can write

X = k2 (72 it = X (1 + i2Kkyfkg),

omitting terms of O(k?), and

G, (%) =G, (Xp) + 'f; I xg ‘f% . (46)
But 2k;r =—d In A% d In r, thus the response density (45) becomes
o= ¥i% { __L[G X — R 4G,
G U simeml 2 R ke ax
dln (dG, o, kgrvmA?
i\ 2t i)} “n

We can check that this form is exactly that of Shu (1970).

In deriving eq. (45) we notice that the epicyclic terms of O(¢?), namely the terms
containing s,/s? do not contribute in the response density. The same can be seen
in Shu’s (1970) derivation of the dispersion relation.

We come now to the case where kr=0(1) i.e. kr is not large. In this case we start
again with equation (41), assuming now A; and kR, of O(¢ and A,, kR,, and % k'R%
of O ?).

As regards sin (vom) it can be away from zero (non-resonant case) or close to zero
(resonant cases). We consider here the non-resonant case and leave a special re-
sonant case (Vo =0) for the Appendix.

We develop the last exponential of (41) and sort out the terms of various orders.
The terms of orders O(¢%) and O(¢*) in the second member of (41) give

1y
2 sin (vm)

f dy exp (ivy)] (48)

and this is equal to zero.
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In the next higher order, O(1), we find

roko T (ro) _ 1 23 1 3 _p)2
rel(r) = V*(r)J. drf dr, 2%(::{)—: exp 2—-@3)0[:-‘-{— 2 (ro—r)

4rg 59 . _ 5 <’m>o
-, o} -1t e e
+L (2 903"3 - T,) [#2 +x§ (ro—1r)*] } f dy exp (ivo )
ND "0 rﬂ Ko —T

x {1+i(A1+kR])+:(A=+kRz) %(A1+kR:)’+Ik' Ra} ] (49)

_._-—

where I,= 4Q d;n (Q“) y Ty = 4Q dln
K dr

p (o'ol K),

(50)

and Oz is a term containing the factor (ro — r)*/r2),.

If we use the values (19), (20), (27) and (28) for Ry, Rz, A1, A2 and perform the
integration with respect to ¢, we find

[--]

7 _Kﬁ(ro_")’ 2u58y (ro — 1)?
£ 0=ri0 [ azep[ T 2 o)

% [_ a 2 sinvzvow) { = Tlf::% <y (22:: ) [{#*De

+ 3 G—r1} [ dyesn (o) {1-22 o= nsiny
il =)0+ 08 ) + 53 g sin y [y =+ KB
b

o
.4 = 2
45, [(ro —r)? — _g’is.}“] sin y cos y

53 Ko

1

ﬁfkfzsﬂ[( )ﬂ+2<">°] +%[(ro—f)”

(D, _ik3s, (P, (r >° 25,
._;g_] cos 2y _;15_ [(r —r)?+ o ] [ (1+cos y)
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+ k sin 7]2 —('f’;")’ [—3:_1 sin y + k(1 + cos 7) ]'
1

+ B2 vty o —rr (1 +oos 2 |} ]
Ko
where g3 = —2 Qg8y/ roxo,

and Z. — toxo9(ro)
N YCOO T

We set now ro — r = ¢ and expand every quantity around & = 0. Thus

1 (rg—r)? | 2kisy(ry —r)®
o0 [~ + X +o

B (2<f:>){' * <:i> [2 3 g:: r"‘))] T 0’}

where the last O, contains terms with £*(?) and &/(¥?)2.
Also

- Z’ Z” 2)
z, Z(1+Zf+5§f ,

Wlth 7 — rkaoy (f')
Qr{Fr)3) £
Ve v dln v sin (vr) d? v
sin (vym) "~ sin () [l T dr (sin (wr)) ¢+ v dr? (sin (wr)) & ]
and exp (ivyy) = exp (ivy) (1 + ip'é + —— lw £ — 4 v: ¢ .

Further Sy/s,, calculated previously at ro, is replaced by

8y/sy + 5;(51/31) &

where now §,/s; is calculated at r(& = 0).

87

(51)

(52)

(83)

(54)

(55)

(56)

(57)

(58)

If we integrate now over ¢ from — o to + oo (replacing the lower limit by — o as
done by Lin and Shu) we see that the terms of O(¢™?) are zero. The terms of O(c)

are odd in ¢, thus they are also zero. After some operations we find

dr

* [
Ui“ = M f d-y exp (ivy) { [d In (.L) - i'yv' —_— 12_31 sin y
S

rx? sin (vr) sin (vrr) 1
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+:k(l+cosy)][ %‘ g%({%)]‘k%{l(s?ﬂ%ﬁ)

X [l"yv’ —25:1 sin y + ik (1 + cos y)] + iy [—igsil sin y + ik (1 + cos y)]

5y 1

sin(m)da( v ) 1[40:6# T 21"] gzv___y_’_g_’
+ 2v aﬁsin(vw) +; re? K(1+ 8) T 2

- . - x 2
— 2_‘?(5_1) sin y + 1258880 f-;-chS’-‘(l+cos y)—[(z_;z) 4 k“](l + 08 9)
S 1 1

1

+ ik' (1 + cos y) } . (59)

Using now the values of Z, s,/s?, si/s; and Ty, given by (56), (14), (52) and (50),
we finally find

¥ 40\2
T S LA .- (142 |- [k%(-}%)]
2nGr Udrikp (1—1%) KF kr(1—7%

L4 4 (9)} (60)

koo dr \kp

We notice that this response is by two orders in € o smaller than the response of Lin
and Shu (42). However the present formula is valid for k 5 r not large, namely
for kgr = O(1).

3. Dispersion relation
We find the dispersion relation if we set the response density given by equation (60),

equal to the imposed density derived by solving Poisson’s equation.
Kalnajs (1971) solved Poisson’s equation in the case of a flat galaxy, by finding a

relation between the Mellin transforms of the ‘reduced potential’ r* V; and the
‘reduced surface density’ r* o,. In the case of a potential of the form

Vi =exp [(fla — %) Inr 4 i (wt — 20)], oY

the corresponding density is

“grorn o (e =3)mr +ier -] @

where, approximately

K(a, r) = (a® + 4)-} (63)
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The approximation is very good for |¢| large, while the greatest error occurs for
a=0and is less than 3 per cent.

As the form of most spiral galaxies is close to a logarithmic spiral we can use a
formula of the form (61) and derive

kr = a+ ;— (64)

In Kalnajs’ calculations « is considered real.
However one can extend these formulae to complex « provided that the imaginary

part of « is small (Contopoulos 1980).
We write the solution of Poisson’s equation in the form

_ y; (k _E)n 4]1.-‘3
1 2er;-[ r—3) * (65)

with k complex.
Using (65), (60) and (23) we find

(=3 + 41"+ 5 [rar= (- 2]

il (5 5 T (5)

This is the required dispersion relation. It is valid away from the main resonances
of the galaxy (where v’ = 1 or v = 0), provided kg r is of 0(1), and (k; r — %)
< (ks 1)’ + 4.

k) = 0. (66)

If we disregard the quantity i/2 in the first term of (66) the dispersion relation
becomes

aNE A - [, 4Qy
o ot (1) "+ £ [ (= 57
_r 2 o (4Q)] __ 4Q ‘E(E ~0 67
kT(l—v’)[k +(-_x-r_):| kpxv dr kT) ' (67)

In this form the dispersion relation was given without proof by Contopoulos (1973)

A resonant form of the dispersion relation valid near the particle resonance is
given in the Appendix.

It is of interest now to compare our dispersion relation (66) or (67) with the classi-
cal Lin-Shu dispersion relation

|| _vw ] _
kp X [1 sin (vm) G =1 (68)
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which is derived by solving Poisson’s equation for large real k, in which case
(65) gives o7 =~ V* | k|/22G, and inserting this value in (42).
We notice that

x = (kr)? €. (69)

In our case, where kr= O (1), we have y= O(e¢?). Thus we can expand the
exponential in (43) and write exp [ (1 + cos »)] =1 -y — x cos y.
Then we find, up to terms of O € ?),

_vm _ X (70)
! sin (vwr) G = 1—?’

v

and the dispersion relation becomes
[kl =kr (1 =), (71)

This dispersion relation contains only a few of the terms of our dispersion relation
(66). On the other hand if in (66) we consider kr real and large the most important
terms give again the relation (71).

We conclude that the Lin-Shu dispersion relation for kr not large tends to our
dispersion relation (66) for large kr. This establishes a continuity between the two
formulae but indicates clearly that the dispersion relation (66) is the correct one
if kr is of O(1), or smaller, and not large of O (¢ ™).

We will prove now that the dispersion relation (66) can be derived as the limiting
case of the nonlinear self-consistency equations derived by Contopoulos (1979).

If we are not very near resonance the self-consistency equations (80) and (81) of
Contopoulos (1979) are written, in the present symbolism,

gsing, x §( ‘}9)[L( 2Q __1)__}5__:36_']
kp A {( !+KF r\Q—Q, Oy X

1 i\2 1/2 72)
ko +q) ket = L R (k —-__) 4] , (
+lkrta) R} 27 Gr e[ )t
and
won [ (22 1) 52 o)
- w5+
S k R . I k — — 4 » 73
% ( 1t kr 2w Gr m ’ 2 + (73)
where x is the deviation of a periodic orbit from a circle, and
1 40
cotg, = o~k +22). (74)

R
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Combining (72) and (73) in one complex equation we find
i\2 12 4P sing, x {( 4Q) [ 20
Jer — -) 4| =ETSRAT 3 200 | 22
[( r=3) * ] ia WMo ra—m
1 o5 X : ) ( i4 Q)}
N N ) k——)%. (75)
x +( R4 kr
In the linear approximation the deviation x is (Contopoulos 1979)

X = A—k
22 (1 +v)sin gy (76)

If we insert this value of x in (75) we find, after some operations

(=3 4 ] = g U0+ ) @255

2 v 1 [ 4QY
2 rk] (zk+-;)}. 1)

K 1

In the general neighbourhood of the inner Lindblad resonance (for which our
theory was mainly developed) we have

| +v =7 (small). (78)

If we keep only terms of 0(37%) and 0(y7%) in the second member of (77), we
can write Q — Q, = — Yk, hence

LA WY R o 40 (_1_.:;, 2 v')
[(er—3)+¢] —zkﬂ{(”‘**@‘;) F T x T

o (-9}

r

Exactly the same formula is derived from the dispersion relation (66) in the same
approximation, i.e. including only terms of 0(32 and 0(;"). This provides a
verification both of the dispersion relation (66) and of the self-consistency con-
ditions of our previous paper.

This coincidence provides also the necessary continuity between the non-linear
theory and the linear theory. Very close to the resonance the value of x given by
(76) increases very much and tends to infinity as v — 1. This is not possible, and the
nonlinear theory provides the correct value of x there. However, further away
from resonance the linear theory is sufficient and one can use the linearised
self-consistency conditions or the dispersion relation (66). We must remember here
that the nonlinear theory of Contopoulos (1979) was developed for kr not large,
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while the corresponding theory for large kr (tight spirals) is much more complicated
(Mertzanides 1976).

We finish this section by writing the dispersion relation in the case of a bar
(kg = 0):

[+~ (k=3 ) | ~2led=s e +22)]

IR

The first term represents approximately the function [K(a, 2)] of Kalnajs (1971)
and is valid if

|k‘,r-—%‘ <2

A better representation of [K (¢, 2)]™ is the expansion

2[1 =P Ggr —&)*]
8 128

Which is approximately valid for lkr-t|<s22.

4, Conclusions

We summarise here the main conclusions of the present paper.

(i) We found a dispersion relation which is valid for relatively open spirals and
bars.

However, it is expected that this dispersion relation is approximately valid also
for smaller pitch angles, of the order of 20°. The evidence is derived from the fact
that the linear theoretical formula (76) above, gives good numerical results for pitch
angles even less than 20° (Contopoulos 1979, Appendix C).

(if) Our dispersion relation has a common limit with the Lin-Shu (1964) dispersion
relation. Namely the Lin-Shu dispersion relation for kr not large coincides with
our dispersion relation for large kr.

(iii) Our dispersion relation is the limit of the nonlinear self-consistency conditions
(Contopoulos 1979) when the linear approximation is valid, namely not very near
resonances.

(iv) The dispersion relation is in complex form, therefore it contains two equa-
tions that have to be satisfied simultaneously. These equations correspond to the
self-consistency conditions, requiring that the phase and amplitude of the response
density should coincide with the phase and amplitude of the imposed density.

In the case of a bar we have only one equation, that refers to the amplitude of the
bar.
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(v) The complex second order dispersion relation of Shu (1970) depends only
on the first order epicyclic orbits and not on the second order epicyclic terms.

On the other hand in our dispersion relation we have also contributions from the
epicyclic orbits of O ?).

(vi) In the Appendix we give a dispersion relation valid near the particle reso-
nance.

Numerical applications of the new dispersion relations will be given in another

paper.

Appendix

We will apply now the basic response equation (41) to the neighbourhood of the
particle resonance. In this case the result (60) is not valid because it contains v
in the denominator which tends to zero as r tends to the particle resonance r, . The
Lin-Shu formula (42) gives the impression that no singularity occurs at v=0 because
va/sin (vr) — 1 as v — 0. However, the singularity appears in the amplitude A if
we solve Shu’s (1970) complex dispersion relation.

A more careful examination of the basic response equation (41) shows that if vq is
small, of OE?), then we cannot disregard the other terms of O(e?), besides vo, in the
coefficient of the last integral. This coefficient contains the denominator sin (vo ),
therefore it tends to infinity as vo— 0.

One way to avoid the singularity is to consider v, complex

Vo = VR + iV, (Al)

where vp = 2(Q 7, —6,)/= and

V‘f:f::ml g‘z.qo’ (A2)
K
i.e. we assume that the eigenvalue o is complex
o =20, + iwy, (A3)

containing a small negative imaginary part (w, < 0), corresponding to a slightly
growing wave. As we will see this method is valid also if @, — 0, i.e. if a neutral
wave is considered as the limit of a growing wave.

Near the resonance vy can be replaced by

vy o ¥l (€ — &) +iv), (A%)
where £ =ry —r, €y =ry —r. (A5)

This approach was used in the case of the Lindblad resonances by Mark (1971).
If v, is small the major contribution to the integral over & = ry — r comes from the
region near & — &x.
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In equation (51) the lowest order terms in the expression for o* that become
infinite as vo — 0 are

©
V;J' [ K2 (ry — r)2] 1 { Ty (%) 1 (2QDK‘ )
1| dr,Z —2 — Of (20T,
r . 0L &IP 2({r%*)y 12 sin (vgm) Ko T Ko\ FoK 2

X [(#2)e + xi(ro — r)’]} f dy exp (ivgy). (AB)

These terms are of 0(e?). Introducing the above expression (A4) and omitting
higher order terms we find

= f G igg,) exp - %) [(-n+ 2 —n)
—o0

*
2Q«’
e{l )]
where €, = €y — v vy, (A8)

The integral extends from — oo (instead of — r) to + oo, as in the case of Lin and Shu.
Using the w function (Abramowitz and Stegun 1965)

we) =~ _fm A2, (A9)
we find ':1:*2 {fﬂ‘w (up) [( T, + @f» - )(’”) + (29” ) ST ]

+ oty Cr ¢y (22— 1) (A10)

where u, = x&,/2(FH)E. (AL1)

Assuming that vy — 0 we have for a neutral wave, considered as a limit of growing
waves, U, = U«, where

u, = k€ JQR{FH)L. (Al12)
Thus the last term of the response density (60) must be replaced by

Vi:jn {(;::r-g;)us[d; ( ) 2:3 ddin (k2 )] [:f;> %(?)]} (AL3)

*
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and the final form of the dispersion relation near the particle resonance is'

[(sr =5 + 4] "+ 5 [;TT(T"—)(”‘ -2)- e
[ (42)] 4+ 28 { e [ 40 () + e SR (E)]
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