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As is well known some soliton equations admit  the surface-geometric interpretation. 
Two oldest examples (dating back to the middle of the 19th century) are the sine- 
Gordon and the Liouville equations. The Gauss-Mainardi-Codazzi (GMC) system of 
differential geometry of surfaces in E 3 when applied to any pseudospherical surface 
endowed with the so-called asymptotic co-ordinates is reducible to the sine-Gordon 
equation (x.~). Likewise, the same GMC system applied to any minimal surface in the 
~o-called curvature co-ordinates is reducible to the Liouville equation (4). A well-known 
Pohlmcyer-Lund-Regge-Getmanov system (5) can be writ ten as the GMC system as 
well (6). 

An idea of the path leading from surfaces to solitons originated in the Lund-Regge 
work (5) has been subsequently developed by LEND (6). See also (4,7). The Lund-Regge 
approach is in a sense a surface-geometric way to generate soliton systems (8). 

The GMC system of differential geometry of surfaces in E 3 (2,9) can be generalized 
for the case of n-dimensional manifold embedded into N-dimensional flat space (~0). 
In  the sequel the term <, surface,~ means any 2-dimensional manifold embedded into 
_N-dimensional flat space. 

(*) R e s e a r c h  s u p p o r t e d  In p a r t  b y  Po l i sh  M i n i s t r y  of Sc ience ,  I I i g h e r  E d u c a t i o n  a n d  Techno logy ' .  
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In  the  con tex t  of the  L u n d - R e g g e  approach two obvious quest ions arise. Suppose 
we are  g iven  any 2-dimensional  (nondiscrete) sol i ton sys tem wi th  the  corresponding 
l inear  problem. 

A) F i r s t  ques t ion:  is i t  a lways possible to pu t  the  sol i ton sys tem in a fo rm of the  
~ M C  system for some surfaces? In  o ther  words ,  can any  soli ton sys tem be reached in 
t h e  L u n d - R e g g e  f ramework?  

In  (~) we p roved  tha t  the  answer  to th is  ques t ion  is posi t ive ,  p rov ided  tha t  a Lie  
a l g e b r a  g of the  associated l inear  problem is semi-simple.  Moreover ,  the  resul t ing sur- 
faces are  m e b e d d e d  into g equipped  wi th  t he  Ki l l ing-Car tan  fo rm (or scalar product )  
~onve r t i ng  g (dim g = N) into Euc l idean  (or pseudo-Eucl idean)  N-d imens iona l  flat space. 
~The resul t ing surfaces will  be cal led soli ton surfaces. 

B) Second ques t ion:  wha t  is a genera l  descr ipt ion of all  possible soli ton surfaces? 

This  ques t ion  remains  stil l  open. One m a y  conjec ture  tha t  the  answer to this  ques t ion 
wil l  be of some impor tance  in a possible un i fy ing  approach  to solitons.  

In  th is  paper  we discuss genera l  proper t ies  of soli ton surfaces.  As an example  we 
cons ide r  a class of soli ton equa t ions  wi th  S U2--1inear problem in the  ZS-AKNS gauge (~2). 
F ina l ly ,  we present  a genera l iza t ion of the  so-called Bianehi -Lie  t r ans fo rmat ion  for any 
2-dimensional  (nondiscrete) sol i ton system. Originally,  the  Bianchi -Lie  t ransforma-  
t ion  (~3,~4) has been in t roduced  as a surface-geometr ic  analog of the  B~cklund trans-  
fo rma t ion  for the  s ine-Gordon equat ion .  

The  paper  is based upon the  fol lowing resul ts :  1) t he  19th cen tury  different ial  geom- 
,etry (2,~,~) wi th  the  special  stress on the  I t a l i an  School (G. Mainardi ,  D. Codazzi,  E.  Bel- 
t r ami ,  U.  Dini,  L. Bianehi) ,  2) the  Ki l l ing-Car tan  form (~a), 3) t he  P o h l m e y e r  t ransfor-  
m a t i o n  (5,~s) known in the  chira l  context .  

We  begin  wi th  a cons t ruc t ion  of soli ton surfaces. Concerning detai ls  see (~). Here  
we use the  fol lowing convent ions :  x = (x 1, x 2} (two real  var iables)  and au/~x~ = ~,~ etc. 
Le t  us consider  any 2-dimensional  (nondiscrete) sol i ton system. I t  is a sys tem of non- 
,linear pa r t i a l  different ial  equat ions  for real  fields q(x), ~(x) . . . .  t ha t  admi t s  the  follow- 
ing  representa t ion  : 

(1) gl,~--g~,x + [~ ,  g2] = 0 ,  

where  g ,  (IL = 1, 2) are fmlct ions  of x ( through ~0, ~ . . . .  ; q,g . . . .  ) and some real  (called 
spec t ra l )  p a r a m e t e r  $ tak ing  values  in a fixed (d •  Lie  a lgebra  9 (dim g = N) 

(2) g~ = g~(@, W . . . .  ; @,~ . . . .  ; C) �9 

Equa t ion  (1) is a necessary  and sufficient condi t ion  (under  some general  condi t ions  
imposed  on g~) for a global  exis tence and uniqueness  of the  s ingle-valued solution 

(ix) A.  SYM: Solito~ theory is surface theory, p r e p r i n t  I F T / I 1 / 8 1 .  
~tJ) M. J .  ABLO'.VIT~, D. J .  KAUP, A.  C. N~WELL a n d  II .  SEGL'R: Stud. Appl .  SXath., 53, 249 (1974).  
.(t:) R .  L.  A.N'DER~ON a n d  N.  l I .  IBRAGIMOV: Lie-Bdcklund Transformalian in Applications (S iam,  
P h i l a d e l p h i a ,  P a . ,  1979).  
(t4) L.  BIA.'~CltI: Lezioni di geometria differenziale (P i sa ,  1922).  
( t6) A. O. BARUT a n d  R.  R4CZK.~.: Theory of Group Representations and Applicalion.9 (~,Varsaw, 1977) ;  
B .  G. WVBOUR.~'E: Gtassieal Groups /or Physicists (New Y o r k ,  N . Y . ,  L o n d o n ,  S y d n e y ,  a n d  To-  
r o n t o ,  1974).  
( t , )  S. J .  Oa~'AN1DIS: Phys. Rev. D, 21,  1513 (1980).  
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to the  following system called a l inear  problem of the  inverse  method  (~,x~) : 

(3) q~,~ = g ~ ,  

where ~ = q~(x, ~) is assumed to bc a (d • d ) -ma t r ix -va lued  funct ion (columns of which 
form a basis  of Jes t  funct ions  in the scat ter ing problem terminology (~2a7)). Assuming  
�9 (x o, ~) e G (Lie group of g) as an  in i t ia l  condi t ion  gives r ~ G everywhere (~). I n  the  
sequel we assume �9 e G. 

The  G-valued func t ion  R ( x ,  ~) = ~(x ,  ~o) -~(x ,  $) (~0-fixed) is known in the chiral  
context  as the Poh lmeyer  t r ans fo rmat ion  (~,~). E q u a t i o n  (3) yields 

(4) R,~, = r  ~o)-l[ga,r ~o)(~"- ~o) + ...] q~(x, ~o)R. 

One of the consequences of the  in tegrab i l i ty  condi t ions  of eq. (4) (R,~ = R ~ )  is  

(5)  ( ~ - l g l , r  ~),s = (~-lg~,~ ~),1 �9 

Equa t i on  (5) implies  there  exists  a g .valued funct ion r = r(x, ~) such t h a t  

(6)  r ~  = ~ - l g ~ , ~  ~ .  

Equa t ion  (6) can be easi ly in tegra ted  (19) 

(7) r = ~--1~,;  ~_ c o n s t ,  

where const  e g. We  p u t  eonst  = 0 {~0). 
The  equat ion  

(8) g ~ r = r (x ,  ~) = ~-l(x, ~) ~r ~) 

is in te rpre ted  as a co-ordinate  representa t ion of the ~-family of surfaces embedded  into the  
N-d imens iona l  afline space g: the  independen t  var iables  in the  or iginal  soli ton system (1} 
x = (x ~, z 2) t u r n  out  to be  co-ordinates  upon  resul t ing  surfaces, the  real  spectral  par-  
ameter  ~ enumera tes  copies of ~-family and  the  funct ion r = ~-~ r162 is a posi t ion vector  
of the  resul t ing surfaces. Moreover, the  affine space g is equipped wi th  a nondegenera to  
scalar p roduct  (the Ki l l ing-Car tan  form of the semi-simple Lie algebra g) tha t  conver ts  g 
in to  a flat space. 

Thus ,  for any  solut ion ~, ~, ... of the soli ton system (1), there  exists  a ~-family of 
surfaces (8) wi th  t angen t  vectors given by  (6). 

These surfaces are called soliton surfaces (corresponding to the  solution r ~, . . . .  ). 
The  ma in  propert ies  of soli ton surfaces are l isted below. 

a) The GMC system when appl ied to a n y  soli ton surface is reducible to the or iginal  
soli ton system (1) (n). This  resul t  shows tha t  soli ton systems can always be in te rpre ted  
in  a surface-geometric fashion. 

(,r) V. E.  Z * K H ~ O V ,  S. V. MArCAKOV, S. P. NOVlKOV an d  L.  P. PITAEVSKI: Theo~72 o! Solitons~ 
(Moscow, 1980) (in Rus81an); S. MANAKOV: SOY. Set. Rev. Phys. Rev., 1, 133 (1979). 
(1,) k .  SYM a n d  J .  CORONES: Phys.  Le t t . . 4 ,  68, 305 (1978). 
(L,) This  i m p o r t a n t  obs e rva t i on  is duo to  g. TAFEL. 
(2o) The  e q u a t i o n  #,~ = # r  is ,  m o d u l o  the  o rde r  of # an d  r ma t r i c e s ,  the  second  e q u a t i o n  of t h e  
d e f o r m a t i o n  t heo ry ,  see for  e x a m p l e  H .  FLASCHKA a n d  A. C. NEWELL: Commun. ~lat.b. Phys., 76, 
65 (1980). This  r e m a r k  is due to  D. LEVI. 
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b) Soli ton surfaces are  inva r i an t  wi th  respect  to ~- indepcndent  gauge- t ransforma-  
t ions (.3,17,18,21) pe r fo rmed  on the  soli ton sys tem (1). 

c) The  met r ic  tensor  guy of sol i ton surfaces ( induced by the  sur rounding  flat 
space g) is g iven by  

(9) guy = Tr  ad  gu, ~ ad  gv,~ , 

where  T r  = t race  and , ad )> is the  ad jo in t  representa t ion  of g (is). t Ience,  all in t r ins ic  
(metric) proper t ies  of soli ton surfaces can be ca lcula ted  explici t ly .  

d) F o r  g-compact  the  corresponding sol i ton surfaces are  e m b e d d e d  into E Iv, whereas  
for  g-noncompact  t he  corresponding soliton surfaces are  e m b e d d e d  into 2~'-dimensional 
pseudo-Euc l idean  space (xs). 

Consider  as an example  a class of soli ton sys tems wi th  S Uz-linear p rob lem in the  
Z S - A K N S  gauge (12). Since S U2 is a 3-dimensional  compac t  Lie  a lgebra the  correspond- 
ing sol i ton surfaces are embedded  into  E 3. Thus ,  in th is  case we are  in a posi t ion to make  
use of the  rich harves t  of the  19-th cen tu ry  differential  geome t ry  (2,9,a4). Two well- 
known sol i ton equat ions  belonging to the  discussed class are  

(10) iq,2 + q,n  § 1/21q12q = 0 (nonl inear  SchrSdinger  e q u a t i o n ) ,  

(11) q,l~ = sin ~ (s ine-Gordon e q u a t i o n ) .  

Accord ing  to tim classical Bonne t  theorem (9) any surface in E a is impl ic i t ly  defined 
(modulo posit ion) by i ts  two (I and II)  f~ndamenta l  quadra t i c  forms.  These  are defined 
as follows : 

(12) I = guJ, d x ~ ' d x , ' ,  

(13) I I  = du~,dx~dxv  , 

where  gu~ and du~, are  the  met r ic  and the  second fundamen ta l  t ensor  of a surface,  respect-  
i ve ly  (z,9). W i t h o u t  en ter ing  into technical  details ,  we present  the  forms I and I I  in 
t h e  case of our  in teres t  (SU2-1inear problem in the  ZS-AKNS gauge). 

(14) I = ( d x X f - -  2 T r  ~g%~dx~dx  ~' + detg2,~(dx2) -~ , 

(15) I I  = - -  det-J[a,  g2,r [~, gx] [a, g2,r 2 -t- 2 T r  [a, g~] [a, g2,~] dx '  dx ~ + 

+ �89 Tr ([g.,,~, g2] dZ g~,~)[~, g~,r 

where  a --- - - i / 2 a  s (a,  is t he  Pau l i  mat r ix) .  These  fo rmulae  m a y  be also used in ver i fy ing  
d i rec t ly  tha t  sol i ton systems are  equ iva len t  to the  GMC system. To this  purpose ,  we 
need  an especial ly  convenient  form of the  GMC system. F o r  surfaces in B a i t  consists  
of t he  Gauss equa t ion  and two Mainardi -Codazzi  (MC) equa t ions  (2,9,~4). Geomete rs  
of  the  19-th cen tu ry  have  d i scovered  m a n y  forms of the  Gauss equat ion .  To  our  know- 
ledge the  most  useful  form for  soli ton purposes  is the  L iouv i l l e -Be l t rami  fo rmula  (2~) 

(16) 2 ~ , / c l e E ~ K  -~ [de t - t  gu , ( - -  g~, l  + -x gi~gii gli,z)],i + 

+ [det-~ guy(2gi~,l - -  giL~ - -  gi~g-[~gi~,i)J,~ , 

(l~) ~ .  CR~,mPXS: Phlm. Left. A, 66, 170 (1978). 
(,z) W, A. BLASCHKE: Einlt~hrun~ in die DiIIerentialgeoraetrie (Berlin, 1930). 
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where K = dot d~,/det g~, is the Gaussian curvature. Put t ing K = 0 (the so-called 
developable surfaces (*,*), for instance plane), one sees that  the Gauss equation (16) is. 
in the form of the conservation law so characteristic for one-field soliton equations. 
Indeed, for instance the modified Korteweg-de Vries equation can be associated with 
a plane (11). The most convenient form of the MC equations has been found b y  
B I A N C H I  : 

(17a) (det-t  g~d2~), 1 -  (det-t g~vd12), ~ + det- t  gg~(F~2d u - 1  2F~d~  + F~id2~) = 0 , 

(17b) (det- ig~dn) ,~--  (det-tga~d~2),~ ~' det-tg#~(F~2d n -  2F~ad~a + /'[td2~) ---- 0 ,  

where /~# are the Christoifel symbols of the metric ga~. 
The I and I I  forms (14), (15) for the nonlinear SchrSdinger equation (10) becomer 

( 1 8 )  

(19) 

I = (dx~)2 + 8~dxldxg A- (1652 + q2)(dx2)2 ' 

I I  ~ ~(dxl) 2 .~- ( 4 ~  - -  2Q~,l ) dx ldx  ~ + (4~2~ - -  4~q~0,1 + 1/29 s -  ~12)(dx2) 2 , 

where q -~ q exp [i~]. Inserting g~v and d~v of (18) and (19) into the Gauss equation (16), 
one sees that  the Gauss equation becomes the real part  of the nonlinear SchrSdinger 
equation. Likewise, inserting the same g~, and d ~  into the MC equation (17) gives that, 
both MC equations become the imaginary part  of the nonlinear Sehr6dinger equation.  

The I and l I  forms (14), (15) for the sine-Gordon equation (11) become 

(20) 

(21) 

I ---- (dxl) 2 + 1/2~ -~ cos~ dx I dx 2 4- ~-4 16-1(dx2)2 , 

I I  = - -  ~-1 sin~ dxldx  2 . 

In this case the Gaussian curvature K is constant and negative: K ~ - -4~  2 and the, 
soliton surfaces for the sine-Gordon equation are pseudospherical surfaces. One can see 
the real spectral parameter  ~ has a direct geometric meaning. Hence, the above-intro- 
duced concept of soliton surfaces is a far-reaching generalization of pseudospherical 
surfaces. 

The second example concerns soliton systems with S Ul,l-linear problem. In this 
case corresponding soliton surfaces are embedded into SUI,I= M3( w -}- --) - -  3- 
dimensional Minkowski space. The most important  example of a soliton system of this 
class is the Ernst  equation of general relat ivi ty {33.25). Hence, all well-known exact 
solutions of the Ernst  equation (like the Schwarzschild solution, the Kerr solution, the 
Weyl solution, the Tomimatsu-Sato family of solutions etc.) (2s) may be interpreted as 
some surfaces in MS(+ + - - ) .  These are, of course, the soliton surfaces corresponding 
to the above-listed solutions. 

The explicit co-ordinate representation (8) for multisoliton solutions can in principle 
be found by means of the so-called Zakharov-Shabat (or dressing) method (1~). l-soliton 
surfaces, however, can be calculated in a purely geometric way. These are the so- 
called helicoids. A helicoid is a surface generated by a plane curve which is uniformly 
rotated about a fixed axis, and simultaneously uniformly translated in the axis direction. 

(2*) F.  J .  CHIN'EA: Phys. Roy. D, 24,  1053 (1981).  
(2,) V. A. BELINSKI" a n d  V. E.  ZAKHA~OV: ~. Eksp. Toot. Fiz., 75,  1953 (1978);  D. MAISON: Phys. 
Roy. Left.. 42,  521 (1978) ;  G. NEUGEBAUER: Phys. Left. ,A, 75, 259 (1980).  
(sl) W .  KINNERSLEY: ill Genera! Relativity and Gravitation, e d i t e d  b y  G. SHAWV a n d  J .  RosE~r (New 
Y o r k ,  N.  Y. ,  1975).  
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F o r  i n s t ance ,  t h e  l - so l i t on  surface  of t h e  n o n l i n e a r  SchrSd inge r  e q u a t i o n  is s h o w n  in  
fig. 1. T h e  1-k ink  sur face  of t h e  s i n e - G o r d o n  e q u a t i o n  (11) is the  so-cal led Din i  p seudo-  
sphe r i ca l  su r face  w i t h  t he  t r a c t r i x  (2,9) as a g e n e r a t o r .  

( 
Fig.  1. - 1-soliton surface  of the  non l inear  SchrSdtnger  equa t i on  (10) is g e n e r a t e d  b y  a semi-eireleo 

T h e  a b o v e - p r e s e n t e d  su r face -geomet r i c  s e t t i n g  al lows us  to  i n t e r p r e t  B ~ c k l u n d  
transformations(1,3,21.26,27) as a pas sage  f rom a n  ((old,~ so l i ton  surface  (def ined b y  a n  ,old,~ 
so lu t ion)  to  a , new ,> so l i ton  sur face  (def ined b y  a (~ new )> so lu t ion)  a n d  t h e  c o n n e c t i o n  
b e t w e e n  t h e  ~ o ld  )) a n d  t h e  (~ new ~) so lu t ion  is a c o n v e n t i o n a l  (expressed  b y  a f irst-  
o r d e r  d i f fe ren t ia l  equa t ion )  B ~ c k l u n d  t r a n s f o r m a t i o n .  T h i s  k i n d  of pa s sage  ( t r ans -  
f o r m a t i o n )  is a gene ra l i z a t i on  of t h e  m e n t i o n e d  a t  t he  b e g i n n i n g  B i a n c h i - L i e  t r a n s -  
f o r m a t i o n  (1an4) for  a n y  2 - d i m e n s i o n a l  (nondisc re te )  so l i ton  sys tem.  More  specif ical ly,  
cons ide r  two  so lu t ions  ~, ~ . . . .  a n d  ~ ,  y ' ,  ... to  t he  so l i ton  s y s t e m  (1). �9 a n d  r  a re  
c o r r e s p o n d i n g  so lu t ions  to  t he  l i n e a r  p r o b l e m  (2). G-va lued  f u n c t i o n  r  ~-1  = D is  
ca l led  s o m e t i m e s  a D a r b o u x  m a t r i x .  A n y  D a r b o u x  m a t r i x  sat isf ies  t h e  fo l lowing first-  
o r d e r  d i f fe ren t i a l  e q u a t i o n :  

(22) D , ~ =  g~(~', ~', ...; ~ ) D -  Dg~(~, ~ . . . .  ; ~) .  

k /  
Fig. 2. - B~cklund  t r a n s f o r m a t i o n  as a genera l ized  Blaneh1-Lie t r a n s f o r m a t i o n .  

( " )  ~ .  KONNO a n d  M. WaDATI:  Prog. Theor. Phys. ,  52, 1652 (1975). 
( " )  D. LEvx a n d  O. RAGNISCO: Bdcklund transformations lot  chiral field equations, p r e p r i n t  No.  268 
1981, I s t i t u t o  di Fls ica,  Universi tb,  di R o m a ,  I t a l y ,  Phys.  Lett. A (in press) .  
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E q u a t i o n  (22) is a conven t iona l  B~cklund t r ans fo rma t ion  (1,26) r ewr i t t en  in a m a t r i x  
f o r m  (3,~,27). Thus ,  any  Bfi~klund t r ans fo rma t ion  is def ined by  i ts  I ) a rboux  mat r ix .  
�9  same I )a rboux  m a t r i x  can be used  in t he  expl ic i t  expression of the  above-descr ibed  
gene ra l i zed  Bianchi -Lie  t ransformat ion .  Seo fig. 2. Observe  tha t  Z)-~/) , r  and  
~ - I D - 1 D , ~ g  as wel l  ( ~  acts as an inner  au tomorph i sm of g (is)). 
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