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Model of Quantum Statistics in Terms of a Fluid with Irregular Stochastic 
Fluctuations Propagating at the Velocity of Light: a Derivation of Nelson's 
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Wi th in  the  f rame of t he  genera l  discussion on the  pr inciples  and phys ica l  con ten t  
of q u a n t u m  mechanics  (QM) one the  mos t  in te res t ing  branches  since 1952 deals  w i th  
the  possible s tochast ic  na tu re  of i ts  associa ted stat is t ics .  An increas ing set eI resul ts  (~'~) 
have  now es tabl ished s t r iking fo rmal  s imilar i t ies  w i th  classical  models  of s tochast ic  
t heo ry  such as Markov processes (~,5). 

Two basic  obstacles r e m a i n  however ,  which  have  p reven ted  unt i l  now the  comple t ion  
of t he  main  s ta t i s t ica l  in t e rp re ta t ion  of QM in t e rms  of real  phys ica l  s tochast ic  mot ions .  

The  first obstacle  is t he  exis tence of a wrong sign (fronl the  classical po in t  of v iew)  
in the  s tochast ic  vers ion  of Newton ' s  second law:  a sign which  is clearly necessary to  
der ive  SchrSdinger- typc  w a v e  equat ions .  For  example  in lhe  no ta t ions  of de la Pef ia  
and Cet to  (a) Newton ' s  law takes  t he  form 

(1) m(Dov  + D , u )  = F + 

for Brownian  mot ion :  in cont ras t  wi th  t he  fo rm g iven  by  N]~Lso~ (~-) i.e. 

(2) m ( D ~ v  - -  D~u) = F + , 

f rom which  he  has  deduced  (combined wi th  t he  con t inu i ty  equat ion)  ~ r emarkab le  
der iva t ion  of SchrSdinger ' s  equat ion .  

The  second obstacle  is t he  re la t iv i s t ic  genera l iza t ion  of these  s tochast ic  models .  
Indeed  HAKI)~ (6) has  shown t h a t  i t  is not  enough to wri te  a re la t iv i s t ic  genera l iza t ion  
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of (2) since if At-->0 the only value for the diffusion constant re (in (dx)2_ ~ 2vodt) 
compatible with relativistic invariance is vo = 0. As a consequence Lnlt]~ and PARK (7) 
have been led to add to eq. (2) two supplementary axioms i . e .  a)  the discretization of t ime 
in the stochastic model ; b) the at tr ibution of the speed of light o to the stochastic particle 
between interactions with the thermostat .  Under these conditions they  do indeed 
recover the Klein-Gordon equation provided antiparticles are considered as particles 
moving backward in time. 

The aim of the present let ter  is to derive Nelson's equation and quantum statistics 
from a relativistic generalization of the hydrodynamical  model of QM developed by 
~r (s),  T A K A B A Y A S I  (~) and ex~ended to spinning particles by various authors (~0). 

This classical relativist ic model generalizes the nonrelativistic stochastic hydro- 
dynamical model of Q ~  of Bohm ~nd Vigier on terms of a fluid with irregular 
fluctuations (~). I t  contains three new physical features. 

I) the fluid elements (~nd the particles) which follow the lines of flow of the 
fluid with irregular fluctuations are built from extended elements in the sense discussed 
by Bohm (n) and Souriau (12). 

II) The stochastic fluctuations occur at the velocity of light. 

I I I )  The fluid is a mixture of extended particles (and antiparticles): the latter 
being mathematical ly equivalent to particles moving backward in t ime (~8,~4). 

The existence of such fluctuations (which induce in the particle a Marker  type of 
Brownian motion) has been shown (1) to lead any initial distribution of the particles 
in the fluid into a limiting equilibrium distribution const-9(xv(v)) proportional to the 
fluid's average conserved drift density O(xa@)). This means that  the fluctuations of 
our Madelung fluid induce on our particles stochastic jumps at the velocity of light 
(from one line of flow to another) and that  such jumps can be decomposed into the 
regular drift motion v~ plus an apparent spacelike random part  u~ with vd = dxv{z)/dz, 

representing the proper t ime along the drift lines: so that  v a . V , l : - - c  2. 

Indeed any velocity w represented by a point P (with w ~ w a  ~ 0) of the light cone 
can be decomposed into the sum of two four-velocities v d and u~ i . e .  w = v d + u ,  with 
u, .u~ ~> 0. Since the three indeprendent components of w determine the four com- 
ponents of u~. As a consequence if one considers a particle of the preceding type it 
undergoes two independent types of motions: a) regular motions along the fluid's drift 
lines of flow with the fluids own velocity v d b) stochastic jumps in any direction with 
the velocity of light with a four velocity w satisfying w . w  = O. 

To establish (a)) let us first recall  that  a particle or a regular fluid element (which 
can be compared with the stochastic particle and the thermostat ' s  elements in the 
usual Brownian motion) are now represented in four dimensional space-time by t ime like 
hypertubes instead of t imelike lines. These hypertubes can be natural ly assumed to 
ha.re a minimum spaeelike radius ~/2 which yields the minimum distance ~ which 
separates two continuous particles in any spacelike section passing through their  centre 
of mass. Independently of the stochastic jumps our drifting fluid is thus comparable 
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with a t imel ike  set of ex tended  fibers and  t h e  m i n i m m n  t i m e  needed  to  pass  f rom one 
of these hyper tubes  to t he  n e x t  is t hus  r/c = At since the  j u m p s  occur at t he  vel- 
oci ty  of l ight .  This  impl ies  t ha t  t he  p rope r - t ime  var iab le  which  corresponds to ad jacen t  
events  in our s tochast ic  mode l  h a v e  nonzero m i n i m u m  t e m p o r a l  separa t ion  A?. 

The  second s~ep is jus t  to general ize to our re la t iv is t ic  mode l  the  average  veloci t ies  
ut i l ized by  de la  Pefia and Cetto (a) to discuss t he  nonre la t iv i s t ic  t h e o r y  of classical  
and quan tum-mechan i ca l  systems.  Le t  us s ta r t  (fig. 1) f rom a four  d imens ional  vo lume  
l imi ted on the  side by  the  fluid's regular  l ines of flow and,  at  bo th  ext remi t ies ,  by  two 
spaeelike cons tan t  phase  surfaces (~5) S~ and S 3. I f  t he  domain  is smal l  enough such 
surfaces are separa ted  by  an i n t e rva l  2 A t :  an i n t e rva l  • A~ separa t ing  S~ and S~ 
from a median  section S 2. Of course IAr] ~> A-~. 

Fig .  1. 

~t 

X 

As a consequence of t he  assumed s tochast ic  equi l ib r imn we can t r ea t  on the  same 
foot ing the  fluid behav iour  and  an ensemble  of s imi la r ly  p repa red  par t ic les  character -  
ized by  the  dens i ty  ~(x, T) in configurat ion space where  x represents  a po in t  in four  
d imensional  space- t ime.  

We  shall  now establ ish tha t  t he  preceding  mode l  leads to t he  correct  quan tum-  
inechanieal  s ta t is t ics  (governed in our simplif ied ease by  the  Kle in-Gordon equat ion)  
in t he  s imple  ease of a charged  scalar  par t ic le .  The  s implif icat ion is just i f ied since the  
in t roduc t ion  of spin compl ica tes ,  bu t  does not  modi fy  significantly,  the  var ious  steps 
of our demons t ra t ion .  

W e  can descr ibe t he  average  local  mot ions  of t he  e lements  of t he  ensemble  by  the  
select ion of al l  par t ic les  t h a t  at p roper  t i m e  ~ = v2 are  con ta ined  in a smal l  four- 
d imensional  vo lume  e lemen t  a round the  po in t  r = r~ wi th  co-ordinates  (~'~)r This  is 
necessary in our model,  since if one s tar ts  f rom a par t ic le  in i ts  local  dr i f t  rest  f rame 
(i.e. t he  f r ame  in which the  neighbom' ing fluid e l emen t  is prac t ieMly  at rest) i ts  s tochast ic  
jumps  a long t h e  l igh t  cone can b r ing  i t  in to  any  ne ighbour ing  line of flow: bo th  in t he  
forward and backward  proper  t i m e  direct ion.  As a consequence our  genera l  s tochast ic  
model  impl ies  t h e  use of a four -d imens ional  s tochast ic  space- t ime vo lume  e lement  to 
recover  all  possible s tochas t ic  j umps  of each dr i f t ing  par t ic le .  We  h a v e  thus  made  the  
new theore t i ca l  step of in t roduc ing  along w i t h  the  average  space posi t ions the  new 
concept  of an average  t i m e  in a four  d imensional  vo lume  e lement .  

In  order  to describe t he  g lobal  mot ion  of th is  e lement  we select t he  par t ic les  t h a t  
at  p roper  t i m e  ~2 are  con ta ined  on a smal l  section (space-volume element)  of S~ l imi ted  
by  the  hyper tubes  boundary .  Accord ing  to our m o d e l i t  is possible to d is t inguish  two dif- 
ferent  kinds of mot ion  of th is  vo lume  e lement  dur ing a short  i n t e rva l  At.  Besides its 
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m o t i o n  as a whole  in  t h e  h y p e r t u b e  (which  p r e se rves  t h e  f lu id ' s  sca la r  d e n s i t y  ~) t h e  
e l e m e n t  will  suffer v a r i a t i o n s  of ~ due  to  t h e  s tochas t i c  j u m p s  w h i c h  m o v e  m a t t e r  
f r o m  one l ine  of flow to  a n o t h e r  a n d  wil l  b r i n g  f luid across  t h e  h y p e r t u b e s '  b o u n d m  T.  
Genera l i z ing  de la Per le  a n d  Cet to  (a)'s ideas  we can  o b t a i n  a s impl i f ied  desc r ip t i on  in  
t e r m s  of two quas i loea l  s t a t i s t i c a l  ve loci t ies .  I f  we t a k e  a n y  one of t h e  pa r t i c l e s  of o u r  
v o l u m e  e l e m e n t  a n d  cal l  r~ a n d  r 2 i t s  ave r age  m e a n  pos i t i on  a t  % = - r ~ - - A ~  a n d  
% = %~ + Av we can  ca lcu la te  t h e  a v e r a g e  of r a - - r ~  over  t h e  s u b e n s e m b l e  def ined b y  
t h e  pa r t i c l e s  w h i c h  be long  to  our  s m a l l  v o l u m e  e l emen t .  ~u cal l  t he se  ave r age  v a l u e s  
t h e  m e a u  a n d  d e n o t e  %hem w i t h  < >. W e  t h u s  ~ r i t e  

(3) r a - / ' 2  = <ra - -  r2~\ • 8+r  a n d  r 2 -  r l  = < r 2 -  rl> + ~ _ r .  

Since one  m u s t  a s s u m e  (in our  model)  ~he h o m o g e n e i t y ,  i s o t r o p y  a n d  t i m e  i n d e p e n d -  
ence  of our  s t o c h a s t i c  m e c h a n i s m  t h e  c h a n g e  v a r i a b l e  ~ r ~  m u s t  sa t i s fy  <(8+r3> = 

<(~ r,)> so w h a t  we can  e m i t  t h e  i ndexes  f r o m  such  express ions  a n d  wr i t e  in  gen-  
e ra l  @r~> = 0. 

W e  Call nOW de r ive  f r o m  (3) two  d i f fe rent  ve loc i t ies  i .e. 

b + ( 2 )  = ( ( r a - - r= ) /Av )  a n d  b _ ( 2 )  = ( ( r2 - - r~ ) , /Ar )  , 

w h o s e  n t e a u  values 

v+(2) ~ (b+(2)> = <( ( r  3 -  r~)/A~)> a n d  v_(2)  ~- <b_(2))  = < ( ( r ~ - -  r~)/A~)> 

are  t h e  r e l a t iv i s t i c  g ene r a l i z a t i on  of t h e  m e a n  f o r w a r d  a n d  b a c k w a r d  veloci t ies .  F r o m  
these  one can  de r ive  t h e  r egu l a r  f lu id 's  ve loc i ty  va a n d  a s tochas t i c  b e l e c i t y  u~ t h r o u g h  
~he r e l a t ions  

(4) va(2) ~ <( ( r  a -  r~)/2 At )>  = ~(v+ + v_) 

(5) u~(2) ~ ,/,[(r 3 - -  r~) - -  ( r ,  - -  r l ) ] /2  AT> = �89 - -  v_) 

D+ 

~IL 

2 

T =  r 1 

/ ' )  

LO3L 

-4.--- 

/ I_ 

.(.._ 

=X3L 

r = r  3 

~3R 

=X 2 

r = r  3 
X=X1L = X  2 =X1R =X3R 

T = [  1 

F i g .  2. - XlL(XlR)  i s  t h e  a v e r a g e  p o s i t i o n  of  t h e  n * ( n - )  p a r t i c l e s  a t  r 1 = r 2 - - A v  a n d  XaR(X3L) i s  t h o  

a v e r a g e  p o s i t i o a  o f  t i l e  s a m e  p a r t i c l e  a~ v a = v 2 + ~ v :  Oz(q!g) b e i n g  t h e  d e n s i t i e s  o f  p a r t i c l e s  t o  ~ho 
l e f t  ( r i g h t )  of  x = x  2. 

Now t h e  s tochas t i c  ve loc i ty  u~ can  be  d e t e r m i n e d  in  a n y  space l ike  d i r ec t ion  b y  
c a l c u l a t i n g  t h e  flow b e t w e e n  r l  a n d  % of a l l  e l e m e n t s  w h i c h  cross  a dr i f t  t ime l ike  p l a n e  
p a s s i n g  t h r o u g h  r2 a n d  o r t h o g o n a l  to  a space l ike  d i r ec t i on  x. I n d e e d  le t  us  cons ide r  
(see fig. 2) an  ensemble  of f luid e l e m e n t s  (par t ic les)  w h i c h  are  a t  r 2 in  t h e  n e i g h b o u r h o o d  
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of x. I f  ~o~n(e~) thel~ r e p r e s e n t s  t h e  s ca l a r  dens i t i e s  i~ t h e  n M g h b o u r o o d  of X~L(X~)  a t  
r = z~ we see t h a t  t h e s e  dens i t i e s  a rc  r e l a t e d  to  n+ a n d  +t_ t h r o u g h  

n+ = (x3~--  xz) ,%n : (xa - -  XlL) el~ a n d  ~ -  = ( x l ~ - -  x.,) e ~  = (z~ - -  xar ) ea~. 

This  y ie lds  

xl + % - -  2x2 = 

= ( 1/(~+ + ~_) ) [ - -  elL(x2 - -  xl~) ~ + em(xl~  - -  z2)~ + e3R(xa~ - -  x~)~ - -  e~r(x2 - -  x~ )  ~ 

which  can  be  a v e r a g e d  over  t h e  ensemble .  Since each  of t h e  p a r e n t h e s e s  t h e n  b e c o m e  
<(~x)2> we can  wr i t e  to  t h e  f i rs t  a p p r o x i m a t i o n  ( w i t h  ~ + +  ~ _ :  2r 

<xl + % - -  2x.2> <(~x) 2) 1 We D (6) u,  = = , 
2A-~ 2A~ ~ 

i~ we define as u s u a l  t h e  d i f fus ion  coefficient as D = <(Sri)~>/2Av a n d  neg lec t  h ighe r -  
order  t e r m s  in  A~. D is a lways  > 0 s ince  our  q u a n t u m  j m n p s  a re  spaeel ike .  

Th i s  is exac t l y  t h e  r e l a t i v i s t i c  g e n e r a l i z a t i o n  of E i n s t e i n ' s  def in i t ion  (x~) of t h e  
s tochas t i c  ve loc i ty  in  B r o w n i a n  m o t i on .  W e  h a v e  f u r t h e r  v •  va • u~ w h i c h  con-  
nect  ou~ f o r w a r d  (par t ic le)  a n d  b a c k w a r d  (an t ipa r t i c l e )  ve loc i t ies  w i t h  t h e  fluids r egu la r  
dr i f t  ve loc i t y  Vd a n d  i t s  s t ochas t i c  ve loc i ty  u~. 

The  second  s tep  is to  a s soc ia t e  t h e  two ve loc i t i es  n e e d e d  to  descr ibe  our  m o t i o n  ~o 
four  acce le ra t ions  r e q u i r e d  to  desc r ibe  t h e  f o r w a r d  a n d  b a c k w a r d  c h a n g e s  of t he se  
veloci t ies .  To do t h i s  we r e q u i r e  t h e  ex i s t ence  of our  m i n i m u m  p r o p e r  t i m e  i n t e r v a l  Az 
which  al lows us  to  define t h e  four  acce l e ra t ions  

(7) 

b + ( 3 )  - -  b+(2) = a ~  + ~ + b + ,  

b _ ( 3 ) - - b _ ( 2 )  = a + +  ~ + b _ ,  

b + ( 2 ) - - b + ( 1 )  = a ~  + 3 _ b + ,  

b_(2) - -b_ (1 )  = a -  + 3 _ b _ ,  

which  e v i d e n t l y  lead  to  s y s t e m a t i c  d r i f t  a n d  s tochas t i c  d e r i v a t i v e  opera to r s ,  h l d e e d  
if we define as D a a n d  D~ t h e  fo l lowing  o p e r a t i o n s  on  a gene ra l  f u n c t i o n  ] ( r )  of t h e  
s tochas t i c  v a r i a b l e  r ,  i . e .  

D d ( r  ~) = <[ / ( r~) - - / ( r~) ] /2  a~> a n d  D d ( r ~ )  = <[/(r~) + / ( r ) - - 2 / ( r ~ ) ] / 2  •  

wh ich  a re  e v i d e n t l y  r e l a t e d  w i t h  t h e  f o r w a r d  (D +) a n d  b a c k w a r d  (D-) d e r i v a t i v e  oper-  
a tors  t h r o u g h  t h e  r e l a t i o n :  D ~ =  D a~= D~ we see t h e y  t h u s  c o r r e s p o n d  to  sca la r  
(proper  t i m e  type )  d e r i v a t i v e s  in  t i m e l i k e  a n d  space l ike  d i r ec t ions  ... a n d  y ie ld  t h e  
dr i f t  a n d  s t o c h a s t i c  ve loc i t ies  t h r o u g h  v d =  D a r  a n d  t t~=  D ~ r :  where  t h e  d u m m y  
index  2 h a s  b e e n  o m i t t e d .  T h i s  genera l i zes  v~ = d x ~ / d ~  a n d  l ead  to  t h e  p r e c e d i n g  
m e a n  acce le ra t ions  t h r o u g h  t h e  express ions  a + = D + v .  a n d  a Z = D - v ~ : .  

(~6) A. EINSTEIN: I~vesti, gatlo~s on the Theory o] Brow~iar~ ~1ovement (Now York, N.Y.,  1956)o 
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Moreover  a deve lopmen t  in Tay lo r  series yields 

(s) 
[ D~/= ~/+ (v~.V)/+... 

c~ T 

DJ = (uo .V) !  + ~ ( V - V ) / +  . . . .  

where the  diffusion coefficient D is g iven  as before  by  the  re la t ion  

in t h e  dr i f t  rest  f r ame:  diffusion in time, represent ing ,  as before,  pa r t i c l e -an t ipa r t i c l e  
t r ans i t ion :  8r~. and ~r, denot ing  any  pa i r  of Car tes ian  componen t s  of S•  ... w h i c h  are  
assumed to be s ta t i s t i ca l ly  independen~ if  i @ j. 

The  t h i rd  (essential) step is to der ive  t he  covar ian t  genera l iza t ion of Nelson 's  
equat ion ,  in our model .  To do tha t  we recal l  t h a t  any  deta i led  descr ipt ion nmst  s t a r t  
f rom the  genera l  equa t ion  

where  fa  represents  t he  dr i f t  spacel ike forces and f~ the  pure ly  r a n d o m  effects the  " 
denot ing  p roper - t ime  der iva t ives .  The  corresponding s ta t i s t ica l  t h e o r y  must ,  according 
to our model ,  s tar t  f rom ~he ensemble  of par t ic les  which  at any  proper  t i m e  Te lie in 
t he  ne ighbourhood  of r~. The  mean  of t he  preced ing  re la t ion  thus  becomes  

(9) ~ < r >  = Fa + F ,  = F,  where  F a --  (,fa) wi~h F,  = <f~> = O. 

Since ~he mean  va lue  of i: is t aken  over  the  same ensemble  u t i l ized to define our  
average  veloci t ies  and accelerat ions  in the  preceding  steps, i t  must  be expressed as a 
l inear  combina t ion  of a .  ~. To de te rmine  these  combinat ions ,  we r emark  t h a t  <i:> and 
/ to)  can be spli t  in to  two par t s  i .e.  a p a r t  <i:> + (or <]a> +) which  is i nva r i an t  under  p roper  
t i m e  reversa l  i.e. r a - - z ~ - - * r l - - z  2 and a par t  4~;>- (or (]a)-)  t ha t  changes sign under  
th is  di.~creie s y m m e t r y  which  changes v a bu t  conserves tt,. Combining equa t ion  (9) 
wi th  i ts  eom~terpart  ob ta ined  th rough  a p rope r - t ime  reversa l  opera t ion  we ob~ain the  
new set of equat ions  

00)  , < r >  • = F ~ .  

W e  now make  the  final step in our  demons t ra t ion  of Nelson ' s  equa t ion  (2) by  
examin ing  the  impl ica t ions  of eq. (10). The  first impl ica t ion  is t he  impor tance  of t he  
p roper - t ime  re la t ion  t~/,i:> + =  F + which  ev iden t ly  represents  the  s tochast ic  general iza-  
t ion  of Newton ' s  law for our model .  I ndeed  the  usual  four -d imens ional  accelerat ion 
of a classical  po in t  x satisfies ~ =  0 (since ~ . ~ r  ~) and is invar i an t  unde r  
p roper - t ime  reversal .  Tile same holds  for our s tochast ic  case since: a) the  dr i f t  accel- 
era t ion ~)a is or thogonal  to va; b) t he  s tochast ic  spacel ike veloci ty  u s is local ly  ortho- 
t o n a l  to v a so tha t  t he  corresponding s tochast ic  accelerat ions (which van i sh  on the  
average  since <,F~> = 0) are thus  a lways or thogonal  to va. 

The  second impl ica t ion  is t h a t  <i:>+ mus t  be expressed by  just  the  l inear  combina-  
t ion of re la t ions  (7) which are p roper - t i lne - invers ion  inva r i an t  i .e .  (a+__ -~ a+) or (a~ + a 2) 
or a l inear  combina t ion  theref rom.  
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The th i rd  impl ica t ion  is that a mean  accelera t ion (which corresponds ma thema t i ca l l y  
to second-order p rope r - t ime  der ivat ives)  should be defined physica l ly  only by  the  mot ions  
of fluid e lements  sur rounding  r 2 i .e .  enclosed wi th in  the  four -d imens ional  vo lume  elenaent 
l imited by  St and S 3 u t i l ized  to define m e a n  quant i t ies .  We  deduce the re f rom and f rom 
the explici t  form of t he  a ' s  g iven  in eq. (13), t h a t  the  only q u a n t i t y  of th is  t ype  in- 
var iant  under  v - - + - - v  is (a + + a~). I ndeed  the  defini t ion of (aT_ + a_-) impl ies  knowl- 
edge of the  behav iour  of fluid e lements  which  lie outs ide  our vo lume  since it  conta ins  
four-velocities of e lements  which are  crossing S~ and S~ in the  backward  and fo rward  
directions i .e.  are l eav ing  th is  vo lume.  Moreover  one sees tha t  t he  combina t ion  
~}:} = (a + + a+) ev iden t ly  represents  the  re la t iv i s t ic  definit ion of the  sum of the  m e a n  
accelerations of an t ipar t ic les  (a +) and parMcles (a+) passing th rough  r~ at r = ~2: 

As a consequence we mus t  wri te  re la t ion  (10) in the  form 

(11) ~e~(a  + + a+)  = i F+ , 

which is exac t ly  the  re la t iv is t ic  general izat ion of the  form given by  de la Pefia and 
Cetto (3) to Nelson ' s  equat ion .  Clear ly  eq. (11) conta ins  par t ic le -an t ipar t ic le  symmet ry .  

The same a rgumen t  applies  to the  - -  pa r t  of (10). Indeed  the  only combina t ions  
of a. ~ tha t  change sign under  p rope r - t ime  reversa l  are (a_~--a-_) and (a + - a + )  and  
the second only is exclus ive ly  defined by  the  mot ion  of fluid e lements  be tween  S~ and Sa- 
We thus  have  � 8 9  - which  satisfies the  con t inu i ty  equa t ion  and is 
compatible wi th  the  in t roduc t ion  of the  Loren tz  force for charged  fluid e lements .  
Moreover these  re la t ions  can be rewr i t t en  wi th  the  help of the  definit ions of D d and D,  
into the fo rm 

(12a) 

and 

(12b) 

m ( D ~ v  d -  D,u~)  = F§  

m ( D ~ u ,  + D . v d )  = F - .  

In  eq. (12b) bo th  sides t end  (as t h e y  should) to zero in the  nons tochas t ic  l imit .  
The last step of our  demons t r a t ion  is, of course, the  der iva t ion  of the  in t eg ra t ed  

stochastic equa t ions  which  resul t  f rom (11) and (12). This  can ev iden t ly  he done in 
two ways. The  first is to s ta r t  f rom the  dr i f t  rest  f rame at r~ and define as usual  Smolu-  
chowski's densit ies @ and PR- The in te res ted  reader  can then  check i m m e d i a t e l y  t h a t  
since we have  demons t r a t ed  a) and Nelson ' s  equa t ion  (11) one can jus t  fol low Lehr ' s  
and Park ' s  demons t ra t ion  (7) to recover  Kle in-Gordon ' s  equat ion .  

The second w a y  (which we wil l  choose ins tead  since i t  th rows  some in te res t ing  new 
light on the  phys ics  of t he  problem) is so comple te  t he  re la t iv is t ic  genera l iza t ion of 
de la Pefia 's  work  (3). 

In  order to in tegra te  (12a) and (12b) we define t he  quant i t ies  

(13) Da = D d + eD~, va  = vd + sus  and  FQ = iV+ + s F -  

with s = • i. 
Relat ions (12a) and (12b) can thus  be combined  into  t he  complex  eqs. (14) i .e. 

mD~v~ = Fq which  can be in tegra ted  if  one assumes tha t  Fq is jus t  the  general  Loren tz  
force appl ied to our fluid of spinless charged par t ic les  i .e .  

with V - A  = Q~A.~ = 0 .  
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I n d e e d  if we then  wri te  t he  re la t ion  (15) i .e.  vq = sD-V,S ' r  (e/s~o}A, where  D = ~/2m,  
V and A denot ing  the  four-vectors  ~/, and A~ and  S a = eonst  r epresen t ing  t h e  surfaces  
o r thogona l  to t he  four  ve loc i ty  vq. I f  we then  ut i l ize  t he  Tay lo r  deve lopments  (8) and 
subs t i tu te  (15) and (16) in to  (14) we ob ta in  t he  genera l  re la t ion  

(16) V ( 2 s m D ~ q  + -~-~r~v,l.vq + e m D V . v q )  = O,  

which  admi t s  as first in tegra l  eq. (17) i.e. 

- -  2smA~ = 2 ~ n ~ D ~ [ V S ~  V S~ + V . V S q ]  - -  2 s D ( e / c ) A  . V S ~ - -  sD(e/c) V A  + (e~/2mc2)A . A  . 

In t roduc ing  fu r ther  t h e  w a v e  func t ion  (p(r, v ) =  exp [zmc2~/2h]?(r)  i .e.  

~(r,  ~) = cxp [smcST/2~] et(r) exp EsS~(r)] , 

we obta in  f rom (7) t he  usual  re la t iv is t ic  genera l iza t ion  of the  SchrSdinger  equat ion ,  i .e.  

(18) 2 m D s r  : (1Ira) [ 2 ~ D s V  - -  (e/c) A ]  ~ ~ , 

which  reduces  to t he  Kle in-Gordon  equa t ion  

(19) ( ~a - -  e ( e / e ) A , )  2 Y~ - -  ( m~" C'/tt2) ~ = O . 

Rela t ion  (19) yields (~z) the  re la t ions  

d e / d r  = ~ = 0 and  d(Mva)/dv : - - V ( M e  ~) (20) 

wi th  

M ~ ~ {m 2 - -  (T~2/es)(DR/R)} ,  ~* ~ = R ~ and e = ( M / m )  R2 �9 
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