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1 .  - I n t r o d u c t i o n .  

In  the course of time we have been collecting integrals that  7 for one reason 
on another, seem to occur quite often in our calculations in perturbative QCD 
and QED. Each time we at tempt to obtain the analytical result for some 
physical process, we end up with multidimensional F(~ynman parameter 
integrals and the ensuing definite integrals are similar, if not idpnti(a], to ones 
evaluated in earlier calculations. I t  is, therefore, economical and time saving 
to compile a list of those integrals which occur most frequently in these 
calculations. 

This paper represents a collection of such integrals, definite and indefinite, 
together with a collection of formulae which may be of help in the analytical 
evaluation of ~'eynamn-parameter integrals. The majority of the integrals 
contain logarithmic functions and, therefore, often give rise to dilogarithms 
and to  the lowest-order generalized polylogarithms. These highly transcendenial 
functions are not often discussed in the standard reference books for physicisls 
(e.g. EI~DELYI [1], MAGNUS [2]), and integrals involving these functions are 
not contained in the most commonly used tables of integrals (e.g. G~A])S]~- 
T].:Y~ and RYZHII~ [3], G~OB~]~ and IIO~E[mEI~ [4]). The primary source 
of information on polylogarithms is ]~EWII~ [5], while the modern reference 
to the generalized polylogarithms is KoL~IG [6]. Unfortunately, it is our 
impression that  these references, particularly the latter, are no t  as widely 
appreciated as they deserve [o be. A useful summary of ref. [611 may be found 
in the appendix of rcf. [7]. Reference [7] and also Levine [8] contain rather 
extensive tables of definite integrals leading to transcendental constants. 

In  recent years many physicists, including the authors, have been fortunate 
enough to be able to use very powerful symbolic manipulation computer 
programs for our calculations. These programs have made possible many 
calculations whose length would pose an otherwise insurmon~able obstacle. 
In the present context of analytical evaluation of integrals, I~LkCSYMA [9] 
is certainly the most powerful and widely available program. MACSYM2~ is 
a very useful tool, and can perform a large number of integrals, and yet  
MACSYM_A, at least for the moment, cannot supersede all the familiar tables 
of integrals. Tables of integrals are still a good companion of the calculating 
physicist first because not all analytically calculable integrals can be e~aluated 
by M_&CSYM_A and, in the second place, because unfortunately MACSYMA 
and analogous computer codes are not commonly available to the majority 
of the scientific community. 

The tables arc organized in the following manner: in sect. 2 we define and 
present some of the properties of the generalized polylogarithms together 
With transformation formulae for Li~, Li, and Sx.,.. Section 2 also contains 
the numerical values of polylogarithms for a few selected values of the argument. 
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These are useful  because t hey  f requen t ly  occur in specific cMculations and 
because they  can be helpful  in numer ica l  checks. 

Section 3 is en t i re ly  dedicated to  definite integrals :  we s t a r t  with simple 
logari thmic expressions leading to simple answers and end up ~vith the  most  
complicated integrals  encountered.  For  a detai led list  of the  content  of sect. 3 
the  reader  is re fe r red  to  the  index which m ay  be helpful  in locating the  for- 
mulae of in teres t .  

Iu  sect. 4 we presen t  a number  of momen t  integrals.  
Section 5 contains a few selected indefinite integrals  of logari thmic func- 

tions. 
Of course, i t  is inevi table  tha t  some par t i cu la r  intcgrM needed will not  

be found in the  tables.  Appendix  A, therefore ,  contains the detai led calculation 
of a few selected integrals:  some of the  more  useful ((tricks ~) for calculating 
the  integrals  are p resen ted  here.  Although none of the  t r icks  arc original, 
still  t hey  ma y  not  be famil iar  to all physicists .  

In  appendix  B we present  power series expansions for the  more common 
polylogari thms.  These power series expansions can be used in writ ing com- 
pu te r  codes for the  numer ica l  evaluat ion of IA.., Li3 and S~.~. 

Final ly,  appendix  C deals wi th  some identi t ies of par t ia l  sums occurring 
in the  evaluat ion of momen t  integrals.  The identi t ies  presented  in this appen- 
dix are only the  most  commonly  encountered ,  and a more  complete table 
can be found in [10]. 

These tables have been checked several  t imes an(t, therefore ,  should, hope- 
fully, be er ror  free. We would be glad if any  misprints  or outr ight  errors 
not iced by  the  reader  were communica ted  to the  authors.  

2.  - G e n e r a l i z e d  p o l y l o g a r i t h m s .  

2"1. Notation and de]tuitions. - In  the  following tables we use the nota t ion 
of Kolbig et al. [6]: 

(2.1.~)  

1 

(-- I )~+~- 1 f ln~-l(x) ln~(1 -- xy) dx. 
S , , , ( y )  - -  (n - -  1) !p ! x 

0 

I n  par t i cu la r  

(2.:1.2) 

(2.1.3)  

1 y 

~'~l'l(Y)-" I J i 2 ( Y ) " - - f l u ( X - - X Y ) d x = - - f ! n < ~ x X ) d X ' x  

0 0 

1 

S2'I(Y)=Lia(Y)=f ln(x)ln(1-xy)dxx =fLix(X) dx' 
0 0 
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, ~ Y ~  
(2.1.4) S,_,,,(y) -- Li,(y) = s~ , 

$=1 

1 f l n 2 ( 1 - - x Y )  d x = _ t  ln~(1--x)  y ~ ' - ~ l  
(2.1.5) S~,~(y) - -  ~- x a - - x  .... . .  d x  = 7 r "  

8 ~ 2  
0 0 

The above two power series are ac t  suitable for direct  numerical  evalua- 
tion. A more appropriate method for numerical  evaluation is presented in 
~ppendix B. 

S,#(y), deiined only for positive integers n ~nd p, is real for real y < 1. 
.From the definition of S,, ,  we can find its de r iwt ive  a.nd integral :  

d 1 M._~,(y) 
(2.~.6) ~&, , (y ) - - -  ~ , , 

(~.].7) 

y 

,,(x) dx -- 8~+,,,(y) . 
j x 
0 

In  part icular ,  for the functions we consider in these tables, we ha,re 

d l n ( ] - - y )  
(2.1.6a) (~  Liz(y ) = 

Y 

(2.1.6b) 
d Li2(y) 

Li.(v) = - ~ )  .... , 

d ln2(1 - -  y) 
(2.71.6e) ~ S~,2(y) = 2 y  . . . . .  " 

I t  has been shown (see, for ex,~mple, Kos~BIG [6]) t ha t  S,, , 's  of ~rgument  y, 
1 - - y  and 1 / y  can be expressed in terms of each other. 

(2.1.7) 

(2.1.s) 

where 

(2.1.9) 

~ [ 
�9 - ~o - -7 i - .  lu (y) s, . . . . . .  (y) + s=O 8 T 

(-- 1),' 
+ &_,, ,(1) + n , - ~ .  in-(1 - y) ln~(y),  

( 1 ). )' (--1)~ln,(y) ~ + s - - r - -  
'~n,v - -  = ( - - ]  ~ (--- 1 ~ 8 - - r  

s=O r:=O 

"~'~n+S-r,V--s<--Y) ~--(--1'" L r=O r .  ]lU(y) O ,  . . . .  r-~- i ! ~ P )  i ll't"+U(~/' ' 

�9 . _ ( ~  c . , . - - ( _ a ) . + l  ~ ( 1) &+~,._~(-l) + 

+ ( - 1 1 , [ 1 - ( -  ] ) , ] & , d -  11. 
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ICepeated app l ica t ions  of these  f o r m u l a e  y ie ld  connec t ions  be tween  S~,~, 

wi th  ~ rgumen t s  f rom the  se t  

{y, _1--y, l /y ,  1 / ( 1 - - y ) ,  y / ( 1 - - y ) ,  ( ] - - y ) / y } .  

Speeiiic e.~a.mples for  Li~(y), Li3(y) and S,,.(y) are  given in the  nex t  sect ion.  
I f  we use the  c u s t o m a r y  def in i t ion of t he  l o g a r i t h m  in the  complex  

plume, i.e. 

(2.1.10) ln(y ! ie) - -  lniy: q- i,~T(-- y ) ,  

whe re  T(y) == 0 if y <  0 and  T(y) :-- 1 for  y > 0, we can find t he  imagim~ry 
p a r t  of the  S.,,~,'s. F o r  exa, lnple 

(2..1 ._11 ) I m  {Li2(y !- is)} := ~ T ( y  - -  ;1 ) 

(2.1.12) Im(Li:3(y ! i~)} := ~ f / ' ( y - -  l) 

(2.1.1"t) i m  {S~,2(y q- ie)} = =l'(y - -  1 ) 

The  i m a g i n a r y  p a r t  of S~,~, (for n and  p 
by  KOL]~m et al. [6]. 

I n (y ) ,  

ln~(y) 
2 

a rb i t r a ry )  can  be f(mnd in the  paper  

(2.2.3) 

(2.2.2) 

(2.2.3) 

2"2. Relations between polylogarithms o] di/]erent arguments. 

Li~(1 - -  y) =: - -  Li2(y) - -  In(y) ln(1 - -  y) -~- zcta~ (2 ) ,  

(~)  I l n 2 ( - - y ) -  ze ta  (2 ) ,  Li2 - - -  L i 2 ( y ) -  2~ 

l 
Li2 = Lio(y) + ln(1 - - y ) l n ( - - y ) -  2 l n 2 i 1 - - y )  + ze ta  (2) ,  

(2.2.4) 

(2.2.5) 

(2.2.6) 

(2.2.7) 

L i 2 ( - - 1  Y y)  

Li2 [y(1 - -  y)] ~- Li~ ( - -  i 

:l 
- - Li~(y) ' In(y) 111(] - -  y) - -  :~ ln~(y) - -  ze ta  (2) , 

= - -  Li, (y) - -  ;~ ln2(] - -  y ) ,  

Y'y) " - -  L i ~ ( - -  y3) _ :  

1 
. . . .  3Li2(--  y) - -  2Li~(y) - -  ~ ln~(1 - -  y) 

1 

= L i ~ ( -  y) - Li,,(y) + 2 
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(2.2.8) 

(2.2.9) 

(2.2.:1o) 

(2.2.11) 

(2.2.12) 

(2.2.13) 

(2.2.14) 

(2.2.15) 

(2.2.16) 

(2.2.17) 

(2.2.1s) 

A. DEVOT0 and D. w. DYKE 

Li2(y ~) ---- 2[Li2(y) ~- Li2(-- y ) ] ,  

Li3(1 - -  y)  = - -  S, ,2(y) - -  ln(1 - -  y) Li2(y) - -  

1 
- -  ~ ln(y) in~(1 - -  y) ~- ze ta  (2) ln(1 - -  y) -~ ze ta  (3),  

LiB = Li3(y) ~- ~ lna( - y) ~ zeta  (2) ln(--  y ) ,  

IJi3 ~ : - -  •l,2(Y) - -  ~ 11"1-2( ] - -  Y) l n ( - -  y)  + ~ ln'(1 - -  y) - -  

- -  ln(1 - -  y) Li2(y) ~- zeta  (3) - -  ze ta  (2) ln( l  - -  y ) ,  

( ) - -  Y = S~,2(y) - -  Li3(y) -[- ln(] - -  y) Li~(y) ~- ~ ln3(1--  y ) ,  Li3 1 - -  y 

L iB(  1 - -y )y  = S l ,~ ( y )__L i 3 (y  ) ~ ] - l n ( ] - - y )  Li~(y)+1~ hV(y) -{- 

@ zeta(2) In ~- ,~ ln(y) ln(1 - -  y) In ~ -  , 

S~,~(1 - -  y) ---- - -  IA3(y) -}- la(y) Li~(y) ~- �89 ln(1 - -  y) ln~(y) ~- ze ta (3) ,  

(~)  1 1 n 3 ( - - y ) -  l n ( - - y ) L i 2 ( y ) +  ze ta (3) ,  S~,2 = Li~(y) - -  S,,~(y) - -  

Sx,~ (1 ] - ~ ) - - L i a ( y ) -  ~l,~(y ) - - l n ( - - y ) I A 2 ( y ) +  z e t a ( 3 ) +  

+ ~ ln(1 - -  y) In(- -  y) In - -  ln8(1 - -  y), 

S~,~ - 1 Y = - -  Li3(y) ~- ln(y) Li2(y) + ~ ln~(y) ln(1 - -  y) - -  

1 
6 lnS(Y) ~- ze ta (3 ) ,  

Y ) = S~,2(y) 1 ln3( 1 _ y) $1,2 - -  1 - -  y - -  6 " 

2'3. T h e  ze ta-Junc t ion  a n d  values  01 p o l y l o g a r i t h m s  /or selected a r g u m e n t s .  

(2.3.1) 

(2.3.2) 

(2.3.3) 

zeta(n) = ~ ,  
k--1 

zeta(2) --  -- ] .64493406684823 ... 

zeta(3) = 1.202 056 903 :159 59 . . . ,  
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~ a  

( 2 . 3 . 4 )  z e t a ( 4 )  :=  90 = 1 . 0 8 2  3 2 3  23"~ 7 1 1 1 4  . . . ,  

( 2 . 3 . 5 )  z e t a ( 5 )  ---- 1 . 0 3 6 9 2 7  7 5 5 1 4 3 3 7  . . . ,  

( 2 . 3 . 6 )  S,, ,~(0) - -  0 ,  

( 2 . 3 . 7 )  L i , ( 1 )  z e t a ( n ) ,  

1 
(2 .3 .8 )  I A , ( - - l ) - - { 1 - - ~ } z e t a ( n )  . 

F o r  v a l u e s  o f  S~,~(1) s e e  K o ] ~ I G  [ ] 1 ]  

(2.3.9) 

(2.3.10) 

(2.3.1 I) 

(2.3.32) 

(2.3.43) 

(2.3.14) 

(2.3.15) 

(2.3.16) 

(2.3.17) 

(2.3.18) 

(2.3.19) 

(2.3.20) 

(2.3.21) 

(2.3.22) 

(2.3.23) 

(2.3.24) 

(2.3.25) 

7 

Li2(1  ) = z e t a ( 2 )  : -  1 . 6 4 4  93.] 0 6 6  8 4 8 2 3  . . . ,  

L i  2 ( -  1) --- - -  ~ z e t a ( 2 )  ~ - -  0 . 8 2 2  467  0 3 3  4 2 4  ] 1 . . . ,  

Li2(,~) = ~ (z(~ta(2)  - -  l n ~ 2 }  =-= 0 . 5 8 2  2 4 0  5 2 6  465  01 . . . ,  

L i 2 ( - -  ,~) = - -  0 . 4 4 8 4 1 4 2 0 6 9 2 3 6 5  . . . ,  

�9 ~ ~ OO ~ Li.,(�89 = 0 . 3 6 0 2 1 3 ~ , 9 9 ~  ~ 06  . . .  

Li2(~)  = 0 . 8 3 3 2 7 1  8 8 6 4 7 7 3 9  . . . ~  

L i 2 ( - -  2) =-- - -  :l ..136 ~46 3 6 6 8 8 3  68 . . .  

L i2(2)  = ~ z c t a ( 2 )  ~ - l n ( 2 ) l n ( - - ] )  ~ s e e  c o n ~ e n t i o n  e q .  ( 2 . 1 . 1 ] )  

Li3( l ) =-  z e t a ( 3 )  : -  ;1.202 0 5 6  9 0 3  ] 3 0  49 ... 

L i 3 ( - -  1) - - -  ~ z e l a ( 3 )  : : - -  0 .901  5 4 2  6 7 7 3 6 9  79 . . .  

Li3(~) - ~ z c t a ( 3 )  - -  �89 z e t a ( 2 ) l n ( 2 )  -[- -~ ln3 (2 )  =:  

= 0 . 5 3 7 2 1 3 1 9 3 6 0 8 0 4  . . .  

L i a ( - -  �89 = - -  0 . 4 7 2  597  8 4 4  658  88 . . .  

L i s (~ )  =:  0 . 3 4 8  8 2 7  8 6 1 1 5 4  83 . . .  9 

L i3(~  ) = :  0 . 7 3 8 0 6 0  644  830  84 . . .  

L i 3 ( - -  2)  - - -  ] . 6 6 8 2 8 3 3 6 3 9 6 6 5 1  .. .  

Sa.~(l ) :=  z e t a ( 3 )  = 1 . 2 0 2  0 5 6  9 0 3 1 3 0  49 . . .  

S , , 2 ( - -  l )  == i s z e t a ( 3 )  ~ 0 . ] 5 0 2 5 7 ] ] 2 8 9 4 9 5  . . .  
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(2.3.26) 

(2.3.27) 

(2.3.28) 

(2.3.29) 

(2.3.30) 

(2.3.31) 

(2.3.32) 

(2.3.33) 

(2.3.34) 

(2.3.35) 

A .  D ~ V O T 0  and D .  ~r. D U K I ~  

S1,2(�89 -= ~s ze ta (3 )  - -  ~ ]n3(2) - -  0 .094 753 004 230 ] 3  ... , 

S1,2(-- �89 = 0 . 0 4 6 9 3 6 4 5 5 3 8 2 0 6  . . . ,  

S~,2(�89 :-- 0 . 0 3 5 8 2 6 5 7 9 3 8 0  65 . . . ,  

S~,2(~) = 0 . 2 0 6 2 1 4 8 4 1  840 66 . . . ,  

S~,~(-- 2) = 0.427 209  668 5 3 1 3 ]  ... , 

Li~(y) -~  y (0 < y << :l ) ,  

y2 
~I,~(Y) --> ~-  (0 < y << l ) ,  

R e  [Li2(y)] - - > - - � 8 9  ln2(y) (y >>1) ,  

R e  [Lia(y)] - ~ - -  ~ laB(y) (y >> 1 ) ,  

ICe [$1 ~(y)] -+  ~ h13(y) (y >> 1 ) .  

3 .  - D e f i n i t e  i n t e g r a l s .  

3"1. In(y) ,  l n ( 1 - - y ) ,  ln(1  -~-y) and powers of y. 

(3.1.1) 

(3.1.2) 

(3.1.3) 

(3.1.4) 

(3.1.5) 

(3.] .6) 

1 

f 1 y~ ln(y)  dy  - - - -  (n ~- 1)  2 ' 

o 

1 

ln(:l - -  y) dy  = - -  1 ,  

o 

1 

f y  3 
ln(1  - -  y) dy  - -  ~ 

0 

f 11 
y~ ln(1  - -  y) dy  - -  ~ ,  

0 

1 

l n ( 1  - -  y )  dy  - -  48 ' 

o 

1 

fy4 ln(1  - -  y) dy  
137 

3OO 
(see (4 .2 .4 ) ) ,  
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(3.1.7) 
1 

f l n (1  -l- y)dy --- 2 l n ( 2 ) - - 1 ,  
0 

(3.1.s) 
1 

f .l. y ln( 1 q- y) dy - :  :i ' 

0 

(3.1.9) f y  2 5 2111(.1 @ y) dy ---- ,~ In(2) J-8' 

(3.1 . lo)  

1 

f 7 z - -  y3 ]n(1 ~- y) dy 48 ' 
o 

(3.1.11) 

1 

f y  '2 47 4 ln(l  ~- y)dy = ,7) ln(2) - -  300 
0 

3"2. Square o1 ln(y), ln(1 - -y ) ,  111(1 @ y) and powers o] y. 

('3.2.1) 

1 

n ]n~(y) dy --  (n q- 1 )3, 
o 

(3.2.2) 

1 

ln2(1 --  y) dy --- 2 , 

o 

(3.2.3) 

1 f 7 
y ln~(1 - -  y) dy : : 5 '  

0 

(3.2.4) 

1 

y2 in=(l _ y) dy 85 

0 

(3.2.5) 

1 

f 415 y a l n ~ ( t - - y ) d y  = 288' 
0 

('~.2.6) 

1 

fy 41112( t - -  y) dy - .  12 019 
9000 

0 

(3.2.7) 

1 

fln2(t -]- y)dy ---- '2 l n ~ ( 2 ) -  4 In(2) q- 2 ,  
o 

(:~.2.7)), 

(4 .~ .~) ) ,  
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(3.2.8) 

(3.2.9) 

(3.2.1o) 

1 

f y ln2(1 -]- y) dy = 2 ln(2) 4 ' 

o 

1 

f 2 ln~(2) _ __ ln(2) -~- 54 ' y~ ln2(1 ~- y)dy  = 5 
0 

1 

f (~ 241 y3 in~(1 or_ y) dy ---- ~ ln(2) 288 '  
0 

1 

(3.2.11) fy' la2(1 + y)dy 2 92 6589 (see (4.2.8)),  := g ln2(2) - -~5  ln(2) -[- 0005 
o 

3"3. la(y) l n ( 1 - - y ) ,  ln(y) l n ( l ~ y ) ,  l n ( 1 - [ - y ) l n ( l - - y )  and powers o] y. 

(3.3.1) 

(3.3.2) 

(3.3.3) 

(3.3.~) 

(3.3.5) 

(3.3.6) 

(3.3.7) 

(3.3.8) 

1 

ln(y) ln(1 - -  y) dy = 2 - -  ze ta (2 ) ,  

0 

1 

f 1 y ln(y) ln(1 --y)dy --:- 1 - - ~  zeta.(2), 

0 

1 

fy 71 1 zeta(2) ~ln(y) l n ( 1 - - y ) d Y - - l O  8 3 
O 

1 

fy 35 1 z e t a ( 2 ) ,  3 111 (y)  i n  (1 - -  y )  d y  = ~ - -  :~ 

0 

1 

fy 'ln(y)ln(1--y)dy-- 6913 1 zeta(2) 
18000 5 

o 

(see (4.2.9)),  

1 

ln(y) 11l(1 ~ y)dy • - - 2  ]n(2)--21 zeta(2) ~ - 2 ,  

0 

1 

yln(y) ln(1 + y) dy = �88 z e t a ( 2 ) - -  �89 

0 

1 

fy2 ln(y) ln(1 L y)dy - 2 1 41 - g1~(21-  g zeta(2)+ m s '  
0 
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(3.3.9) 

(3.3.10) 

(3.3.11) 

(3.3.12) 

1 

~y 1 17 
3 ln(y)  ln(1  ~- y) dy = ~ ze ta (2 )  - -  72 ' 

0 

1 

f y4 ln(y)  ln (1  q- y) dy - -  

0 

2 ln(2)  ] 3583 
25 - - ~  ze ta  (2) 1.8000 

]n(1 - -  

(see (4.9..lo)), 

y) ln(1  ~- y ) d y  -~ 2 - -  2 ln(2)  + ln2(2) - -  z e t a ( 2 ) ,  

1 

y l n ( 1 - - y )  ln(1  if- y)dy = - ~ - - l n ( 2 ) ,  

o 

(3.3.13) 

1 

fy 13 2 ln(2) 3 l n ( 1 - - y )  ln(1  -t- y)dy -- 96 3 ' 

0 

1 

f y  413 
(3.3.14) 4 In (1 - -  y) In (1 ,-]- y) dy - -  1 125 46h1(2)_]_1 ln~(2) 1 75 ~ --g zeta(2) 

3"4. Combinations o] ln(y) ,  l n ( 1 - - y )  and ln(1  ~-y) and negative powers 
' y .  o/1 -.~ 

(3.4.l) 

(3.4.2) 

(3.4.3) 

(3.4.4) 

(3.4.5) 

1 

1 ( l n ( y )  dy . . . .  ,~ ze tu(2)  
J l + y  
0 

1 

f 
0 

ln(y)  
( 1 + y)2 

dy -~ - -  In (2) , 

1 

f In(y)  dy --- 1 1 l n ( 2 ) ,  
(1 ~- y)3 4 2 

0 

1 

f _ l n ( y )  d y - -  7 11n(2)  
(1 + y)4 24 3 ' 

0 

1 

f l n ( 1 - - y )  1 1 

0 
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(3.4.6) 

(3.4.7) 

(3.4.S) 

(3.4.9) 

(3.4.10) 

(3.4.11) 

(3.4.12) 

(3.4.13) 

(3.4.]4) 

(3.4.1.5) 

(3.4.16) 

(3.4.17) 

(3.4.1S) 

f lfl(] --  y! dy = -- ] ln(2) 
(1 -t- y)~ 

0 

1 

f ln(l_~_~]) 1 l ln(2)  
( 1 + y ) 3  d y - -  8 8 ' 

0 

1 

f l n (1 - -y )  dy--  5 1 ln(2), 
(1 § yp 48 24 

0 

1 

f ln2(y) 3 dy = ~ zeta(3), 
0 

1 

f ln2(y ) (i T y )  ~ d y - -  zeta(2), 
0 

1 

f . _ _  1 ln2(Y) dy = ~ zeta,(2) -F ln(2) 
il -}- y)3 

0 

1 

f ln~(Y) dy = 3zeta(2) ' ln(2)-L1 
(1 -}- y ) "  ' 6 

0 

1 

r l"~- (1----'~j) dy = 7 1 , 
./ 1 ~- y ~ z e t a ( 3 ) -  ln(2)zeta(2) -!- ~ lna(2), 
o 

1 

[ In2(] --y) 1 I �9 

0 

1 

f l . , ( ] - y )  ay : 1 , (1 + y)a g z e t a ( 2 ) -  ~1n2(2) ~- , 
0 

1 

~-}_ y~ dy = z e t a ( 2 ) -  ~ ln'(2) -!- ~ln(2) + 2~ '. 
0 

1 

f i n  (y) in (1 -- y) dy 13 3 1 + y - -  ~-  ~et~(3) - ~ Z e t a ( 2 ) ] n ( 2 ) ,  

0 

1 

f ln(y) in (1 -- y) 1 1 -[- y~- dy = ~ zeta(2) --  ~ lnz(2), 

0 
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1 

(3.4.19) - ' ' dq . . . . .  z e t a ( 2 ) - -  ln~(2) ' l n ( 2 ) ,  (~ T y ) "  " 16 :/ = 
o 

(3.4.20) " in(y)  ln(1 - -  y) 
(1 " y)* 

5 1 3 i~(2)  1 dy = - - 4 8  z e t a ( 2 ) -  ~ 1n2(2) -[-~- , 12 ' 

(3A.21) 

1 

f 
o 

ln(y)  In(l. @ y) dy = 1 ze ta (3)  
1 % - y -  - - -  8 ' 

(3.4.22) 
1 

f l n ( y )  ln(1 + y) 1 1 -- ' - -  - - -  dy := z( ; t .a(2)--  h l ~ ( 2 ) - - l n ( 2 ) ,  
(1 - y)2 '5 ~.. 

o 

(3.4.23) 

1 

f in (y) In (1 -4- ,.i/) dy ] 1 3 
(1 -[- y)~ . . . . .  4 z(qa(2)  - -  4 ln2(2) - -  8 ' 

o 

(3A.24) f h t ( y )  In(.[ + y) dy = ] 1 7 47 
(1 -{- y)'~ g z e t ' t ( 2 ) - - g  ]n2(2) -[ - ~ l n ( 2 )  14.i ' 

0 

(3.4.25) 

i 

In(1 + y )  l n ( 1 - - Y ) d y _ _ =  1 ze[.a(3) j z e t ~ ( 2 )  ln(2)  " -~lna(2) 
1 -[-y 8 ~ ' 

o 

(3.4.26) 

1 

f l n ( l  + y) l n ( 1 - - y )  dy = 1 1 1 
(! + y i ; -  :i ze ta(2)  --. ' ;  hz(2) - - ~  l r~(2) ,  

o 

(3..i.27) / l~l(1 ~ y ) l n ( 1  - - y )  
(1 -'- y)3 

0 

d y - -  3 1 1 o J ,, 

(3.,1.2.s) 

1 

f 
0 

]_1}(1 ' y) hl(J - - y !  dy ,-- 
(~ + y)~ 

31 
288 

1 7 1 
-[- 4.8 zet~(2)  -~- ~ In(2) --27~. ]n~(2) . 

(3.5./) 

3"5. ln(1 + y) and negative powers o] ( 1 - - y ) .  

1 

f ln(1 + y ) - - l n ( 2 ) d y  - -  :1 (zet ,~(2)-- ln2(2)}  

o 
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1 <3 2, 1 ]  
(1--y)2 -]- 2(1--  y~- d y = - - 5 [ 1 - - 1 n ( 2 ) ] ,  

0 

(3.5.3) 

1 

(1 - -yp  H- 
D 

2(1 __y)2 -+-~---Yi  dy -- 1-6 + ln(2,), 

1 

,35 , 1 1]d = 
1 ( - - y ) '  -}- 2( i -~y5 d + 8(1 _y)2  + 24(1~_y) 

0 

._ 29+ ~ l n ( 2 )  

3"6. Combinations and powers of ]n(y), ] n ( 1 -  y) and ln(1 ~-y)  and negative 
powers of y. 

1 

(3.6.1) fan(]y-y) dy = -- zeta(2), 
0 

(3.6.2) 

(3.6.3) 

1 

f 
0 

ln_ ( 1 - - y ) - F Y d y = _ ] ,  
y~ 

f[1 ~- 1+ ~] 3 n_( Y) -[y2-- ~ d y - -  ,~, 

0 

(3.6.4) 

(3.6.5) 

(3.6.6) 

(3.6.7) 

(3.6.8) 

f [!n(1 -- y) y4 
0 

] 1 1] ]1 
+ ~ + ~ y ~ + ~  a y -  is' 

1 

f l n ( 1  ~- y) 1 Y . . . .  dy = ~zcta(2) ,  
0 

1 

f l a ( 1  + y ) - - y  Y~ dy = ] -- 2 111(2) , 
0 

1 

f [ln(/_-F y) i _~_ 1 ]  :1 
l y~ f ~ ay=~,  

0 

f [ln(l+y) 1+  ]0 1] 5 2 2 
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(3.6.9) 

(3.6.10) 

(3.6.11) 

(3.6.11a) 

(3.6.12) 

(3.6.12a) 

(3.(). l _b) 

(3.6.13) 

(3.6.-14) 

(3.6.15) 

(3.6.:16) 

(3.6.17) 

1 

o 

1 

f 
0 

hi-'~ --  Y) dy - '2 zel:a(2), 
115 

1 

11 J t r  [ln~(ly~--Y)--; ay =L; + ~et~(e) , 

o 

see also next  in tegra l ,  

; [111'(1 -- y) hi (lyT y)] ] 
L Y~ -F . dy = ~ -F ze ta (2) ,  

o 

s(~e preeeeding int(~gra], 

f[] n~(.1--y) 1 1] 1-1. 2 
L y4 Y Y~ dy :  : ~- -l- 5zeta ' (2) '  

o 

see below 

1 

L y' + y~ @ dy 1.2 r 
0 

2 
3 zeta(2) , sec be low,  

f [!n2(3 - -y )  In(l --y) + 
L ?]4 + y ~ -  " 

o 

In(]  ~ y ) ] d y _ ~  7 , '2 
2y 2 J ]~2 r 3 zeta(2) , 

][1 7 I 
n~( Y) dy --- :~ zeta(3) , 

0 

f In2(1 + Y-) dy -- zet~a.(2) --'2 ln2(2), y2 
0 

f r]n~( -l- -I- y) 1] 3 

0 

l 
2 zel~(2) - -  2 ]n(2) ,  

1 

f[ h ~ ( l + . v )  1 , 

L y; y~ T 
0 

]1 ] ] 4 2 
J dy . . . .  ~ + ~ zeta(2) + 5 In(2)--51112(2) 

f in(1 + y) ln(1 - -y )  dy 5 
y = - ~ zeta (3), 

0 
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(3.6.]8) 

(3.6.19) 

(3.6.20) 

(3.6.21) 

(3.6.22) 

3.6.23) 

(3.6.24) 

(3.6.25) 

(3.6.26) 

(3.6.27) 

(3.6.28) 

1 

_ _ _ .  

o 

in (1 + y) In (1 --  y) dy -~ --  ~ zeta (2) --  ln~(2), 
y~ 

1 

f 
0 

[ ln( . l - t -y)  l n ( l -  y ) ~ ] d y - - 3 1  
Y~ ~ - - - - ~  q- zeta(2) + ln(2) ,  

1 

f 
0 

In (1 + y) In (1 --  y) 1 ] 

. . . .  y' . . . .  + 7  ay= 

, 2 1 , _ 2 1zeta(2) - i -~ln(2)--51n2(2),  
3 6 

1 

f !n(y)ln(1 - -y)  dy = zeta(3), 
Y 

0 

1 

0 

h(Y)l dy = -- . t  -~- zeta(2) , + y J 

1 

f [ln(y!)-(~ -_y)+ 
L y3 

0 

1,1 (y)] ln(y) + dy 
y2 2y J 

3 1 zeta(2) , - - : - ~ + ~  

1 

0 

In(y) ln(y) q hi(y)] dy II 3 
. . . .  3?] ] --- ---- ~zcta(2) - t -~3  - q- 2y 2 . 5,1: q- ' 

1 f 3 ln(y) ln(1 +y_)dy = - - 4  zeta(3) , 
Y 

0 

1 

f 
0 

l ln(y) ln(1 + Y) l n ( y )  d y = : l  + : z e t a ( 2 ) - - 2 1 n ( 2 ) ,  1 y~ y J 

1 

1 

f [!n(y)ln(ly, + y) ln(y)y3 q-- ln(Y)2y ~ rn(y!13y _I"tY -- 

0 

5 1 2 
= 5~ + 6 zeta(2) - ~ ln(2). 
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3"7. Sq~tare o/ hi(1 + y) and negative powers o/ ( i - - y ) .  

(3.7.1) 

(3.7.2) 

(3.7.3) 

�9 2 1 + y) - -  ln2(2) dy = 1 zeta (3) - -  zcl.a(2) ln(2) + ~ ln3(2) 
1 - - y  ~ 

1. 

f ln*( 

0 

1 

( l - - y ) 2  t l _ y  j ;~ 
o 

0 

[ !n"(! + Y)--ln2(2) 
(.t - -  y)3 

in(2)--71] 

3 , 1 zeta(2) 7 , 8 ; 8 g l n (2 ) -v  ln~(2) �9 

3"8. Dilogarithms antl negative powers o] binomials and o] y. 

(3.8.~) 

(3.8.2) 

(3.8.3) 

(3.8.4) 

(3.8.5) 

(3.8.6) 

(3.8.7) 

(3.8.8) 

1 

f Li2(y) 5 dy := - -  ~ zeta(3) q- zeta(2) In(2) , 

0 

Li2(y) dy = ~ ht2(2) 
(1 -~- y)2 

O 

1 

f Li2(y) (1 § y)3 
O 

- - -  dy ---- _18 ze t a (2 ) - -  ln(2) -[- ~ ln2(2), 

1 

f Li2(y) 
(1. q -  y)4  

1 1 5 1 
. . . .  dy --  24 -t- ~ zeta (2) - -  2~ ln(2) -[- ~ ln2(2) 

1 

f L id - -  y) I zeta(3) 1 - -  dy - - ~ - - ~  ze ta(2) ln(2)  

1 (Li.(-y) 
Z i d (1 -f- y) 

0 

1 i ln2(2) dy - - - ~  zela(2) - -  ~ 

1 

( 
d (1 ~- y)'~ 
0 

1 3 
dy - 4 !6 

1 1 
. . . .  zeta(2) - -  ~ 111(2) q- ~ ln~(2) ~ 

1 

f Li2( y) 
(1 -t- y)~ 

0 

- -  d y  = ] j 7 5 ! 
48 48 zci:a(2) - -24  ln(2) + 6 ln2(2) ' 
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(3.8.9) 

(3.8.• 

(3.8.11) 

(3.8.12) 

1 

f 
o 

1 

f 
0 

Li,~(y) --zeta(2)_ dy = - - 2  z e t a (3 ) ,  
l - - y  

Li2(y) - -  zeta(2) ] - - l n ( ]  - - y ! ]  dy -- - -1  

i~-~y Li,,(-- y) ~- ~ - -  ~ zeta(3) , 

0 

1 

0 

1 

(38 3) f IA--A(Y-~)y dy = zeta(3) ,  
0 

(3.8.14) [ ~-~ dy .... 2 - - z e t a ( 2 ) ,  

0 

1 

( 3 . 8 . 1 5 )  f ~ ' i 2  Y ( ~ - ' d y =  3 --~ zeta(a), 
0 

1 

(3.8.16) 

3"9. 

(3.9.1) 

(3.9.2) 

(3.9.3) 

(3.9.4) 

3 
2 

[ Li2(- t-- d y = - - 2 + 2  
[ y~ 

0 

Powers o/ y and negative powers o/ (a Jr by). 

1 

f i :, 1n/a+ q a ~- by dy = -~ \----~-],  
O 

1 

0 

1 

a -~- by dy - -  ~ b -[- (a -[- b) In 

0 
1 

~ a y = ~  --ab as1,1 

1 
. . . .  zeta(2)  + ln(2) + ~ln~(2) ,  
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1 

0 

1 __ 1 
(3.9.6) (a --  by) 2 dy a(a ~- b) ' 

o 

1 

(3.9.,) (a -]-- by) 2 ~ a -~ b 
o 

+ 

(3.9.8) 

1 

f 1 - - y  (a -}- by) 2 dy == 

f ia y2 1 [ ab (3.9.9) =:i: ~)-~ av =: ~ b + ~ + b 
0 

1 

f Ya dy._ l [b2 a=b (3.9.10) (a @ by) ~ ~ ~ --- 2ab a @ b _ + 

1 

(3.9.11) (a -~- by) a dy = 2--b~ a 2 (a  ;]- b) 2 ' 

(3.9.1:~) af Y d y - -  
(a -J- by) a 2a(a q- b) 2 

o 

1 

f 1 - -  y dy ==: 1 (3.9.13) (a ~- by) a ~ ---~ b) '  
0 

1 
1 [  b b2 

(3.9.1,,) (a q- by) 3 dy =: ~ - -  a -]- b 2(a -~- b) = -+ In 

1 

(3.9.15) (a ~- by) a ~ b -]- a -~'--'--b -t- 2(a --(b) ~ 3a 111 . 
0 

3":10. ln(a-}- by), ln(y) ln(a  ~- by), ln(1 - - y )  ln(a  q- by) and powers o/ y. 

1 

(3.10.1) fln(a -~ by)dy = a ~b b 

0 

a 
ln(~ q-- b)-- gln.(~)--I ,  
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(3.10.2) 

(3.10.3) 

(3.10.4) 

(3.10.5) 

(3.10.6) 

(3.10.7) 

(3.10.8) 

(3.] 0.9) 

(3.1o.lo) 

1 

y ln(a -',- by)dy = , ~  (bS-- a2) ln(a + b) -~- a21n(a) ---~ - ~ a b  , 

0 

I 

fy :1 {(~3 b3) ln(~ + b) ~31n(~)} s I n  (a + by)dy = ~ b  ~ ~ -  - -  - -  

0 

] a a ~ 

- - 9 + 6 b  352, 

1 

_ _  4 4 

0 

:l a a 2 a a 
. . . .  [ -  - l -  - -  

I 16 ' :12b 8b s 4b 3 

1 

ln(y)  h t ( a + b y ) d y =  -b a lrr(a)- - (a+b)  l n ( a - - b ) - ] - a L i ~  - -  2 ,  

0 

1 

in(y)  l n (a  -1- by)dy == ~ {(a 2 -  b 2) l n ( a  ~- b) - -  a 2 l n ( a ) } - -  

0 

- - 2 b  ~ 5 i , ~  - -  -i-~--~%, 
1 

21n(y) l n ( a  -1- by) dy :-: ( ~ {  l n ( a ) - - ( a  3 - r  

0 

+ :3~ IAs - -  - [  27 36~ + 9b - i '  

I 

f 1 4 a~ l n ( a ) } -  ya In (y) In (a § by) dy ---. :tTg i {(a - -  b ~) In (a -t- b) - -  

0 

- - 4 b  ~ L i s  - -  @ ~  144b ~ "~2b s '16b a '  

1 1{ 
n ( 1 - - y )  l n ( a + b y ) d y = : 2  + - ~  a l n ( a ) - -  

0 

1 

y In (1 - -  y) ht  (a -[- by) dy = ~lb~ 

0 

} (aS-- b2) Li2 + 2 -  - -  
~- (a + b)(a --  3b) l n ( a  -]- b) -]- 2b ~ -  4b ' 
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(3.10.11) 

(3.10.]2) 

1 

y2 In (1 -- y) In (a -i 

o 

1 {a(2a2--3ab ~- 6b 2) l n ( a ) - -  by) dy :-- ~-b3 

- - ( a  -L b)(l lb ~-- 5ab q- 2a ~) ln (a  ~ b)}--  

b3 ~- a 8 ( b ) 71 17a 4a 2 
3b 3 Li.2 ~C_ q- 108 36~ - ]  4-b - i '  

1 

f y  1 {a(12b3__ 6ab 2_L 4a2b_ 3 I n  ( 1 - -  y) In (a ~- by) dy : :  :4~-b4 

0 

- - 3 a  3) In(a) if- (a if- b)(25b 3 -  13ab2-i - 7a~b-  3a a) ln(a q- b)}-i- 

a'--b4 /b__~'~_[  35 .t9a ._29a 2 5a '~ 
q- _ib-~-- Li2 ~,a~-b] 72--14~/~ ' 96b 2 16b ~" 

3"1.1. 

(3.11.1) 

(3.H .2) 

11l(1 - -  ay) lu ( l  -I- by) and powers o] y. 
1 

ln(1 .:- ay) ln(:l ~- by)dy := 2 -'- h l ( l  ~- a) ln(1 ~- b ) - -  

0 

' [  1 + a l n ( ] . . t _ a )  l q - b l n ( 1 - [ - b ) - [ - a  ln(1 --' a) ln -[- 
a b 

+ L i ~  a - - b  a - -  - ~  ln(1 -t- b) In -[- 

a - -  I G  - -  a == 
-{- Li~. b - a b-~--alJ 

1 -  : l ~ a  
- - 2  ' " a h t (  1 - i - a )  ln(1 - - b )  - - l n ( 1  ' a ) - -  

a 

1-~-b  hi(1 b -'- b) -l- a - - b  [ ] n ( ~ - )  ln(1 ab @ t)) 

( o 
~, ~i,2 b - - a  \ b - - a ] J  ' 

1 

ln(1.-[-ay) l n ( 1 - i - b y ) d y = ~  ~ - -~  + ~  ~- 
0 ,-o) ~-- ln(1-- i -a)  l n ( 1 - ! - b ) ~ -  l + a l n ( l a  --l-a), ~ - ~  ~- 

1 - - b  1 

1;o 
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3"12. Combinations and powers 
negative powers o] (a ~- by). 

o] ]n (y), 

A .  D E V O T O  a n d  ] ) .  w .  D U K E  

l a ( ] - - y )  and ln(1- '7y) and 

(3.12.1 ) 

(3J2.2) 

(3.12.3) 

(3J2.5) 

(3.]2.6) 

(3.12.7) 

(a.z2.s) 

(3.12.9) 

(3.~2.1o) 

(3.] 2.1 ] ) 

1 

f 
o 

1 

f 
0 

1 

f 
0 

1 

f 
0 

1 

f 
o 

1 

(a -~ by) 2 dy = - - a b  In 

y in (y) 
(a -'7 by) 2 

dy 

( 1 - - y )  ln(Y) dY .'F bY) ~ -- ~1 [ a ~ - b l n ( - ~ ) ~ - L i 2 ( - - b ) ]  ' a -  

(a -'7 by) 3 2a ~ b- In , 

ln(y) 1 [ 3 a a 2 
(a ~- by) '  dy  - - 5a~b - -  ~ -]. a ~--~-b ~- 2 ( a ~  b) ~ 

o 

1 

a § b~y- - -~  Li= ~ , 
0 

f l n ( 1 -  y)dy--- 1 (_~a'7 b) 
(a ~- by) ~ b(a -~- b) lrt , 

o 

I 

(a ~- by) - ~  2(a q- b) 2 ~- ~ In , 
0 

1 

.] (a ~- by)' 
0 

I 

f ln( l  -'7y) 

dy- - 3(a ~- b) 3 ']- 2~  -]- b In 

a , 
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(3 .12.12)  

1 

[ln(1--' y) 21n(2) , 1 
J (a +-h)])" a y  --- a"---- b 2 b(a - -  b) 
0 

(3.12.13) 
1 

[ ht (1 + y) 
j (a -!- @~ d y .  : 

0 

2a hi (2 1 

f i t ' ---  b'-) 2 ')a(a =- b'-:) + 2b(a - -  b) 2 111 

( 3 . 1 2 . 1 4 )  

( 3 . 1 2 . 1 5 )  

1 

f ln(1-i Y) dy 
(a -I- bY) i 

0 

I 

f---- 
0 

2(b~-F 3a2) ln(2) 4a2@ a b - - b  2 

3 ( a  2 -  b~)a ---6-~-~2(a. - b2)~ 

( !) 

:1 
--[- 

3b(a - -  b) 3 

(3.12.t6) 

(3.1.2.17) 

I 

f 
0 

l 

f 
0 

hff-(y) 2 Li~ (-- ! ) ,  
(a " by) 2 dy - ab 

(a -F by) a d y  =- a~ b In --Li~ -- 

(3.12.18) 

(3.1.2.19) 

(a.12.2o) 

(3.1 '2. '21 ) 

i 

f.. l i P ( y ) d y - - - 1  [ b ( ~ )  ( b)] 
(a -t- by)" Sa~b ~ -t- 3 In - -  ~Li.~ - -  , 

0 

1 

[ (  ) J a @ b y  dy=:~ 2Lia - - a _ b  ~ a--b  

f ln~(] --' y) 
(a  @ b y )  2 

+ 2 h~('2) Li~ - a - b l  + 1n'-(2) In ~ - -  b] ' 

o 

@ ln(2) ln(a-~---b~] , 21n~"(2) 
\ a  -t- b ]J  -i- a2 - b" ' 

/hF-(1 @Y) dy=  1 [Li2(--a-b-)--Li,,(- 2b ) , 
(i t  ' by) T " b(a - -  b) 'a b - -  a ------~ 

o 

\ a  i- b lJ  + ia ~ -  b2) ~ [aln2(2)--(a -i- b)hl(2)], 
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(3.12.22) 

(3.12.23) 

(3.12.24) 

(3.]2.25) 

(3.12.26) 

3"13. 

(3.t3.1) 

f ln (y) In (1 -- y) 
a + b y  

+ 

1 (b) 
(a -~ byp " ab Li= a-7~_ b -- 

0 

1 ( b )  zeta(2) 
b(a + b) Li2 -- - - a ( a + b ) '  

f ln(y) ln (1 - -Y)dy_  l Li2 -- Li2 -- -- 
(a--[- by) 3 - " 2a~b 2b(a + b) ~ 

0 

-~a(~4-~) + 7~-~ + ~b(am~ b)~n , 

1 

f l n ( y ,  ln( la  7q_ ~y+Y' dy = ~t {~ In ( ~ )  [ln= (~-~--~) -- h12(2,] -.t- 
o 

, 2 3 ]  ~ (2)] -}- In (~--~--~) (a----b)-- 

_ a - - b  

- ,,=(a-~-~) + ~1= 
' \ a  - -  b ] J  ' 

0 

g a §  
l [h,('ffb---d)ln(~--~-b) ' L i2 ,a_ .b] -~-  -t- a 

ln(c + ey) and negative powers of (a !- by). 

1 

a -[- by -~ In In - -  
0 
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(3.1.3.2) 

I 

In (e + ey) 1 . 

f ~-~-by)~ d y =  bc-5-ae[C]n(e) 
o 

1 

f ln(c + ey) (3.]3.3) (a + by) 3 dy := 
0 

(3.~3.4) 

+~131k a ] - - - - ln(Ca+b [ e )  , 

f ln (e -!- ey) 
(a -}- by) 4 dy 

o 

2(be- -ae)  '~ L a2 c ]n(c)---b- In 4_ 

__ 2ae - -  be -~ be (c + e) ln(c + e) -[- a(a -]- b) J 
(a--~ b) '~ 

1 [bZe"--] - 3a~e2--3abce 
3(bc - -  ae) ~ a 3 - -  e ln(c) -[- 

e 3 (a + b ] _  b~(e ~.- ce -'F e '~) + 3a~e " -  3 a b e ( c -  e) 
[-~-131\ a ] ( a ~ b )  3 - - - -  (e " e ) .  

e(2a q- b)(be--  ae) 2 e'~(be-- ae)] 
�9 l n ( e  - -  e)  + - - - 2 a 2 (  a + bp a(a + b )  J " 

3"14. Integrals containing logarithms and inverse monomials and binomials. 

1 

(3.14.1) f - -  
0 

(3.14.2) 
0 

(3.14.3) f . . . . . . .  
0 

1 

(3.14.4) 

( 3 . 1 4 . 5 )  

(3.14.6) 

ln (a + by) -- ]n (a). = - - L i ~ ( - - ! ) ,  

y~ . . . . . . . . .  a b - - ( a + b )  l n  a , 

f[ ] ln2(a -~ - by) - -  hl2(a) 2b ln(a) dy = -- 2(a +- b) In 
yZ ay 

0 

1 

aZ~-by dy: : In [h l ( a ) - J - l n ( a+b) ] ,  
0 

J 

f ln (a  -~ by) 1 ln(a) ln(a -i- b) 
- (a-@~yi i -dy  " a(a + b) -~- ab b(a : b) ' 

0 
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1 f,,~/o§ ~[1 , ] ln /o / ,n /o§  
(3.],1.7) -(~-12~i1 ~ dy --- a 2 (a + b) 2 + 2a2b 2b(a -]- b) 2 " 

o 

3"15. More complicated integrals containing logarithms and inverse monomials 
and binomials. 

(3.]5.1) 

(3..15.2) 

(3.15.3) 

(3.]5.4) 

(3.]5,5) 

(3.15.6) 

f in(1 - -  y) ln(l. - - a y )  dy = S~,2(a) -} Lia(a), 
Y 

0 

1 

f ln (y) In (1 - -  ay) dy ~ 2S~,o(a) - -  Lia(a) + 
1 - - y  

o 

q- ln(1 - -  a)[Li2(a) - -  zeta(2)] , 

1 

f 1~/~ in/, _ ~ / _  ,,o dy --  S~a(a ) - - 2 L i d ] )  -' 

+ hi(1 - -  a)ILia(a) - -  ze ta (2) ] ,  

1 

f in(1 + ay) ln(1 + by) dy = S~,d-- a) ]- $1,2(-- b) - -  
Y 

0 

�9 a - - b  
2 ] l n z ( b ) i n < l '  b ) ; -  - ] - l I t (b)  [ L i 2 ( a ~ ) - - L 1 2 ( a < l . - ~  t)))]--  

-&, ,  -~ s,,~ a ~ T b )  - s , , 2  ~ , 

1 

- 1  ~- cy - c lrP l n ( 1 - - c ) +  
0 

~_, ~ ~ n ( ~ _ ~ ) [ , ~ ( ~ ) _  ~ (~  ~ ~ -a~.~ § -' 
(1§ - ( ~  

+ 2 & , .  a ~  - - 2 s ,  o ~ , 

X 

] + c y  
0 

+ in ~ l n / 1  + c I a --IJ12 -!- \]  -F b]" [ 2 ]11 Id i2  | ~ -  b )  " ~ - -  

a - - c  a - - b  ( ( a -  b)(1-k. C).'~] + ,, ~,~ ( ~ )  [s~ (~--~)-,a + 
" \(a - c ) ( 1  + b ) l J  
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(3.15.7) 

(a.~,~.s) 

3"76. 

(3.76.1) 

(3.]6.2) 

27 

a - - b  a a - -b  

(<o-~)<, § ~))]} 
-I-&,.. (a e)(1 l-b) ' 

1 

1 _i_ cy c ln2 h i ( 1  + c) - i  

0 

A_ 1 1112 ln(l -t- c) In ~ ln(1 I b) A_ 

�9 ;1 [ c t - - o \  ( ] -~ -b~  
.:. y ~ = ~ n  = _  , . ,n(~) [ , 4 ~  )_,~, to~_. ,  , +~,~. 
_,_ lll(_C_': b_)[L]2 (~_c)__ ]-ji2 (b l -'-cXll _I..~l.(a 1 "" ~ 

b -- c ]J \ a -  c/ 

-t- 1. t ~ i  Li, ( a -  c)(1 -i- ~ - Li.., a ~ e  ' 

1 

f l n ( y )  l n ( 1 - / a Y ) d Y - - l { - -  1 + b y  ~--:2J ]n(] -t- b) [ ln2(il- -[- a) - '  
0 

,-,~: ( ~ ) - ~ , ~ r ~  ~=-/-~,. :(~,,  + o, ~ D ' ,~',.2 (o7=+,?)}. 

Dilogarithms and negative powers o] (a-[-by). 

f Li2(y) a [  ( ~ )  ( b )  ( b)] ~ - D y d Y  - ~  lit + Li3 -- +&,o. -- , 
0 

i<,-~-~y) ~ ~ ( d + b ) - h z ;  - ~--T7 ' 
O 



2 ~  A .  D : E V O T O  &ncl D .  w .  D U K ] ' ]  

(3.16.3) 

(3.16.4) 

(3.]6.5) 

(3.16.6) 

3"17. 
mials. 

(3.17.1) 

(3.]7.2) 

(3.17.3) 

1 fLi2, , 111 -(a :~by)a dy = 9~a b(a @b)In ~- 
0 

1 - - ~  zeta(2) u_ -F Li~ 
-~ a @ b  ' a b 

(a T-b-y)" 33 2a(a -~ b) -~ 2ab(a @ b) ~ in q- 
0 

+ 7~ T~ 7 + ~Yh-~- b) + (~ + b)~ - -7 / ,  ~ ~ ' 
1 

a @ by ~ zeta.(3) -]- ~ ~ --  
0 

a - - b  b - - a  

1 

f ~io(-- y) . 
(a @ by) 

O 

2 a ( a  -~- b) ab 

More complicated integrals containing dilogarithms and inverse mono- 

1 

f 
0 

1 

f 
0 

§ 

IA~(a @ by) 1 
- a-'-7 by dy --- ~ [Li3(a-]-b) --Lia(a)],  

]A2(--aY) d y = ]  { (a) -] @by -~ l n ( l @ b )  Li2( - -a ) - - ln  ~ ~ in(1-]- b)-]- 

a - - b  

1 

0 
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(3.] 7.4) 

- - a - - b  

b - -  L i ,  - -  b - -  Sl,o.(a) '-- $1.2 
--' Li3 a(1 a - - b )  ~ ] - - a - - b  b ' 

f Li2(b - -  ay) dy =: ~ {ln(. t  -F c) Li,.,(b - -  a) - I  
] -t- cy 

o 

( ) ( ) 2. in In b - - a  + L i ~ i c _ _ _ ~ _ L i ~  - -be  
b \ a + ~e] -J-;~-~ - 

1 ( ~ - - a  b - - - a y l n ( l - - e y ) l n  1 - 1 - ~ _ b  y dy (*). 
o 

4.  - M o m e n t  integrals .  

4"]. Notation. 

(,:t.].:l) ~%(~) = ~ ,  

(4.1.2) s~(~) = ~;, 

(d. 1.3) Sa(n) = /-c3. 

4, ~. Moments o] logarithms. 

1 

(~1) fx, ]n (x )  dx :1 

o 

(n 1)~ ' 

1 

(4.2.2) ~ ln~(x)dx  - -  (n -F 1) 3 ' 

0 

1 

f x  6 (:1.2.3) " ]ha(x) dx  - -  (n -F 1 )4, 

(*) See integral (3.15.7). 
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(4.2.4) 

(4.2_)..5) 

(4.2.6) 

(4.2.7) 

(4.2.8) 

(4.2.9) 

(4.2.10) 

(4.2.11) 

x" ln(1 - -x )  dx -- 

1 

x" ln~(l - -  x) dx ~ -  - -  

0 

1 

x '~ ]n3(]  - -  x) dx -- 

0 

1 

x "  ln ( l .  -]- x)dx - -  - -  

0 

i 

&(n + ] )  
n - ~ - I  ' 

2 [s3(,~ + ]) Jr- ~: s~u)/ + ] ,_~ j-+ i j '  

6 {s. ( ,~+])+ ~: s,(J__L) 
n + 1 5=~ (i + ].)3 + 

+ ~; ?+-i + ~ k+z 7~i]j' 

i--(--i)- P + i.(2) 
- -  '% \ 2 / j  + [] -t- ( -  1).] g - +  ]_, 

1 1 

"in3(]  -]- x)dx --: 2 ~ j-x 

0 0 

ln2(2) 
+ [1 ~- ( - -1)" ]n  -F 1 ' 

1 

fx " In  (x) In  (] - -  x) dx  ---- s ,J- : 1 )  _ 
(n § :1) 3 

0 

1 

f x  zeta(2) 
~ln(x) ln(] -~- x)dx = (-- 1)"+1 2 ( n  _F1 ) (n_F 1) ~ 

0 

+ 4 $3 § (n § i) -.----] 

(n) ] - - ( - - ] P  _jr_ 1 + ( - -  1)"  St Jr_ 
- - 2  ~ 2 

1 
n + 1 [zeta(2) - -  ~%(n § 1) ] ,  

]. + (--:[). 
m(2) + 

1 

. ln3(x) ln(1--x)dx--  ~ zeta(3) Jr 
n Jr-1 n + ]  

@ 

S~(n -F ])  S,,.(~ + 1) 
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(4.2.12) 

1 
f x " l n ( x )  in2(l - - x ) d x  -- 2 { zeta(3) n H- 

n - - 1  n -I- :I -I- 
0 

H- zeta(2)S~(n + 1)- -  ~ ~ H + S2(j -F- i) . 
:'=1 n @ l  

4"3. Moments containing polylogarithms. 

(4.3.1) 

(4.3.2) 

(.1.3.3) 

(4.3.4) 

1 

' , , - ' . -  1 n -l- 1 J ' 
o 

1 

fxnIJi2(--x)dx--  ] I zeta(2) ] H- - ,m] ~ ~ yb -~- ] 
0 

1.-- (--1) ~ 
2 

1 

m" log(x) Li2(x ) (Ix 
O 

1 [-- 2 zeta(2) 4- 
(n - -  ~)~ L 

Sl(n -~- .1) 
0 _ _  

n + l  

log(2) @ 

s, P~ -i- -"i l l  
t 2 IJJ '  

-{- $2(~ '--1)] , 

x~ ln(1 --x)  Lidx) dx -- 1 [1 - -2  zeta(3) - -  
~, -~- 1 

0 

--zcta.(2)S',(@ - t - : 1 ) - t - ~  S=(,t -f-.1) -t- ~ S~(~)I , 
,=~ ) + i J  T 

~=~ (j -F- ~)~ J ' 
1 

<4.3.s) fxo ~Ux)dx-----1 [~+~t~.<3) zo,<,<(2.) + t-'U~ 4-_!)1 
n - I  ] 'J~, -t- l (n ~- 1) ~ J ' 

0 

1 

(4.3.6) "S~.~(x)dx = zeta(3) :1 __ S2(n -f- 1) -k ~ ~ i l J  
n + 1 (;~ -t- 1) '~ 

O 

5 .  - I n d e f i n i t e  i n t e g r a l s .  

(5.1) ln(a --', by)dy -- ~ (a ' by)[ln(a -t- b y ) - - 1 ] ,  
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(5.2) 

(5.3) 

(5.4) 

A. I )EVOTO and D. W.  D 'UKE 

f y  1( a S) y~ ay in (a ~ by)dy := ~ y~--~ ln(a -+- by)---~ Jr- 2--b ' 

y21n(a ~_by)dy_-=_ ~ yS___~ ln(a + by)---~ 6-~y2--3b~ , 

f ln (y) 1 5--+~y ay = ; I]og(y) logo + ay) + I & ( - a y ) ] ,  

(5.5) 

(5.6) 

(5.7) 

(5.s) 

(5.9) 

(5.1o) 

(5.] ] ) 

(5.]2) 

(5.13) 

f ln(y) 1[ ( ~ a y ) ) n ( Y )  1 
( l q - a y p d Y = : a  In ~- 1 ~ - a y J '  

(] ._ ay)a dy := 2a In 
hi (y) :1 ] 

(1 + av) ~ + -1 + a~ ' 

f 
1,~,(y) 

1 d a y  
1 - - - -  dy := a [--ln2(Y) ln(1 Jr- ay) 

Jr- 2Lia(-- ay) ---2 In(y) Li=(-- ay)], 

f ln2(y) y la=(y) 2 
il q-ay) 2dy - -  1 q-ay a ILl2(-- ay) ~-ln(y)ln(1 + ay)], 

f ln~(y) 1 [ln (1--~-~-] a{ t ) -  In (y)In (1 -kay ) - -  

in (y____~) (1 + ay) 2-- 1 ln2(y)] , 
-- Li2(-- ay) -[- 1 q- ay ~- 2(1 + ay) ~ 

f l n (a+by)  1[  
k ~ y V  dy  = - �9 

In (a -~ by) 
c + e y  

b . [ c + ey'l] 
- -  -- - - 1 1 1  - -  i - -  -J-ae--bc ~a-;-by)J'  

~,,(~ + by) 1 [ ! ~  + by) , b, [~ + ~y] 
~(~ :~ eyV dy = '~ L (~ + ~Y)' ~ (~e - b~): ]n ~,~ + by] + 

b ] 
"Jr- (ae -- b--c)(c Jr- ey) " 
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A P P ) : ~ D I X  A 

Evaluation of a few selected integrals. 

Consider the folh)wing integral :  

b 

a 

where the  l imits  of in tegra . ion  a, b possibly depend oll x. The derivat ive of I 
wi th  respec;  to x is given by  Leitmiz's  formula  

(A.2) 
b 

(i-x~ = b) ~ - -  l(x, a) -~x + ~x ](x, y) dy.  
a 

This formula  can be helpful  in evaluat ing double integrals.  :For example consider 

(A.3) :~ . d y =  ~ d x  n2(/1--y) dy. 
1 0 0 0 

In tegra t ion  by  par t s  wi th  respect  to x and use of Leibniz's fornmla yields 

1 1 

0 0 

- - -  dx -= - -  2 + 2 zeta(3) 

(see integrals (3.2.2) and (3.6.9)). 

Some integrals may  be evaluated by  first different iat ing with respect  to 
one of the p~rameters  occurr ing in the integrand.  This m ay  considerably 
s implify the  definite integra.1, which may  become of a known form. The final 
answer is t hen  obta ined by  finding ~he appropr ia te  indefinite integral  with 
respect  to the pa rame te r  used in the  differentiaLion. Using ~.his technique,  
however,  addi t ive constants  may  be h)st or in t roduced:  to overcome this ob- 
stacle i t  is necessary to e~raluate the  s ta r t ing  integral  for some specific value 
of the pa rame te r  and to correct  accordingly the  final result .  To make this 
technique more transparent ,  eollsider the following integral  (see integral  (3.15.1 )) : 

(A.4) 
1 

~z = , f  !_n(1 - x) xln(1 - a5 ) dx .  
0 
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Different ia t ing and then  integrat ing with respect  t:o a~ we find 

(A.4a) 

1 

_fd~ flI!_~=_ x ) 
H - ' , ]  , I  1 - -  a x  d x  + e o n s t  - 

0 

1 - - a  
da -1-eonst (see (3.12.7)).  

Using the iden t i ty  (see eq. (2.2.5)) 

I~i2 . = ,y ln2C I. - -  a) , 

we obta in  

(A.4b) H = Li3(a) -[- S, .~(a)  -i- eo n s t .  

Eva lua t ion  at  a = 1 shows tha t  the  addi t ive cons bunt of in tegrat ion is iden- 
t ical ly  equal  to zero in this case. 

(A.4c) / t  r_ Lib(a) + %~,~(a). 

This technique  can be quite  useful  in evaluat ing integrals with the  help of 
MACSYMA: in par t icular ,  the  integral  jus t  discussed, which in the  s tar t ing  
fo rm cannot  be evaluated  by  312kCSYMA, becomes computable  following the  
above descript ion.  

Integrals  containing polylogar i thms can often be evaluated using an appro- 
pr ia te  integral  representa t ion  of the  poly logar i thm and subsequent ly  e i ther  
iu tegra t iug  by  par t s  (Leibniz's formula  may  be of help here), or in terchanging 
the  order  of in tegra t ion  (see BAm~IEI~I [7]). Fo r  example,  consider 

Li2(y) 1 In (1 - -  x) 
(A.5) I 7 =  ~-_--~dy = - -  ~ d  - -x d x ,  

0 0 0 

where we used 
y 

0 

In t eg ra t ion  by  par t s  using Leibniz 's  formula  gives 

, ~" In (1 - -  x) 
(A.5a) Y := In (1 - -  a ) j  x d x  

0 

a 

o 

- = - -  In (1 - -  a) Li2(a) - -  2S~,2(a). 
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s number  of addit ional i l lustrat ions of useful  tr icks are contained in appen- 
dix A of BAxm~aI  [7]. 

Finally,  let  us consider in detail  the  evaluation of the following integral 
(see ImwI~ [5]): 

1 

0 

(see integral  (3.15.6)). 

To evaluate  J ,  we use (see eq. (2.1.5)) 

1 

f l  ln~( 1 _~_ ax) dx = 2S~2(-- a) (A.7) x " 
0 

Then 

(A_.6a) 

1 

o 

( i x  = 2 & , . ( - -  5)  - -  2 & , ~ ( - -  b) - -  

1 

f ]  In (1 -~- ax) in (1 -I- bx) dx - - 2  x 

0 

On the left-halld side of the above equat ion we now make the following change 
of variable : 

(A.8) 

~[ence 

i "~- a x  

I -~ bx 
- - = y .  

(A.6b) 

1 u 

x l U 2 ~ T - ~ j b ~ j d x =  n2(y) • ~- d y ,  
o 1 

where u, - - (1 ~- a)/(l -~ b). 
Consider now the first t e rm oil the  r ight-hand side: the  integrat ion is im- 

mediate once we per form the change of var iable  y == :l - - z ,  and with the help 
of the tables we find 

(A.6c) f 1 
y - - 1  

1. 

L p ~ �9 

To evaluate  the  second t e rm on the r ight-hand side we let 

(A.9) y - -  ~ ( l - - z ) .  
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a--b a--b 
A = a(1 -}-~i and  B . . . . .  a 

The in tegra t ion  is straightfor~vard and ~ve find 

; ~ i[~ (~) (~) (A.6d) a- - -by ln2(Y) dy =: z ln~ + 2 In In (1 - -  z) --', 
1 A 

(~ ) ]  (~)[ (o-~) (~)] 

Thus,  collecting ~11 the  te rms ,  we find 

(A.6e) 

1 

f l lu2{1 + axed x : l n ~ ( a ) l n ( 1 ,  b ) +  
x U "- bx] -~ T 

0 

a a--b 

a--b 

Thus,  f inally,  we h~ve 

(A.6]) 

1 

0 

12 ln~ (b)  ln (1-~- b) -[- ln (b ) [Li2 (aa-b)--Li~(-a~.~bb))] 

(~-~) (o-~) (~-~) 

]?he me thod  shown above is useful  for the  evaluat ion of integrals  of the  form 

1 
(A.10) e + l x  

- - -  i n  (a -t- bx) in  (c -~- dx) . 
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~PPENDIX B 

Power series expansion of the more common polylogarithms. 

We want  to expand  Li2(x), Li3(x) and  S,.o(x) in power  series in order  to 
be able to wri te  efficient and  fas t  compu te r  codes ea.pable of evaluat ing  t h e m  
with  precision as high as desired. Consider 

(B.])  _ _  _ ~ 

o 

L e t  y =  1 - -  exp [--  t] 

t 
r Li~(x) - -  exp-N - - ~  a t ,  

o 

where u = - - I n  (1 - -  x). The i n tegrand  in the  above express ion is the  genera t ing 
funct ion of the  Bernoull i  numbers  B~, thus  

(]3.3) 
Is 

Li2(x) = 2__ H ~ ( t t -  B~ 
~-o *! J ~=o i~  + 1)."" 

0 

I n  a s imilar  fashion s t a r t ing  f rom 

1 t ln2(1 - -  y) dy (]3.4.) ~,,.,(x) = ,5: y 
o 

and pe r fo rming  the  same change of in tegra t ion  var iab le  as above,  a f te r  a 
s imple in tegra t ion,  we find 

un-t-2 
(B.5) &.(x) = - . - o  ~; (~ + ~)B~ i~; -i-:-ffji [u = - -  In (1 - -  x ) ] .  

Final ly ,  in the  case of Li3 we have  

(B,6) Li3(x) = (Li~(t)  dt 
J t ' 
0 
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thus ,  using the  expaus ion  for Li2(x), we obta in  

~t 

i i .-o (-n ~- 1/! B"  [ - - ln( : l  --t)]~+~dt. 
o 

We now let  t : 1 -  exp [ - - z ]  and  p e r f o r m  the  z- integrat ion:  

(B.7) Lia(X) - -  ~=o (~ - ;-' 1)'. B .  ~=o (m _L, 
] 
ql'-7-1- 1) i B,.[(m -~- 1)~]U ~+'~+1 

where  (m -~- 1 ) , : -  (m ~- : l ) (m + 2) ... (m + n) is the  P o c h h a m m e r  symbol .  
Thus ,  f inally 

(B.s) (p +~)!"  

These series expaas ions  are  moat  useful  ~,hen Ix] < ,~. ~o r  evnluat ion wi th  
Ix] > �89 uu4 in p~r t i cu la r  x > 1, which leads to imag ina ry  pa r t s ,  the  ident i t ies  
of subsect .  2"2 are  used. 

APPEI~DIX C 

Identities and power series expansion of sums occurring in moment integrals. 

The pa r t i a l  sums occurr ing in m o m e n t  integra.ls (for the  definition see sub- 
sect.  4"s s~t isfy a n u m b e r  of ident i t ies .  Some of the  s impler  and  more  common  
i4cnt i t ies  are  shown below. A more  complete  table  cuu be found in Gonzales- 
Ar royo  [10] 

(c . ] )  ~: ~ ( j )  : (n + ] )  s~(n) - n ,  
1 = 1  

~1~  " 1 ]. ,~2(ql,) 
((3.2) &(~) : ~ [,%(~)]~ + ~ , 

(0.3) ~ s2(i) = (n + z) s2(n) - -  &(~) ,  

(c.a) 1 ] 

t = 1  ~=I 

(c.5) 
= J - - I  
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]. 1 1 
(C.6) S:(n) = ln(n)  -:- (::-1- 2n 12n ~ @ 1 2 0 n '  ' "'" ' 

where  C is E u l e r ' s  c o n s t a n t  ~ 

1 @  ] ] '~ 
(C.7) S~(n) ~ z c t ' ~ ( 2 ) - - ~  2q ,~--6n ~ . . . ,  

1 1 ] 
(C.8) Sa(n) = ze ta(3)  2n ~ -~ ,2ha 4 ~ - i -  . . . .  
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