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1. — Introduction.

In the course of time we have been collecting integrals that, for one reason
on another, seem to ocecur quite often in our calculations in perturbative QCD
and QED. Each time we attempt to obtain the analytical result for some
physical process, we end up with multidimensional F(zynmah parsmeter
integrals and the ensuing definite integrals are similar, if not identical, to ones
ovaluated in earlier caleulations. It is, therefore, economical and time 'saving
to compile a list of those integrals which occur most frequently in these
calculations. .

This paper represents a collection of such integrals, definite and indefinite,
together with a collection of formulae which may be of help in the analytical
evaluation of Feynamn-parameter integrals. The majority of the integrals
contain logarithmic functions and, therefore, often give rise to dilogarithms
and to the lowest-order generalized polylogarithms. These highly transcendental
functions are not often discussed in the standard reference books for physicists
(e.g. ERDELYI [1], MAGNUS [2]), and integrals involving these functions are
not contained in the most commonly used tables of integrals (e.g. GRADSH-
TEYN and RYZHIK [3], GROBNER and HOFREITER [4]). The primary source
of information on polylogarithms is LEWIN [5], while the modern reference
to the generalized polylogarithms is KoLBIa [6]. TUnfortunately, it is our
impression that these references, particularly the latter, are not as widely
appreciated as they deserve to be. A useful summary of ref. [6] may be found
in the appendix of ref. [7]. Reference [7] and also Levine [8] contain rather
extensive tables of definite integrals leading to transcendental constants.

In recent years many physicists, including the authors, have been fortunate
enough to be able to use very powerful symbolic manipulation computer
programs for our calculations. These programs have made possible many
caleulations whose length would pose an otherwise insurmontable obstacle.
In the present context of analytical evaluation of integrals, MACSYMA [9]
is certainly the most powerful and widely available program. MACSYMA is
a very useful tool, and can perform a large number of integrals, and yet
MACSYMA, at least for the moment, cannot supersede all the familiar tables
of integrals. Tables of integrals are still a good companion of the calculating
physicist first because not all analytically calculable integrals canbe evalnated
by MACSYMA and, in the second place, because unfortunately MACSYMA
and analogous computer codes are not commonly available to the majority
of the scientific community. :

The tables are organized in the following manner: in sect. 2 we define and
present some of the properties of the generalized polylogarithms together
with transformation formulae for Li,, Li; and §,,. Section 2 also containg
the numerical values of polylogarithms for a few selected values of the argument.
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These are useful because they frequently occur in specific caleculations and
because they can be helpful in numerical checks.

Section 3 is entirely dedicated to definite integrals: we start with simple
logarithmic expressions leading to simple answers and end up with the most
complicated integrals encountered. For a detailed list of the content of sect. 3
the reader is referred to the index which may be helpful in locating the for-
mulae of interest.

In sect. 4 we present a number of moment integrals.

Scction 5 contains a few selected indefinite integrals of logarithmic fune-
tions.

Of course, it is inevitable that some particular integral needed will not
be found in the tables. Appendix A, therefore, containsthe detailed calculation
of a few selected integrals: some of the more useful «tricks» for calculating
the integrals are presented here. Although none of the tricks are original,
still they may not be familiar to all physicists.

In appendix B we present power series expansions for the more common
polylogarithms. These power series expansions can be used in writing com-
puter codes for the numerical evaluation of Ii,, Li, and S, ,.

Finally, appendix C deals with some identities of partial sums occurring
in the evaluation of moment integrals. The identities presented in this appen-
dix are only the most commonly encountered, and a more complete table
can be found in [10].

These tables have been checked several times and, therefore, should, hope-
fully, be error free. We would be glad if any misprints or outright errors
noticed by the reader were communicated to the authors.

2. — Generalized polylogarithms.

2'L. Notation and definitions. — In the following tables we use the notation
of Kolbig et al. [6]:

(2.1.1) 8 o(y) = ((n— _1 )1n)+!p;! J‘lnn-l(@ 12,,(17 ) 4

0
In particular

1]

(212)  Sily) = Ligly) — — f e =
1}

H

(213)  Spuly) = Tig(y) — f . f Lise) 4o

0



4 A. DEVOTO and D. wW. DUKE

@

Ms
:(@

[
-
@

(2.1.4) Sn11(y) = Lin(y) =

1 ki

. o 1 {In*1— L {In¥(1 —= 2oyl
(2.1.5) 81.(y) = Qf —%3—/—) dz = —f—(—w ~) de = Y v > =,

9
P

s=2 §* r=1 r
[ [}

The above two power series are not suitable for direct numerical evalua-
tion. A more appropriate method for numerical evaluation is presented in
appendix B.

S.»(¥), defined only for positive integers n and p, is real for real y < 1.

From the definition of S,, we can find its derivative and integral:

d 1

(2.1.6) i Sao(y) == y Sn1,(Y)

(2.1.7) fs—;(”—) de = Snp1,0(¥) -

0

In particular, for the functions we consider in these tables, we have

. a . In(1 —y)
‘) I == ——r——— -
(2.1.6a) o Li,(y) " ,

d . Li,(y)
2.1.6 — = =2
(2.1.60) 3y Liy(y) g
{a d In%(1 —y)

2.1, — _ =y
(2.1.6¢) dy 81,2(%) 2y

It has been shown (see, for example, KorBia [6]) that S, ,’s of argument ,
1 —y and 1/y can be expressed in terms of each other.

@LT)  Sal—g)= S LY [— S D ) 8yrmal) +

Joms s! oor!

=12, )
+ Sn_s,v(l)] "[_ "’&'p' In (-1- —3/) In: (y) '

. . 1 ) p—-1 s (—1)r o —1
(2.1.8) ‘Sﬂm(“‘ 5) = (—=1)" g (=1) > ekl - ) In"(y) (In * 6_ )

, . =l (s 1)1-. . (—- 1)wte o
Buso ros(—Y) + (—1) [FO 7 In"(y) Cu_v,p+ ntp)! Innt: (?l)] 3
where
p—1 +r—1
(21 .9) 071,17 = ('_' 1)“+1 Z (_ 1)p~TS"+"In—T(— 1) (n . ’ll': ) T

+ (=11 — (—=1)7]8p0(—1) .
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Repeated applications of these formulae yield connections between S, ,
with arguments from the set

fy, 1—y, 1y, 1/(1 —w), y/(L—y), A —u)y}.

Specifiec examples for Liy(y), Lis(y) and 8,.(y) are given in the next seetion.
If we use the customary definition of the logarithm in the complex
plane, i.e.

(2.1.10)  In(y - de) - Injy + aT(—y),

where T(y):=0 i y<<0 and T(y):=1 for y > 0, we can find the imaginary
part of the §,,’s. For example

(2.2.11)  Im{Liy(y |- 1)} -= aT(y — 1) In(y),
1 Il

In%(y)

(2.1.12)  Im{Ligy - ie)} -= al(y —1) 5

Z

(2.1.13)  Im{S,(y + ie)} = nT(y—1) [zet‘-a (2) — Li, (%)—élnz(y)] .

The imaginary part of S, , (for n and p arbitrary) can be found in the paper
by KorsiG et al. [6].

2'2. Relations between polylogarithms of different arguments.

(2.2.1) Liy(1 —y) = — Liy(y) — In(y) In(1 — y) + zeta (2),
(2.2.2) Li, (;) = — Liy(y) — i In%— y) — zeta (2) ,

(2.2.8) Lig( ) = Liy(y) 4+ In(l — ) In(—¥) —%1112\’1 — ) + zeta (2),

1—y

. 1—; . . 1
(2.2.4) Li, (— ” y) = Li,(y) + In(y) In{1 --y) — 5 In*(y) — zeta (2) ,
DRD 3 :I/ ] ]
(2.2.5) Li, (— — 7/) = — Li,(y) — 3 In?(1 —y),

(2.2.6)  Li, [y(l—.o/>1+Li2(—ly2 )—Lu—ya)

. ] 1
== — 3Liy(—y) — 2Li,(y) — ) In*(1—y),
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(2.2.8) Li,(y?) = 2[Liy(y) 4 Ti.(— 91,
(2.2.9) Lig(1 —y) = — 81,0(y) — In(1 — y) Li,(y) —
—% In(y) In®(1 — y) + zeta (2) In(1 — y) -+ zeta (3),

AR

) = Listy) + § 1= 9) + meta (2) (= ),

— Bualy) — 5 021 — ) In(—g) + ¢ 11 — ) —

. . 1
(2.2.11) Li, (1 — y) =
—In{(1 — y) Li,(y) + zeta (3) — zeta (2) In(1 —y),

. Y
2.2.12 _——
( ) Li, i—y
1—y

2.2.1: iy (—
(2.2.13) Lls( ;

) = S140) — Liy) - 1 — ) Ligy) + g lns1 —),

= 81,(y) — Liy(y) 4- In(1 —g) Liy(y) + G In3(y) -

+ reta(2) In (1 Y ) + %ln(y) In(1 — g) In (1 ; y) ,

$u(1 —9) = — Tiy) -+ In(y) Tily) -+ 4 1n(1L —y) In*(y) + zeta(3)
Tiy(y) — $(4) —  In%(— ) — In(— ) Tizly) + mcta(3)

1
2.2.15 S..1=)=
(2:2.15) 5, (y)
) —= Liy(y) — S, a(y) —In(— 9) Tiyly) - zeta(3) 4
1 11—y 1
3 — ) In( ) n (= )—glﬂs(l—y) :

1
(2.2.16) Sy, (1 —

— Liy(y) + 1n(y) Tia(y) + 3 In2(y) In(1 —y) —
1
~% In3(y) + zeta(3),

1—
S1,2 (_ Yy y)

1 1
2218 S 125) = Bl — g1 — ).
2'3. The zeta-function and values of polylogarithms for selecied arguments.

@1
(2.3.1) zeta(n) = Y —,
=1 k7

2
zeta(2) = © — 1.64493406684823 ...

zeta(3) = 1.202056 90315959 ...,
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(2.3.4)

4

zeta(4) — % — 1.08232323371114 ...,
zeta(5) = 1.036927 75514337 ... ,
S1L,2>(0) - 0 ?

Li, (1) — zeta(n) ,

Lip(— 1) — — {1 — _):_1} zeta(n) .

For values of §,,(1) see KoLBIG [11]

(2.3.9)
(2.3.10)
(2.3.11)
(2.3.12)
(2.3.13)
(2.3.14)
(2.3.15)
(2.3.16)
(2.3.17)
(2.3.18)

(2.3.19)

(2.3.20)
(2.3.21)

(2.3.22)

Liy(1) = zeta(2) — 1.644 934066 84823 ...,

Liy(— 1) — — lzeta(2) — — 0.82246703342411 ...,

Liy(}) = }{zeta(2) —In*2} - 0.582240 526 46501 ... ,

Liy(— }) = — 0.448414206 92365 ...,

Liy(4) = 0.366 21322997706 ...,

Li,(%) = 0.83327188647739 ...,

Liy(— 2) == —1.436 746 366 88368 ...,

Li,(2) = $zeta(2) 4~ In(2) In(— 1), see convention eq. (2.1.11)
Li,y(1) = zeta(3) — 1.202056 90313049 ...,

Lig(—1) = — %zeta(3) - - —0.90154267736979 ...,

Liy(3) = Fzeta(3) — §zeta(2) In(2) 4+ £ In3(2) —

= 0.537213193 60804 ...

Liy(— %) = — 0.472 597844 63888 ... ,
Liy(3) = 0.34882786115483 ...,

Lig(3) — 0.738060 64483084 ...,

Lig(— 2) = — 1.668283 36396651 ... ,
S1(1) — zeta(3) = 1.202056 90313049 ...,

Sia(—1) = & zeta(3) — 0.15025711289495 ...,
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(2.3.26) 8,,.(3) — & zeta(8) — 4 In3(2) = 0.094 75300423013 ... ,

(2.3.27) S (— %) = 0.046 93645538206 ...,

(2.3.28) 81 2(3) == 0.03582657938065 ...,

(2.3.29) S;,2(8) = 0.206214 84184066 ...,

(2.3.30) 8, ,(—2) = 0.42720966853131 ...

(2.3.31)  Li,(y) >y (0<y<x1),
(2.3.32)  8,.(9) »% 0<y<1),
(2.3.33)  Re[Liy(y)] - — #In*(y) (y>1),
(2.3.34)  Re[Liy(y)] - > —5In%(y) (y>1),
(2.3.35)  RelS:4(y)] — % In3(y) (y >1).

3. — Definite integrals.

31. In(y), In(1 —y), In(1 -+ y) and powers of y.

1

(3.1.1) fy" In(y)dy = — —-

(3.1.2) [111(1 —y)dy = —1,

3
(3.1.3) fy In(1 —y)dy == — 1
0
T
3.1.4 2 In(1 — ) dy — —
(3.1.4) yIn(l —y)dy = 15
[1}
1
(3.1.5) 2 In(l — g) dy = — 20
1. y*In(l —y)dy = — 2,

o

1
(3.1.6) fy‘* In(1 —y)dy = —;—gg— (see (4.2.4)),

0
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1
(3.1.7) fln(l + yydy — 21n(2) —1,
[
1
(3.1.8) fy In(1l 4 y)dy — 7,
0
1
(3.1.9) fyz In(1 + y)dy = s In(2) — —
0

1

(3.1.10) f_foﬁ In(1 +y)dy = 1:

18

0

1
(3.1.11) y*In(1 -+ y)dy —L—)ln(")—47
= y T Y =5 T 500

[
3°2. Square of In(y), In{l —y), In(1 + y) and powers of v.

1
2

3.2.1 2 In2{y)dy = - _
( ) f?j In®(y)dy T
0
1
(3.2.2) flrLZ(l —y)dy — 2,
0

(3.2.3) yIn*(1-—y)dy - -

il =3

Q%H

=

y2In2(1 —y)dy = .ﬁ_z ,

W

N

=S

~
Q%H

1
- 415
(3.2.3) fyalnz(l—y)dq = 558"
¢
1
12019
3.2.6 4 Inz(1l — il
(3.2 fy ML=y = 555
0

[

(3.2.7) [1112(1 G- y)dy = 21In%(2) — 4 In(2) + 2,

ot

(see (£.2.7)),

(see (4.2.3)),
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1

328 [y gty =2 -,

[

1

. 2 16 55
(3.2.9) y*In2(1 4+ y)dy = 51112(2) ~9 In(2) -+ —

54
0
1
3.210) [y + y)dy = Sm(e) — 22
3 288’
0
1
2 92 6589
3.2.11 +1p? = 2 10%(2) — = In(2) -F - oo% see (4.2.
(3.2.11) fy Inz(1 4 y)dy 5ln (2) 75ln( ) }—9000 (see (4.2.8)),

0

33. In(y)In(1 —y9), In(y) In(1 + 9), In(L + y)In(1 —y) and powers of y.

1

(3.3.1) J-ln (Y In(l —y)dy = 2 — zeta(2),

1

(3.3.2) fy In(y)In(l —y)dy =1 ——é zeta(2),

(3.3.3) fyz In(y)In(1 —y)dy = izo%——% zeta(2),
0
1 w
(3.3.4) fy" In(y) In(1 —y)dy = gg —% zeta(2),
Q
1
(3.3.5) fy‘ In(y) In(1 —y)dy = %90]730 —é zeta (2) (see (4.2.9)),

(3.3.6) fln(y) In(1 +y)dy =—2In(2) — L zeta(2) + 2,
(3.5.7) f yln(y) In(l + 9)dy = } 2eta(2) — 4 ,

: 1
(3.3.8) fyz In(y) In(l -+ g)dy = — = 1n(2) — > zeta(2) + —

0
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1
1 17
(3.3.9) fy" In(y) In(1 4 y)dy = 5 zeta (2) — 5

~

2 1 3583
3. s 1+ y)dy = ——1In(2) — — zeta(2) —
(3.3.10) fy In(y) In(1 + y)dy 55 10(2) — g5 zeta(2) 18000

(see (4.2.10)),

(3.3.11) fln(l —y)In(l 4+ y)dy =2 —2In(2) 4 In*(2) — zeta (2),

1

(3.3.12) fy In1—y)In(1 4+ y)dy = § —1In(2),

[]

1
D)
(3.3.13) fgﬁ In(l —y)In(1 + y)dy — g—gln(g) ,

0

1

(3.3.14) fy“ In(l—y)In(1 + y)dy =

0

413 46 1 1
- == 9 Z1n%(2) — = zeta (9
1125 75 1n(2) + £ 1n%(2) — = zeta (2)

3'4. Combinations of In(y), In(1 —y) and In(l 4 y) and negative powers
of 1 +y.

1

(3.4.1) flhiy; dy e — i; zeta(2),

0

1
. In(y) 1 1
3.4.3 W = — L __"1n(2
( ) f S W 1310,

(3.4.4) f @ g T e,

} In(1 — 1
(3.4.5) f B =) g, — — 5 zeta(2) + %lnz(;) ,
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(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)

(3.4.14)

(3.4.15)

(3.4.16)

(3.4.17)

(3.4.18)

1

0
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Inl—y) 1
f‘(l +gpr =T
1111(1—?/)‘ 11
f CE S
. ln(l — ?/) _ * 1 5y
[ == g—ame,

1

2

In*y) . 3 i
fl+ydy— zeta (3) ,

0

1

[ 5 av — wiace),

0

1

In2(y)
L d
f aFgr

0

1

In? 1
fM dy = 5 zeta(2) --In(2) -

1+ 9

0

1

1
= 5 zeta(2) +1n(2),

&

>

’

3

J'l_{%;(lJr—y?ll dy = * zeta(3) —In(2) zeta (2) -t élna(z) ,
01
J’h(llz(:;;g dy = %zeta(Z) —%1112(2)',
01
[t =t gy = Lsetae) — o) + a2,
01
ha“}-y)l) y — 211 zeta(2) — ;—4 In(2) - §1n<2> + 21—4 )

0

1

fln(y) In(l—y) 4

14y
0

1

(L +y)e

J‘ln_(y) In(1—y) dy

0

Lo
~
jo—
=]
—_
Lo
~=

13 3
y = 5 meta(3) — ; zeta(

&

1 1
y=3 zeta (2) — 5 In%(2)
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ln( )ln(l — ) 1 ‘
ly = — -~ zeta (2 12‘)———
(3.4.19) f (1 F g dy = l(iL ta(2) — i n2(2) Uln( 2),
0
. lll(J) In(1 —'1/) 5 1 3 1
A2 DAy = - zeta () — = In(2) - S 1n(2) — —
(3.1.20) J =g dy 13 7@ a(2) 6111( ) - 8111( ) T
¢
1l
. u(y) In(l -+ y)
3.4.21 H— Tl dy = — = zeta(3
(3.4.21) f Ty W (3)
0
11
n{y) In(1 + 1 1o 1 .
(3.1.22) f__,((lzy):r_y} dy == Ezem(.&)—51112(2)—111(3),
! .
11 1
n(y)In(1 - ) 1 1 3
3.4.23 L =dy = S zeta(2) — S Ing(2) —
( ) f (i F g dy _1z<11(2) 4ln( ) oy
]
1
. In(y) In(1 + %) 1 1 7 " 47
3.4.24 v ly = - zeta(2) — = In%(2) -} —1In(2) ——
iz [MUBEID g L e | e
0
1
. - In(1 —f—J)lll(l——ij) [ 1 o1
3.4.2 —_— -z - zobe — - — ln
( 5) f 1+ dy - 8/QLL(3) /eta( ) In(2) - 31113(2),
0
1 .
, In(1 + »)In(1 —y) 1 1 1
3.4 R T A = -~ zeta(2) — - In(2) —= p
(3.4.26) f T + ) dy 4Aou() 2hl() 2lnz(Z),
0
1
v In(1 — y)In(1 — ) 3 1 v 1 1
3.4.27 = — = —=dy = — — + -~ zeta(?) + = In(2) —=In%(2
( 7) f T = )2 y 16 T g Zeta) 15 In(2) —gInx2),
0
1 .
(3.4.28) fl—l}( f(—ly)yi g,
[}
31 1 7 1
= o ¥ T 2 -
~ogs i = zeta (2) 4- 144ln( ) 241112(2).

35. In(1 + y) and negative powers of (1 —y).

1ln 1 —In(2 1
(3.5.1) f—(~ %;_3/_) j_n( )-(1y = ~§{zeta(2) —1n2(2)},

0
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(3.5.4)

3°6.

A. DEVOTO and D. W. DUKE

1-1n('1+?/)~1n(2) 1 ]d I P
of. (1—y)° Taa—yy| W= g —l@],
1'1n(1+y)—1n(2) 1 1 5 s
f (1—y) +2(1_y)z+8(1_y)] dy = — 15+ gln(2),
1—1n(]—{-.1/)—1n(2)| 1, 1 ]d ]
of —yr  ad—yr | i—gr 2y

2 7

Combinations and powers of In(y), In(1 —y) and In(1 4 y) and negative

powers of y.

(3.6.1)

(3.6.3)

(3.6.4)

(3.6.5)

(3.6.6)

(3.6.7)

(3.6.8)

1

In(1—y) . o
f v dy = —zeta(2),

J‘ln(1+y)—yd

" y=1—21In(2),

J‘[ln(1+y)_l¢ 1 _L] dy:i_j%m(z),
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1
(1 —
(3.6.9) f n y—r-?’) dy - - 2 zeta(3),

0

1
(3.6.10) fhl-g%; Nay = 2 neta(2),
1}
1
(3.6.11) J“ [1112(:/: y) —11;] dy == 3 —- zeta(2), see also next integral ,
0
1
(3.6.11a) ”1“2(;: 2 1“(1?/2_ y)} dy = i; 1 zeta(2),
' sce preceeding integral ,
1 -
(3.6.12) f -1”2('1/4_ y)—;}—%] dy - % - ;z)zem(Z), see below
0

y y® 2y

21— 1 — : I
G.6.12a) | |0y In—y) 1 ] PRI

O%H

1
. e [In2(1—y)  In(l—y)  In(l—gy) 7,2 )
(3.6.12b) f s + e + oyt dy = 53 zeta(2),

[}

1 ~

2

(3.6.13) f WA+ 4y 1 e,

J L

1

In%(1 4 ;

(3.6.14) fwl dy = zeta(2) — 2 In2(2),

(1}

1

_ In?(1 +y9) 1 31 . .

(3.6.15) fl:-—ya = —5 dy —- 575 zeta(2) —21In(2),

1]

: 1
o nl+gy 1 1 1 1 4 2
3.6.1 L L dy s — =~ zeta (2 Finroy 2 ¢
(3.6.16) f[ 7 )i y] dy 3 + 3 zeta (2) + 3ln(Z) 31112(.3),

0

11

1 (1 In(l — 5

(3.6.17) f n( +%’ ( =9 dyﬁ—é)-zeta,((%),

0
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(3.6.18)
(3.6.19)

(3.6.20)

(3.6.21)
(3.6.22)
:(3.6.23)
(3.6.24)
(3.6.25)

(3.6.26)

(3.6.28)

A. DEVOTO and D. W. DUKE

f RUF =) gy — L eta(2) — (),
J ~
1
In(l - y)In(1 —y) , 1 3,1
”2( B y:ﬁn( Y . ?7] dy = — 5 {reta(2) +1n(2)
”,1“(1_+ yin—y) , l] dy =
y y*
2 1 L2 LRI
:—g—gzeta(Z) ';-Eln(fz)—ghl (2),

h‘l‘(&h;u dy = zeta(3),

Ol__ﬁ,_‘

;
f’l_n WO AN 4y = 2 setae),

In(y) In(l +9) In(y)
y? Y

O%H

]dy =1+ ézeta(Q)—21n(2) )

\
ln(y;] dy — %_i zeta(2) ,

o"_u._‘
—
]
=
[=]
=
3
—
=
=

lo@)In( +9) _In() , n@ Wi,
[ y* v o2t 3y

c"ﬁ»—l

[S1]

1 2
=7 - 5 zeta (2) 3 In(2).

[S1g]
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37

(3.7.1)

(3.7.2)

3°8.

(3.8.1)

(3.8.2)

(3.8.3)

(3.8.4)

(3.8.7)

(3.8.8)

Square of In(1

L 4 y) —In¥(2)
i y)

J}lnz(

0

17

+ ) and negative powers of (1 — y).

)
dy = i zeta (3) — zeta(2) In(2) + 3 In3(2),

J‘[ln {1 (—I?L);—)ihlz() -1- (?)/] dy -= %’zeta(‘l) —In(2),

]

1

i

0

1

Liy(y)
f(l nrl

0

1

]fiz(?/) )
(L Lty
1)

dy =

1

Liz(y)
f N

0

Liy(— )
A A YRR
f 14y Y

o

Liy(—y)
dy =
f(l Jogye

0

iy~ )
f Ly

0

Liy(—y) . 11
f( T

0

+y) —1n%2)  In(2) —I~M]dy7
{(L—y)?

(1—y)? 41—y

3,1
8!

- zeta (2) — ! In(2) -+ %11‘12(2) .

g7 5

Dilogarithms and negative powers of binomials and of y.

1
Lin(y) .
f1+yw
[

7eta( ) + zeta(2) In(2),

Cﬁlw‘!

1112(2)

; zeta(2) — iln( ) - 11112(.),)

1 1 5 1
- Zozeta(2) — - 0 [__ 2(9
5i | SAeia( ) -lln( 2) - ()hl( )y

1 1
Zze‘ua(3) —27(ta( 2)1In(2),

3
- a(2) —=In(2 —In2%2
1 reta2) —=In(@) 4 S xe),
1 7 53
- . 9y ) —
18 4_85(,ta(~) 4ln(.,)—}— 1n2(2)
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1

Liy(y) — zeta (2
(3.8.9) f L)]_Z;a( ) dy = — 2 7eta(3)

0

1

(3.8.10) J’[Liz(y) —zeta(2) 1—In(d —g/)] dy =—1,

(1L —y)* L—y
[}
1
) 1 . 1 ) 3
(3.8.11) ffjg/ [ng(— )+ 5 zeta(z)] dy = — 3 zeta(3) ,
J
1 1 (
1 . 1 n(2)
3.8.12 . — —y) - = zeta(2) | — =
(3.8.12) f{(l ipny [le( Y) -1~ 5 zeta( )] I _y} dy
0
3 ) S T
=3 zeta(2) + In(2) 4+ 51112(2),
1 1Li
(3.8.13) f—l;@ dy = zeta(3)

0

1

Li, (4 1
(3.8.14) f [—;—(2‘/—)—5] dy == 2 — zeta(2),

0
1
io(— 3
(3.8.15) f&w dy = — - zeta(3),
Y 4
0

1

(3.8.16) ”L‘?(yj 2 %] dy — —2 L sota(2) L 21n(2).
0

3'9. Powers of y and negative powers of (& + by).

1
1 1 a-+b
(3.9.1) f ﬁby dy = 'b—ln ( 2 ) ’

0

1

son [, v =glp—an(S)]

0

1

11—y 1 N a-+b
(3.9.3) fa_}_b?}dy_—bz[—b—{—(a l b)ln( . )],

0
1

. y? I L e o
(3.9.4) J‘d;{- by dy—b3 [2 ab -- a?In p )
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1

- y° 1 1 a-tb
(3.9.0) fal + b’l—/ dy s ZZ [g—;‘i ab- + a'b’b — a3 ln = ,

0

1

f L gy L
699 [ = e

0

1

- Y 17 b a+b
(3.9-0 f(a»kb?)‘zdy"ba a+b+1n( a )J

0

1

1—y 1[b a-+b
C e e | = —
(3.9.8) f(a oy dy 5 |a ln( P )] ,

1

y* 1T ab a-+b

0

3 1 b2 atd a-+b
3.9.10 Yooy = = | 2ab— 22 4 32
(5::10) f(a+by)2dy o PR m( a )]

1 11 1
3.9.1. T dy = ===
(3.9.11) f(a T At [a2 o b)z],

‘ U gy L
w012 [l = s

a1 : 1—y B 1
(3.9.13) f(a = e

4 oy 1 b b @b
(3840 f(a+by)3dy - ,,3[ e b 20k b)2+1n( 2 )]’

2ab ab? a-+b

(39.15) f(a—_t,—‘b?/)—s dy = IF [b + m -{— 2—(01—_{—7)2 —3aln (—T)] .

3°10. In(a -}- by), In(y) n(a + by), In(1 —y) In(a + by) and powers of 4.

(3.10.1) fln(a by — 22

0

In(a 4 b) —%ln(a)—l s
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1

(3.10.2) f’l/ In(a - by)dy = % {(bz— a?)In(a 4 b) 4 a?ln(a) —g + ab} )

0

. 1
(3.10.3) fyz In(a + by)dy = 5 {(@+ ) In(a +b)—a In(a)}—

1 @ a?
—9 T er ap

1

1

(3.10.4) fy‘* In(a - by)dy — e {(b4— a*)In(a + b) 4 at 1n(a)}—
' 1 6 a? a®

Ti6 iz & T ap

(3.10.3) fln(y) In(a+bdy)dy = %{aln(a)—(a—{—b) In({a-+b)-}-a Li, (— %)} 42,

0

1

(3.10.6) fy In(y) In(a -|- by)dy —= 4%2{(“2— b?)In(a + b) — a2 ln(a)}—
a? _ . b\ ., 1 3a
o L‘z(— a) I
{a.3 In(a) — (a® -- b°) In(a + b)} L

@ . b 2 ba 4a?
T L‘z(—a) BT VR T

0

1

1
(3.10.7) fyz In(y) In(a + by) dy == &

0

1

(3.10.8) J.y3 In(y) In(a + by)dy =

0

1
1654

at b 1 Ta 3a? bas
— Li. f— — . —_
le( ) T3y T4sp " 3200 1600

{(w— b In(a -|- b) — at ln(a,)}—

4b* a
: ]
(3.10.9) fln(l —y)In(a + by)dy = 2 + % ia, In(a) —

]

—(a - b) [ln(“ +b) + L, (a b+ b)]} ’

(3.10.10) fy In(1 —9y)In(a 4 by)dy = ;1155 a(2b —a)In(a) +

0

+ (6 + b)(a—3b) In(a + b)} - (“29;2"2) Li2(a b ) g3
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1

(3.10.11) fyﬂn(l—y)ln(a - by dy -

]

1
= fa2a2—: 3% —
18 la(_a, 3ab + 6b2) In(a)

— (@ L b)(11b2— Hab - 2a2) In(a + b)}—
_b+a? i, b L1 1Ta  4a?

3b% a-+b) T 108 36p ' 4b%’
1

1
(3.10.12) fy“ In(1 —y)In(ae + by)dy = -—

R fa(120°— 6ab® -~ 4a2b —

[}
—3a?) lu(a) + (@ + H)(250°>— 13ab?-{- Ta?b — 3a?) In(a + b)} -{-
— b* ( b ) 35  49a | 29a* ba?

_|,_ — + 5 )

ﬁi 72 144b T 9607 160°

311, In(1 L+ ay) In(1 -- by) and powers of y.

1

(3.11.1) fln(l “eay)In(1l 4 by)dy = 2 - In(l 4 a) In{l + b) —

N

. b . L-f-al] | 1 b—
—}—ng(— m)—blz(—ba_b)]fz[ln(l +b)ln(

. a . 1-:-b _
-+ ng(— B——_@)—le(—ab———_a):l —

=2 - ]—‘;—111( a)In(l + b) —

a) N

(i = a)—

——1jb1n(1 ) - “ [ln(bb )ln(l—T—b
|

3

BT

4+ In(l - @) In(1 -]- b) + l%‘hm i) (1 L1 _a) N

b 2a

1
92

1
i3.11.2) fy In(1 -4- ay) In(1 -~ by)dy = L {

0

1 b LT —8) 1 b
+— ln(l—{—b)(;»{—T)——;[ln(aa )1n(1+a)+

R b . 1+ 1 b—
+ T, (— a—_b) — T, (_ b _‘;)] —5 [m( - “) (1 -=b) +
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3712. Combinations and powers of In(y), In(l —1vy) and In{l --y) and
negative powers of (a + by).

1
. ln() 1_. b
(3.12.1) f Ty h:ELla<_a);
0

1
In(y) 1. (a4 b
(3.]22) f‘(‘al-?by—)g' dy _ — a,—b In 4 y

1]

. : yln(J) » +b) | . _é
(@12:3) f a5 () ()

319, 1(1—?/)111(y) . l[a4b fa+b (b
(0.12.1') f—(a—i—- b_y_)?—dy == b?'l: 1 ( a )+L12( a):l’

0

1

. ln(?/) __1rr1 o1 a-+b
(5.12.5) f( 7T by dy‘”W[a-l«b i bm( a )]

. In (%) oL r 3, e a? ek b)]

1
. Inl—y) . 1._. b _)
(3.12.7) f_?z+b1/ dy - - ble(—a+b ,

0

o 1ln(l—y> 1 (ﬂé)
(5.12.8) f<—a+—by)z dy - b(a, __*— b) In a y

0

o In(1 —y) __1___[1 1y
(3.12.9) f(a T by)® dy — 2(a -+ b)? + b "

o [g—y .1 _J2 b ) ( +b)]
(3.12.10) f—m} d:l/-— 5( _+_ ) [ I —{ n . y

0

1. (b— + b
(3.12.11) flna(Lbyy) J...Z[m( b“)m(‘”: )—
iyt .
(= 50) (-]
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1
) ) In(1 +w) 2 1n(2) | 1 @
3.12.12 7 dy = B It
(3.12.12) f (@ + by)* dy @b bia—b) n (a T b) ,

0

. In(l + ) 2a In(2) 1 1 a
o T J . I -
(3.12.13) f( oy Y e e 2a(a— %) T 2n@ — by (a+ b)’
0
1
In(1-:-y) (b -+ 3a?) In(2) 4az—+— ab — b2
0 . . .
R f @ropr Y Be—pp T Gae— b
]

1 1 a )
T Sp@ e (a )’

2 10 - In2(y) 2. b
(3.12.15) fw—l_b—o/ dy = — > T, (_ 5)’

0
1
. In?(y) 2 . b
3.12. — ' dy = —— Li,[— =
(3.12.16) f(a+by)2dy 2 Li, =)
[

. In?(y) 1 a+by . b
wiztn) [ G- w2 (5) (=)

o 1. ln(y) o b -—b o b

0

1
o In2(1 4+ + 1 . b . 2b
3.12.19 d 2L, (— o T, (—
( ) f atoy U7 I)[L]“( a—b Lls( a—b) I
0

+ 21n(2 )le(— —‘)b—)—i—ln( )hl(a_;—:)’

. In*(1 —y) 2 . b . 2b
3.12.20) [ 222 . Y L VR Y (L
(5:12:20) f(a+bu) Gy 1<a—b>[1“( a-b) I‘?( a—b)+

0
+In2)In (“:_Z_’)] L 2Ine)

az—pe

1
o (1 - o) 1 i b . 2b
3.12.21) |- Dy = L T
( ) f(a Sy Y b(a,—b)z[L'z( a—b) “2( a—b) :
0

) 2
.{Aln(“ ' ) -+ In(2 )111(:; II;)] —+ '(;l_z'_')' , [aln®(2)—(a +b)In(2)],

a
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1

In(l —
(3.12.22) f—(J; i(ZJ Y ay — 11;{111( 7-'3) [Li2 (— %)~zeta(2)] 1+
, B\ ..[ b
=)= (=3}

. In(y )ln(l—J) 1 .. b
(3.12.23) f dy = = T, (Zv——l——i)—

(a + by)* ab
~ i 55 (8~
(3.12.24) fln ((2 li(bly)— Y ay = 27:‘25 Li, (a _’; b)_‘zb(al+ i s (_ 2)_
z:z?f? ('“)1})' (1 T3 l b) - ab(a1+ b) In (aTH) !
(3.12.25) f In “’Lli( b; Y ay — Il) {; In _(“ a b) [mz (b = “) ——1112(2)] -+
o158 ) ) o )
] ) ) )

0

. 111(1/)1n(1_~— Y) 11 on o 14 {2\
(3.12.26) f (a‘—bJ)_dy =3 {b [2 zeta (2) < ng( )] 4
1 a-+b a+b
—|- E []Il (’—:—) 111( @ ) - L12 (a—_- b -

3°13. In(e 4- ey) and negative powers of (a -- by).

o ( —}—61) _ 1 be — ae a-+b .
(3.13.1) f —[—by dy —-b[ln( 5 )hx( . )

&+ b ] ae \
R |
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(3.13.2) fllna ”IJ—‘bg)'Jz) dy — z‘c‘:l.‘ae [Z In(e) =
0 +§1u(“jb)—jizm(c-l-e)],
(3.13.3) fl 1&%:5;{3 dy '2"(2)2]—70)‘ [’5’ ;:‘w ¢In(e) — %2- 1n (“ j b) +
L2 EE ol + o (?“1‘;‘;)]
(3.13.4) fl(l;( ;‘bf;’) dy - 3(1)0—1; oy [T“Zi“;f”—?’“bﬁ elnfe) -|-
.OIA e (a ;L b)_bz(cr:_cg Syt )( _?Sa) i—Babele—0)
i st

3'14. Integrals containing logarithms and inverse monomials and binomials.

(3.14.1) fhl(“—’%bz)r_ln(“)- dy = — T, (— g) ,

0

e LA P N L
Yy ay a a

0

1
2 . p — 2
(3.14.3) f In*(e *_b{{/) %) 40 — 2 In(a) L, (— ZI;) 28, (— 2) ,

0

(3.14.4) f [mwirbkrvm(“—)—?%1( )] dy:l{ 2(a + b) ln( ‘: ”)+

y*
+2bIn(a) — (a - b) In* (“ _ )—:mﬂz (— a)] :

(3.14.5) fM Qy - (“ '(t b) [In(a) -+ In(a + B)],

0

- by 2b

’ In(a - I)J) 1 1n() In(a -i- b)
(3.14.9) f(a#by) Y=aTnH ™ ab bain’
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1
21, lrl(a+_bg/_) _ 11 1 ln(a)___l_(a -+ b)_
eun  [RESR e~ |

L]

3'15. More complicated integrals containing loyarithms and inverse monomials
and binomials.

(3.15.1) flll(l——y)—;g(]‘ W) 4y = 8,4(a) 4 Lig(a),

0

1

(3.15.2) f h’(J)lln_“?/* W) dy —- 28, o(a) — Lis(a) +

+ In(1 — a)[Liy(a) — zeta (2)],

1 . .
(3.15.3) f (’Jy) — , W)y~ 8, aa) —2Tiiga) -

0

+ In(1 — a) [Liy(a) — zeta (2)],

(3.15.4) J'lﬂﬂi ay) In(1 + by)

dy = 8, (—a) - Sl,2(— b) —
)
0

1. (a0 ' b . a—b
—-?:ln (—I;)ln(l b0y 4 1In (b) [ng(- a—)—le(&(l_ _{_—7))]-—
a—b a—Db N b—a
—Sl,‘:( a )_}' Sl,z ('am)_bl,z (m)’

v 1 2 @ 1
(3.15.6) f T cy ( ) : ;{m (z)ln(lq—b)—}—
—¢ 14¢ a\[,. { a—b . (e —b\] |
(») ( ) i (b)[L‘2(71+ b))*“‘“’( a )] i
o a—¢ . (o= s (& —b){1 4 ¢) N
+“1“(b—c) [L“ (?z'—"'c) I‘IZ((a—c)(l.er))] |

4+ In? (
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‘ a—b) o (e—=b\_  (a—b)
+ 2 [s,( Z )—M (4(1 + b))—bl’g (a—c) v
(@ —

1
1 - cy lé

+ %lnz(c—b)]n(] +- (3)_%1112(%)1n(1 4By L
_hm(a—c) (1+b) ( )[Il( a )_Liz(dl—;—c)]_:_
2 b—e p — =
h-m(c b) [le( ) LIZ( 1- )] o S”(a1 -} c)_
‘ = ’ a—e
(@ L1~ ) b fa—b
_m(a c) 2 ‘5,2( — ) ‘5"2(’1{;“‘0)—51,2(' - _)+
l-sm((l__b) ( ,
a—b . f a—b
o (b) [I ( )‘“2 a1 ':Tm)] +
a—c . ((a—0)(1 --¢) {a—b
i (b —6) [le ((a —o + b)) — L (‘a‘_‘;,)]} :

(3.15.8) f]n(”)lhi bj W) qy — ;} {— %111(1 +b) [ln2(1 qa)—

[ . [a—Db . o
—1In (_Nb )] + In(1 - a) [le (1——+——a) — L, (m)] —
b— a(l -+ b) . a .
—111( 3 )[L‘,( _b-)——le(»a_b)]—Lla(——b)-L
. (fa—1b . a y a o f{a(1 4 b)
1 () = () e ) e ()
3'16. Dilogarithms and negative powers of (a - by).
b\ . .. o o a
w3

. o Li,(y) B /(\ta()) 1. b
(3.16.2) f(a = by)s Ay = a(@ + b) — b ng( ),

1
(] = ay) In(L -i- b
(3.15.7) flu(.l_ ‘_ﬁy) n(l_ﬂ dy
0

1
Li,(y) a o -
J6.1 2 Qy == ‘
(3.16.1) ot by dy ? [ln(

0

0
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, Li,(y) _ 1 1 __ a
(3.16.3) J'@ T W = 2 [b(a, T (a - b) +
zeta (2) (1 1 1. b
+ a+b‘(5+a+ b)_«Tble(aan)]’

‘ Liy(y) 1 1 3a--2b a+b
(3.16.4) f i Y = { 2a{a + b)*  2abla - b)zhl( a )+

aeta(2) | 1 1 1 L. [ b
ety [a— Taa 0 T @t ,,-)2] Ty M (m)} ’
(3.16.5) flﬂzgf V) gy =1 {% zota(3) & ;-zeta(.?) In (a “ )—

() () m ) [ () ()] +
e )

e [t ()
. (“ T Z) + L, (& i—b)} .

3'17. More complicated integrals containing dilogarithms and inverse mono-
mials.

0

1

(3.17.1) f e ;y? dy = ; [Mis(a | b) — Tiy(a)],

[
1

Liy(— 1 .
(3.17.2) Fll2(+ gyi) dy =7 {111(1 4+ b) Liy(— ) —In? (%) In(l-1- b) -

. fa—Db . —b
+ 81p(— @) + S1,5(—d) 4 1n (%) [Lzz (?a—) — L, (aa—{— ab)] -
a—2>b . a—b J b—a
— 81z (T) - 81,0 (m) — 81,2 (m)} )

f]ﬂz(_“iy)" Liy(a) dy == In (1 — a) Li, (_ 2) +

L, (s+0 - (e L
—{—Eln( 5 )[lnz(,l—a,)—ln( 1= )] !

(3.17.3)

o
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. 1—a—b . —b . —b
—“‘( T—a )[“2 (d(,l Sy b))—“e(1_a_z;)] +

T In(1l—a) [Liz (“(“ :ﬂ)_ Li.l(a)] T, (_ 2) i

—b —b y o« f[ola-l-b)
L Iﬂ3 (m) Ll (1 4 — b) —_ AS,,Z((JL) - 61’2 ('_ b ) 3

1
Liy(b — ay)
1-f-cy

dy — % {In(l + ¢) Liy(b—a) -

0
@ -} be b—a . a—b . [ —be
L N R _ _ — )
! ln( p )111( b )+ le(oa : 1)0) le(a | bc)

! y __l_”a, *
— J\b_;wlnlfcy)ln(l i 1_by)dy}(>-

4. — Moment integrals.

41,

(1.1.3)

42,

Notation.

L

S‘l(n) = Z %7
ko1
n 1

Sy(n) = E 22’
k=1
»o1

Sa(n) = e
k=1 v

1
fT ]n( )d[‘— %—_1)2,
1 2 d 2
fr In2(x) x_(n—}—r)ﬂ"
1
J‘x"]n( yde = — 6——,
(n + 1)

(*y See integral (3.15.7).
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(4.2.4)

(4.2.6)

(4.2.9)

(4.2.10)

(4.2.11)

A. DEVOTO and D. w. DUKE

1

fw"ln(l — ) de = _Snt 1)

n-4+1 "7

<

Pl pa
flmnlnau_x)dm:-%j_l{ Syin + 1) +§1 )2+
tEitit e ysﬂ}

fm"ln(l. + z)do — i;i); [— Sy(m 4 1) + 1 ffz_]}flsl (g) +
1= s ()] o e

fl;rnlne(l + z)dw -—z ,i: 1 1ig1In(l + ) do +

0 0 + 0+ o

fwn In (@) In(1 — a)do = —(jrf”; ;2)_7& i - Treta(2) — Suln + 1)1,

zota(2) 14+ (—1)

fmﬂln(x) In(1 4 nc)da/;:(—l)"+1 o(ntl) WP In(2) 4+
(— 1= L4 (1) [
+ n+i-[—sz(n+1) —rfsz(z)qt
T— (=1 [nd1 (—De[
e85 ]+(n+1) [ (n+1) +
1+ (—1), (n 1—(—1) n+1
S s
fwnan( )ln(l—x)dw:nil [zeta(3) +Z:ti(§) —

&A1) Sim 1)

n—{— 1)2 n+1

Sy + 1)] ,
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1

(4.2.12) J-mﬂln(m) In?(1 — z)dx —= - i 1 { zeta (3) ——Z j_flz +
n 1 S -1-1
+4- zeta(2) 8y(n + 1) g [_1[;7+|1)% (9+ )+S(?+1)]}

4'3. Moments containing polylogarithms.

1

(4.3.1) fm" Tiy(z)dx = ; 1

N [zeta(?,) _ Slm 12] ,

- " -|- 1
) . . 1 ta (2 1 — 1)
(4.3.2) foc" Liy(—a)de = PR {— ze 3( ) -+ —j;i_ il log(2) 4
=0 o 1+ (=1 (n
+ T [— Suln + 1)+ T (—) -+

1

1
(4.3.3) fr log () Li,(w) d T [—Jzeta(z) +
o Sy(n ‘+, ) + Sy(n 1)]
n T
(4.3.4) fx" In(1 — o) Liy(x)de = "y l' 1 {] — 2 zeta(3) —
—zeta(2) S 1) |-~ ‘I 1 [ (n + 1) + ,21 i L 1] +
& S84 1)
_le —_—
CAT -5—1)2}’
| o zeta(2) | Silm + 1)
(4.3.5) f Liy(a)da == o 7 [4@1&(3) n 1 (n L 1) ] )
L poa@ 1 [ § S0)
(4.3.6) f "8y o e R T [bz(n +1)+ ’_gl P ]].

5. — Indefinite integrals.

(5.1) fln(a+by)dyzlb(a-f—by)[ln(a-l— by) — 1],



fy In(a 4 by)

ffﬁ In(e + by)dy

In(y)

11 ayY

J In(y)
(1 4- ay)?

In2(y)
1+ ay

In?(y) -
f Arap®=

CIn¥y)
f (L F agye %

[inietb

c+ey

fln_(a + by)
(¢ - ey)®

(e ey

_ 1 Y _In(y)
~ 3a [ln(u—ay) a4 +ay)®

dy == [~ 1oe(y) In(1 4 ag) +

dy = i—' [ln (a“e ?i—) In(c + ey) — (

1

In (e 4 bJ, d

A. DEVOTO and D. W. DUKE

1 2
dy»zﬁ(w—-j) n(a+ by — 2+ %,

1 a’ yB aZy
— = $__. . L — gy

= i [og (y) log (1 + ay) - Li,(—ay)],

1 Yy In(y)
W=y [ln(l T ay)_l T ay] ’
In(y)
f A ayy

In(y)
f (1T ayp

1 y In(y) 1
2 [ln(l +ay)_(1+ay)2+i +ay]’

3 -k 5oy + 2a%y 2}
2(1 + ay)® ’

+ 2Liy(— ay) — 2 In(y) Liy(— ay)],

P2 Wi ) + In(o) In (1 + ap)],
1 14 ay ) .
= [111 (—T ) —In) In(l -+ ay)
. In(y) , (1 +ay)*--1_
— Liy(—ay) 45 T ay + S ag) In <y)] )

¢+ ey
”‘e—;bc)]’

In(a - by) b ﬁ%—ﬂ/)
et ey +ae—bc‘ln ’

In(a + by) b ¢ ey
T2 [ (¢ —ey)r = (ae——bc)2]n (a + by) +

b
+ (ae —be)(ec + ey)] ’
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APPENDIX A

Evaluation of a few selected integrals.

Consider the following integral:
b

(A1) 1) — [fia, 1)y,

a

where the limits of integration a, b possibly depend on a. The derivative of I
with respect to x is given by Leibniz’s formula

d . db

da | ([0
(A2) 100 = fo g 1w, o 35+ [ [ s,

do

This formula can be helpfulin evaluating double integrals. For example consider

1 1 1 @
N In*(1 —xy) | 1
(A.3) fda)cf» et dy :f;zdwf]m(,l —y)dy .
1 0 0 0

Integration by parts with respect to 2 and use of Leibniz’s formula yields

1 1

— |21 —y)dy + f

0

In?(1 —
In( _,'—x) Az — — 2 1+ 2 zeta(3)

(see integrals (3.2.2) and (3.6.9)) .

Some integrals may be evaluated by first differentiating with respect to
one of the parameters occurring in the integrand. This may considerably
simplify the definite integral, which may become of a known form. The final
answer is then obtained by finding the appropriate indefinite integral with
respect to the parameter used in the differentiation. Using this technique,
however, additive constants may be lost or introduced: to overcome this ob-
stacle it is necessary to evaluate the starting integral for some specific value
of the parameter and to correct accordingly the final result. To make this
technique more transparent consider the following integral (seeintegral (3.15.1 )):

1

(A.4) H - f Rt —an) g,
0o



34 A. DEVOTO and D. W. DUKE

Differentiating and then integrating with respect to @, we find

(A.da) H = —f f da“ + const ==

1_.({—a
= —f a Li, (1 — a) da -I- const (see (3.12.7)).

Using the identity (see eq. (2.2.5))

. —a X 1
Li, (1 - d) = — Li, (a) — 5 In¥(1 —a),
we obtain

(A.4b) H = Lij(a) 4+ 8, :(a) -- const .

Evaluation at @ = 1 shows that the additive constant of integration is iden-
tically equal to zero in this case.

(A.40) H -= Lig(a) + Sl,z(a’) .

This technique cab be quite useful in evaluating integrals with the help of
MACSYMA: in particular, the integral just discussed, which in the starting
form cannot be evaluated by MACSYMA, becomes computable following the
above description.

Integrals containing polylogarithms can often be evaluated using an appro-
priate integral representation of the polylogarithm and subsequently cither
integrating by parts (Leibniz’s formula may be of help here), or interchanging
the order of integration (see BARBIERI [7]). For example, consider

- L12 1 ln( — )
0 ]

where we used

fIn (1 —
le(y) = —f Il( w—x) de .
0

Integration by parts using Leibniz’s formula gives

(ABa) Y -=1In(l —a) f h—‘(—lx_—x) do —[ LY

0

dy =

-= —1n(1 — a) Liy(a) — 28, ,(a) .
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A number of additional illustrations of useful tricks are contained in appen-
dix A of BARBIERI [7].

Finally, let us consider in detail the evaluation of the following integral
(sece LEWIN [5]):

1
(A.6a) J —.fj—cln(l 4+ az)In(l + bx)dw (see integral (3.15.6)).
0

To evaluate J, we use (see eq. (2.1.5))

(A7) f’a—tlnﬂ(l |+ ax)dr = 28,,(—a) .

Then

1

1 14- ax\ . .
~ In% _ =928 (— — 9 — b)) —
(A.Ga) J‘a/ In (1- xS bar;) de ‘51,.( a’) SI,Z( b)
0
1

_2f ;_c In(1 +- ax)In(1 -}- bz)dx .

0

On the left-hand side of the above equation we now make the following change
of variable:

1+az
(A.8) T bz 7
Hence
1 u
1. {1+ ax 1 b
< Int —)de = 2 — = —
(A.60) f z" (.1 + bw) e f iy [y—l + a—by] %,
0 1

where « = (1 + a)/(1 L+ b).

Consider now the first term on the right-hand side: the integration is im-
mediate onee we perform the change of variable y == 1 — 2, and with the help
of the tables we find

f b—
(A.6¢) f 71 In2(y)dy — 28, (i—_}~ (2) .

1

To evaluate the second term on the right-hand side we let

(A.9) Y = % (1—2).
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The limits of integration are now

a—b . a—b
A = m) and B--. a,—- .

The integration is straightforward and we find

. b 1
(A.6d) f T Y ::f ~ [m?- (%) 121 (‘_;) In(1 —z) -

1 Iny(1 — z)] de = In? (%) In(l 4 b) -2 [sl,g (‘-’;—b) —

a—Db . a . a—b . [fa—0b
=l « 2 ) Gis) - ()

Thus, collecting all the terms, we find

1

4
(A.6e) J‘;—Uln2 (Hg) dz == In? (%) In(1 < b) +

L]

) o . a—Db . fa—D
—1—2111(5) [le(a,(TJ——))—le( a )]—{—

. a—b a—b , (b—a
F2lsa(T) s gm) + 5 (50)]

Thus, finally, we have

1
(A.61) J‘% In(1 -+ a2) In(1 4- bw)de = 8, (— @) + 8;(—b) —

]

1 o o . fa—D0 . oa—b
~3 In (5) In(1 4 9) - 1In (5) [le ( . ) ~-Li, (Zt(]_—}—_b_))] —

a—b . a—b . (b—a
- S1,2('—a ‘) + bl’z(a(]——{——b{)— S (1 i b) .

The method shown above is useful for the evaluation of integrals of the form

(A.10) ——}ln (@ 4- bx)In(c - dx) .
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ArpExDIX B

Power series expansion of the more common polylogarithms.

We want to expand Liy(z), Liy2) and 8,.(x) in power serics in order to
be able to write efficient and fast computer codes capable of evaluating them
with precision as high as desired. Consider

(B.1) Liy(x) -= _f .111—(1—?; Vay.

0
Let y =1 —exp[—1]

u

t
2 I i e —— e — 1t
(B-2) (@) fexp [t —1 @
0
where v = —In(1 — ). Theintegrand in the above expression is the generating

function of the Bernoulli numbers B,, thus

B.3 Li 2 B (g 5. W
(B-5) by = Z o Jrdt= 2 B, Ty
0
In a similar fashion starting from
1 [In2(l —y)
(B.4) Siale) = 5 [P ay

0

and performing the same change of integration variable as above, after a
simple integration, we find

(B.5) S e(®) = — g (n+1)B, '(nujn.t;_ﬁ [ =—1In(1—ux)].

Finally, in the case of I.i, we have

@

(B.6) Tiig(@) = f Li:(t) &,

0
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thus, using the expansion for Li,(z), we obtain

3

Liy(x) —= 72:0 (—n —}]‘W B,,J‘% [—In(l —#)]*dt.

0

We now let ¢ =1 —exp[— 2] and perform the z-integration:

s < 1 < 1 i 1
(B.7)  Lig(w) = Patitey B, mgo m il l)!-Bm[(m + 1)aJumintt,

where (m -4 1),—= (m 4 1)}(m 4+ 2)...(m + »n) is the Pochhammer symbol.
Thus, finally

. 2.2 1 ) 71
(B.8) Lie) = 3 3 5 Baondly —¢ + D gy

These series expansions are most useful when |z|< }. For evaluation with
|z| > %, and in particular # > 1, which leads to imaginary parts, the identities
of subsect. 2'2 are used.

ApPENDIX C

Identities and power series expansion of sums occurring in moment integrals.

The partial sums oecurring in moment integrals (for the definition sce sub-
sect. 4°1), satisfy a number of identities. Some of the simpler and more common
identities are shown below. A more complete table can be found in Gonzales-
Arroyo [10] :

€1 ¥ a6 =0+ 0Sm—n,

©2) 35800 = G IS S,

(C.3) z 8,(4) = (0 + 1) Salm) — y(m) ,

O F380) = Smsm 4+ sm— § 580
©5  E380 = 58— s+ 3 58,
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(C.6) Si(n) =1n(n) -1- C-}- +

W ~"n2 ‘)0n4 R
where C is Buler’s constant,
Q.7 g — zota (2 ! 1 1,
(C.7) ‘z(n)_A(,,a(-)—ﬁ—{—zﬂz—%»f...,
v 1 11
(C.8) S;(n) = zeta(3) ~oui + o T a
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