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S u m m a r y .  - -  In the context of a theory of decay proposed by the authors, 
two theorems, which are necessary in order to guarantee the physical 
consistency of the formalism, axe proved. 

I n  a previous pape r  on this subject  (1) w e  have  given a s imple and  concise 

physical  prescr ip t ion  for obta ining the  wave  funct ion describing an uns table  

sys tem when this sys tem ~ppears as a resonance in a scat ter ing exper iment .  

I n  the  context  of the  theory  of decay obta ined  in I and  res t r ic t ing ourselves, 
for simplicity,  to po ten t ia l  scat ter ing,  we shall p rove  the  following two theorems:  

A) The forrm~lism of I allows the  descr ipt ion of an  uns table  s ta te  by  

l imi t ing  the  considerations only to the  isolated reson~nee responsible for tha t  

state.  

B) Two resonat ing phase  shifts which differ sl ightly in the  resonance 

region, while outside t ha t  region t hey  m a y  well be far away  f rom each other,  

give rise for the  corresponding uns table  states to a lmost  ident ical  decay laws. 

(1) L. FONDA and G. C. GHIRARDI: -N'UOVO Cimento, 67A, 257 (1970). This paper wiU 
be referred to as I iu what follows. 
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Both  these  conditions mus t  be  satisfied in order to  h~ve a physical ly  con- 
sistent  formalism. I n  fact ,  t he  first guarantees  t ha t  we can ta lk  of an uns table  
sys tem if the  p roper  conditions are satisfied in the  resonance energy interval ,  

independent ly  of the  dynamics  of the  process for energies far apa r t  f rom t h a t  

region, while the  second is necessary since in prac t ice  a pure  Bre i t -Wigner  

resonance never  occurs, so t ha t  the  s t a t emen t  t h a t  we have  an  uns table  sys tem 

is sensible provided we have  a sufficiently Bre i t -Wigner - l ike  behaviour  in 

p roper  energy  interval .  
Le t  us recall  the  basic equat ions of I to be used in what  follows. The unstable  

sys tem is defined through the  s ta te  vec tor  (*) 

(1) ~, t~b,o(t) = r e ( k )  exp [--  iE~ t] ~f(+)(k) d 3 k ,  

where ~(+) are the  outgoing-wave scat ter ing states.  The coefficients c(_k) yield 

the  nondecay p robab i l i ty  ampl i tude  

(2) A(t) - -  (~f=~b,o(0), ~fu=,t~b,~(t)) = f  Ic(_k)]2 exp [--  iE~ t]d31~. 

By means  of the  localization procedure  in t roduced  in Sect. 2 of I,  the  coef- 

ficients c(_k) have  the  following expression for po ten t ia l  scat ter ing:  

(3) STy(k) 
c~(k) - 

t ,(k) ' 

where we assume tha t  the  resonance appears  in t h e / - t h  wave.  It(k) is the  Jos t  

funct ion ,~nd N~(k) is given b y  

(4) ~v,(k) = 2 ( ~ ( k ' )  i~(k, k ')k~k'"~dk ' 
~Jt~(--k') 

g~(k) is the  /-th wave  energy form factor  of the  imping ing  wave packe t  and  

Iz(k, k') is g iven by  

(5) 

c o  

[z(k, k') = qh(k, r)q~t(k', r)dr + ~t(k, r)[~0~(k', r ) - -  °~ ' 

where  q~(k, r) is the  regular  solution of the  radia l  Schr6dinger equations behav-  
• q~t (k, r) is the  free wave  to ing at  the  origin as q~(k, r),~oH+l/(21 + 1)l I and  out 

(*) Natural unita ]i = c = 1 will be used. 
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which ~z(k, r) converges for r--> exp. Subst i tu t ing (3) into (2) gives 

(6) 

co 

A(t) = (IN~(k)? 
,]  ttz(k)l~ cxp [ - - iE f l Jk2dk .  
0 

In  order to prove Theorem A) we must  invest igate the  detailed shape of 
[N~(k) 12. We must  show tha t  this funct ion is sharply peaked  near  the  resonance 

energy and vanishes rapidly outside the resonance region, providing thereby  
a natm'M cut-off in energy. In  this way an isolated resonance appear ing in ]~(k) 
will describe completely the unsta.ble system thereof  obtained. We start  by  
observing that. in eq. (4) g~(k') is of course t aken  to be sharply peaked near  
the resonance energy k ' =  k~ and tha t  ]z(--]c') is ahnost  zero at the same 
point.  We can then  t rea t  the  factor g~(U)/]~(--U) gs a del ta-funct ion (~(k'--kR) 
in  the  integral  on the r ight-hand side of (4). In  this way we get 

(7) N,(k) oc k* I,(k, kR)~ ~+~ 
"*.R " 

The problem is now tha t  of s tudying I,(k, kR) for fixed k~ as a function of k. 
For  s implici ty we assume tha t  the  potent ia l  is ,~ square well of range R. All 
the following considerations can however  easily be extended to more general 
eases. Le t  ns s tar t  with S-waves. 

Under  the  above assnmption we have 

%(kn, r) : o.t % (k~, r) for r > / ~ ,  

so tha t  Io(k, kn) great ly  simplifies: 

(s)  0(k, k.) =fdr o(k, r) r) 
o 

where we have defined 

R 

kk .1 
0 

R [sin (]c--~)R sin (~ + ~)R] 

[c = ~/k 2 + 2mlV] and ~ = V'k~ -+- 2m[V I . 

We see tha t  Io(k, k~), and  consequently,  through eq. (7), No(k), are peaked 
near  k~ and vanish by  moving away from the  resonance region. The energy 

in terval  AE in which No(k) is appreciably different from zero can easily be seen 
to be greater  than  the  width F of the resonance. In  fact,  since Ak _~ 1/R and 
therefore  AE ~ v/R, the  inequa l i ty  

(9) AE > F 
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is equivalent  to v /R> F, that is 

(10) vv > R .  

Equat ion  (10) states tha t  the range of tile forces should be smaller t han  the  
distance travelled by  the decay products  during one lifetime, a condition t h a t  

must  be satisfied in order tha t  it  be meaningful  to ta lk  of an unstable system. 

The same result is obtained for lva 0 waves. Actually, since the functions 
j, for l v a 0  oscillate more than  jo; the  funct ion 2V,(k) turns  out to be 
more peaked at k~ in this case. We have therefore  completed the proof tha t  
[hrz(k) ]2 has the  desired shape, i.e. i t  is peaked at  the  resonance energy E~ and 
vanishes rapidly when moving away from the  resonance region, being ap- 
preciably different from zero in a region AE greater  than  the  width  F of the 
resonance. The isolated resonance appearing at Ea is t hen  able to describe 
completely the  corresponding unstable s tate  through eq. (2), i.e. we can forget  
about  other  resonances or wild energy behaviours occurring outside the  con- 

sidered energy region AE. In  this way proof of Theorem A) is accomplished. 
Le t  us now prove Theorem B). We shall show tha t  if we choose two reso- 

nat ing phase shifts ~lmost alike in the  region [E--ER[ < AE, the  correspond- 
ing decay laws turn  out to b~ almost the  sam~. This result  is not  at all obvious 
since even thongh only the  values of the  Jos t  funct ion in the  considered energy 
interval  AE will contr ibute  to the  integral  (6) owing to the  cut-off propert ies  
of ]5rz(k)[2, the  Jost funct ion itself depends on the  overall energy dependence 
of the  phase shift. I~ would seem then  tha t  even changes in the  phase shift 
(~(E) far away from the  resonance region could affect the  final result.  

Le t  us make the  following assumptions: 

i) We consider a phase shift (~I(E) having a sharp resonance at  E = Eg 

with width F. 

if) The re levant  contr ibut ion to the  considered integral  comes from a 

region E~ - -  AE ~ E < E R + AE with AE ~ F. 

iii) A second phase shift is given: 

~:(E) = ~I(E) + , ( E ) ,  

where e(E) is assumed to be ve ry  small in a region 

.E~--a< E <  E. + a 

with  a :> AE. ~2(E) is t hen  also resonat ing near  E ~ E~. 

In  other  words, the phase shifts are ra ther  alike in a region surrounding 
the  resonance, bu t  can possibily be very  different from each other sufficiently 
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far away from E R. Le t  us recall the expression of the Jes t  function 

5 5 7  

(11) 

co 

r L ( k ) =  1 - - ~ -  exp L -  ~ 3  E T - ~ 7 ~ j ,  
0 

where the  product  extends over the  bound states. Due to the cut-off intro- 

duced by  the funct ion 12g/k) l 2, in the  functions ( 1 - - E / E )  we can safely pu t  
E = E e. Apar t  from a constant  we get t hen  for thc  mo(hl i  of the  two Jes t  

functions corresponding to d~(E)and  5~(E): 

(12) Ill:>(k)l ~ I/?"(~)1 e x p L - - ~ j  ~ ] , 
0 

where p stands for the  ~( principa.1 value ~) of t.he integral.  Le t  us write the  

integral  on the r ight-hand side of eq. (12) as follows: 

(13) 

co J~R-t-a NR--a c O  

<,,, r ~ J  E'---~E --~, -E ' - -E  + 7  + j ~ - T  • 
0 ~ ' R - a  0 E ~ + a  

The first int, egr,4 on the  r ight-hand side of eq. (13) is small because e(E) is 
small in the in terval  of integrat ion.  To be precise, i t  can immediate ly  be proved 
th,tt this integTal vanishes in the  limit as s (E)-+  0 in the considered energy 
interval .  As for the second integn'al on the r ight-hand side, we remark  tha t  
in ~,he energy in terva l  which is re levant  for the  integrat ion of eq. (6), i.e. for 
]E--.ERI< a, the  denominator  is ~ slowly vary ing  function of E so tha t  we 
can safely pu t  E = E~ there .  We get t hen  

(2) I/, (k) l -~ c o n s t  IlI'(k)l  • 

From eq. (6) we also see tha t  the corresponding decay laws will be practical ly 
identic,fl over m~my lifetimes if hypotheses i)-iii) are satisfied. 

We ]lave therefore  completed the  proofs of theorems A) and B). In  conclu- 

sion we can then  say tha t  for all physical effects which can be related to the in- 
t e rpre ta t ion  of an isolated resonance as a format ion of an unstable state, the  

only re levant  quan t i ty  is the phase shift in a narrow region near  the resonance 
energy, and tha t  small changes of the  phase shift in tha t  region induce corre- 
spondingly sma~ll changes in the  decay law of the  unstable system. 
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• R I A S S U N T O  

Nel contesto di una teoria del decadimento proposta dagli autori, si stabiliscono due 
teoremi che sono esscnziali per garantire la coerenza fisica del formalismo. 

P e 3 I O M e  He  H o J l y ~ e H O .  


