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Snmmal~ .  - -  ~_ class of inhomogeneous G6del-type solutions of Einstein 's  
field equations is studied. The source of the geometries is a fluid with hea t  
flow plus a scalar field. The thermodynamic propert ies  of one specific 
solution are discussed. When the heat  flux vanishes, space-time homo- 
geneous solutions, previously found by the authors,  result.  

PACS. 04.20.Jb. - Solutions to equations. 
PACS. 98 .80 .Dr . -  Relat ivist ic  cosmology. 

1. - I n t r o d u c t i o n .  

S o m e  y e a r s  ago  G6I)EL (1) (1949) p r e s e n t e d  a cosmolog ica l  s o l u t i o n  of 

E i n s t e i n ' s  g r a v i t a t i o n a l  f ie ld e q u a t i o n s  of t h e  t y p e  

(1.1) a s  S ---- ( a t  + H(x)  d y )  2 - - D ~ ( x ) d y  ~ - -  dx  ~ - -  dz ~ , 

which  we ca l l  G 6 d e l - t y p e  so lu t ion .  

(*) On leave of absence from Centro Brasfleiro de Pesquisas Ffsicas, with a fellow- 
ship from CAPES, Brasfl. 
(1) K. C~D~r.: Rev. Mod. Phys., 21, 447 (1949). 
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G6del solution is given b y  

(1.2) H = exp [rex], 1) --  exp [rex] 

with m cons tant .  
Since GSders  discovery m a n y  a t t e m p t s  have  been made  to  find new exact  

cosmological solutions of Einstein 's  equat ion of the Gfde l - type  as quoted b y  
REBOUgAS and  TIOMNO (5). The class of all space-t ime homogeneous Gfdel- 

type  metr ics  was considered for the  first t ime by  RAYC~AUDm.mI and  T ~ -  
KVR~A (~), who found the  necessary conditions for a R iemann ian  GSdel-type 
manifold to be space and t ime (ST) homogeneous.  I n  a recent  paper  (2) we 
have  shown t h a t  R a y c h a u d h u r i - T h a k u r t a  conditions are not  only necessary 
but  also sufficient. I n  t ha t  pape r  we also presented the  mos t  general  irreducible 

set  of Gfde l - type  ST homogeneous metrics.  
A new class of ST homogeneous solutions of Einstein equations is given 

in t ha t  pape r  b y  the in t roduct ion of an uniform scalar field. The l imiting 
solution with  a pure  scalar field has no noncausal  region which is present  in the 
previous solutions. A whole fami ly  of solutions wi th  ST homogeneous met-  
rics and with  no noncausal  region was found by  OLIVEmA, TEIXEn~A and 
TI0IKNO (a) wi th  a spinning fluid as a source (Einste in-Cartan formulat ion),  
thus exhaus t ing  the  spec t rum of the  Rebougas-Tiomno (5) classification. 

I n  this p a p e r  we discuss a general  class of inhomogeneous G6del- type 
solutions. The  source of these geometr ies  is a scalar field plus a fluid which 
has not  been thermalized,  so t h a t  there  is a hea t  flux. As in Brad ley  and 
Sviest ins (5) p a p e r  we relate  the  hea t  flow to a t empera tu re  and  discuss some 
the rmodynamics  questions for a specific solution. This was not  done in pre- 
vious solutions wi th  hea t  flow, as in the  papers  of ~ove l lo  (a), Novello and 
Rebou~as (D, R a y  (s)~ Rebougas and  L ima  (s), Be rgman  (lo), S o n  and Santos (~) 

and  Rebougas  (~). 

(3) M.J .  REBOVgAS and J. TIOMNO: Phys. •ev. D, 28, 1251 (1983), and references 
therein quoted on ST homogeneous GSdel-type solutions. 
(a) A.K.  RAYCHAVDHVRI and S. N. G. THAKZIRTA: Phys. J~ev. D, 22, 802 (1980). 
(4) J .D .  0LIV~IRA, A. F. DA F. TXIXEIRA and J. TIOMNO: X International Con]erenee 
on General Relativity and Gravitation, contributed papers (Padova, 1983), p. 507. 
(s) J. ]Vl. BRADLEY and E. SvlEsrI~S: Gen. t~e]. Gray., 16, 1119 (1984) . Also E. SVlES- 
TINS: Gen. Rel. Gray., in press. 
(e) M. NOV~LLO: Phys. J~ett. A, 69, 309 (1979). 
(~) iV[. NOVV.LLO and M.J.  REBOIJgAS: Astrophys. J., 223, 719 (1978). 
(8) D.  RAY: J.  Math. l~hys. (2V. Z.), 24, 1797 (1980). 
(s) M.J.  REBOI~gAS and J. A. S. LIMA: J. Math. Phys. (s Y.), 22, 2699 (1981). 
(10) 0. BEI~GMAN: Phys..Lett. A, 82, 283 (1981). 
(11) lV[. ~VI. SoM and N. 0. SANTOS: Phys. Lett. A, 87, 89 (1981). 
(is) M.J .  REBOVgAS: Nuovo Cimento B, 67, 120 (1982). 
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2 .  - S o u r c e  a n d  f i e l d  e q u a t i o n s .  

We consider a class of exact ST nonhomogeneous solutions of Einstein 

scalar field equation in which the Raychaudhur i -Thakur ta  conditions are not 

fulfilled. 
The G6del-type metric may  be written as 

(2.1) ds~  = r/an Oa 0 B = (0~ - -  (01)2 - -  (0~)2 - -  ( 0 3 p ,  

where the 1-forms 0 ~ =  ea~dx~ are obviously given by  

01 d x ,  0 ~ = (:it -~ H(x) dy ,  
(2.2) 

0 2-- D(x) dy,  0 3 - d z .  

Here and in what  follows we shall use the notat ion of ]~ebou~as and Tiomno (2). 

There it was shown tha t  the scalar field 

(2.3) S = a z  + ~ , 

where a and a are arb i t rary  constants, satisfies the source-free scalar field 

equation, and has the energy-momentum tensor in the te t rad basis: 

a 2 
rp(s) rp(a) _ _  rp(s)  rl~(s) 

( 2 . 4 )  ~ 0 o  - ~ 1 1  - -  ~ 2 2  ~ a 3  , )  �9 

The material  content  source of our geometries is a fluid of density Q and 

pressure p with heat flow qA plus the scalar field S ,  v i z . ,  

(2.5) 

where 

(2.6) h~n = ~ /an-  Va VB, Va = V a = 6~ and qa V a = 0 . 

The rotat ion of the mat te r  relative to the compass of inertia is 

(2.7) 2~(x )  = H'/D 

for the velocity field V a given by  (2.6). Here the prime indicates x-derivative. 

I t  has vanishing shear, expansion and acceleration. 
The Einstein field equations with cosmological constant  in te t rad frame are 
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Equat ion  (2.8), where K and A are the gravitat ional  and cosmological constants,  
for a GSdel-type metrics, has solutions for a perfect  fluid with heat  flux plus 
the scalar field S given by  

(2.9) 

(2.10) 

(2.~]) 

and 

(~.~2) 

~:(e - - P )  = - - 2 ( A  + X a ' ) ,  

K ( e + P ) = 2 ~ - - K a  ~ = 4 9 2 _ m  2, 

Kq~ = Kq(~)~ = ~ '  ~ 

) y 

m2(x) ~ D - -  Ka2 ~- 2/22' 

to which we impose the additional energy conditions ~ - - p  ~> 0 and ~ -4-p > 0. 
I f  / 2 ' #  0, these equations define a general class of inhomogeneous GSdel- 

type  metrics. Any  such a solution can be found, given a and A < 0 satisfying 
- - p  ~> 0 gnd if we choose an a rb i t ra ry  function D(x)  such tha t  JO"/D ) 2 K a t  

Then eq. (2.12) determines ~(x) ,  except  for a sign, and such tha t  ~ A- p > 0 
is satisfied. Thus ~, p and q~ are found from eqs. (2.9) to (2.11). Final ly 
from eq. (2.7) we find H(x)  by  quadrature.  

For  ~ constant  the ST homogeneous solutions of the scalar plus Einstein's 
equations arise which were previously determined by  I~E]~O~qAS and TIO~-NO (2). 

3. - Fluid temperature and thermodynamica l  aspects. 

We m a y  obtain the fluid tempera ture  distr ibution from q ~ ( x ) =  e~q~(x)  

if we use the equat ion due to ECKAI~T (~3), viz., 

(3.1) q~ = Z(T, x~.t) h~(T.# -~ Ta#) . 

where T ( x  ~, t) is the temperature ,  Z > 0 is the  thermal  conduct ivi ty  and a~--~ 
= V o V ~ is the acceleration, which, as said before, vanishes for our problem. ;p 

H e r e ,  means ordinary der ivat ive and ; covariant  derivative.  
In  t e t r ad  form eq. (3.1) becomes 

(3.2) q~ = z [T,~-- Tf.VBV. + (V... + z~.oV ~) VaT]. 

where T u = T,~, e~'~, V~I, ~-- V~,~,e~ ~' and ~'~Bo are the l~ieci coefficients. 
In  our ease, as referred above, only the terms in T.~ remain and eq. (3.2) 

(13) C. ECKA3~T: Phys. 1%v., 58, 919 (1940). 

14 - l l  N u o v o  C i m e n t o  B .  
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becomes 

(3.3) 

F r o m  eqs. (2.11) 

M. j. REBOUqAS and y. TIOMNO 

and (3.3) we find T ~- T(t, y). 
~a this 1)aper, for  the sake of simplicity, we shall consider only solutions 

of Einstein 's  equations of the form 

(3.4) .D = .Do exp [ ~  x2 -~ mox] , 

where Do and m0 are a rb i t ra ry  constants. Thus we find 

1 
(3.5) ..(-2 : =J= ~ (Ka2x ~ too), 

(3.6) H = -4- V ~ / ) ,  

(3.7) q~ = • ~ 2 a 2 ~ I .  

We shall choose the  sign minus in eqs. (3.5) to (3.7) for reasons to become clear 
in what  follows. 

:From Eckar t ' s  equat ion (3.1) we obtain 

( 1) 
(3.8) q.=z i f . 

I f  we assume, for simplieity, 

d2 
(3.9) ;6 ---- Z(T) = ~-~, 

and compare  (3.7) with (3.8), we find 

1 2 d2 N- 

Thus 

with 

One solution could be 

(3.10) 

T = T(t),  

fl = �89 ~ 2o = const 

X ~  Z o ~  c o n s t .  
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Then f rom eq. (3.9) we find 

a 2 

( 3 . 1 1  ) T = - -  (t  - -  t o ) .  
2Zo 

Notice tha t ,  in spite of both  g,~ and S being s ta t ionary ,  T changes with t ime. 
One m a y  argue tha t  this is because heat  is ttowing into the  volume element 
in question. This is not  t rue,  however,  because the  divergence of the heat  
current  q~' vanishes everywhere.  Also the absence of viscosity prevents  heat  
product ion b y  friction and no mechanical  work is done. Thus the hea t  mus t  
be produced b y  an cxothermic  nuclear and/or  chemical process, like the hea t  
product ion in the  stars. We have  then  a burning universe.  

However ,  the burning rate  mus t  increase with t ime to keep the t empera tu re  
increasing as the combustible mater ia l  will diminish in t ime. Thus we shall 
take  z(T) z e Zo and T cannot  be given b y  (3.11). 

Now we assume the more plausible t ime  dependence of T, which, for con- 
s tant  specific heat ,  implies cons tant  ra te  of react ion per  react ing part icle:  

(3.12) T--To(]--exp[--yt])= To (I-- exp [-- ~ (). -- 2o)]), 

where 7 is a posi t ive constant .  Thus f rom eq. (3.9) we have  

/3 3/ [; = = r 1 7 6  - -  ().--).o) = ( T o - - T )  

o r  

(3.14) T o - -  T - -  1'o exp [--  yt] = fl--- > 0 .  
YZ 

Therefore,  the the rmal  conduct iv i ty  z(t) s tar ts  f rom the finite value fl/TTo 

at  T = - t - - - - 0  and  tends to infinite as t ~ - c o ,  when T - +  T0. 
I n  conclusion, we should like to point  out some drawbacks  of this cosmological 

model  of a burn ing  universe. 
~irst ,  for t imes prior  to t -  0 the absolute t empera tu re  becomes negative. 

This m a y  be a consequence of the fact  tha t  the Ecka r t ' s  equat ion (3.1) was 
used in the linear approximat ion .  I f  the frictiou is t akeu  into account,  possibly 
wc shall ex tend  the range of posi t ive T to t --- - -  co. 

Second, a l though the energy condition o_--'p > 0  can be imposed as 

(3.15) 

the condit ion 

(3.16) o > - - p  with 1o < O 
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cannot  be imposed in the region 

oo)(1 oo) 
(3.17) _ 1 + ~ a  ~ < x <  aYV, ~ K a  2 , 

thus le~ding to a violation of c~us~lity as in this region the velocity of the 

sound overcomes the velocity of light. Violation of causality in a region of 

space, however,  is known to occur in G6del-type metrics (~'~) and other cos- 
mological models. 

We were not able to obtain other models wi thout  these drawbacks. I n  any 

ease the present model stands for its simplicity ~nd the possibility of a com- 
plete analysis. 

$ $ $  

One of us (MJI~) would like to thank  Dr. M. A. H. )SAcCM~Lt~ ~or his 
kind hospital i ty at  the Depur tment  of Applied Mathematics of Queen Mary 

College, where par t  of this work was done being also grateful to CAPES for 

the gr~nt of n fellowship. 

�9 R I A S S U N T 0  (*) 

Si studia un gruppo di soluzioni inomogenee del tipo eli GSdel della equazioni di eampo 
di Einstein. La sorgente delle geometric ~ un fluido con flusso di calore pi6 un campo 
scalare. Si diseutono le propriet& termodinamiche di una soluzione specifica. Quando il 
flusso di ealore si annulla, si ottengono le soluzioni omogenee hello spazio-tempo, tro- 
vate preeedentemente dagli autori. 

(*) Traduzione a cura della Redazlone. 

Is HeO~llopO~HblX Mo~eJIeH U~exteBegoro THIIa. 

Peam~e (*). - -  Hcc~e~yeTc~ ~nacc Heo~uopo~mbIx pemeHH~ I~eYleBcKoro THHa HOneBI, IX 
ypaBaeH~ ~ T e ~ H a .  I/IcTOHHHK reoMeTp~ npe~cTaByLqeT ~KH~3~OCTB C IIOTOKOM Te~na 
rI~oc cKa~pHoe none. O~cy~aIOTC$I TepMo~dHaMrrqecrdde CBO~CTBa O~HOFO ~IaCTHOFO 
peme~am Korea IIOTOK Te~na o6pamaerca B HyYm, HOY~3r~a~oTc~ rIpOCTpaHCTBeHHO- 
BpeMeHHBIe O~HOpO~hIe pemeHn~, paHee Haii~eHHbIe aBTOpOM. 

(*) Hepeaec~euo pee)amtue~t. 


