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Summary. — A class of inhomogeneous Godel-type solutions of Einstein’s
field equations is studied. The source of the geometries is a fluid with heat
flow plus a scalar field. The thermodynamic properties of one specifie
golution are discussed. When the heat flux vanishes, space-time homo-
geneous solutions, previously found by the authors, result.

PACS. 04.20.Jb. — Solutions to equations.
PACS. 98.80.Dr. — Relativistic cosmology.

1. - Introduction.

Some years ago GODEL (1) (1949) presented a cosmological solution of
Eingtein’s gravitational field equations of the type

(1.1) dst = (At + H(x)dy)* — D*(w) dy* — da® — dz?,

which we call Godel-type solution.

(*) On leave of absence from Centro Brasileiro de Pesquisas Fisicas, with a fellow-
ghip from CAPES, Brasil.
(!) K. GOpEL: Rev. Mod. Phys., 21, 447 (1949).
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Godel solution is given by

. __exp [ma]
(1.2) H = exp [ma], D= ———\/2

with m constant.

Since Godel’s discovery many attempts have been made to find new exact
cosmological solutions of Einstein’s equation of the Gdédel-type as quoted by
REBoUGAS and TioMNoO (2). The clags of all space-time homogeneous Godel-
type metrics was considered for the first time by RAYCHAUDHURI and THA-
KURTA (), who found the necessary conditions for a Riemannian Godel-type
manifold to be space and time (ST) homogeneous. In a recent paper (2) we
have shown that Raychaudhuri-Thakurta conditions are not only necessary
but also sufficient. In that paper we also presented the most general irreducible
set of Godel-type ST homogeneous metrics.

A new class of ST homogeneous solutions of Einstein equations is given
in that paper by the introduction of an uniform scalar field. The limiting
solution with a pure scalar field has no nonecausal region which is present in the
previous solutions. A whole family of solutions with ST homogeneous met-
rics and with no noncausal region was found by OLIVEIRA, TEIXETRA and
TroMNO (*) with a spinning fluid as a source (Binstein-Cartan formulation),
thus exhausting the spectrum of the Rebougas-Tiomno (%) classification.

In this paper we discuss a general class of inhomogeneous Gadel-type
solutions. The source of these geometries is a scalar field plus a fluid which
has not been thermalized, so that there is a heat flux. As in Bradley and
Sviestins (5) paper we relate the heat flow to a temperature and discuss some
thermodynamics questions for a specific solution. This was not done in pre-
vious solutions with heat flow, as in the papers of Novello (¢), Novello and
Reboucas (?), Ray (8), Reboucas and Lima (°), Bergman (°), Som and Santos (!)
and Reboucas (%).

() M.J. REBougas and J. Tromwo: Phys. Rev. D, 28, 1251 (1983), and references
therein quoted on ST homogeneous Goédel-type solutions.

(?) A.K. RavcHaupmuURI and S. N. G. THARURTA: Phys. Rev. D, 22, 802 (1980).

(8 J.D. OLIVEIRA, A.F. pa F. Terxeira and J. Troumxo: X International Conference
on General Relativity and Gravitation, contributed papers (Padova, 1983), p. 507.

(®) J.M. BRADLEY and E. Sviestins: Gen. Rel. Grav., 16, 1119 (1984) . Also E. SviEs-
TINS: Gen. Rel. Grav., in press.

(5) M. NoveLLo: Phys. Lett. A, 69, 309 (1979).

(") M. Noverro and M.J. ReBougas: Astrophys. J., 223, 719 (1978).

(&) D. Ray: J. Math. Phys. (N. X.), 24, 1797 (1980).

(®) M.J. REBOoUCAs and J. A, 8. Lima: J. Math. Phys. (N. ¥.), 22, 2699 (1981).
(19 0. BeErGMAN: Phys. Lett. A, 82, 283 (1981).

(1) M.M. Som and N. O. Sanrtos: Phys. Lett. A, 87, 89 (1981).

(12) M.J. ReBougas: Nuovo Cimento B, 67, 120 (1982).
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2. — Source and field equations.

We congider a class of exact ST nonhomogeneous solutions of Einstein
scalar field equation in which the Raychaudhuri-Thakurta conditions are not
fulfilled.

The Goédel-type metric may be written as

(2.1) ds* = nua 0407 = (62 — (072 — (67)* — (6°)%,
where the 1-forms 64 = e4,dx* are obviously given by
0= dt 4 H(x)dy, 6'=dx,
02 = D(x)dy, 63 = d=.

Here and in what follows we shall use the notation of Rebouc¢as and Tiomno (2).
There it was shown that the secalar field

(2.3) S=az+a,

where a and « are arbitrary constants, satisfies the source-free scalar field
equation, and has the energy-momentum tensor in the tetrad basis:

a2
N (8) (8) sy _ (8) __
(-3"1) TOO—_'T1‘1——-[,22—T33—"‘)—.

The material content source of our geometries is a fluid of density ¢ and
pressure p with heat flow g, plus the scalar field 8, viz.,

(2.5) Tizg=0ViVs—Phan+ 2¢uVe+ ngn
where
(2.6) h’AB:”]AB_—VA}rB’ VA.: VAzég and qAVA: 0.

The rotation of the matter relative to the compass of inertia is
(2.7) 2{(x) = H'|D
for the velocity field V4 given by (2.6). Here the prime indicates x-derivative.
It has vanishing shear, expansion and acceleration.

The Einstein field equations with cosmological constant in tetrad frame are
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Equation (2.8), where K and /1 are the gravitational and cosmological constants,
for a Godel-type metrics, has solutions for a perfeet fluid with heat flux plus
the scalar field § given by

(2.9) K(o—p) = —2(4 + Ka*),
(2.10) KoL p) = 20° — Ka* = 40* —
(2.11) Kq,= K65 = 06}

and

(2.12) m2(xz) E—DI—)”Z Kaz + 202,

to which we impose the additional energy conditions ¢ — p>0 and ¢ -+ p>0.

If 02’5 0, these equations define a general class of inhomogeneous Gédel-
type metrics. Any such a solution can be found, given a and A < 0 satisfying
¢ — p>0and if we choose an arbitrary function D(x) such that D"/D > 2Ka2
Then eq. (2.12) determines Q(z), except for a sign, and such that ¢ +p >0
is satisfied. Thus g, p and ¢, are found from eqgs. (2.9) to (2.11). Finally
from eq. (2.7) we find H(zx) by quadrature.

For 2 constant the ST homogeneous solutions of the scalar plus Einstein’s
equations arise which were previously determined by REBoUgAS and TIOMNO (2).

3. — Fluid temperature and thermodynamical aspects.

We may obtain the fluid temperature distribution from g¢,(r) = €,*q«(x)
if we use the equation due to ECKART ('®), viz.,

(3.1) g = (T, 2% 1) haﬁ(T,ﬁ + Tag),
where T'(x%, %) is the temperature, y > 0 is the thermal conductivity and a, =
= V,,V* is the acceleration, which, as said before, vanishes for our problem.

Here , means ordinary derivative and ; covariant derivative.
In tetrad form eq. (3.1) becomes

(3.2) = (T —TaVEV,+ (VAlB‘f‘?’ABGVG)VBT]’

where T\, =T e*,, V=V, e/ and y,,, are the Ricci coeflicients.
In our case, as referred above, only the terms in I , remain and eq. (3.2)

(*%) C. Ecrart: Phys. Rev., 58, 918 (1940).

14 - Il Nuovo Cimenio B,
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becomes

H
(3.3) Ga=— 1T %+ 5 1.0

From eqs. (2.11) and (3.3) we find T = T'(%, y).
In this paper, for the sake of simplicity, we shall consider only solutions
of Einstein’s equations of the form

(3.4) D — D, exp [E;“

2
x? - mox],

where D, and m, are arbitrary constants. Thus we find

(3.5) 0=+ \%(K«»Zw + m)
(3.6) H=+ \/ED ’

1
(3.7) qA: :i:véarz(si.

‘We shall choose the sign minus in egs. (3.5) to (3.7) for reasons to become clear
in what follows.
From Eckart’s equation (3.1) we obtain

1
(3.8) 4= x0% (— Tov2+ 3 T,z) :

If we assume, for simplicity,

(3.9) x=xT)=7%, T=T(),

and compare (3.7) with (3.8), we find

\%ﬁ a? = /2 %% .
Thus
A=2,+ft
with
f=1a?, A,= const.
One solution could be

(3.10) X = Xo = const.
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Then from eq. (3.9) we find
(3.11) T=—(t—1,).

Notice that, in spite of both g,, and S being stationary, T' changes with time.
One may argue that this is because heat is flowing into the volume element
in question. This is not true, however, because the divergence of the heat
current g vanishes everywhere. Also the absence of viscosity prevents heat
production by friction and no mechanical work is done. Thus the heat must
be produced by an exothermic nuclear and/or chemical process, like the heat
production in the stars. We have then a burning universe.

However, the burning rate must increase with time to keep the temperature
increasing as the combustible material will diminish in time. Thus we shall
take x(T) -~ x, and T cannot be given by (3.11).

Now we assume the more plausible time dependence of 7', which, for con-
stant specific heat, implies constant rate of reaction per reacting particle:

(3.12) T =Ty(1—exp[—yt]) = T, (1— exp [—% (2 ——).o)]),

where y is a positive constant. Thus from eq. (3.9) we have

= 4Ty Y _7 :
(3.13) VAT —BTO €Xp [_ﬁ(}-_}-o)]—ﬁ(To*l) ’
or
(3.14) T,—T=T,exp[—yt] = —ﬂ—> 0.

vX

Therefore, the thermal conductivity y(¢) starts from the finite value g/yT,
at T:--t=0 and tends to infinite as { —- oo, when T -> T,.

In conclusion, we should like to point out some drawbacks of this cosmological
model of a burning universe.

First, for times prior to ¢ — 0 the absolute temperature becomes negative,
This may be a consequence of the fact that the Eckart’s equation (3.1) was
used in the linear approximation. If the friction is taken into account, possibly
we shall extend the range of positive I' to ¢ = — oo.

Second, although the energy condition o—p >0 can be imposed as

(3.15) >0, e>p,
the condition

(3.16) 0>—7p with p< 0
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cannot be imposed in the region

1 "y LM
(3.17) —(a‘\/_—K'_ + Eﬁ2)< & < (a,'\/_ﬁ: Kaﬁ)’

thus leading to a violation of causality as in thig region the velocity of the
sound overcomes the velocity of light. Violation of causality in a region of
space, however, is known to occur in Gdédel-type metrics (*-3) and other cos-
mological models.

We were not able to obtain other models without these drawbacks. In any
cage the present model stands for its simplicity and the possibility of a com-
plete analysis.

%ok ok

One of us (MJR) would like to thank Dr. M. A. H. MacCaLLum for his
kind hospitality at the Department of Applied Mathematics of Queen Mary
College, where part of this work was done being also grateful to CAPES for
the grant of a fellowship.

® RIASSUNTO ()

8i studia un gruppo di soluzioni inomogenee del tipo di Godel delle equazioni di campo
di Einstein. La sorgente delle geometrie & un fluido con flusso di calore pidi un campo
scalare. Si discutono le proprietd termodinamiche di una soluzione specifica. Quando il
flusso di calore si annulla, si ottengono le soluzioni omogenee nello spazio-tempo, tro-
vate precedentemente dagli autori.

(*) Traduzione a cura della Redazione.

Knace neonnopousix moaeieii I'énenescxoro Tuma.

Pestome (*). — Hccnmeayercs KIIace HEOMHOPONHBIX pemennii I'€neneBckoro Tuma IMONEBBIX
ypasHeHHH DitsmTeltaa. VICTOUHUK reoMeTpuil IpeacTaBifgeT KUAKOCTh ¢ MOTOKOM Tenna
IUTIOC cKalIgpHOe moie, OO6CyxmaroTcs TePMOJHHAMHYECKUE CBOMCTBA OZHOTO JacTHOTO
pemennss. Korma motok Temma oOpamiaercs B HyIb, HOJy4aroTCH NPOCTPAHCTBEHHO-
BpEeMEHHBIE OJHOPOJbIE PEINCHMS, paHee HalOEHHBIC aBTOPOM.

() Hepesedeno pedaxyueii.



