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Summary. - -  The two-photon transit ion probability between electronic 
energy bands in crystals is obtained in correspondence to all types of 
critical points. Expressions are given for the discontinuities in the 
absorption rate of one of the two photons as a function of its frequency 
when the sum of the energies of the two photons is equal to the energy 
difference of the conduction and of the valence band at that  particular 
critical point. The results indicate sharp peaks in correspondence to 
saddle points M 1, besides the sharp edge at M~ already found by Braun- 
stein. For noneubic materials the anisotropy is shown to influence the 
shape of the edge M 0 and of the peak M 1. In  the l imiting case of a two- 
dimensional crystal the two-photon transit ion probability gives a sharp 
logarithmic singularity at M~. The results are analogous to those for 
one-photon processes, but  all the singularities and the peaks are sharper 
in this case and their intensities depend on the position of the virtual  
states. The possibility of studying other critical points besides the edge 
by two-photon spectroscopy is discussed and substances such as hex- 
agonal BN, cubic ZnS, and A1Sb and GaAs seem to be good candidates 
for detecting two-photon transit ion to higher-lying critical points of the 
conduction band. 

1. - I n t r o d u c t i o n .  

The t h e o r y  of t he  t w o - p h o t o n  a b s o r p t i o n  has b e e n  deve loped  first  a t  t he  

f u n d a m e n t a l  b a n d  gap  b y  BaAV~STEr~ (1), f rom the  ge ne r a l  t h e o r y  g iven  b y  

G(iPP]~T-MA¥]~ (2), i n  t he  case in  wh ich  the  surfaces  of c o n s t a n t  energy  

(1) R.  BRAVNSTEI~: Phys. t~ev., 125,  475  (1962). 
(:) M. GSPe]~RT-MAY]~R: A n n .  der Phys . ,  9, 273 (1931). 
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around the  crit ical po in t  (of t ype  Mo) are of spherical  shape. The absorpt ion  
coefficient has been  shown to have  a ve ry  s imple fo rm which depends on the  
band  p a r a m e t e r s  obta inable  f rom the single-photon absorpt ion (3). 

The theory  depends upon  the  exci tat ion of an electron f rom the valence 
b~nd to the  conduct ion b a n d  by  the  s imultaneous absorpt ion of two general  
photons  which m a y  be of different f requency.  This is a nonlinear opt ical  phe-  
nomenon  (4) t ha t  takes  place through a n u m b e r  of in t e rmed ia te  s ta tes  as spec- 
ified b y  t ime-dependen t  second-order p e r t u r b a t i o n  theory.  The approx ima-  
t ion in the  theory  is t h a t  the  in te rmedia te  s ta tes  connect  bo th  ilfitial and  
final s ta tes  b y  electric-dipole t rans i t ion  hav ing  a to t a l  oscillator s t r eng th  

nea r ly  equal  to one. 
]~[OPlVIELD et al. have  first observed the two-pho ton  absorpt ion  in K I  (5.6). 

Recen t ly  exper iments  huve  been  done on a n u m b e r  of semiconductors  such 
as CdS (7.8), P b T e  (9), and  GaAs (lo), and ZnS (~). 

The purpose of this p a p e r  is to compute  the  t rans i t ion  probabi l i ty  r a t e  "/or 
two-pho ton  processes a t  the  po in t  (Mo), also for anisotropic mater ia l s  and  in 
the  two-dimensional  case and  a t  the  saddle po in t  M~ in the  three-dimensional  

and  two-dimensional  cases. 
P a r t i a l  results on the  saddle point  have  a l ready been  given in ~ previous  

publ ica t ion  (~). The behav iour  o"/the ubsorpt ion coefficient of the  first pho ton  Kz 
as a "/unction o"/ the  f requency  (o~ is here given for all cases as in ref. (~a) for 
one-photon processes. Some numerical  examples  are also repor ted  re la t ive  to 
a n u m b e r  of semiconductors ,  such as hexagonal  BN in two dimensions,  
cubic ZnS, ~nd A1Sb and GaAs in th ree  dimensions. They  show t h a t  ~ struc- 
tu re  in the  absorpt ion coefficient of the pho ton  ~o~ should be observed in corre- 
spondence to a saddle po in t  when the  dens i ty  of the  second pho ton  is 

1018 p h / c m  3. 

(3) R. BRA~rNSTEIN and E. O. KANt: Journ. Phys. Chera. Nolid£% 23, 1423 (1962). 
(4) See, for instance, N. ]3LOEMBERGEN: Nonlinear Optics (New York, Amster- 

dam, 1965). 
(5) j .  j .  HOPFIELD, J. )][. WORLOCK and K. PARK: Phys. Rev. Lett., 11, 414 (1963). 
(6) j .  j .  HOPFIELD and J. M. WORLOCK: Phys. Rev., 137, A 1455 (1956). 
(7) p. j .  REGENSBURGER and E. PANIZZA: Phys. Rev..Lett., 18, 113 (1967). 
(8) R. BRAUbISTEIN and N. OCKMAN: Phys. Rev., 134, A 499 (1964). 
(9) C. K. PAT~L, P. A. FLURRY, R. E. SLUS~R and H. L. FnIscI~: Phys. Roy. 

~Lett., 16, 971 (1966). 
(io) N. G. BASOV, A. Z. GRASYUK, I. G. ZUBAREV and V. A. KATULIN: Zurn. l>,ksp. 

Yeor. lxiz. Pis'ma Redakt., 1, 29 (1965) (English translation: J E T P  Lett., 1,118 (1965)). 
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PmLLIPS: Phys. Rev., 104, 1263 (1956); in Solid-State Physics, Vol. 18, edited by F. 
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In  Sect. 2 we give a general  expression for the absorp t ion  coefficient of 
one of the  two photons  obtained f rom second-order t ime-dependen t  pe r tu rba-  

t ion theory.  
I n  Sect. 3 we discuss the  shape of the  absorpt ion  coefficient in correspondence 

to  critical points  in the  two-dimensional  ~pproximation.  
In  Sect. 4 we discuss the  shape of the  absorpt ion coefficient in correspond- 

ence to crit ical points  in the  three-dimensional  approximat ion .  
I n  Sect: 5 we give numerical  examples  for BiNT, ZnS and GaAs and A1Sb. 

2. - General formulation of the problem. 

I n  second-order t ime-dependen t  pe r tu rba t i on  theory,  the  probubi l i ty  am- 
pl i tude for an  electron to make  a t rans i t ion  f rom s ta te  v of the  valence band 
to s ta te  e of the  conduct ion band  can be wr i t ten  in the  fo rm 

(I) a~  : 

f 3' 

o 0 

where H~. and  H',~ are the  m a t r i x  e lements  be tween s ta tes  v or c and  the 
in te rmedia te  s ta te  n due to the  p e r t u r b a t i o n  Hami l ton i an  of the  photons  

H'= ~ (Al"p + As'p), 
me 

where the vec tor  po ten t ia l s  of the  e lect romagnet ic  fields are 

and  

A~ = Ao~ e~ exp [i(~ql" r - -  co~t)] + c.c. 

A2 = Ao~ c2 exp [i(~q~'r --~o#)] + c.c. ,  

)]1 and B~ being the  wave vectors  of the  two photons,  col and ~o2 their  angular  
frequencies,  and  el and  e2 their  polarizations.  We do not  consider the nonlinear 
effect due to the  t e r m  A:  (14) in first order because i t  cont r ibutes  much less a t  
the  wavelength  of in teres t  here. 

B y  per forming  the  integrat ion,  considering only one in te rmedia te  State 
which gives the  dominan t  cont r ibut ion  to the  probabi l i ty  amp l i t ude - - t h i s  is 
justified b y  the  energy denominator  which could decrease the  contr ibut ion of 

(14) M. IANNUZZI and E. 1DOLACCO: Phys. t~ev. I~ett., 13, 371 (1964); Phys. l~ev., 
138, A 806 (1965); G. FORNACA, M. IANNUZZI and E. POLACCO: Nuovo Cimento, 36, 
1231 (1965); A. GOLD and J. P. HV.RNA~DEZ: Phys. Rev., 139, A 2002 (1965). 
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the  higher b a n d s - - w e  get  

i e~Ao~Ao~ r pm p(s) pa)pm q 
(2) aco= ~ m~c~ ~ ,  ~ ~ o ~  ~ ,  ~ o ~  

• ( e xp[~ (E~- -E~- -~o~- - l i co~ ) t ] - - l ) /~ (Eo- -E~- -~o~- -~o~) ,  

where P~. ~nd _P~ are the  m o m e n t u m  m a t r i x  elements,  with the normal  con- 
= ~ ~ p ( 1 )  dition, P(~)~ (~(k~- kj--.ql~ ~., which justifies the  dipole approx imat ion  with  

~ = ~ = 0, since ~l is negligible wi th  respect  

/ 

H;~ (~%+~%) 

Fig. 1. - Schematic diagram of the 
two-photon transition process with 
one intermediate state (n) above 
the conduction state (c) and a 

valence band (v). 

to the  ex ten t  of the  B.Z. For  a s tudy  of 
the  magni tude  of the  effect of including the  
photon  m o m e n t u m  one can see the  p a p e r  b y  
PIACE~TI~I(~5), who finds an effect below the 
possible p resen t  expe r imen ta l  detect ion.  The 
superscripts  (1) and  (2) indicate the  polar- 
iz~tion components  of the  two photons ,  E~, 
E ,  and E ,  are the  energies in the  conduc- 
tion, va lence  ~nd in te rmedia te  bands  re- 
spectively. The  s i tuat ion is shown schema- 
t ically in Fig. 1. 

The n u m b e r  of t ransi t ions per  uni t  t ime  
in the  uni t  volume is ob ta ined  in the  usual way  f rom the p robabi l i ty  ampli-  

tude  as 

(3) W ------ 
- -  + E ~ - - E ~ - - ~ ]  " 

• ~ (E~ - -  E~ - -  ~ ,  - -  ~o~) ,  

where -AT 1 and 2~ 2 are the  densi ty  of the two pho ton  beams and n is the  index 
of ref rac t ion of the  medium.  

The absorpt ion coefficient K1 for pho ton  ?gcol when the two photons  ~re 
s imul taneously  absorbed is 

2W 2W 
K ~ - -  flux Nl(c/n) ' 

the  fac tor  2 being due to  the  spin. 
Fo r  direct  allowed transi t ions,  Pc, and P.~ can be t aken  as constants  near  

the  b a n d  edges and are given in te rms  of the  oscillator s t rength  ] for the  transi-  

t ion b y  

= 

(15) M. PIACEN~INI: NUOVO Cimento, 63B, 458 (1969). 
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and 

1P,,~l ~ = ~ m ~ , ~ , ] , o .  

Considering incoherent  radiat ion and  neglect ing the cross- term in the quadrat ic  
expansion in eq. (3), we see tha t  this is justified by  the  large energy denom- 
inator  in (3) when  /ko~ is ve ry  different f rom ]~o~. When  ~ w ~ _  ~ ~o>~ the  
neglect of the  cross- term is a good approx imat ion  only for incoherent  radiat ion 
as shown b y  BI~A157NSTEIN (1,s). 

Finally we obta in  

The shape of the  absorpt ion coefficient near  the crit ical points  is a func- 
t ion of the  k dependence  of E~, E~ and E~. I n  general near  a critical point  
we can give a quadrat ic  expansion of the  energy as a funct ion of k (13) and the 
sign of the coefficients of this expansion defines the  na tu re  of the  critical point  
and  the  pecul iar  shape of K~(w,, ~o~). We will consider cri t ical  points  of the 
t ype  Mo (all coefficients of the expansion ( E ~ -  E~) are posi t ive)  and of the 
t ype  M~ (saddle poin t  wi th  one coefficient of the expansion of (E~--E.~)  

negative) and will compute  the  absorp t ion  coefficient in the  two-dimensionM 
and three-dimensionM cases. 

3 .  - T w o - d i m e n s i o n a l  c a s e .  

We consider first the  case of layer  compounds where i t  is a good approxi- 
ma t ion  to assume t h a t  the energy bands  depend only on two components  of 
the  vector  k ~tnd are flat in the  third direction. This amounts  to neglecting the 
in terac t ion  be tween  different layers, an  approx imat ion  which has  given reason- 
able results on the  optical  proper t ies  of graphi te  (16). We will consider the  two 
eases of a poin t  Mo and a point  M~, which are the ones of physical  interest  
in two-photon absorpt ion.  

3"1. Egde p o i n t  Mo, - Let  us t ake  the  zero of energy of the  top of the 
valence band  and  expand the  energies as follows: 

6~ ~ 2 
Eo ---- - -  vk= - -  fl+ k~, 

(16) F. BASSANI and G. PAS~OiiI-PAm~AVICINI: _lVuovo Cimento, 50 B, 95 (1967). 
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with ~ ~nd fl defined as positive quantities, where E~ ~nd AE are the separation 
of the valence band from both the lower conduction and intermediate b~nds 
respectively. 

When ~oz+]ico~ E~, K 1 vanishes because the 5-/unction condition of for- 
mula (4) cannot be satisfied. 

When ?ko~+]g~o~ ~ E~, we have 

the first integral in (4) becomes 

(5) I1 -- 2:~ 1 f dk~ 
.L(o:c -~ ~z~)½ N + M [  % / ~ ( 1  + B~ k~) 2' 

0 

where L is the interlayer separation and 

M 1 ---- A E  - -  ~(/)1 --}-- O~n "JU O~V (]~(L) 1 ~_ ]~(D 2 - -  E g )  , 
~C ~-- ~v 

I 

B = (f l .+fl~)  ""+' ( f l c+f l~)  ~ 

A - - ~ + ~ °  B1 fBI 
N ' = M ~ "  

By performing the integration we obtain, for B positive o r  negative 
([BI ~ 0), 

1 [ 1 ~ 1 .~] 
11 -- ~(~ + ,~)½ N½M[Ai (B1/A-+ 1)½ 2 + (BI[A + 1)! ; 

for ~oz + ~co~ not too different from E, we can expand the above expression 
with respect to BJA to obtain 

Similarly the second integral in (4) becomes 
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w h e r e  

The~} 

(6) 

M~ = A E  - -  ~(o~ + o~. + ~  (h,o~ + hoJ~ - -  E~) , 

=:~e,o~..(o.o2L l r1'£/2,)( ~) t'72 f.': ( ~)] 
K ,  = 2Lcnam2co,(~ _}_a~)½(fl ~ + fl~)½ (9, [ ~  1 - -  + M~ 1 - -  . 

(7) 

A t  t h e  edge  p o i n t ,  whe re  ~cox+~co~--~ E~, t h e  a b o v e  express io l l  gives  

Y'~2~3e4(Ocn(Onv-/~ 2 1 [" {(1) )t(2) i(2) ~{1) ] 

K I  = 2Lcn3m%)2(~+a~)½(fi~ + fly)½ co~ AE-~-~oh)  ~ + ~ ( A ~ o ~ )  ~ " 

The  b e h a v i o u r  of K~ as a fu~lct ion 

of ~o~ is shown in  F ig .  2. I f  we p u t  
~6 

a n d  t h e  f o r m  (6) g ives  t h e  a b s o r p t i o n  

coeff ic ient  for  one edge p o i n t  w i t h  

sphe r i ca l  s y m m e t r y  in  k-space .  14 

Fig. 2. - Absorpt ion coefficient for the 
first photon K 1 at  the  point  M o in the 
two-dimensional case. The frequency ~% 
of the second photon is a fixe4 quant i ty .  
The dashed curve (]B 1 ~ 0 )  indicates the 
effects of anisotropy with respect to the 
isotropic case (solid curve, B = 0). AE = 5, 
E ,  = 4, ~ 2  = 2.5, (a~ + a~)/(~ + ~v) = 0.8, 

~o+ fl~= 0.o3, fl~ + ~ =  o.04. 

§ 12 

b 

lo 

1.5 2.0 2.5 3.0 
/ ) w  I 

3"2. Saddle  po in t .  - L e t  us e x p a n d  t h e  e n e r g y  in  t h e  case  of a s add le  p o i n t :  

~ v  2 2 

Ec Eo -4- 2 2 

s o  = + + 
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with (fl~--fl+)> O, where Eo and .E,,o are the separation of the valence band 
from both the lower conduction and intermediate  bands respectively. 

Subst i tut ing in (4) and performing the &function integral, we get for the 
first integral  

I1 -- L ( ~ +  ~+)½ ~+:M~J (Ak~-- 1)½(1 + B~k~,) ~ 

with 

where 

M~ = E.o--l~oJ1 o~. + o:~ tEo__h,ol__h~o21 , 

A = ( f i c - - f l ~ ) l N .  

After  integration we obtain 

11-- 
A 1 I 1 +  ( 1 - ~  B1/A)½1 

1 --  Bll + log + L(~  :[- o~,o) ½ IV½M~A½ 2(1 + B1/A) I1 --  (1 + B1/A)½1 

A 1 ]1 + (1 + BI/A)½1]" 
+ BI(1 + B~/A) + 2(1 + B~/A)+ log tl - -  (1 + B~/A)+[]' 

for h~ol + ho~ not  too different from Eo we can expand the above expression 
with respect to B1/A and obtain 

I1 -- L ( ~  + ~)½ N½M~ A½ 1 - -  4A-] log ~ -  + 4A J " 

Similarly the second integral in (4) becomes 

where 

12--  Z(~c~-~v) ½N½M~A½ 1 4A]  l o g ~ - + ~ - - i  , 

<~c -[- (Xv 

( }/ B=---- (¢k+flo)+~"+~(flo--~)-- i~; 



t hen  

~ae4(gcn(.Onv~T2 1 
(8) K1 = 2.Lcn3m2o~(o~ + ~zv)½(flo- fl~)½ e)~ 

r/(1) f(2)~[1 5B1 ~ 4A B 1 } ]~ln) /(~: ( (  5B2~ 4 1  B2 
• [ ~ - ~  [~ - - ~ A - / l o g ~ [  q - ~ - ~ - - I  + ~ - 2 ~  1 - - 4 A  ] l o g ~ - q - ~ - ~ - -  

So we have a logarithmic behav- 
iour around the  saddle point  just as 
in the one-photon processes (~3). The 
behaviour of the  absorption coeffi- 
cient as a funct ion of ~or for ~ given 
value of co2 is repor ted  in Fig. 3. 

1.5 

Fig. 3. - Absorption coefficient K 1 at the 
saddle point 3/1, in the two-dimensional 
case. The frequency % of the second 
photon is a fixed quantity. E0= 3, 
E,o = 4.5, ~o)~ = 2, ( ~ + ~ ) / ( ~ + ~ )  = 0.5, 

t~ - - /~=  o.oI, ~,, + / ~  = o.o3. 

1.4 
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& 

~-1.2 

1.0 

1.0 1.1 
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1}] 

4 .  - T h r e e - d i m e n s i o n a l  c a s e .  

Let  us first consider the critical point  Mo with anisotropy in the kz direc- 
tion, taking the  form of E(k) as 

0C 2 Ev = -- v(kx + k, ~) --f lvk,,  

~ = ~ + ~o(k~ + k, ~) + p0k~, 

~,~ = A~ + ~(k~ + k, ~) + p . g .  

By subst i tu t ing in (4), the first integral  becomes 

~ ( E ~ - - ~ - -  ~ + (~o + ~0)(k~ + k, ~) + (~v + ~)) dk 
~' = J  ~-AW:~+~+ ( ~ +  ~) (k~+ kS)+ (~o+ ~ ) < ] ~  
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?~o~ + ~o~ < E~ , 

after integration over the &function, the preceding integral becomes 

(9) I~ - 

f dk~ 

5.5~ + + 5~5~ (h~o~ + ~,o~ --z%) + {(~ + ~.) 5 . +  5~ (~ + flo)k, 
5 c - ~  5 v 

which can be performed to give 

where 

5 c  - ~  5 v [ ~ 

5c Jr- 5v 

We obtain, by expanding for small (]ko 1 + ~co 2 - - /~ ) ,  

I1- -  

B ~ + ~ , 2 - E 4 1  ] 

Similarly the second integral in (4) becomes 

5c ~-  5v M~ + fly 

• ~ - ~  ~o+~o ! + ~ 3M2 fie 



where 

Then 

(lO) K 1 
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6~ c -~- ~Z v 

_ _ o  

n~m~c~o~(~ + ~)(flo + fl~)~ "1 

. [1,: ,,~, ( (~o~ +1~o~--~)+ 
' "  [AE--~I  + ((~. + ~)/(~o + ~))(~ol + ~o~--E:)]~ 

3(fl~ + fl~) [AE--~,~ + ((~. + ~)/(~o + ~))(~,ol + ~ ,~--~ . )~  + 

"°" "" [ A ~ -  ~o= + ((o,., + ~,~)i(=o + ~,v)) (~,. + ~, .  --E.)]= 
2B ('~1 + ' ~ , - - ' , ) '  )] 

3(~o + ~) [ A E - - ~ +  ((~.+ ~ ) / (~+  ~o))(~,+ ~ _ E ~ ) ] 3  • 

As a consequence of expression (10) 
the  curve of K~((o d s tar ts  f rom the edge 
and increases wi th  increasing values of 
(~(o~+]gw~). I f  there  is complete i so t ropy 
we have  the  l imi t ing  ease B ----- 0 and  
the  formula  (10) reduces to the expres-  
sion given b y  BRAUh~S~E~. The behav-  
iour of the absorp t ion  coefficient as 
funct ion of hw~, for fixed eo~, is given 
in Fig. 4. 

Fig.  4. - Absorp t ion  coefficient X 1 v s .  ~ o  1 

for the  poin t  M 0 in the  3-dimensional  case. 
The dashed curve  ([B I ~ 0) indicates  the  
effect of the  an iso t ropy  wi th  respect  to t he  
isotropic case (solid curve,  B----- 0). A E  = 5, 
.E~=4, ~ = 2 . 5 ,  ,e,,+~,=o.06, ,8~+,&,= 

= o.l, (c~,+ ~,,)I(=~+ ,z~)= 0.4. 
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b 
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4"1. Saddle point. - Let  us now consider the  ease of a saddle point  ]/1 with 
a negat ive effective mass in one direction. 

The form of E(k) can be taken as 

k ~ 

~ .  = ~.0 + ~.(k~ + 4 ~) + ft. k, ~ , 

with (ft. --fl~) > O. 

(11) 

where 

B y  subst i tut ing in (4) the  first integral  becomes 

f 6 ( E o - -  h~o~ - -  hw~ + (o~o + o~)(k~ -+ k~,) - (fl~ - -  fl~) k~ ) dk  
~ = [E.o--~o~ + ( ~ . +  ~)(k~ + ~ ) +  (~. + ~)&~]~ 

After  integrat ing over  the  &function we get  

f dk~ I1 = ~ + ~ (M~ + Bk~,) ~' 

B =t~.  +f l~+  ~"+  ~ ( f l c - ~ ) ,  
CZe "@ ~v 

and the  limits on k~ are defined by  the condition 

E o -  g ~ - g ~  + (.o + .~)(k~' + k. ~) - - ( ~ -  fl~) k~. = 0 

and b y  limiting the region of k-space. 
For  /&ot+l/o)~<Eo, the  limits of k~ in eq. (11) are ((Eo--t&~--?icos)] 

/(flo--flo))~ and R/( f l~- - f ld  ~ ( t~  >> (E0- -~- -~m, ) ) -  By performing the inte- 
gral and expandil)g to lowest order in (Eo--ho)~--/ho~) we obtain 

11 - -  [ ~o+ ~, ~ [ ~ . o - h ~ l -  ( ( ~ . +  ~v)/(~o+ ~ v ) ) ( E o - - ~ , - - ~ ) J e  

1 ( E .  - -  ]ho~ - -  ]/~o2) ½ ] 

A similar eqaali ty holds for the  second in tegra t ion  in (4) (by pu t t ing  ~oJ~ 
instead /&o2 in the last expression). 
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Then Kz becomes on one side of the  saddle point  

0-~) 
~h3toe o)n~, .N'~ e 4 ]_ 

K a = 

" /<£'-o \TB+ [E.o--{o,~- -  ((~. + ~ ) / ( ~  + ~o) ) (Eo- - {o~- - {~ ) ]~  

(fl~-#~)+ [E.o- ~i- ((~. + ~)/(~ + ~))(Eo-- ~o~--~)] ~ + 

+ 

(#~ - #~,)+ [ E . ° -  ~ o ~ -  ((~. + =4/ (~  + ~) )  (Eo-- ~ , - -  ~ , ) ] ~  " 

For  ~o~-b~eo2>E0 the limits of k~ in eq. (11) are 0 and t~/(flc--fl~) ½. 
The integral  can be easily per formed and expanded to lowest order in 
(h(ox + ho~ - -  .E~). 

1.75 M~ 

1.50 

c 

~-  1.25 

1.00 

1.3 1.4 1.5 1.6 

Fig .  5. -- A b s o r p t i o n  coef f ic ien t  K 1 v s .  ~ o  1 n e a r  a s a d d l e  p o i n t  M 1 in  t h e  t h r e e -  
d i m e n s i o n a l  case .  A s  u s u a l  he% is a f i x e d  quantAty .  E 0 =  3, /g , , c=  4.5, h w 2 =  1.5, 

t i c - -  fl,~ = 0.01, ,8~ + fl,~ = 0.03, ~,~ + z¢+ = 0.3, ac + ~ = 0.5. 

3 - I I  N u o v o  Grimento B .  
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We obtain on the other  side of the saddle point  

(13) 
Tc2h3e4ooeno)nv2~'~ 1 

K 1 
4cnam~o,~(a~ -~- ~v)½B ½ o91 

4(1) ~(2) 
• ] ¢ n  ] n ~  

[-Eno-- ~ ,  - ((~. + ,~) / (~ + ~.))(]~,1 + ] ~ -  Eo)]+ + 

+ [E.o- ~o~,- ((~° + ~v)/(o,, + ~)) (z~o~, + ~ - E 0 ) ] ~  • 

At  the saddle point,  //o~, +/ico= = . E  o and both  (12) and (13) give 

( 1 )  -~2) 

1.6 

1.4 

1.2 

T E 
0.15 

~o 
0.10 

0.05 

, (E0-~%) I 

0.8 1.0 1.2 1.4 12 
}5 %(eV) 

i _ _  

1.8 1.9 

Fig. 6. - Absorption coefficient K z for A1Sb at M o (/'-point) and 3/1 (L-point) in the 
same scale. The values of the parameters used are those of Tables I, I I  and III .  

The behaviour of K~ as funct ion of the f requency o~, is show~ in Fig. 5. 

I t  gives a peak which is similar to tha t  obtained for the one-photon transition, 
bu t  it is sharper because of the frequency dependence of the energy denomi- 

nator% formulae (12) and (13). To the r ight of the saddle point  ~o for instance 

the energy decreases in this case, while in the one-photon transitions it remained 
constant  in lowest order. 
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5.  - A p p l i c a t i o n s .  

To observe t h e  absorp t ion  coefficient a t  the  saddle poin t  wi th  a two-photon 
exper imen t  one has  to  choose mater ia l s  in which the  gap  a t  t he  saddle point  
is smaller  t h a n  twice  the  fundamen ta l  gap  because only in this  way  one can 
avoid one-photon t ransi t ions.  We have  considered four compounds :  GaAs, ZnS, 
A1Sb and B N  which sat isfy this condition. The effective masses m* and m* and 
the  ref rac t ive  index  (n) for these compounds  except  B ~  are  available f rom 
the  s ingle-photon absorpt ion,  for B ~  in the two-dimensional  case the  effec- 
t ive  masses have  been  es t imated  f rom the  available energy-band calculation (~7). 
Their  gaps have  been  t aken  f rom the i r  band  s t ruc tures ;  for GaAs, ZnS and 
A1Sb the  saddle po in t  is a t  the Z-poin t  (Q-point for BN),  the  fundamenta l  
gap is at  the  /~-point (P-point  for B ~ ) .  

I n  these semiconductors  (except ]3N), the  band  s t ruc ture  calculations indicate 
an  in te rmedia te  valence  s ta te  which lies a t  near ly  the  same re la t ive  distance 
as t ha t  of the  in t e rmed ia t e  conduction s ta te  h 'om the conduct ion band  saddle 
point .  So we can wri te  the  probabi l i ty  ampl i tude  as the  sum of two terms 
corresponding to  these  two in t e rmed ia t e  states~ then  

a c v : a z ~ - a 2 .  

Therefore~ the  t rans i t ion probabi l i ty  becomes 

W = la l  + a21 ~ , 

the  two t e rms  being of the  same order of magni tude.  Since the  cross-product 
cancels we get  

W = 2 1 a l  ~ , 

and consequent ly  we obta in  twice the  absorpt ion  coefficient a t  the  saddle point .  
I n  Table I we give the  band  p a r a m e t e r s  used in the  calculation for the 

above-considered mater ia l s ;  some of t h e m  are rough guesses used for the  purpose 
of exemplification.  I n  Table I I  we give value of the  absorp t ion  coefficient 
jus t  above the  edge (at the  edge for BN) for N2 = 1018 p h / c m  3. This value 
is in reasonable ag reement  wi th  those observed exper imenta l ly  (7-11). I n  Table H I  

we repor t  the  expec ted  absorpt ion coefficient a t  the  saddle point ;  for the  case 
of B N  we r epor t  the  value of ]gcol ~ - ~ o ~ - - E o  = 0.3 to give an  idea of the  
magni tude  of the  singulari ty.  Compar ing  the  results of Table I I I  and Table I I  

(17) E. DoNI and G. PASTORI-I)ARRAVICINI: .tYUOVO Cimento, to be published. 
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TABLE I. -- Inverse e]]eetive masses in units el ~e/2m, ta~ing the e]]eetive mass of the 
intermediate states as the ]tee-electron mass; n is the re]ractive index. 

B N  
ZnS 
GaAs  
A1Sb 

~v 

0.67 (~) 
0.72 (18) 

10 (2~) 
1 (3~) 

1.33 (~) 
3.67 (~s) 

12.5 (~) 
3.33 (3~) 

~n 

1 
1 
1 
1 

~ (°) 

0.13 
0.15 
2.0 
0.2 

[ 
~(o) ] ~(°) 

- - i  
0.27 0.2 
0.73 0.2 
2.5 I 0.17 
0.67 [ 0.2 

1.61 
3 (19) 
3.7 (33) 

3.18 (32) 

(a) Rough guesses from the curvature of the energy bands. 
(b) From a rough estimate of the energy curvature around the point P =2~[a (~, 0, 0 ) 

from ref. (s,). The value of the inter-layer separation has been taken as 6.66 t as in ref. (~'). 

TABLE I I .  - Band parameters in eV and the absorption coe]]icient K 1 in cm -1 at M o 
(F-point, P-point ]or BN).  Al l  t h e  osci l la tor  s t r e n g t h s  ] are  t a k e n  to be  ~ 1 a n d  the  

dens i ty  of t h e  second p h o t o n  b e a m  2 ~  = i0  ~8 p h / e m  2. 

B N  
ZnS 
GaAs 
A1Sb 

E, AE ho)~ 5w 3 K 1 

5.7 (17) 
3.7 (~) 
1.4 (35) 
1.9 (3~) 

8.2 (17) 
8.9 (3s) 
4.6 (25) 
4.1 (~5) 

2.9 (~) 
3.44 
0.8 
1.6 

2.8 
1.9 
1.0 
1.0 

6 
0.1 
0.02 
0.19 

(a) The enelgy value at  the edge. 

TABLE I I I . -  Band parameters iu oV and absorption coe]]icient .K 1 in cm -1 at the saddle 
point (L-point, Q-point /or BN).  Also in  t h i s  ease ] ~  1 a n d  5V 3 = 10 TM p h / e m  3. 

B N  
ZnS 
GaAs  
AtSb  

Eo 

6.5 (17) 
5.8 (25) 
2.6 (25) 

2.8 (:~) 

E~o 

8.7 (1~) 
9.2 (25) 
6.0 (35) 
5.3 (25) 

/i~o 1 

4 
3 
1.3 
1.8 

~w 3 

2.8 
2.8 
1.3 
1 

0.6 
0.45 
0.82 
1.5 

(is) J .  C. MIKLOSZ a n d  R. G. WHEELER: Phys. Rev., 153, 913 (1967). 
(19) F.  HERMAN, R. L. KORTUM, C. D. I~UGLIN a n d  J .  L. S i tAr :  i n l I - V I  Semiconduct. 

ing Compounds, ed i t ed  b y  D. G. THo~iAS (1967). 
(30) H.  EItRENREm~: Journ. Appl. Phys., 32, 2155 (1961). 
(el) M. CAEDON~: in  Semiconductors and Semimetals, Vol. 3, ed i t ed  b y  A. BEER (1967). 
(22) 0 .  MADELUNG: Physics el I I I - V  Compounds (New York,  London ,  1964). 
(33) D.  N. NASKDOV a n d  S. V. SLOBODCHIKOV: Zurn. Tekhn. Fiz., 28, 715 (1958), 
(24) F. OSWALD and  R.  SC~ADE: Zeits. ~'atur]orsch., 9 2 ,  611 (1954). 
(25) D. L.  GREENAWAY and G. HARBEKE: Optical Properties and Band Structure 

o] Semiconductors (New York ,  London ,  1968). 
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w e  c a n  r e m a r k  t h a t  a t  t h e  s a d d l e  p o i n t s  t h e  a b s o r p t i o n  c o e f f i c i e n t s  a r e  o n e  o r d e r  

of  m a g n i t u d e  l a r g e r  t h a n  n e a r  t h e  e d g e  a n d  c o n s e q u e n t l y  w e  ~h ink  t h a t  t w o -  

p h o t o n  t r a n s i t i o n  c a n  b e  d e t e c t e d  i n  c o r r e s p o n d e n c e  t o  s a d d l e  p o i n t s .  

T h e  a u t h o r  is i n d e b t e d  t o  P r o f .  ~ .  BASSANI fo r  s u g g e s t i n g  th i s  p r o b l e m  

a n d  fo r  u s e f u l  d i scuss ions .  

R I A S S U N T O  (*) 

Si ot t icne,  in corr ispondenza a tu t t i  i t ip i  di pun t i  critici, la  probabi l i t~  delle tran- 
sizioni a due fotoni  fra le bande di energia e le t t ronica  nei cristMli. Si r ipor tano le espres- 
sioni per ]e d iscont inui t£  nel rappor to  di assorbimento  di uno dei due fotoni  in funzione 
della sua f requenza  quando  la  somma delle energie doi due fotoni  ~ uguale al ia diffe- 
renza  di energia i r a  la bands  di conduzione e quella di vMenza in quel  par t icolare  punto  
critieo. I r isul ta t i  indicano picehi ne t t i  in corr ispondenza ai pun t i  di sella M1, oltro 
lo spigolo net to  M 0 gi'~ t rova to  da Brauns te in .  Si d imostra  ehe nei mater iMi non eu- 
bici l ' an isot ropia  inf luenza la forma dello spigolo M o e del piece M 1. Nel case l imite  
del cristMlo bidimensionMe la probabi l i t£  di transizione a due fotoni  d~ una  ne t t a  sin- 
gotarit~ logar i tmica  ad M~. I r isul tat i  sono anMoghi a quelli dei proeessi  ad un solo 
fotone, ma  t u t t e  le singolarit£ e tu t t i  i piechi  sono pitl ne t t i  in questo  ease e le lore 
in tensi t~  d ipendono dMla posizione deg]i s ta t i  virtuMi. Si discute la possibili tk di s tudiare  
altr i  pun t i  cri t iei  ol t re  ]o spigolo cou la spet t roseopia  a due fotoni  e sostemze come il B N  
esagonale, il ZnS cubico e A1Sb e GaAs sembrano essere buoni  candi ta t i  per  r ieercare 
transizioni  a due fo toni  verso pi£l alti  pun t i  critici della banda  di conduzione.  

(*) T r a d u z i o n e  a eura  de l la  R e d a z i o n e .  

/~[Byx-OOTOHHI,le Meivli~yaOHlible nepexo~bl  B IcpHTHqeclKHX TOqlCilX B lIO,rIyllpOBO~HHl~aX. 

Pe3mme (*). - -  I]o.riy~aeTc~t m,ipa:~eHne Bepo,qrHOCYH ~Byx=~OTOHHI, IX nepexo~oB 
Me~KRy 3neKTpOHHI,IMH 3HepreTi4,-lecrnMri 30HaMI4 B l~pncTannax B COOTBeTCTBHH CO BCeMH 
THIIaMH KpHTHqeCKHX TOqeK. Hp~BO~aTC~ Bblpa~KeHrI~ ~;I~t pa3p~moB B HHTeHCHBttOCTH 
lrlOrJioi~eH/a~/O~HOFO H3 ~Byx ~OTOHOB, I~aI~ ~yHKHH.q eFo ttaCTOTbI, x o r a a  CyMMa 3rlepFH~ 
~ByX ~OTOHOB paBHa 3HepreTrlqecKo~ pa3HOCTH MeX<]!y 30HO~ rlpOBO~rlMOCTH rI BaYlertTrlO~ 

(*) Hepeeec)eno pec)atatue& 
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3OHI, I B aTO~t crleRaaabHo_~ KpHTrlqeCKOl~ TOqKe. Pe3yBbTaTbI o6Hapyxc~malOT OCTpbIe 

HHKH B COOTBeTCTBHH C cej~.rIOBGIMI/ TOqKaMH Mx,  IIOMHMO ocTpOFO Kpaa  llpH ~/0,  IIOBy- 

q e n H o r o  p a n e e  GpayHcTe~I~OM. YIora3l,  IBaeTca, qTo  )~yi~i HeKy6ri~ecI<rlX MaTeprla~ioB 

aHId3OTpOIIH~I BJIII~IeT Ha qbopMy ~ p a a  M 0 n nrlKa M~.  B Ilpe~eJIbHOM c n y q a e  ~ B y M e p a o r o  

KpHcTaJI.rla Bepo~ITHOCTb ~ByX-qbOTOHttOFO n e p e x o A a  HMeeT ocTpyrO ~oraprtqbMrl~ecKyro 

C~I/ffyYDIpHOCTb I/pH M x . I / o a y ~ e m ~ i e  pe3y~bTaT~I a ~ a a o r n q H b i  pe3yJIbTaTaM ~t~I o ~ t o -  

qborommlX n p o u e c c o B ,  HO Bce c n n r y n n p r l o c I r t  ri imKri nBnalOTCn 6 o n e e  OCTpI, IMH B 3TOM 

c a y n a e  n n x  HltTeltCHBHOCTH 3aBHC~tT OT n o n o x e n n n  a n p T y a n ~ a ~  c o c x o n m t ~ .  O 6 c y m -  

)~aeTc~i BO3MO~KHOCTb a c c n e ~ o a a n ~ n  n p y r n x  rprlTnqeCKrIX TOqeK, IIOMHMO x p a a ,  n o c p e ~ -  

CTBOM ~ByX-~OTOHHO~ c n e K T p o c r o n a m  B e m e c r B a ,  TaKHe ~aK rercorona~iI~Hbl~ ]3~q, 

r y 6 a q e c ~ r n ~  Z n S ,  A1Sb ~ G a A s ,  IIO-arI~rlMOMy, n p e ~ c T a a n a m T  x o p o t t m e  r an~m;xa r~I  ~ a a  

~ e T e I ( T t t p O B a l ~  ~Byx-~OTOHHOrO n e p e x o ~ a  B 6 o n e e  a ~ i c o r o  ne)Kat~ae  ~ p n T n ~ e c ~ n e  

TOqKH 30HlaI IIpOBOJ~HMOCTH. 


