II. NUOVO CIMENTO Vor. LXX B, N. 1 11 Novembre 1970

Two-Photon Interband Transitions
at Critical Points in Semiconductors.

A. R. HASSAN

Scuola Normale Superiore - Pisa

(ricevuto il 29 Dicembre 1969; manoscritto revisionato ricevuto il 18 Maggio 1970)

Summary. — The two-photon transition probability between electronic
energy bands in crystals is obtained in correspondence to all types of
critical points. Expressions are given for the discontinuities in the
absorption rate of one of the two photons as a function of its frequency
when the sum of the energies of the two photons is equal to the energy
difference of the conduction and of the valence band at that particular
critical point. The results indicate sharp peaks in correspondence to
saddle points M,, besides the sharp edge at M, already found by Braun-
stein. For noncubic materials the anisotropy is shown to influence the
shape of the edge M, and of the peak M,. In the limiting case of a two-
dimensional crystal the two-photon transition probability gives a sharp
logarithmic singularity at M;. The results are analogous to those for
one-photon processes, but all the singularities and the peaks are sharper
in this case and their intensities depend on the position of the virtual
states. The possibility of studying other eritical points besides the edge
by two-photon spectroscopy is discussed and substances such as hex-
agonal BN, eubic Zn§, and AlSb and GaAs seem to be good candidates
for detecting two-photon transition to higher-lying critical points of the
conduction band.

1. ~ Introduetion.

The theory of the two-photon absorption has been developed first at the
fundamental band gap by BRAUNSTEIN (1), from the general theory given by
GOPPERT-MAYER (%), in the case in which the surfaces of constant energy

1) R. BRAUNSTEIN: Phys. Rev., 125, 475 (1962).

R
(2) M. GOPPERT-MAYER: Ann. der Phys., 9, 273 (1931).
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around the critical point (of type M,) are of spherical shape. The absorption
coefficient has been shown to have a very simple form which depends on the
band parameters obtainable from the single-photon absorption (3).

The theory depends upon the excitation of an electron from the valence
band to the conduction band by the simultaneous absorption of two general
photons which may be of different frequency. This is a nonlinear optical phe-
nomenon (%) that takes place through a number of intermediate states as spec-
ified by time-dependent second-order perturbation theory. The approxima-
tion in the theory is that the intermediate states conmnect both initial and
final states by electric-dipole tramsition having a total oscillator strength
nearly equal to ome.

HoprFIELD et al. have first observed the two-photon absorption in KI (3-¢).
Recently experiments have been done on a number of semiconductors such
as Cds ("#), PbTe (®°), and GaAs (**), and ZnS (11).

The purpose of this paper is to compute the transition probability rate for
two-photon processes at the point (M,), also for anisotropic materials and in
the two-dimensional case and at the saddle point M, in the three-dimensional
and two-dimensional cases.

Partial results on the saddle point have already been given in a previous
publication (12). The behaviour of the absorption coefficient of the first photon K,
as a function of the frequency o, is here given for all cases as in ref. (%) for
one-photon processes. Some numerical examples are also reported relative to
a number of semiconductors, such as hexagonal BN in two dimensions,
cubic ZnS, and AlISb and GaAs in three dimensions. They show that a struc-
ture in the absorption coefficient of the photon %w, should be observed in corre-
spondence to a saddle point when the density of the second photon is
~ 1018 ph fem?,

(®) R. BraunsTtEIN and E. O. Kang: Journ. Phys. Chem. Solids, 23, 1423 (1962).

(%) See, for instance, N. BLOEMBERGEN: Nonlinecar Optics (New York, Amster-
dam, 1965).

(3) J. J. HoprikLp, J. M. Worrock and K. PArk: Phys. Rev. Lett., 11, 414 (1963).

(%) J. J. Hoprierp and J. M. Worrock: Phys. Rev., 137, A 1455 (1956).

() P. J. REGENSBURGER and E. PaNi1zza: Phys. Rev. Lett., 18, 113 (1967).

(8) R. BrRAUNSTEIN and N. Ockman: Phys. Rev., 134, A 499 (1964).

() C. K. PatEr, P. A. FLEURY, R. E. SLusHER and H. L. Frisca: Phys. Rev.
Lett., 16, 971 (1966).

(19 N. G. Basov, A. Z. GRASYUK, I. G. ZUBAREY and V. A. KATULIN: Zurn. Bksp.
Teor. Fiz. Pis'ma Bedakt., 1, 29 (1965) (English translation: JETP Leii., 1, 118 (1965)).

(11) E. Panizza: Appl. Phys. Lett., 10, 265 (1967).

(12) F. BassaNI and A.-R. Hassan: Opt. Comm., 1, 371 (1970).

(13) F. BassaNt: Rend. S.I.F., Course XXXIV (New York, 1966), p. 33; J. C.
PurLiies: Phys. Rev., 104, 1263 (1956); in Solid-State Physics, Vol. 18, edited by F.
Se1TZ and D. TURNBULL (1966).
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In Sect. 2 we give a general expression for the absorption coefficient of
one of the two photons obtained from second-order time-dependent perturba-
tion theory.

In Sect. 3 we discuss the shape of the absorption coefficient in correspondence
to eritical points in the two-dimensional approximation.

In Sect. 4 we discuss the shape of the absorption coefficient in correspond-
ence to critical points in the three-dimensional approximation.

In Sect. 5 we give numerical examples for BN, ZnS and GaAs and AlSb.

2. — General formulation of the problem.

In second-order time-dependent perturbation theory, the probability am-
plitude for an electron to make a transition from state v of the valence band
to state ¢ of the conduction band can be written in the form

i 2
'\ 2
M Gun = (—%) ) f Q¥ Hoplt) f WHE),
* [} 0

where H,, and H, are the matrix elements between states » or ¢ and the
intermediate state » due to the perturbation Hamiltonian of the photons

% 4. )
H~m0(A1p+Azp),

where the vector potentials of the electromagnetic fields are

A, = Ay € exp [i(n, T — w,t)] + c.c.
and

A, = Ay, €, exp [i(1)y 1 — wyt)] + c.c.,

7, and v, being the wave vectors of the two photons, @, and w, their angular
frequencies, and €, and e, their polarizations. We do not consider the nonlinear
effect due to the term A2 (%) in first order because it contributes much less at
the wavelength of interest here,

By performing the integration, considering only one intermediate state
which gives the dominant contribution to the probability amp]itude———this is
justified by the energy denominator which could decrease the contribution of

(1) M. Iawnnvzzi and E. Poracco: Phys. Rev. Lett., 18, 371 (1964); Phys. BEev.,
138, A 806 (1965); G. Forvaca, M. Ian~Nvzzt and E. Poracco: Nuovo Cimento, 386,
1231 (1965); A. Gorp and J. P. HERNANDEZ: Phys. Rev., 139, A 2002 (1965).
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the higher bands—we get

@) a — t 62 Ag Ay, P(c;) P Péi)P::) .
“" % m* |E,—E,—fo,  B,—E,—%o,
. (exp [% (EC~Ev—ﬁwl—ﬁw2)t] -1)/% (B,— E,—fiw, —Fim,) ,

where P,, and P,, are the momentum matrix elements, with the normal con-
dition, P;Y = d(k, —k;—n,) P;y, which justifies the dipole approximation with
N, =¥, = 0, since v is negligible with respect

n % £ to the extent of the B.Z. For a study of
H' the magnitude of the effect of including the

c zf T E, photon momentum one can see the paper by
PrAaceNTINI(¥%), who finds an effect below the

H) (Aw +Aw) . . .
” ' 2 possible present experimental detection. The

2 l c superscripts (1) and (2) indicate the polar-
v ization components of the two photons, £,
e X E, and E, are the energies in the conduc-
two-photon transition process with . . .
- . tion, valence and intermediate bands re-
one intermediate state (n) above . . . A
the conduction state (¢) and a SPectively. The situation is shown schema-
valenee band (v). tically in Fig. 1.
The number of transitions per unit time
in the unit volume is obtained in the usual way from fhe probability ampli-
tude as

v

Fig. 1. — Schematic diagram of the

@ o SN, dk[ PRPY PY P ]2.

nimierw,w, J 87 | K, — HE,— fiw, H,— E,—fiw,

-O(B,— E,—tiw, —fim,) ,

where N, and N, are the density of the two photon beams and » is the index
of refraction of the medium.

The absorption coefficient K, for photon #w, when the two photons are
simultaneously absorbed is

2w 2w

YT Hux Ny(e/n)’

the factor 2 being due to the spin.

For direct allowed transitions, P,, and P,, can be taken as constants near
the band edges and are given in terms of the oscillator strength f for the transi-
tion by

IPC"I2 = %mﬁwcnfcn

(¥*) M. PiaceENTINI: Nuove Cimento, 63 B, 458 (1969).
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and
'P"’vlz = %'mﬁwnvfnv -

Considering incoherent radiation and neglecting the cross-term in the guadratic
expansion in eq. (3), we see that this is justified by the large energy denom-
inator in (3) when #w, is very different from %w,. When #w, ~ #w, the
neglect of the cross-term is a good approximation only for incoherent radiation
a8 shown by BRAUNSTEIN (1%).

Finally we obtain

ﬁ3e4w w.. N D) £(2) (2) f(l)
cn Myt g dk en Iny + cn /v .

2¢en3m2m, w, (B, — H,—fiw,)? (K, —E,—fio,)?
O, — E,—fiw, — fiw,) .

(4) K, =

The shape of the absorption coefficient near the critical points is a func-
tion of the k dependence of E,, E, and E,. In general near a critical point
we can give a quadratic expansion of the energy as a function of k (1%) and the
sign of the coeflicients of this expansion defines the nature of the critical point
and the peculiar shape of K,(w;, w,). We will consider ecritical points of the
type M, (all coefficients of the expansion (E,— E,) are positive) and of the
type M, (saddle point with one coefficient of the expansion of (E,—FE,)
negative) and will compute the absorption coefficient in the two-dimensional
and three-dimensional cases.

3. — Two-dimensional case.

We consider first the case of layer compounds where it is a good approxi-
mation to assume that the energy bands depend only on two components of
the vector k and are flat in the third direction. This amounts to neglecting the
interaction between different layers, an approximation which has given reason-
able results on the optical properties of graphite (*). We will consider the two
cases of a point M, and a point M,, which are the ones of physical interest
in two-photon absorption.

3'1l. Egde point M,. — Let us take the zero of energy of the top of the
valence band and expand the energies as follows:

B, = —avki— Bk},
B, =E,+ ki + B. k5,
E,,:AE—&—ocnk:—%—ﬂnk:,

(%) F. BassaNt and G. PASTORI-PARRAVICINI: Nuovo Cimento, 50 B, 95 (1967).
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with o and § defined as positive quantities, where E, and AF are the separation
of the valence band from both the lower conduction and intermediate bands
respectively.

When fio,+#iw, < B,, K, vanishes because the §-function condition of for-
mula (4) cannot be satisfied.

When 7w, +#w, > E,, we have

lka:l = (ﬁwl + ﬁwz "‘Eg - (/30 + ‘gv) k:)%/((xc + “v)% 7

the first integral in (4) becomes

(it io—Ep! Bt
(5) L= o o

Y L, + o)t NEME V1= AR + Bk
0

where L iy the interlayer separation and

N = fiw, + fiw,— E,,

MIZAE—ﬁa)l—f— % T % (ﬁw1+ﬁwz_E’v)7
_ _ Gt % |

Bo= | (ath)— o et B
B+ B __1B]

A —T7 Bl—-E.

By performing the integration we obtain, for B positive or negative
(1B 0),

I — T 1 1 14 1 7|
V= T+ ) NP2 A [(Bl/A Toiz T @BAriie)

for #w; + fiw, not too different from E, we can expand the above expression
with respect to B,/4 to obtain

I, = - L (1 — &)
Y Lo + )} (B, + Bo)t M 4l

Similarly the second integral in (4) becomes

I,= - »1—(1—%)
P Lo+ o)} (B - o)t M 4)’
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where
%+ %
M,=AE —fio, + . (hw, + hw, — E,)
B, = B|M,.
Then

%364&) w N 1 (1) (2) Bl (2) £(1) B
_K <n ny -t Cﬂ 7"7 1 I .
(6) 17 2 LenPmlawy(ot, o)t ﬂc + /3 [ M (1 A) + M3 ( A)]

At the edge point, where #fiw,+Aw, = E,, the above expression gives

(1) £(2) (2) 1D
772%364(Ucnwm'N2 1 [ en [nv en [ne ]

@ = Towmio e B ¥ Bt n (BB — oy (BE—fio)?

The behaviour of K, as a function
of w; is shown in Fig. 2. If we put

o, = f,, %, = By and «, = f,, then B=10 e
and the form (6) gives the absorption
coefficient for one edge point with
spherical symmetry in k-space. e
2
S 12
[
g -
H
30}
-

Fig. 2. — Absorption coefficient for the
first photon K, at the point M, in the sl
two-dimensional case. The frequency w,
of the second photon is a fixed quantity. L
The dashed curve (|B|#0) indicates the

effects of anisotropy with respect to the 61

isotropic case (solid curve, B=0). AE =25, ’(Eg—ﬁwz) N -

E,=4, #w,=2.5, (&, a,)/(ax.+ x,)=0.8, 75 20‘* 2'5 3‘0
B.+ B,=10.03, B,+ f,=0.04. ’ T ke .

3'2. Saddle point. — Let us expand the energy in the case of a saddle point:
E, = —o,ki— .k},
B, =E,+ o k;—p. k],
En = Eno -+ “nk: + ﬂnk:
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with (8, —f,) >0, where K, and F,, are the separation of the Valence band
from both the lower conduction and intermediate bands respectively.
Substituting in (4) and performing the d-function integral, we get for the

first integral
I - 27 1 dk,
VU L(o,+ o)t NEME) (AR —1)}(1 + B, k%)

with
e = (ﬁer fico, — By -+ (ﬂc—ﬂu)ki)*,
o - o,
where
= By — fio, — fiwy|
M, = E,y— Fieo, — ‘:C":[ % | By — Ficoy —Ficon] ,

o+ 0y '
o, o, (5. _ﬂ”)}/M

.= {(ﬂn+m>+
4 = (B.—BIIN .

After integration we obtain

V7 Lf{e, - ocv)g N*MﬁAi’

7 1 A 1 1 (1 + By/A)}|
[‘E o T BA) A= (A BAN
A 1 11+ BI/A)*I],

Bt A Ve B C L@ By

_I_

for #iw, + #w, not too different from K, we can expand the above expression
with respect to B;/A and obtain

7 1 5B, 44 | B,
II:L(occ—f—ocq,)%N%MfA%[(1_4A) _+_—]'

Similarly the secord integral in (4) becomes

7T 1 5B 44 B
I, = __ T2 i -2
*= Lo+ 2 NI [ (1-T2) o, + 1 1]
where
M,=E,,—hw, — o T IE W, — R, ,

c

~{ oo+ iij‘; 6., }/
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then
K - ThRe4 ¢ 0y Ny 1 )
1 2 Lendmimg(a, + o) (B — )t o,

on fro 5B, 44 B, in Tuw 5B, 44 B,

So we have a logarithmic behav- 15
iour around the saddle point just as
in the one-photon processes (*3). The
behaviour of the absorption coeffi-
cient ag a function of w, for a given 14+
value of w, is reported in Fig. 3.

@)

K {arbitrary units)

Fig. 3. — Absorption coefficient K, at the 1.0k
saddle point M, in the two-dimensional
case. The frequency o, of the second
photon is a fixed quantity. FE,=3,
E,o=4.5, fiw, =2, (o, +a,)/(e,+a,) = 0.5, 019 ) Y
B.—B,=0.01, B, §,= 0.03. ' f;;, )

4, — Three-dimensional case.

Let us first consider the critical point M, with anisotropy in the k, direc-
tion, taking the form of E(k) as

E, = _“v(k: + k:) —ﬂvk:’
Ec = Ey + “a(k: + k:) -+ ﬂck: 3
B, =AE+ a,k; + k) + 8.k, .

By substituting in (4), the first integral becomes

s _f (B, —Fion —Fiw, + (o0 + ) (ki + k) + (B, + ) Ak
V) T [AE =, + (0 + ) (k2 KD+ (Bo+ B KEE
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When

fiw, + fiw, < B, ,

K, vanishes; when

fioy + fw, > H, ,

after integration over the d-function, the preceding integral becomes
2

(9) I, =2

ot
((BorHiwy—E M BBt

dx,

DAt 2 ot =)+ {8+ = 22 ki)

%+ Gy
which can be performed to give

1 B (o thoE) A8}
x [k z_]_*"*; tgl\/B
ot + oy M, (M, - BEY) Mi/B

— k
M

b

where

M, = AE — o, -+ ‘;:[“

€

(hwy + fw,—E,) .

We obtain, by expanding for small (fw, 4+ fiw,
= 1 ﬁwl—l—ﬁw2 )*.
Vet o |MEIN B+ B

=555 ) b —an ™3 )]

'_Ey)7

Similarly the second integral in (4) becomes

I — " [1 oo, + i, — g)%.
P+ Mz( B. + B,

L e A e A = L
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where
%y - &ty
M,=AE—fiw, + T (fiwy + fiwy — H,) .
Then
T3 o 0y €N, 1
K — en nv 2 .
A0 = emrcon (o, + ) e+ Bolt 1
. [ ) £(2) ( (fiwy + fiwy — )} o
I \[AE — i, + (ot + o)/ (0t + o)) (Ficoy + Frew, — By) [
2B {fiwy + fiwy — E,)E ) n
3(B. + B.) [AE —fioy+ ((otn + o)/ (et + o)) (Ficwy + Fico, — B, ]°
-+ f‘” @ ( (fiewy + fiw, —B,)} .
I A[AE —Fiw, + (0t + o)/ (ot + %)) (Fotwy -+ Foco, — B,) |2
2B (hw, + fiw, — E,)E )}
3(Bs + B) [AE — by + ((0t + o)/ (e + 00)) (oo, + Ficw, — B ) ]?

9

Ag a consequence of expression (10)
the curve of K, (w,) starts from the edge
and increases with increasing values of
(fw,+fiw,). If there is complete isotropy
we have the limiting case B =0 and
the formula (10) reduces to the expres-
sion given by BRAUNSTEIN. The behav-
iour of the absorption coefficient as a
function of #w,, for fixed w,, is given
in Fig. 4.

K, (arbitrary units)

Fig. 4. — Absorption coefficient K; vs. #iw,
for the point M, in the 3-dimensional case.
The dashed curve (|B|s%0) indicates the
effect of the anisotropy with respect to the
isotropic case (solid curve, B=0). AE =25,

Eg=4: ﬁw2=2,5, ﬂn+ﬂv20-06’ Igc+ﬁv=
= 0.1, (oty+ a,)/{oty+ &) = 0.4.
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4'1. Saddle point. — Let us now consider the case of a saddle point M, with
a negative effective mass in one direction.
The form of E(k) can be taken as

B, = —a,(k; + &) — .k,
E, =E,+ (k) + k) — B. k2,
En = Eno + an(k:_}— k:) +ﬂ"k:7

with (f, —f.)>0.
By substituting in (4) the first integral becomes

I :f 6(E0—ﬁw1 e ﬁwz _I_ (ac + av)(k: + k‘lzl) - (:Bc _ﬁv)ki) dk
! [Eno—ficos + (s + o) (B2 + K3) + (B + B.) 2P

After integrating over the J-function we get

7 dk
I, = d
(11) T + oeJ(M1+ BE2)?’
where

o, + o
M, = E,0—fiw,— x if; (By—fiw, —fiew,)

B =+ p+ T %58,

o+ &y

and the limits on %k, are defined by the condition
Eo'—ﬁwl_ﬁwz + (x, + O‘v)(k: + k:) — (ﬁc —ﬂv) kﬁ =0

and by limiting the region of k-space.

For fiw, + fiw, << H,, the limits of k, in eq. (11) are ((Ey—fic,—7%w,)/
/(8. — )t and R/(B. — B.)} (RB*> (B, —fiw,—Fw,)). By performing the inte-
gral and expanding to lowest order in (E,—fiw, —#w,) Wwe obtain

2 [1 1 —

Vot oy [ 4B (B —fiw, — (@ + o)/ (ot + o)) (B — Fioo, — Fiw,) [

1 (By— fiw, — ev,)t ]
ﬂc - ﬂv’} [Eno - ﬁwl - ((“n + “v)/(ac + “v)) (EO - ﬁwl - ﬁw2)]2

A similar equality holds for the second integration in (4) (by pﬁtting fisy
instead fiw, in the last expression).
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Then K, becomes on one side of the saddle point

TH3W, e Noet 1

(12) Ky = m2enwy(o, + o) (71
A f T 1 . _
[ e (rm [Eno _ﬁwl - ((“n + “v)/(‘xc + ‘xv)) (EO - ﬁwl - ﬁwz):P
. 1 (]i'(,—ﬁ(u}——%wz)ir ) n
(B — Bo) [Buo—Tiwy — ((@n + )/ (cte + ) (Ho — Ficw, — Ficwy) ?

4 f@ (ﬂ 1 _
I NABY [E g —fiw, — ((an + o) (ot + o)) (By — Frco, — Ficw;) |}

_ 1 (Bo— fieoy — Fioog)? e ‘)]
(Bo— B)¥ [y — Ty — ((otn 4 ) /(e -+ )) (Bo — Fico, — o) |2/ |

For %iw, + fiw, > E, the limits of k, in eq. (11) are 0 and R/(f. —f.).
The integral can be easily performed and expanded to lowest order in

(hwk + ﬁw2 "‘Ev)'

1.75

1.50 -

K (arbitrary units)

Fig. 5. — Absorption coefficient K, vs. #w; near a saddle point M, in the three-
dimensgional case. As usual %w, is a fixed quantity. E,=3, F,,=4.5, fiw,= 1.5,
f.— By= 001, 8,4 B,= 0.03, «,+ a,= 0.3, «,+ a,= 0.5.

3 — 11 Nuovo Cimenio B.
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We obtain on the other side of the saddle point

_ whetog0,N, 1
T dendmlo,(o, - o) BY

(1) 4(2)
[ et [nv

(B — Ffico, — ((“n =+ o) (ot + ‘xv)) (fiewy + fiw, — Eo)]* +

(13)

(2) 41
+ [Eno — ﬁwz - ((‘xn + (ZU)/(OCC + ’xu)) (%wl + ﬁwz _Eo)]i] ’

At the saddle point, %w, + fiw, = E, and both (12) and (13) give

e 0en 0 Ny 1 on Jno on Ino
P demndw,(a, + o) BY 5; [(Eno — fiew, )2 * (Eno_ﬁwz)*] '
1.6
i v
14k ;
|
r |
1.2+ l
1 I
T T )
S 015t ;
\
0.10 l’ .
’
0.05+ :
E-hw)!
0 L L L Ij N 14
08 10 1.2 14 17 1.8 19

P (eV)

Fig. 6. — Absorption coefficient K; for AlSh at M, (I-point) and M, (L-point) in the
same scale. The values of the parameters used are those of Tables I, II and III.

The behaviour of K, as function of the frequency w, is shown in Fig. 5.
It gives a peak which is similar to that obtained for the one-photon transition,
but it is sharper because of the frequency dependence of the energy denomi-
nators, formulae (12) and (13). To the right of the saddle point F, for instance
the energy decreases in this case, while in the one-photon transitions it remained
constant in lowest order.
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5. — Applications.

To observe the absorption coefficient at the saddle point with a two-photon
experiment one has to choose materials in which the gap at the saddle point
is smaller than twice the fundamental gap because only in this way one can
avoid one-photon transitions. We have considered four compounds: GaAs, ZnS,
AISb and BN which satisfy this condition. The effective masses m, and my and
the refractive index (n) for these compounds except BN are available from
the single-photon absorption, for BN in the two-dimensional case the effec-
tive masses have been estimated from the available energy-band calculation (*7).
Their gaps have been taken from their band structures; for GaAs, ZnS and
AlSb the saddle point is at the L-point (@-point for BN), the fundamental
gap is at the I'-point (P-point for BN).

In these semiconductors (except BN), the band structure calculations indicate
an intermediate valence state which lies at nearly the same relative distance
as that of the intermediate conduction state from the conduction band saddle
point. So we can write the probability amplitude as the sum of two terms
corresponding to these two intermediate states, then

Uep = Oy + a5
Therefore, the transition probability becomes
W= la, + a]?,

the two terms being of the same order of magnitude. Since the cross-product
cancels we get

W =2,

and consequently we obtain twice the absorption coefficient at the saddle point.

In Table I we give the band parameters used in the caleulation for the
above-considered materials; some of them are rough guesses used for the purpose
of exemplification. In Table IT we give value of the absorption coefficient
just above the edge (at the edge for BN) for N, =102 ph/em3. This value
isin reasonable agreement with those observed experimentally (*-11). In Table ITII
we report the expected absorption coefficient at the saddle point; for the case
of BN we report the value of #w, + #w,— E,=0.3 to give an idea of the
magnitude of the singularity. Comparing the results of Table III and Table II

(*y E. Dont and G. Pastori-PArRraviciNI: Nuove Cimento, to be published.
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TABLE I. — Inverse effective masses in units of #2/2m, iaking the effective mass of the
intermediate states as the free-electron mass; n is the refractive index.

\ l

Xy Xe ‘ Oy ﬂv (%) ﬁc ) ‘ B () ’ n l

BN 0.67 (%) 1.33 () l 1| 013 | o027 | 02 | 16l ‘r
Zns 0.72 (18) 3.67 (19) ‘ 1 0.15 0.73 02 | 3 @9

GaAs 10 (0 | 125 @Y ' 1 | 2.0 25 | 017 | 37 (® |

AISH 1 () 333(7) | 1 ] 0.2 067 | 02 | 318(%) |

(b) From a rough estimate of the energy curvature around the point P =2x/a (%, 0,0 )

I (a) Rough guesses from the curvature of the energy bands.
The value of the infer-layer separation has been taken as 6.66 A as in ref. (%),

from vef. (¥7),

TasLE IX. — Band parameters in eV and the absorption coefficient K, in cm™ af M,
{(I-point, P-point for BN). All the oscillator strengths f are taken to be ~ 1 and the
density of the second photon beam N,= 10!® ph/em?3.

( B, AE Foo,y t hoo, K, |
! BN 5.7 (1) 8.2 (1) 2.9 (%) 2.8 6
t ZnS BT ’ 8.9 (25) 3.44 1.9 0.1
GaAs 1.4 (25) 4.6 (3%) 0.8 1.0 0.02
AlSb 1.9 (35) 4.1 (%) 1.6 1.0 0.19

(a) The energy value at the edge.

TABLE III. — Band parameters in oV and absorption coefficient K, in em~' af the saddle

point (L-point, Q-point for BN}, Also in this ease f~1 and N,= 101 phfems3.

BN
Zn8
GaAs
AlSh

(1) J. C. Mixrosz and R. G. WHEELER: Phys. Rev., 153, 913 (1967).

6.5 (17)
5.8 (%)
2.6 (25)
2.8 (%)

E., fiwy
8.7 (1) 4
9.2 (35 3
6.0 (25) 1.3
5.3 () 1.8

fu,

2.8
2.8
1.3
1

|
I
|
|
|

Kl

0.6
0.45
0.82
1.5

(%) F. HermaN, R. L. KortuM, C. D. KueLix and J. L. SHAY: in IT-VI Semiconduct-
ing Compounds, edited by D. G. THomMAS (1967).

(20) H.
(21) M
(22) 0'
(23) D_
(24) F
(25) D'

of Semiconductors (New York, London, 1968).

EHRENREICH: Journ. Appl. Phys.,

32, 2155 (1961).

CARDONA: in Semiconductors and Semimetals, Vol. 8, edited by A. BEEr (1967).
MADPELUNG: Physics of III-V Compounds (New York, London, 1964).
N. Nasgpov and 8. V. Srosopcrigov: Zurn. Tekhn, Fiz., 28, 715 (1958),

OswarLDp and R. SCHADE: Zeits. Naturforsch., 9a, 611 (1954).
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we can remark that at the saddle points the absorption coefficients are one order
of magnitude larger than near the edge and consequently we think that two-
photon transition can be detected in correspondence to saddle points.

& ok %

The author is indebted to Prof. F. BAssawI for suggesting this problem
and for useful discussions.

RIASSUNTO (%

Si otticne, in corrispondenza a tutti i tipi di punti critici, la probahilitd delle tran-
sizioni a due fotoni fra le bande di energia elettronica nei cristalli. Si riportano le espres-
sioni per le discontinuita nel rapporto di assorbimento di uno dei due fotoni in funzione
della sua frequenza quando la somma delle energie dei due fotoni & uguale alla diffe-
renza di energia tra la banda di conduzione e quella di valenza in quel particolare punto
critico. I risultati indicano picchi netti in corrispondenza ai punti di sella M, oltre
lo spigolo netto M, giad trovato da Braunstein. Si dimostra che nei materiali non cu-
bici I’anisotropia influenza la forma dello spigolo M, e del picco M. Nel caso limite
del cristallo bidimensionale la probabilita di transizione a due fotoni da una netta sin-
golaritd logaritmica ad M. I risultati sono analoghi a quelli dei processi ad un solo
fotone, ma tutte le singolarita e tutti i picchi sono pilt netti in questo caso e le loro
intensitd dipendono dalla posizione degli stati virtuali. Si discute la possibilita di studiare
altri punti critici oltre lo spigolo con la spettroscopia a due fotoni e sostanze come il BN
esagonale, il ZnS cubico e AlSb e GaAs sembrano essere buoni canditati per ricercare
transizioni a due fotoni verso pill alti punti eritici della banda di conduzione.

(*) Traduzione a cura della Redazione.

JByx-GoToHNbIE MEKIYIOHHBIC NMEPEXOAbl B KPUTHYECKHX TOYKAX B IOJYNPOBOIHHKAX.

Pesrome (*). — TlonyyaeTcs BBIDAXCHHE BEPOATHOCTH OBYX-(OTOHHBIX HEPEXOHOB
MEXY 3IIEKTPOHHBIME SHEPTETHYECKHUMH 30HAMHM B KPHCTAIUIaX B COOTBETCTBHU CO BCEMH
THIAMM KPUTHYECKHX TOYeK. IIpHBOOATCS BBIpaXKEHHS IS PAa3phIBOB B MHTEHCUBHOCTH
TIOTJIOUIEHNS] OJHOTO H3 NIBYX (DOTOHOB, XaK (yHKIMS €ro YaCTOTHI, KOTAA CyMMa DHEpruif
NBYX (JOTOHOB paBHA SHEPTeTHYECKOM PA3HOCTH MEXIY 30HOM IPOBOAMMOCTH U BaJICHTHOMN

(*) Hepesedeno pedaxyueil.
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30HBl B JTOH CHOCIMAIBLHOW KPUTHYECKON Touke. Pe3ynbTaTel OOHAPYXKMBAIOT OCTPEHIS
IIUKH B COOTBETCTBHH C CEUIOBBLIMH ToYkaMu M,, moMuMo ocTporo xpas npu M, nomy-
YEeHHOro panee bpayHcreitHoM. IlokaseBaercs, 4YTO I HEKyOMYeCKHX MaTepHAJIOB
AHU30TPOUHSA BIUACT Ha ¢popMy kpast M, u naxa M;. B mpenensHOM cilyyae ABYMEPHOTO
KPHCTAJIJIa BEPOATHOCTh OBYX-GOTOHHOTO HEPEXONa HMMeeT OCTIPYIO JIOTapupMHUECKyIo
cuHrynsapHocTh mpu M;. IlomyyeHHBIe pe3ynbTaThl AHAJIOTMYHBI PEe3yIbTaTaM AJIA ONHO-
(HOTOHHEIX IPOLIECCOB, HO BCe CHHIYISAPHOCTH M IIHKH SIBIISLIOTCS OOJice OCTPHIMH B 3TOM
CIlyvyae M MX MHTEHCHBHOCTH 3aBHCAT OT IIOJIOXKEGHHS BHPTYAIBHBIX cocTogumii. OO6Cyx-
HAaeTCs BO3MOKHOCTh UCCIENOBAHUS APYTHX KPUTHYECKMX TOYEK, HOMHAMO Kpas, Iocpen-
CTBOM IBYX-(QOTOHHOHN CHEKTpOCKonud. BemectBa, Takme kak TexcoroHajabHBI BN,
xyOuueckuif ZnS, AlSb u GaAs, Do-BuIuMoMY, UPEIACTABIIAOT XOPOITHEe KaHIUAATH O
IETEeKTHPOBAHMSA ABYX-QOTOHHOro Iepexoja B Ooylee BBICOKO JIXKAIlHe KPUTHYECKHE
TOYKH 30HBI IIPOBOIUMOCTH.



