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Summary.--Using a modified Chew-Goldberger-Low equation (C.G.L. equa- 
tion), the problem of gravitational instability of a plasma has been studied. 
The dispersion relation has been obtained for the case of wave prolsaga- 
tion along the magnetic field. I t  is found that Jeans' criterion still deter- 
mines the gravitational instability. 

1. - Introduction. 

An extensive s tudy  of the  prob lem of gravi ta t ional  ins tabi l i ty  of un infinite 
homogeneous medium,  us carried out  b y  various authors  under  vary ing  con- 
ditions, has been  given b y  (~]~ANDI%AS]~KIqA~!~ (1). 

Recent ly  GLIDDON (2) has ex tended  this problem to the  ease of an aniso- 
tropic p lasma b y  using the C.G.L. (8) equation.  The C.G.L. equat ion is a strong 
tool for the s tudy  of macroscopic mot ion  of u collisionless p lasma in u strong 
magnet ic  field. B u t  this is applicable only for small L a r m o r  radii  and low 
frequencies. SeverM authors  (~.5) have  demons t ra ted  the  impor tance  of 
the finite L a r m o r  radius (F.L.R.) of the  ions on the p lasma instabilit ies.  I t  is, 
therefore~ of some interes t  to s tudy  the  F .L .R.  effect of the  ions on the  problem 
of unisotropie p lasma.  
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(5) M. N. ROSENBLUTH, N. A. KI~ALL and N. ROSTOKER: Suppl. Nucl. Eusion, 

Part 1, 143 (1962). 



24 P.K. BHATIA 

Using the modified C.G.L. equation, as given by  THO~Pso~ (6), in which 
the pressure tensor  is corrected by  the  F .L .R.  effects, the problem of gravi- 
ta t ional  instabil i ty of a plasma has been discussed here. In this note  the dis- 
cussion has been carried out for the ease of wave propagation along the direc- 
t ion of magnetic field. The discussion of the  case of wave propagat ion trans- 
verse to the magnetic field has already been discussed by  the author  (7) in a 
separate a t tempt .  

I t  has been shown there  tha t  F.L.I~. does not  have any  influence on the 
Jeans  instabili ty.  

2. - Perturbat ion equat ions  and the dispers ion re lat ion.  

The relevant  li~earized per turba t ion  equations are: 

(1) ~ o + o V - u =  0 dt 

(2) 

(3) 

e - ~ = - -  V .~P  + ~ (Vx~B)  x B - -  ~)V~V, 

: 6 B =  V x ( u x B ) - -  - -  
8t 

B o 
V × [ ( V x S B )  xB], 

4 ~ 2 c  

(4) 3Prr-- 33t) 2 3B 
pjj ff B ' 

3B (5) ~ p ±  St) + __  
p± ~ B ' 

(6) V ~ V  4 ~ d ~ .  

In  eqs. (1)-(6), 3~, 3B, ~V are respectively the per turbat ions  in density ~, 
magnetic field B and the  gravi tat ional  potent ia l  V. ~V satisfies Poisson's 
equation (6). Here  u is the velocity vector.  We take here B to be along the 
z-axis, i.e. B = (0, O, Bo). 

Equat ion (3) governs the per turbat ions  in the magnetic field. I t  has been 
obtained by  including the F.L.]~. effect of the ion and, therefore,  using the 
generalized Ohm's  law in the form 

(7) 
c ~ ' 

(6) W. B. THOMPSON: A n  Introduction to Plasma Physics (London, 1962), p. 225. 
(7) p. K. BHATIX: E]]ect o] ]inite Larmor radius on the gravitational instability o] 

a plasma, Zeit. f. Astrophys. (1968) in press. 



GRAVITATIONAL I N S T A B I L I T Y  OF A PLASMA 25  

instead of Ohm~s law used in the  C.G.L. equat ion 

(8) E + 1 - u × B = O .  
o 

In  (7), we are neglecting the electron iner t ia  t e r m  and we are also neglecting 
the  effect of the  F .L .R.  of the  ion on the  electron pressure.  In  eq. (7) 
E denotes the  electric field and ~ = eBo/Mc is the  La rmor  f requency of the 

ion, M being the  mass of the ion. 
The pressure  tensor  P can be wri t ten ,  taking into acconnt  the  F .L . IL  effect, 

( 9 )  / ) =  px(1- -  ~ )  + p , ~  ~ + P~= P* + P~. 

I n  eq. (9), p± and  p~ are the  components  of pressure  perpendicular  and 
parallel, respeetively~ to the direction '~ of the  magnet ic  field and _P~ is the 
first-order correction t e rm  to the  pressure tensor due to the  F . I .R .  effect. 
The components  of .P~, for the  magne t ic  field along the  z-axis, are given by  
MACMAHON (s) aS 

( J o )  

V,x 4 

P~= = 0 ,  

[eux eu 4 

[ ( ux 4 
-Plw : Plzv = ~ LP~z \ ~z ~x ] -- 2P~,, ~cz ] '  

e l z ,~-  P x x z :  ~) [Pi± \ ~Z ,~y ] 2Pq ~z l ' 

where P~x and P~, are,  respect ively  the  normal  and  paral lel  components  of 
the  zeroth-order  pressure tensor  of the  ions. 

Equat ions  (4) and  (5) govern the per turba t ions  in Pn~ and p±.  
Let  us assume tha t  the per turba t ions  of M1 the quant i t ies  are of the form 

(11) exp [ ikz --  ia)t] . 

Then 

( 1 2 )  u = ~-7 = " 

(s) A. MACMAHON: Phys. Fluids, 8, 1840 (1965). 
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For  the per turbat ions  of the form (11), the  component  of eq. (3) can be writ- 
ten  as 

(13) ikBou~ + ico ~B. B~]c~ 4 ~ D c  8B~ = 0 , 

(14) i kBo% + ~B~ + ioaSBv= 0 ,  

(15) 8B.=  o .  

The values of V. 8/)* and V ~V have been obtained by  GLII)DO~ for the wave 
vector  of the form (k~, k~, k,). We can, therefore,  obtain the i r  values for the  
present  problem b y  put t ing  k~ = ky = 0, k, = k in his calculations. We, there- 
fore, have 

(16) V. 8 P * =  [-- (p, p ± ) k 2 ~ ,  --  ( p , , -  p ± ) k ' ~ ,  3k:~.p, ,] ,  

47eG~) (k~.)(0, 0, k) . (17) vsv - -  k~ 

Evaluat ing  V.SP1 from (10) and (11) we have 

= [/~k% i ~ 8 ~  (p,~_- 2p,~,), o] (18) V- 8P1 [ t )  (P'± -- 2P''r )' ~ 

With  the help of (16)-(18), we can obtain the  components of eq. (2). These 
three  equations together  with eqs. (13)-(15) can be wri t ten  in the  following 
determinanta l  form: 

i kB  o Q °92 + (p,  _ p ± )  k2 (2P~ ,  - -  P~±) i~)k ~' 0 0 
' [2  ' 4 z  ' 

2Pi, -- P %  ioJk ~ , ikBo ~Q ~OC02@(plt--p±)k ~, 0 , 0 , 4~ 

0 , 0 , Qoa2--3k2p, ~-4~G~ 2, 0 , 0 

2 2 
Pok 

0 , Bokco , 0 ' 4~rQf2o' ic~) 

8~ 

~y 

8B~ 

8B,~ 

= 0 .  
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This le~ds to the  dispersion relat ion 

(20) 

where 

{~o ~ - 3k~p,, + 4zve2}[~  ' - ~ '{9~ + 2A + 2 9 1  + QI} + 

+ ~'{A~ + 2 A ~  ~. + 2 A ~  + ( ~ 9 o  --  91)2} --  ~ A t 2 o ] =  o ,  

(2:) 
' 4 ~ )  ' 

[2~ = \ f2 e , 4 ~ e ~  c 

The first fac tor  of (20) gives 

(22) ~ 2  __ 3pll 4 ~ G ~  

k 2 ~) k 2 

This shows t h a t  we have  a mode of ins tab i l i ty  when ~o2< 0, i.e. for instabil i ty,  
the wave n u m b e r  k is given b y  

~4zG~½ 
(23) k < [3p~,/~/ " 

This critical wave  num ber  is the  same tha t  as obta ined b y  JEANS for deter- 
mining the  grav i ta t iona l  instabi l i ty.  

The second fac tor  of (20) shows t h a t  there  are three  modes of wave  prop- 
2 2 2 agation. I f  w:, ~%, % are the  th ree  modes,  then  

2 2 m~o)2% = @ ive.  

This means t h a t  e i ther  all the  roots are posit ive real  or there  is a posit ive real 

root and a pa i r  of complex roots. A close look a t  the  second factor  of (20) 
shows tha t  there  are no negat ive roots becanse a change of sign in the value 

of ~o 2 ( =  X) into ( - - X )  yields an equat ion in X in which all the  coefficients 
are negative.  

When all the  roots are posit ive real, all the  three  modes are stable. For  
the  complex roots,  we have  ei ther  a stable mode or an over-stable mode. 

We thus find t h a t  the  grav i ta t iona l  instabi l i ty  of the  p lasma  considered 
is de termined b y  (23) i.e. by  J eans '  criterion. 

We thus conclude t ha t  J eans  ~ criterion still determines  the  gravi ta t ional  
instabi l i ty  of a p la sma  when we include the  F .L .R.  effects in the  case of an 
anisotropic p l a sma  and take  longi tudinal  wave propagat ion.  
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R I A S S U N T O  (*) 

Per  mezzo del l ' equazione  eli Chew-Goldberger-Low modif ieata  si ~, studiat, o i l  pro- 
b lema del l ' instabi l i th  gravi taz ionale  di un plasma.  Si 5 o t t enu ta  la relazione di disper- 
sione per  il caso della propagazione  di u n ' o n d a  lungo il eampo magnet ico .  Si t rova  che 
il criterio di J eans  de te rmina  anche l ' ins tabi l i th  gravi tazionale .  

(*) Tradt~ior~e a c~zra del la  Redaz ione .  

FpaBHTaHHOHHaH HeCTa6H~hHOCTb H~a3MM. 

Pe3mMe (*). - -  IAcnoym3yn MO~IHqbrlttnpoBarmoe ypaBnerme qy-Fonb~6eprepa-YIoy 
(C.G.L. ypaBHegne), 6btza ncc~eaoBana npoSneMa rpaBnraUnoHno~ Hecra6nnbrtOCTa 
n~a3MbL ]3bI~O noayqeHo ~ncnepcnoH~oe COOTnOmerme a ~  cnyqa~ pacnpocTpanerm~ 
BO~nbI BaOab Marm~THOrO r~o~u. O6Hapy~eao,  q ro  KpnTepn~ ~ n H c a  nonpe~HeMy 
onpe~ezner  rpaBnraunouHy~o ~ecra6HaSHOCrb. 

(*) Ilepese3eno peDamluefi. 


