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S u m m a r y .  - -  The problem of finding the electric field within a plasma- 
filled plate  condenser, upon which art a l ternat ing e.m.f, is imposed, is 
considered. The adopted  model implies the solution of the Boltzmann- 
Vlasov system of equations with a single re laxat ion t ime collision term, 
matched by suitable boundary conditions at  the walls of the  condenser. 
The plasma is assumed to be completely ionized and the frequency large 
enough to consider negligible the ion motions. In  order to solve the  
Boltzmann-Vlasov system the method of separat ing the variables is 
used. Fi rs t ly  ~ general mathematical  theory  ot such solutions is developed, 
then applications to the plasma capacitor are considered. Both diffusing 
and reflecting wMls are cortsidered. In  the  l imit ing eases of large and 
small separation of the  plates the effective permi t t iv i ty  is evaluated.  

1. - I n t r o d u c t i o n  a n d  b a s i c  e q u a t i o n s .  

T h e  p r o b l e m  of f ind ing  t h e  e l ec t r i c  f ie ld w i t h i n  a p l a s m a - f i l l e d  p l a t e  con- 

d e n s e r  u p o n  w h i c h  a n  e .m. f ,  is i m p o s e d  has  b e e n  s t u d i e d  e x t e n s i v e l y ,  b o t h  

in  t h e  f r a m e  of a c l a s s i ca l  c o n t : n u u m  t r e a t m e n t  (1-3) a n d  w i t h  t h e  m e t h o d s  

of k i n e t i c  t h e o r y  (4,5). O u r  r e sea rches  a i m  t o  e x t e n d  t h e  p r e v i o u s  resu l t s ,  w i t h  

p a r t i c u l a r  r e g a r d  t o  t h a t  o b t a i n e d  in (4,5), w h e n  a more  accm 'a t e  m o d e l  a n d  

m o r e  r ea l i s t i c  b o u n d a r y  c o n d i t i o n s  are  t a k e n  i n t o  accoun t .  

(1) D. WEISSGLAS: Journ .  Nuel .  Energy,  P a r t  C, 4, 329 (1962). 
(2) p .  VANDEPLAS aIl.d R. GOULD: Phys ica ,  28, 357 (1962). 
(a) A. MESSIAEN and P. VANDEPLAS: Phys ica ,  30, 303 (1964). 
(4) F. S1EU~E: Journ .  Nuel .  Energy,  Par t  C, 6, 1 (1964). 
(5) R. AA~IODT and K. CASE: A n n .  Phys . ,  21, 289 (1963). 
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The model  which we adopted implies the  solution of the Boltzmann-¥1asov 
system of equat ions with a single re laxat ion t ime collision term, matched by  
suitable boundary  conditions at  the  walls of the condenser. The plasma is 
assumed to be completely ionized and the  f requency of the potent ia l  differ- 
ence which is applied to the plates is ass~tmed to be large enough tha t  we can 
consider She ions a t  rest  because of the i r  i~ertia. According to  this assump- 
tion, our equat ions  4o not  conserve the momentum and the energy, bu t  only 
the number  of p~rticles; consequent ly  we are p revented  f rom considering tim 
plasm~ oscillations; our a t ten t ion  is principally devoted  to  the  s tudy of the 
th in  plasm~ sheath  adherent  to  the  walls~ for which a kinetic t rea tment  is 
required. 

The coupled one-dimensional Vlasov and Poisson equat ions for electrons are 

(1.1) ~ /(x, %o C 
v, t) -9 v ~ ](x, v, t) -- v R T m  E(x, t) = 

- - c a  

- ~ ¢ y a  

1 
-- ~ [ / F ( v )  f(x, 

- -  v o  

v, t) d v - -  f(x, v, t)] , 

The original Vlasov equation has been linearize4 about  its equil ibrium solution 

(1.3) 

where 

i f (x ,  v, t) ---- 2~(v)[n 0 -F/(x, v, t)], 

~(x, v, t) = f  ~(x, v, t) dv~ dvz 

is the equil ibr ium electron densi ty  and F(v) is the dimensional Maxwellian 

1 
(1.4) .F(v) -- ~ /2~RT  exp [-- v~[2RT] . 

0 has the meaning of the collision mean free time, e and m are the charge and 

the mass of electron. 
i t  will be convenient  to introduce the  nondimensional  variables 

X V 
~--~, togp , 4,  ~op 
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and the nondimensional parameter ~ = ]/~%~ where the Debye lenght 2 D 
the plasma frequency o~ are given by 

./~ T'~n 4 g n  0 e 2 

(1.5) 2~ = 4~noe2 , o)~ -- m 

and 

Now, rewriting the equations without changing the names of the variables, 
and putting E/4ze~D in place of E gives 

+co  

(1.6) -~ / (x ,  v, t) + - ~  ](x, v, t) - -  vE(x,  t) : ~ (v) ](x, v, t) d v - -  ](x, v, t) , 

- - c o  

(1.7) -~ E(x,  t) (v) J(x, v, t) d r ,  

w h e r e  n o w  

1 
/~(v)  = ~ e x p  [ - -  v~/2]. 

~/2~ 

We are looking for solutions of eqs. 0.6) and (1.7) with the time depen- 
dence exp [--i~ot], ~o being the frequency of the impressed field measured in o) 
units. The solution will describe the situation resulting from an applied voltage 
when the equilibrium is re-established. 

2. - Elementary solutions of eqs. (1.6), (1.7). 

I t  is useful to consider the cembinat.%n 

(2.1) :Y(x, v, t) = / (x ,  v, t)--Y/~(x, t), 
O" 

where a = ~--io~; the symmetry of equations now suggests looking for solu- 
tions of the form 

(2.2) (Yt , v,,, t t 
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Equations (1.6) and (1.7) become 

(2.3) 

+co 

(12 f ~(v) Y,(v) dv , 

+co 

f v i~'(v) Y~(v) dv (2.4) ~ = --7~ " 
--o0 

Choosing a convenient  normalizat ion of Y~(v), i.e. 

(2.5) f F ( v )  Y , (v)  dv = 1 
--oo 

we obtain three  different types of e lementary  solutions. 

C L A S S  I .  

by writ ing 

(2.6) 

(2.7) 

Discrete spectrum. - I f  Im  v # 0, we can easily solve eqs. (2.3) ... 

Y , , t ( V )  - -  ( 12  v i - -  V ' 

provided t ha t  the  v~ are roots of the  equat ion 

(12 - -  V 2 
(2.8) A(v) -- 

0.2 
a~--v2 f ¢°'F(v) dv = 0 .  

-+-v--  a-- ~ ..... v - - v  
--¢o 

The characterist ic  funct ion A(v) is analyt ic  in the  complex v-plane with 
a cut along the  ent ire  real axis and asymptot ical ly  

1 - - i ~ o a +  ( 1 )  
(2.9) A(v) l~t-*~co ~ -  0 ~ . 

Clearly if v~ is a root  of eq. (2.8), so is --v~ and ~:v~. Defining v - ~ = - - v ~ ,  
we assume for convenience t ha t  the  v~ can be labeled so t h a t  Re v~ > 0, i > O 
and if v~+ 1 ¢ v~, then  ]Re v, 1< IRe v,+l ]. In  general we have  2 N  zeros (which, 
for simplicity in notations,  we will consider to be simple). About  these zeros 
some results are l isted in Appendix  A. 
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CLASS I L  Continuous spectrum. - ~n addi t ion to discrete solutions we have  
the  cont inuum of solutions corresponding to  real  values of v 

(2.10) y . ( v ) _ a ~ - - V 2 [ p  v ] (~ ; - - v  + )@)~(v--v), 

(2.11) E~ = - -  v/~r. 

F r o m  eq. (2.5) one finds 

(2.12) F(~) Z(v) = ½ (A+(~) + A -  (v)), 

where At:(v) are the  b o u n d a r y  values of A(v) as v approaches the  real  axis f rom 
above  and  below, respect ively.  

I t  should be no ted  t h a t  eqs. (1.6) and  (1.7) are satisfied also b y  the  
spat ia l ly  independent  solutions 

(2.13) ]0(% t )=  v Ao exp [--i~ot] , 
(y 

(2.14) Eo(t) = Ao exp  [ - -  i(ot] , 

where A0 is an a r b i t r a r y  constant .  
Now, in order to  represent  our funct ions IZ(x, v, t) and E(x, t) as super- 

posi t ion of e l emen ta ry  solutions~ we m u s t  p rove  the  completeness theorem. 
This will be made  in Sect. 5; in the  nex t  Section we s tudy  the  solution in a 
pa~%icular and  ins t ruct ive  case. 

3.  - T h e  t i m e - i n d e p e n d e n t  c a s e .  

As it is shown in Appendix  A, if (o = 0, eq. (2.8) has only  two roots, 
except ional ly  real, v = =~ ~. One will note  t h a t  this value of ~o is out  of the  
range  t h a t  we are considering and  the  assumpt ion  of neglecting the  m o v e m e n t  
of ions is not  justified in this case. However ,  some interest ing reslflts have  
been obtained,  which can give some in format ion  about  the ac tua l  si tuation. 

For  future  calculat ions it is now more  convenient  to consider, in place 
of (2.1), the  following combinat ion  

(3.1) ~(x, v) = l(x, v) ÷ V(x), 

where V(x) is the electric potential 

dV(x) 
(3.2) E(x) = - - - d x  " 
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Our equat ions are now 

(3.3) ~x 

(3.4) 
d2V(x) 

dx 2 -- V(x) --iF(v) ~(x, v) dv . 
_ c o  

(3.5) (~(x'v)l 
\ V(x) ) 

eqs. (3.3), (3.4) become 

(3.6) 

Looking for solutions of the  form 

= (YJ~(V)t exp [_ ~xlv] , 
\ ~ , /  

- - c o  

(3.7) (1 - -  ~2/r2) V, =j lP(v)  ~v~(v) dv .  

_ ¢ o  

Equat ion  (3.3) is just the one considered by  CERCIGNANI (6) in studying she~r 
flow problems; its solution can then  be writ*en 

(3.8) T(x, v) =Ao + Al(v-- $x) +iA(~,) exp [--  ~xlv ] T,(v) d r ,  

where 

(3.9) ~v(v) : P  ~-p(v)~(v--v) 

and, in order to  satisfy the normal izat ion condition (2.5), we have 

(3.10) 
~I1'7 

o 

(6) C. CEnCIG.~-.~I: Ann. Phys., 20, 219 (1962). 

1 0  - I I  N u o v o  Cimento  B .  
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Equation (3.7) is immediately solve4 and the general inSegral of eq. (3.4) can 
be written 

( 3 n l )  

w h e r e  

~-co 

V(x) = Ao-- A1 ~x+ A+ exp [x] + A exp [-- x] -~ f A(v) exp [-- ~x/v] V, dv , 
_ c a  

~ 2  

(3.~2) ~ , , = P  - -  
T 2 _ _ ~  2 " 

From eqs. (3.1), (3.2), using the representations (3.8), (3.11), we have 

(3.13) 
• A 

J(x,v) =-A~v--A+ exp [x] - -A_ exp I--x]  + (v)]~(v) exp[--~x/v]dv, 

(3.14) E(x) =Ate--A+ exp Ix] + A_ exp [-- x] -~JA(v)E~ exp [--~x/v]dv, 
--co 

where, from eqs. (3.9), (3.12), 

(3.15) 
p V V - - ¢ 2  v + p (v )d (~ - - v )  , 

L(v) = ~ - -  ~ ~ - -  v 

(3.16) E,= Pv~- ~-  . 

4.  - Some  t i m e - i n d e p e n d e n t  prob lems .  

The general solution found in the previous Section allows us to give 
immediately the solution of the following problem: the plasma is confined 
between two parallel plates at the same temperature (equal to the plasma 
temperature). The walls are assumed to diffuse the electrons according to a 
~lVfaxwellian distribution function. Then the distribution will be )/faxwellian 
everywhere gad we shall have 

(4.1) l(x) ~ - -A+e ' - -A  e x p [ - - x ] ,  

(4.2) E(x) = - - A + e  "-~ A e x p [ - - x ] ,  

(4.3) g(x) ~ A0~- A+e ~+  A e x p [ - - x ] .  
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In  order to determine completely the problem we must  give the potent ia l  
difference between the walls (or, better ,  the  excess of electrons with respect 
to  ions); moreover  we must  choose the  reference system: thus  the constants  
A+ and A_ can be determined.  

With  respect  ¢o the walls just  considered~ the plasma behaves as a dielectric 
(there is no current) ;  moreover the  collisions have no influence (the result 
does not  depend on the paramete r  $). 

On the other  hand, if we assume tha t  one of the walls is a sink of electrons 
and the other  a source (so tha t  the  charge is constant  in t ime, as is required 
by  the s ta t ionary  conditions), then  the simplest (even if l i t t le realistic) bound- 
ary condit ion is of type  

d 
(4.4) ](x,  v) = kv  for  x = - -~  sgn v ,  

where k represents  the number  of charges created at  one wall and destroyed at  
the other  for  un i t  t ime and uni t  area. 

Then the solution (global neut ra l i ty  is assumed; if not, one must  add the 
solution of the previous problem) is merely" 

(4.5) ](x,  v) = kv  , E = k ~ .  

The plasma behaves now as a conduct ing medium:  the electric current  
is constant  (and equal to k) and ~ measures the plasma conduct ivi ty .  

One must  note  that ,  while the  first solution (eqs. (4.1) and (4.2)) does not  
depend on ~, the  second (eqs. (4.5)) varies with ~, and, for ~-->0 (no colli- 
sions), the plasma becomes a pel~ect conductor.  F ina l ly  one verifies t ha t  the 
condition of specular reflection at  the  walls implies a solution of the  first 
kind too. 

As a th i rd  example,  we consider the following problem: the plasma fills 
a half-space bounded by  a wall which diffuses the electrons according to a 
~axwel l ian  distr ibution;  bu t  no condit ion of conservation of the number  of 
electrons at  the  wall is now imposed. 

T h e  the  boundary  condition is 

(4.6) ](x ,  v) = 5 n  for x = O  and v > O ,  

where 5n measures the excess (or defect) of electrons with respect to ions at  
the wall and must  be determined f rom the to ta l  number  of electrons. Taking 
into account  the conditions at  infinity, assuming V(0) = 0 and denoting by  k, 
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as previously, the cons tan t  electric current ,  we have  

(4.7) dn = Ao + A~v + f A ( ~ ) ~  (v) dr, 
o 

co 

(4.8) o _- Ao 4- x_  +fA(v) ~, dv, 
0 

(4.9) k = Xi .  

v~(}~ 

Solving eq. (4.7) by  the  well-known technique  (6) we obta in  

] 
( 4 . 1 o )  A ( ~ )  --- - -  k 

X-(~)[p(~) + ~i~]' 

(4.11) Ao ~- 5n - -  k2 ~/Tr/2 , 

wher~ 2 = 1.1466 is the  slip coefficient (7), while 

(4.12) 
dt 

F r o m  eq. (4.8) we c.~n calculate A_; using the  idei l t i ty (s) 

(4.1s) 

w e  ] l a v e  

(4.14) 

co oo 

1 1 ft 1[£t1 f t d t  
zr . ( t - - z ) X - ( t ) [ p ( t )  + 7rit] 

o o 

A _ = - - b n - - k  1 + X ( - - ~ )  ' 

where X ( z ) =  l [X+(z)4-  X-(z)]  when z is real an4  positive. 
Thus, with simple manipulat ions ,  we c~n wri te  

[ (4.15) E(x )  = k~ - -  5n + k X ~ -  ~) 4- x ( - , )  t] 
F ~ i  p(~i! ! ~xp [ -  x] - 

o 

(7) S. /~kLBERTONI, C. CERCIGNANI an,d. L. GOTUSSO: Phys. Fluid,, 6, 993 (1963). 
(s) C. CEtCCIGNZ, XI: The Kramers problem ]or a ~wt completely di]usi~g wall, i n  

Journ. Math. Anal, AppL,  in press. 
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I t  is interest ing now to note tha t ,  while the current  is constant ,  the  electric 
field shows a spat ia l  t rans ient ;  the propor t ionMity  between E and j, as found 
in the  Chapman-Enskog  theory,  is atisfied only fur f rom the wall ;  the thickness 
of the sheuth where strong deviat ions f rom Ohm's  l a w  arise is of the  order 

of m a x  (1, ~) in the  chosen units .  
I f  $ - ~  0, the  integrM in eq. (4.15) diverges logari thmically,  and, since 

X(0) = 1, we h~ve  

(4.16) E ( x )  = - -  ( 3 n  q-  2k) exp I - - x ] .  

The p lasma becomes a perfect  conductor  only  a few Debye  lenghts far  f rom 

the wall. 
Other  problems sho~fi4 be in teres t ing to study, like those  involving tem-  

pera ture  exchanges  between the  p l a sma  and the  walls;  bu t  then  a more realistic 
model t h a n  t h a t  here used should be assumed in order to t ake  into account  

the conservat ion  of energy properly• 

5.  - T h e  g e n e r a l  c a s e .  

Let  us now tu rn  to consider the  c~se when ~o V= 0. As we have  already 
noted, we mus t  prove the  completeness  theorem for e lementury  solutions. 
I t  is un easy  m a t t e r  to prove,  according to well-known methods  (5.6), the  

following theorems :  

T h e o r e m  I .  - <( Eigenfunct ions ~) corresponding to  differeltt eigenvalues (both 

of continuous and  discrete spectrum) are orthogonM on the  whole real  axis 

with respect  to the  weight  funot ion 

0'5 

o ( v )  - 0 " ~ _  v~ v F ( v )  . 

I n  fact,  one easi ly  finds 

(5.1) 
-[-c~ 0"5 

• 0 " ~ _ V-  ~ v F ( v )  y~,(~v) ~'~,(v) d v  : ~ij C~, , 

(5.~) 

q-o~ 

f 0"5 
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where 

(5.3) C~, = - - r ~  d~, !~--v~ - - 3 ÷ r ~  a ~ ÷0.~--r~  1 - -  , 

[ 1 1 ]-~ c~'--~ 2 
(5.4) c(r)  = - _ o ~ i r ~  ~ ; ( r )  A-(r )  ~2 rF ( r )  {[p(r)] ~ + ~ r 2} . 

In  eq. (5.4) we have pu t  

(5.5) p(r )  - 2 ( r ) .  
0 " ~ - -  r 2 

For  co= 0, the funct ion p(r) now in t roduced reduces to tha t  defined in 
eq. (3.10). 

In  addit ion to eqs. (5.1), (5.2) we have also 

(5.6) f _ ( ~ 2  
.j O'~ - -  V 2 

vF(v) Y~(v) Y,(v) dv = 0 . 

Theorem 1I. - The set (Y~(v)}, (-- c~ < r < -~ co) complemented with 
{Y,,(v)}, is complete on the  real axis for the functions Y(v) sa t i s f~ng  a H61der 
condit ion in every  finite in terva l  of the re:fi axis and such tha t  

,~co 

(5.7) f~'(v) Y(v) dv < c~ . 
--co 

One must  show tha t  Y(v) can be expressed in the form 

(5.s) 

~-o~ 

I"(v) --  ~ A~, "~,(v) + (r) I$(v) dr 
i = - - ~ "  
i ~ O  - - c o  

Let  us begin by showing ths t  expansion (5.8), if possible, is unique. 
In  fact,  using eq. (5.1) and subsequently eq. (5.2), gives 

+¢o 

f (5.9) A~,C~, =. a~--  v 2 v_F(v) Y(v) Y,,(v) dv ,  
--co 

+co 

if 
" 0. 2 

(5.10) A(r) C(r) = a~--  v ~ vF(v) Y(v) Y,(v) d r ,  
--co 

A(v) and A,,, are thus found. 
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Now, in order to show t h a t  Theorem I I  is true, one mus t  prove t ha t  the 
expansion does exist. We const ruct  an actual  solution of eq. (5.8). 

All the integrals  appear ing converge, by  condition (5.7) and  by the prope~.ty 
of ~(v) to  be H61derian. The solution is given by  eqs, (5,9) and (5.10) and 
vA(v) results as the  jump thIough  the real  axis of the  following funct ion of 
the complex var iable  z: 

(5.11) N(z) = 

2~i (~ - -  v" vF(v) [ Y(v) --_~,~ A~, Yv,(v)] dv 
--¢o i ¢ 0  

q-co 

f vF(v) dv 
V - - Z  

_ c o  

I t  is an easy  m a t t e r  to use Theorem I I  to construct  the  Green funct ion 
of eqs. (1.6) artd (1.7) for an infinite medium.  

Theorem I I I .  - Let  ~ and fi be  two real  numbers  (~ < fl); the set (Y~(v)), 
(c~<v<fi) is complete  for all the :Y(v) which satisfy a tt61der condition in the  
open in te rva l  ~ <  v < fl and  are bounded b y  A l v - - ~ ]  -~' or B[v-- f l ] - : '  
(with V <  1) a t  the  endpoints.  I n  the l imit ing cases c ¢ = - - o o  or f i =  ÷ c o  
the theorem also holds, provided tha t  the  set {Y,(v)} is complemented  with 
those of the  eigenfunctions belonging to the discrete spec t rum for which 
Re v~ < 0 or Re v~ > 0, respectively.  

The case of the  semiaxis (0, oo) is the  mos~ i m p o r t a n t  one for applications, 
as we shall see; we restr ict  ourselves to the  considerat ion of this case only. 

To prove  the  theorem,  we have  to  show t h a t  the  singular integrM equat ion  

(5.~2) 

co 

O.9. z¢ p f ~  Y ( v )  - -  ~ ,  A v ,  -~'~ - -  ~ d~, 
( ~  - -  v~) ~ ~ - -  v - -  (~) ~ - - v  ÷ A ( v )  p ( v )  

o 

has a unique solution when Y(v) is subject  to the restr ict ions quoted in the 
theorem. 

Let  us consider the following funct ion of the  complex var iable  z: 

(5.13) 

where 

[1S ] 
0 

(5.~4) G(v) = 1~ p(v) ÷ ~iv 
" p(v) --  zdv 
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and the  logari thm is such tha t  6t(v)-~0 when v - + c o ;  with this choice, 
(~(v) -+- -2n iN,  when v - +  O. X(z)  is easily seen to  be bounde4 when z - +  0 
and have  a z-~-behavior when z - +  c~. 

Le t  ~ts now 4efine a funct ion N(z) with the  following re la t ion (where 
X±(v )  = tim X ( v  J= iv)) : 

~--->0 

1 1 ~ v X - ( v ) y ( v )  
(5.15) .Y(z) - - X ( z )  2~i ~ [ p ( v ) - -  :~ivJ ( v - -  zi dv ; 

o 

here 

0.2 .v ~ i  

(5.16) y(v) --  a ~ - -  v ~" Y(v)  - -  ~ A~ . 
i=1  * ~ ) i - -  V 

The integral in eq. (5.15) converges for  every  z not  belonging to  the  positive 
real  semiaxis; thus, N(z)  is an analytic funct ion in the complex plane with a 
cut  along the positive real  semiaxis; fltrther, N(z)  is bounde4 when z - ~  0, 
and N(z) . -~z  -~ when z - ~  co, prGvicle4 tha t  the  following ~¥ conditions are 
satisfied: 

(5.17) 
/ v X - ( v ) y ( v )  

J v  ~ -  d v = 0  
p(v) - -  ~iv 

0 

[1 = 0 ,  1, ..., .Y--  1] . 

~Vriting eq. (5.17) explici t ly gives 

(5.1s) 

ao co 

a ~ - -  v 2 p(v) - -  7eiv dv = ~ A~?,i ,:~ + [ p ( v ) - -  ~ iv](~ , - -  v) 
o o 

Using the representat ion of X(z)  given by (B.2), eqs. (5.18) take  the  ~orm 

¢o fv (5.19) ~ a ~ v X - ( v )  Y(v)  dv = - - ~  ~+1 
a ~ - -  v 2 p (v ) - - :~ iv  ~= A~,v~ X(vi)  . 

Equat ions  (5.19) const i tute  a linear sys tem with determinant  equal  to 

27 27 

(5.20) (-)-~[[~,x(~) I1 (**-v~) 

tha t  is clearly nonzero. Thus, by  using Cramer'/; rule, the A~, are uniquely 
de~ermined. 
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Then, if one defines 

(5.21) 

he can conclude 

(5.22) 

vA (v) = 2V + - -  N - ,  

c o  

1 t" vA(v)  dv _ x ( z )  = 
27d j v - -  z 

0 

Using the Plemely  formulas for log X ( z )  gives 

(5.23) X + = X -  p(v)  + :~iv 
p(v)  - -  zdv " 

Analogously from (5.15) 

(5.24) N *  X + -  N - X -  --  v X - ( v )  y(v) 
p ( v ) - -  ~ziv 

Insert ing into this equat ion N +, N -  as calculated b y  the Plemely formulas 
f rom eq. (5.22), and X + as given by  eq. (5.23), gives eq. (5.12). 

t~onversely, if A,, and A(v)  are constants and a ~ n c t i o n  respectively such tha t  
eq. (5.12) is satisfied, let N(z)  be defined by  eq. (5.22); ~sing Plemely formulas 
and s t ra ightforward algebra gives eq. (5.24). T h e n  2((z) X ( z )  must be given 
by  eq. (5.15); le t t ing z go to  infini ty ill eq. (5.15) gives eqs. (5.17). Thus the  
soln$ion given by  eqs. (5.15) and  (5.17) is ¢he only solution of eq. (5.12). 

I f  there  are no discrete eigenfunctions,  the  previous procedure must  be 
slightly modified. In  fact  it  is sufficient to  consider the  same function X ( z )  

a,s defined in eq. (5.13) with X =  0; X ( z )  has now a constant  behavior when 
z -+ co. T h e  same definition (5.15) for N(z) holds where y(v) = Y(v)  ( ~ / ( ~ - -  v*)). 

Now N ( z ) ~ z  -~ withou~ request ing any  addit ional  condition ~o be satisfied. 
Then defining A(v )  as in eq. (5.21), the  demonstra t ion proceeds as previously 
s h o w n .  

6. - Applications to the plasma capacitor. 

To il lustrate the usefulness of the theorems derived in the preceding Section, 
we consider now a specific problem. As we have ah'eady assumed in Sect. 4, 
the plasma is confined between two plane parallel wMls: as boundary  con- 
ditions we suppose: 

A) first ease: the walls are specularly reflecting, 

B) second case: the walls diffuse the electrons according to  a Maxwellian 
distribution. 
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We note t ha t  these two cases were 11ot disting~fishable for ~ = O. 
I n  order to  t ake  the  l imit  L - +  c~ later, we assume the reterence sys tem 

sketched in Fig. 1. 

t r ea ted  b y  WEISSGLAS (1) and b y  S~URE (4) 

L 

X 

Fig. 1. - Geometry of the ca- 
pacitor ~a4 reference system. 

wi thout  Caking into account  collisions. 
However,  i t  is to be noted t h a t  when t rea t ing  

such problems, the  above theorems would not  
be strie¢ly required:  a Fourier  expansion would 
be suflicient, 

The then  bounda ry  conditions are now 

2v  
(6.1) Y(v, 0) - -  Y( - -v ,  O) -- E(O),  

(6.2) Y(v, L ) -  Y(--v, L ) =  2v E(L). 

Apply ing  eqs. (6.1) and  (6.2) to un expansion such eq. (5.8) we ob ta in  

(6.3) 

+co  

2v E(0) = y,,(v) + fB 
0" i = - - N  . 

i ~ 0  - - ¢ 0  

(6.4) 

where we have  pu~ 

-l-co 

+~,T f B'(~) Y,(v) d~, 2v E(Z)  ~ B'  Y,,(v) + 
- - - -  z 

i v ~ O  - - ¢ o  

(6.5) B(v) = A(~) - - A ( - - v ) ,  

(6.6) B'(v) = A(v) exp [ - -  aL/~] - -  A ( - -  ~) exp [ a L / u ] ,  

and  similarly for B and  B'  .,. 
F r o m  eqs. (6.5), (6.6), t ak ing  into account  tha t ,  for s y m m e t r y  reasons, 

E(O) = E(L), we have  

(6.7) 

and  

(6.8) 

~2 exp [(~/~)(L/2)] 1 
A(v) = 2 i~E(0)  a ~ _ v  i 2 cosh ((a/v)(L/2)) Ci~ 

A ~ =  2icoE(0) ~. ~ ~ 
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The electric field c~n now be wri t ten  as follows 

-}-co 

(6.9) E ( x ) = A o - ~  A . . . .  -- + "A(v)E,,exp[--ax/v]d~,,  
i = - - . ¥  , ,  
i ~ e O  - - ~  

where A~, and  A(r) are given by  eqs. (6.7), (6.8) and E,,, and E,  by  eqs. (2.7), (2.11). 
The integral  in eq. (6.9) can be easily calculated by  the method  of residues 

(see Appendix (~). One has 

Icosh [~/~ (L/2 - -  x)] 

20) __ 1 ] [exp  [ i ( ~ n x / L ) ) - - I  e:m> - ]]] 
A(- ]] 

For  ~--> 0, by  taking into account  tha t  A + ( v ) :  A-(- -v) ,  eq. (6.10) reduces 
to Share's result  (% 

From Chin's law we can calculate the impedance of the capacitor:  

(6.]]) 
L 

l 
Z : ~ x) d x ,  

0 

where J is the displacement current  at the plates; introducing the capacitance 
Co of the condenser gives 

(6.12) J =  i(oLCoE(O) . 

Performing the  integrat ion indicated in eq. (6.11) gives 

] 
(6.]3) Z = - - -  

ioJCo ~ tgh ~ a ~=1,3.5... 7~  1 + a~(~n/aL) °- 

[( i aL 

One can easily note that, owing to the fact that ~ ~ O, the impedance Z 
is always a complex number; i.e., the collisions prevent the capacitor from 
becoming a largely dissipative device ~t certain frequencies (o~. 

The effect of collisions is also pointed  out if one considers the actual  dis- 
t r ibut ion funct ion ](x, v). 
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As it  was noted by  SgunE (4), if ~ = 0, the  expression of f(x, v) is singular 
a t  the  velocities v = vgL/nn ~-ith which an electron m a y  make  a round  t r ip  
in an odd number  of periods. As is physical ly  reasonable,  these singularit ies 
van ish  if the  collisions are t aken  into account.  

F r o m  eq. (6.13) we can calculate the  complex dielectric p e r m i t t i v i t y  e 

1 
(6.14) s --  iv)C ° Z 

I t  m a y  be interest ing %0 consider the  l imit  L -~ oo; we have  

J + o(L-~) .  

Taking  in eq. (6.15) only  the  constant  t e r m  and separa t ing the real  f rom the 
i m a g i n a r y  pal% gives the  expressions for the  dielectric pe rmi t t i v i t y  and  p lasma 
conduc t iv i ty ;  one obta ins  the  famil iar  result  g iven b y  GIh~ZBU~G ((9): see par-  
t icu lar ly  Chap. I I ) .  

Conversely, if one considers the  l imit  Z--> 0, one has the  simple result  

i 2 
(6.16) e = 1 + ~ -~ . . . .  

Now s is a constant  wi th  respect  to ¢o and  ~ and  is real, i.e., t h e  plasma 
conduc t iv i ty  is zero in th is  approx imat ion .  

B) Dif]using walls. We consider now the same problem in so fa r  t reated,  
bu t  wi th  more realistic bounda ry  condit ions;  the  walls are assumed to diffuse 
the  electrons according to  a 5[axwellian dis t r ibut ion.  Thus we have  now 

(6.17) Y ( v ,  O) = C • (O)  v , v > O , 
(7 

(6.18) ]~(v, Z)  C - -  E ( Z )  . . . .  v ,  v < 0 .  
(7 

where  C is a costant  propor t ional  to the current  a t  X----0. 
The  condition t h a t  the  electron current  is conserved at  the  walls gives 

o 

(6.19) C = - -  ~/'~5~jv:F(V) ](0, v) dv . 

--co 

(9) V. L. GINZBIdRG: Propagation o] Electromagnetic Waves in Plasma (Amster- 
dam, 1961). 
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Then, by  taking into account  Theorem I I I ,  we can write the general 
integral  of ov_r problem 

(6.20) lr(v, x) = ~ A,, exp - -  + - -  H( - -  v~) I:~,(v) + 

i ¢ 0  
+co 

--co 

where we have pu t  g( - -v i )  in place of H( - -Rev i ) .  
We consider now the condit ion (6.17). We have the  equation, valid only 

for v > 0 

(6.21) C - -  E(0) v = ~ A~ exp H(--  vi) Yvi(v) -- 
i=- -3  ~ 
t ~ o  

+co 

q- A(v) exp H(- -v )  Y~(v)dv. 

_co 

As one can easily note by  considering the t ransformat ion v -~ - -v ,  x -+ Z - - x ,  
the constants A~, 
conditions 

(6.22) 

(6.23) 

and the funct ion X(v) are subject to  the  an t i symmet ry  

X(~) = - - X ( - - ~ ) .  

The procedure tha t  we shall use consists of reducing the singular integral  
eq. (6.21) to  a Fredholm equat ion to  which the classic i tera t ive  method  of 
Neumann-Lioavi l le  can be applied. 

This can be done in two different ways, the one par t icular ly  useful in the 
case L <<1, the other  in the opposite case. 

For  simplicity in calculations we suppose tha t  there  are no discrete eigen- 
functions (for example,  this is t rue  if co is sufficiently large). 

Let  us begin by  writ ing eq. (6.21) in the form 

o ¢o 

where we have put 

a2 ( E ( O ) )  
(6.25) y ( v ) - - ( ~ _ v  2 C----- (~ v . 
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Applying to  eq. (6.24) She inverse of the  opera tor  appearing in She right- 
hand  side gives 

(6.26) 

o 

[?] } p(v) y(v) A(v) exp v dv - -  

--¢D 

1 1 

X-(v) p ( v ) + z i v  

o 

p . ; t X - ( t )  {y(t) ~LA(v) exp [(~L/~] (r/(v - -  t)) d~} 

[p(t)--  zit] (t-- v) 
d t .  

Performing the in%egrations in eq. (6.26) by  using the  iden t i ty  (B.3) gives 

(6.27) A(v) = - -  

h e r e  

(6.28) 

(6.29) 

1 1 
X-(v) p(v) ÷ zdv { ~(v)X(V~) + b(v)X(--VY~) + 

0 • } +J A(~)~X(~)v__~ exp dr ; 

--co 

_ 1 [,~C--,rE(O)v ) 
- , 

( - - ~  C + ~E(O)v _ ~F,(O)) 

In  such a way  the problem has been reduced to solving the intega, al eq, (6.27). 
I t  is an easy maCter, using a well-known technique (s,~0.11), to prove Che con- 
vergence of the ~eumann-Lio~vi l le  series of eq. (6.27); also one can show 
tha t  the  larger is L the  more rapid is the convergence. 

We are now interested in the limit L--~ c~. Then the first t e rm  of the 
series gives (the terms neglected are exponent ia l ly  decreasing with Z) 

(6.30) A(v) = -- a(v)X(~/~) ~- b(v)X(-- ~/~)  
X-(v) [p(v) -~- zdv] 

(10) C. CERCIGNANI: Plane Couette ]low according to the method o/ elementary solu- 
tions, in Jouru. Math. Anal. Appl., in press. 

(11) C. CEnClG>ZANI: Plane Poiseuille ]low according to the method of elementary 
solutions, in Journ. Math. Anal. Appl., in press. 
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The electric field can now be wr i t t en  as follows: 

(6.31) E(x) = E(O) + ~ A(v) 1 -~ exp - -  d v - ~  A(v). 

o 0 

where A(v) is solution of eq. (6.2:7), if eq. (6.23) is t aken  into account. 
In  order to have  the impedance ~)f the capacitor, we must  calculate 

(6.32) 

L co 

o o 

o 

d r .  

In  the approximat ion in which eq. (6.30) is valid, eq. (6.32) becomes 

(6.33) 

L co 2 co 

0 o o 

Performing the  integrations by  using the ident i ty  (B.4) gives 

(6.34) 

(6.35) 

co 

[v .~(v)av = ~x(VJf) + b x ( -  VJ() - ( ~  + b) , 
o 

co 

o 

here 

(6.36) 

(6.37) 

aE(0) a ~ C 
a 

b -- (~E(O)+ (~C 
2 2VJ~" 

We must  now express the constant  C through the  only  da tum of the 



160 C .  C E R C I G N A N I  a~d C .  D .  PAGANI 

problem:  the electric field ~t the w~lls. F r o m  eq. (6.19) we h~ve 

0 

c 
- -  - -  v dv.  

Substi¢nting in eq. (6.38) the expression of Y(O, v) and exchanging the order 
of integration gives 

¢~ 0 

~/~_~ (v) d f ( v )  [ Y , ( v )  - -  Y . ( - -  v)] dv + . 

0 _ ~ o  

Now, by  performing ~he first integrM, we have 

(6.39 bis) 

ca 

C _ 1  a A ( ~ ) d ~ +  2an " 

o 

I f  now use eq. (6.30), by  t~king into ~ccotm* (6.34), we h~ve finally 

(6.~o) 
E(O) ~o)o/(*--i~) + ½[X(~'~) + X(--~/J~)] 

- - C - -  

Thus we have the current of electrons entering the wall. One can observe 

that ,  if ~ -~ 0 (*), 

E(0) X(0) ~ - -X(0)  
(6.41) C = . 

~ X'(0)  

The preceding expression coincides with t h s t  found in (5). 

We ~re now ~ble to give ~n explicit expression for the impedance Z of the 

c~p~citor snd for the complex dielec~ric permi t t iv i ty  e. 

After  some c~lcul~tions we ob~sin 

1 - -  io)u 
(6.42) s = __ io)~ 

÷ 

(') Since (a/~)[X(z, ~, w)] ~ we e~a write 

~ V ~  [X(z, ~, ~.)] = ~ ¢_~ ~ ix(z, ~, ~)];~o o.  
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As we can see, the  constant te rm in eq. (6.42) is just  the same as in eq. (6.15). 
which, in turn  is the  same as one finds when treating She fall-range problem, 
As is physically reasonable, this t e rm does not depend on any boundary  
condition. 

Let  us now turn  to consider the  case L<< 1. For  this purpose let as 
begin by  writ ing eq. (6.21) in the iollowing form: 

c o  

,64., 
o 

+ m  

: / A ( v )  7Y~(v)d~ 
- - c o  

which is valid also for v < O. 
Applying to eq. (6.43) tile inverse of the operator appearing in right-hand 

side gives 

(6.44) 

q - o a  

G2 
A(v) C(~)= Cj ~ IvlF(v) Y.(v) d v - -  

- - c o  

a J a ~ - -  v ~ v2"~(v) :Y~(v) d v - -  
_ oo 

era . t . m  

-f'( [ 4 "' , 1 - - e x p  - -  d ~-~7--v' IvlF(v) ~:.(-Ivl) ~.(v) dr. 

Performing the integrations in eq. (6.44) and rearranging some terms gives 

- -  io~ ( q c -  E(0) ~) + (6.45) A(v) C(v) = 2C_~(v)q(-- ~,) 4- ~, 

c o  ~o  

(I?l) "J.([71) 4- ico ; ~ _  J t  e-k~#A" 1 - - e x p  - -  d/z--~-~ A,  1 - - e x p  - -  S(/~,~)d/~, 

o o 

where we have defined 

(6.46) 

(6.47) 

= i v Y ( v )  
_~(v)q(v) j v - - v  dv , 

o 

o~ 

_ 2 [ v ~ > , ) ~ < ( ~ + , _ + ~ !  +~ , , v ]  ~, , .  
S(/a, ~) /~ + ~ J (v + lu)(v + ~,) 

o 

11 - I I  Nuovo Cimento B ,  
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No¢e tha t  the following relation holds 

0 .2 - -  0"~ 

(6.48) .F(v)p(v) = .F(v)[q(v) + q(--v)]  ~- o.~__~, ~ . 

I n  such a way  ~he p rob lem has been reduced to  solving the in tegral  eq. (6.45). 
Again one could easi ly prove  the convergence of the  Iqeumann-Liouvi l le  series 
of eq. (6.45); also one could show that ,  the  smaller  is L, the more rapid  is 

the  convergence. 
Since we are in teres ted  in the l imit  L - ~  0, we take only the  first t e rm  

of the  series; thus we have  

(6.49) - i ~ ,  ( a c -  E(O)~,) A(v) C(v) = 2C/7(v)q(-- v) + v a~---]~. 

We wish now to calculate tim pe rmi t t i v i t y  ~. Then we write eq. (6.32) 
in the  approx imat ion  in which eq. (6.49) is va l id  

(6.50) 

L co 

? (x) dx = E(0).L T - ~  d r .  
,¢ 

o o 

Now, in order to  calculate C, we take  into account  eq. (6.39bis). I f  we 
subst i tute,  in place of A(~), the expression (6.49), we easily find C--~ 0. 

I n  order to realize the  fact  that ,  also for L << 1 (as for L < ~ l )  the  first 
approx imat ion  for the  pe rmi t t i v i ty  s does not  depend on the  chosen boundary  
conditions, we check solutions of eq. (1.6) b y  an i terat ive mechod based on 

the  following scheme: 

+co 

(6.51) v ~](~)(X,~x v) _ vE(.~_~(x) __ (~](~-~)(x, v) + ~j ~(v) #'~-'(x, v) dv , 
- - c a  

(6.52) ~Em)(x)  j 'F ~x -= (v/#~-'~(x,v/dv. 

Equat ions  
conditions 

(6.51) and (6.52) are accompanied  b y  the following boundary  

(6.53) x~-O,  ](O,v) : ( 1 - - a ) / ( 0 , - - v ) + o ~ C ,  v > 0 ,  

(6.54) x : L ,  /(L, v ) :  ( 1 - -  ~)](L, --v)--o~C, v<O, 

where ~ is a weight-constant  ranging f rom 0 (conditions of specular reflexion) 
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to I (conditions of }faxwellian diffusion). The condition t h a t  the electron 
curren~ is conserved at the walls gives, for C, eq. (6.19) again. 

We atart  with the zero solution f°)(x, v) = O, E(°)(x) ---- 0. F o r  n--~ 1 we have 
simply /(1 (x, v) ---- 0, E('(x) : E(O). For  n ---- 2 we h~ve, a f t e r  easy calculations 

[ L ~ L sgn v] (6.55) ]'2'(x, v) = E(O) x 2 2 - -  ~ ' 

while E~2)(x):  E(O). Then, f rom /(~)(x,v), we have 

(6.56) E(3)(x) ~-- E(0)[ l  + ½x (x - -L ) ] .  

This expression is already independent  of ~; if we calculate e, we have 
just eq. (6.56). 

7. - C o n c l u d i n g  r e m a r k s .  

The system of Boltzmann-Vlasov has been t rea ted  by the  method of the 
element~ry solutions for different boundary  conditions. 

Some t ime-independent  problems have been explicit ly solved. One could 
usefully ex tend  this first par t  by  taking  into account the ion motion, tha t  is 
impor tant  in the limit of very  small frequencies of the applied field. 

For  t ime-dependent  (but s ta t ionary)  problems it  has been shown how to 
handle the e lementary solntions me thod  in order to ensure a I api4 convergence 
of the approx imated  solution. The me thod  is applied to  the  evaluat ion of tlle 
complex dielectric p~rmit t ivi ty  of a plasma capacitor for ext reme ~alues of 
the wall distance. The resales, when firs~-order corrections are neglected, are 
in accordance wi-th the element.~ry theory  of the dielectric permi t t iv i ty  given 
by G~NZBUI~G (9). 

A possible extension of the above results aould be tha t  of taking into 
account a three-dimensional  model  of the plasma so tha t  inomen~um and 
energy are conserved; thus the plasma oscillations eff.~cts could be studied. 

Koreover  a ra ther  differen'5 collis:on te rm could be used, as e.g., a simlc.lified 
Fokker~Planck model, which allows us to t rea t  the grazing collisions, which 
are neglected in the B.G.K. model. 

The authors  wish to thank  Prof.  S. ALBEltTOI~I for his assistance and encour- 
agement in developing the research. They  are also indebted to C.N.R. for having 
supported this work through a ~raat.  
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A P P E N D I X  A 

Let  us consider eq. (2.8), A(v) = 0 .  I f  v 2 = a ~  this equation gives a -° v~, 
i .e . ,  o ) = 0  and ~ = ~ $ .  I f  v~¢a~,  we can write eq. (2.8) in the form 

(A.1) 

+ c o  

d v - -  (v) ~ - -  v , I ~ - -  ~,~" 
--co 

I f  now we look for the solutions of (A.1) for which co = 0 ,  we must  satisfy 
the following equation 

+co  

(A.2) f F ( v )  ~,--  dv  = 1 , 

- -co  

which is an impossible one. Thus we can conclude that ,  for o~ = 07 the equa- 
t ion A ( ~ ) = 0  is satisfied only by v = ~ ~. 

If,  on the contrary,  ~ = 0 ,  eq. (A.1) becomes 

co 

~) 0 )  3 

(A.3) / '(v) dv = 1 + v~. 
l ' - - V  

_ c o  

Equa t ion  (A.3) is well known (4); it is easy to show that ,  when ,o> 1 
there are no solutions; when o~ < 1, there are two:  ~± = +ivo,  with Vo real 
and positive. 

When  o~¢0  and $ ¢ 0  eq. (A.1) is difficult to t rea t  and no general result 
has been got. However,  it seems a plausible thing to suppose that ,  for ~o suf- 
ficiently large, no roots of eq. (A.1) exist. 

APPENDIX B 

We derive here very  briefly some useful identities for the funct ion X ( z ) ,  
which have been used in the main text.  

F rom eq. (5.23) we have 

vX-(v) 
(B.1) X + ( v )  - -  X - ( v )  = 2~ i  

p ( v )  - -  ~ i v  " 
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(B.2) 

Thus, the P lemely  formulas  appl ied  to X(z) give 

- i  vX-(v) dv 
X(z) --! p(v)--~iv (v--z) s 

0 

according to the fac t  t ha t  X(z) has a z -~ behavior  for  z-+c~.  I f  N=O, and 
X(z)~+l  for z - + c %  the P lemely  formulas  give 

(B.3) 

co 

f vX-(v) dv 
X(z)= 1+ p(v)--zeivv--z" 

o 

Now, we res t r ic t  ourselves to the  case N : 0 .  
Let  us consider the funct ion q~(z):l/X(z)--], 

formulas can be applied. Since, f rom (B.1), one has 

we have  

(B.4) 

to which the Plemely  

1 1 1 [X+(v) ] 1 2niv 
x+(v% X-(v) = X = ( v )  [ x - ( v )  1 - X-(v) p(v) + ~iv ' 

co 

1 e v dv 
X(z) - 1--.] (v--z)X-(v)  p(v) + 

0 

Final ly,  if we consider the func t ion  

x(z) x ( - -  z) 
A(z) W ( z )  - 

we have,  for z-.c% W(z)--+l/A(c~). Since 

W+--W-=X(--v) [ ~  ~ ]  

we have,  t ak ing  into account  Liouvil le 's  theorem, 

A(z) 
(B.5) X ( z )  X ( - -  z)  - -  A ( ~ )  " 

~iv " 

z O ,  
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A P P E N D I X  (~ 

We have  to calculate the  integral  

+ c o  

(CA) I =j  A(r)E. exp [--  xlr] dr, 
- - c o  

where A(r) is given b y  eq. (6.7), E~=--rI(~. 
we have  

Taking  into account  eq. (5A) 

exp [ ( a / r ) ( L / 2  - -  x)] dr .  
cosh ( (~ / v ) (L /2 ) )  

Le t  us consider 

r d'v exp[ ( (~ / r ) (Z i2 ix ) ]_ f  v dr exp[((~/r)(Li2--x)] 
(C.3) J a~--r  2 A~) eosh ((G/rl(L/2)) -~ ~7  ~ A(r) eosh ((G/r)(L/2)) ' 

~1 C2 

where the  in tegra t ion  pa ths  C1 and C2 (represented in Fig. 2) are  such to 
encircle all the singularit ies of the integrands.  

* I r a  v 

- R ~ . . - - ~  ~. /R Re'~ 

\ / 
\ 

N , ff 

I 

Fig. 2. - Integration path for the 
evaluation of the integral (C.1): 

These singulari t ies lie a t  points 

r = ± £ ~ ,  

'P ~ -,~ * - -  

r = ri [n 1,3,  5, ...] , 

where v~ are the  roots of the equat ion A(v)=0. 
Denot ing b y  S the sum of residues of the 

poles and tak ing  the l imit  R - +  0% we have  

ioJ 
(C.4) I = - -  E ( 0 ) S - -  c o n s t a n t ,  

G 

where the constant  represents  the contr ibut ion to the integrals (C.3) f rom 
infinity. These constant  combines with Ao in explession (6.9). The residue 
cont r ibut ion  of the poles v -  v~ indent ical ly  cancel the  sum in expression (6.9). 

Thus ,  requir ing t h a t  E(x)=E(0)  for x = 0 ,  we have  jus t  eq. (6.10). 
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R I A S S U N T O  

Si coasider~ il problema, di valuta.re il campo elettrico che si stabilisee tra le armature 
di un eondensatore a faeee plane para.llele, pieno di plasma, quando una f.e.m, alternata 
viene applieata a.lle faeee. I1 modello adottato richiede la. soluzione del sistema, di 
Boltzmarm-Vla.sov con termiae di collisione a rilassamento unieo, aeeompagnato da 
opportune condizioni a.1 contorno. Si suppone che il plasma sin completamente ionizzato 
e la frequeaza, delia, f.e.m.a.bbastanza gra.nde cosiech4 si possa traseura.re il mote degli 
ioni. Per risolvere le equazioai di Boltzma.nrr-Via.sov si adot ta  il metodo della separa.- 
zione delle variabili. Innanzitut to si svilupp~ una. teoria, matema.tiea generale delle 
soluzioni elementa.ri; quindi se ne considerano le appliea.zioni al eonder~sa.tore a plasma. 
Si prendono ia  eonsiderazione errtrambi i ea.si di pareti  diffondenti e riftettenti. Nei 
ea.si limite ia  cui la distanza, tra le a.rmature ~ molto g randeo  molto piecola si valuta. 
la permitt ivi t£ efficaee. 


