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Summary. - -  The complexi ty  in wri t ing down expressions for P(n,  T), 
the probabi l i ty  tha t  n electrons are ejected from a photodetector  by  a 
f luctuating incident  l ight beam is discussed and the problem of computing 
coherence functions from a knowledge of the  moments of n is solved by  
iecast ing the problem in terms of product  densities familiar in stochastic 
point  processes. A general method of arr iving at  P(n,  T) from a knowledge 
of all the  in tensi ty  correlations for any kind of l ight beam is studied. 
For  the  case of l ight from a thermal  source with usual assumptions on 
the coherence functions P(n, T) is shown to be the Bose distr ibution.  

1 .  - I n t r o d u c t i o n .  

R e c e n t l y  s t o c h a s t i c  s emic l a s s i ca l  m e t h o d s  (~,2) h a v e  b e e n  a p p l i e d  in  t h e  

a n a l y s i s  of f l u c t u a t i o n  of p t i o t o e l e c t r o n s  c o n n e c t e d  w i t h  c o r r e l a t i o n  e x p e r i m e n t s  

in  l i g h t  b e a m s ,  The  m e t h o d  i n v o l v e s  t h e  s t a t i s t i c s  of c o u n t s  in  a f a s t  p h o t o -  

d e t e c t o r  i l l u m i n a t e d  b y  a l i g h t  b e a m .  T h e  c e n t r a l  q u a n t i t y  of i n t e r e s t  is P ( n ,  T) ,  

t h e  p r o b a b i l i t y  f r e q u e n c y  f u n c t i o n  g o v e r n i n g  t h e  n u m b e r  of c o u n t s  in  a c e r t a i n  

t i m e  i n t e r v a l  (0, T).  T h e  P o i s s o n  d i s t r i b u t i o n  w h i c h  n o r m a l l y  e x p l a i n s  t h e  

p r o b a b i l i t y  of t h e  n u m b e r  of e v e n t s  t h a t  a r e  r e g i s t e r e d  in  a c o u n t e r  does  n o t  

g ive  a n  a d e q u a t e  d e s c r i p t i o n  of t h e  p rocess .  T h e  e v e n t s  do  n o t  occur  in  a Po i s -  

son ian  m a n n e r  a n d  in  f ac t  t e n d  to  h a v e  a b u n c h i n g  effect  c h a r a c t e r i s t i c  of  Bose  

(1) L. MA~'D~L: Proc. Phys. Soe., 8t,  1104 (1963). 
(2) L. MAND~L, E. C. G. SUDARSHAN and E. WOLF: P~ve. Phys. Soc., 84, 435 

(1964). 
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particles. Effectively we have here a kind of generalized Poisson process in which 

the Poisson parameter  besides being a Junction of t is itself a random variable 
subject to certain correlations. I n  fact it has been recognised tha t  an ensemble 

average of a simple Poisson distribution (s) may  meet  the needs of the physical 
situation. I n  this note we propose to go into the full intricacies implied in the 
process of averaging by adopt ing the methods of stochastic point  processes 
(see for example ref. (~,s)). 

We hope tha t  such methods,  apar t  from providing an explicit derivation 

that  leads to the Bose distribution for light beams having Gaussian character- 
istics, will be useful in other situations involving correlations of electromagnetic 
fields (6-~). 

Section 2 contains a t rea tment  of non-Markovian type  of incidence of photons  

and consequently also the product  density description of the process. We next  
deal with the method of cMeulation of higher moments  of the number  of counts 
and also with an explicit way for arriving at all orders of coherence. The final 

Section contains the derivation leading to the explicit form of P(n, T) star t ing 
from the coherence functions. 

2 .  - P h o t o e l e c t r i c  c o u n t i n g .  

In tens i ty  correlation experiments to determine the coherence properties 

in light beams are performed by  allowing the light to be incident on a fast photo- 
electric detector. I f  we treat  the problem semiclassieally, a stochastic description 
of the photoelectric counts actuated by  the incident radiat ion field may  lead 

to a probabil i ty distribution of n counts in t ime T, under certain conditions to 
be described later. But  when the incident beam possesses certain statistical 
features which make themselves manifest  through correlations in its intensi ty 

I(t) at different t ime intervals, it is rather  difficult to arrive at  P(n,  T) explicitly. 
However  since such a process can be viewed as a point  process defined on the 
t-space, a description in terms of product  densities ("-12) will be very useful. 
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We can define the probabi l i ty  tha t  a count  occurs in a t ime interval  between 

t and t-~ dt to be zc/(t)dt, where ~ is the sensitivity of the detector, taken to 
be a constant ,  and I(t) the intensi ty of the radiat ion falling on the detector, 
is given by 

(2.1) I(t) ~- V*(t) V(t) , 

V(t) being the usual analytic signal corresponding to the radiation field. The 
average number  of counts in the t ime interval  (0, T) is given by 

(~.2) =  fz(t) dt. 
o 

I f  I is a deterministic function of time, the probabi l i ty  of obtaining n counts 
in time 0 to T obeys the Poisson law 

(2.3) 

T 

0 0 

I f  however we a l low I to be a random parameter  (indepedent of t) governed 
by the probabi l i ty  frequency funct ion p(I), P(n, ~) is given by 

(2.4) P(n, T) = f  P(I)dI exp [-- ztlT] (~IT)~n! 

Taking t)(1) corresponding to an uncorrelated Gaussian signal in the form 

(2.5) 

we obtain 

(2.6) 

1[ . ]  

P(n, T)= (1 + g)-l(1 + ~-~)-", 

leading to a Bose-Einstein distr ibution with parameter  n given by 

(2.7) ~ = ~IoT, 

a result discussed in great detail by  NIEI~TA and WOLF (3) who have resorted 
to a (( Poisson t ransform )). 

I f  however  I(t) is a correlated random process, it is not  easy to arrive at 

an expression for P(n, T) similar to (2.4). To realise the magni tude  of the dif- 

ficulty, we wish to draw the a t tent ion of the reader to the processes with such 
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non-Markovian features  as have been deal t  wi th  in connect ion wi th  the  theory  

of shot  noise (~) and Barkhausen  noise (~.z~'z~). 
I n  these papers ,  an  inhomogeneous Poisson process is described b y  the pa- 

r ame te r  ~(t) which depends on the events  t h a t  have  occurred ~t previous t ime  
intervals  (~). This is essential ly a non-h '~ rkov ian  process. We  assume t h a t  
~(t)dt which denotes the  p robab i l i ty  of occurrence of an  event  be tween  t and  
t ~ -d t  is such t h a t  the  occurrence of an event  a t  t~ increases the  p robab i l i t y  
of occurrence of an event  a t  a la ter  t ime  t by  b exp [ - - a ( t - - t J ] .  Thus given 
t h a t  an event  has occurred be tween t~ and  t~ -~ dt~ with  p robab i l i ty  ~dt~ the  
p robabi l i ty  t ha t  the  nex t  event  occurs be tween t~ and t~ + dt~ is g iven b y  

(z .8)  p(t~lt~ ) dt2 = 
t~ 

~- b exp [-- a(t '-- tz)] ÷ (2z --  40) exp [-- a(t '--  t~)]} dt'] . 

• {~o + b exp [ -  ~ Z (t~- t~)]} dt~, 

where 4o denotes the  value assumed b y  ~ a t  t = 0. (2.8) clearly shows the  
difficulty in calculat ing P(n,  T, t) the  p robabi l i ty  of obta ining n counts of photd-  
electrons in t ime  (t, t + T). Le t  us divide the  in te rva l  (t, t ÷ T) into T / A T  
short  intervals  labelled such t h a t  t -~ i A T  = t~ (i = O, 1, 2,..., T /AT) .  Then the  
probabi l i ty  of obtaining n counts in the  t ime  in te rva l  (t, t ~ - T )  is g iven b y  

.TIAT •'/AT ~'IAT 
lira ~ ~ ... ~ ~I( t , , ) I ( t , , ) . . . I ( t , , ) (AT)  ~" (2.9) P(n,  T, t) = s/A~_~o 

'fz=O 9"2~0 

1} "t ~ (1 - -g I ( t~ )AT)  (1 - -~ I ( t , , )A T)  , 

where the expec ta t ion  value is over  all possible values of I ( tJ .  (2.9) is a very  
complicated l imit  and  cannot  be  eva lua ted  explicit ly.  We can c i rcumvent  the  

difficulty by  resor t ing to a p roduc t  densi ty  approach  as has  been  done in 
reL (4,~). I f  ]~(t~), ]~(t~t2), ]~(t~r2t3)... are the  p roduc t  densities of events  on 

the  t-axis, t hen  i t  is easy to see t h a t  

[/,(t,) = ~{I ( t , ) } ,  

(2.10) [ ]2(t~t2) = als {l(t~)I(t~)} , 

]3(tzt2ta) = ~ e {I(tl)I(t~)I(t~)} ... e tc . ,  

(is) p .  MAZZETTI: NUOVO Cimento, 25, 1322 (1962). 
(z4) p .  MAZZETTI: NUOVO Cimento, 31, 38 (1964). 
(z~) S. K. SRINIVASA~: Ou a class o] non-Marl~ovian processes, I I T  prepr in t ,  1962. 
(16) Such processes have been  subsequent ly  te rmed (( doubly  stochastic processes )) 

by  BARTLETT. See Journ. t~oy. Statist. Sot., 25 B, 264 (1963). 
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where the expecta t ion is to be evaluated  with the help of the joint  probabi l i ty  
f requency funct ion of the analyt ic  signals at  different times. At  first sight it  
might  appear  tha t  the problem is simpler than  the space-chargeqimited shot 
noise, t towever  the complexi ty  of the present  problem lies in the continuous 
random nature  of I(t). In  fact  the problem would be in t rac table  if we did not  
assume a Gaussian character  of the thermal  source combined with some equally 
elegant choice of the coherence functions.  

The mean square number  of counts in the in terval  (0, T) is given by  

1~ T T 

0 0 o 

where I(t) is usually expressed in terms of the complex ampli tude V(t) of the 
light beam:  

(2.12) I(t) = V*(t) V(t) . 

If  we assume fur ther  tha t  the Fourier  components  of V(t) are dis t r ibuted ac- 
cording to a Gaussian law, then ~(V, t) the p.f.f, of V can be calculated, z(V, t) 
is given by  

(2.13) z(V,t) =A exp [--f V*(t + v/2) V ( t - -  T/2)dT] , 

which in tu rn  yields 

(2.14) I(tl)I(t~) = I(tl)I(t~) 4- I F ( t z -  t2)] 2 , 

where /7 is called the coherence function.  We can subst i tu te  (2.14) into (2.11) 
and we find tha t  there is a deviat ion from the simple Poisson law due to the 
second te rm of the r lght-hand side of (2.14) which is usuMly a t t r ibu ted  to the 
wave interference effect of the incident beam. 

The above result  can be readily extended to the  higher moments  of the 
counts by  calculating higher-order correlations of the intensity.  The third 
moment  is given by  

(2.15) n--3=fi(t) dt ÷3~ffI(tl)Z(t~)dtldt~ 4-~3fffI(t~)I(t~)I(t3)dtldt~dt~. 

For  thermal  light, the third-order  correlation is given by  

(2.16) I(t~)I(t2)I(t3) = I(tl)I(t2)~(ts) + i(t~) IF(t2-- ts)l ~ 4- 

4 -  ~ ( t 2 ) ] / ~ ( t  1 - -  t3)] 2 4 -  ~ ( t 3 ) [ f f ( t  I - -  t2)12 4 -  [F(t~-- t~)l'(t~-- t3)JF(t3-- t~) 4- c.c.] ,  

an equation which shows tha t  the th i rd .order  correlation involves also the phase 
of the coherence function.  Thus if we are in possession of the first three moments  
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of the  to ta l  nu m be r  of counts,  then  (2.11) and  (2.14) to (2.16) will de termine 
the coherence funct ion completely.  I f  as in the  case of the  exper iments  of 
t tA~Btm¥-B~ow~ and TWlSS (~7) the  incident  in tens i ty  gI( t )  is the  inpu t  of 
a l inear  filter whose ou tpu t  ~S(t) is given b y  

$ 

(2.17) S(t)  = ~ f  I( t~)b(t  --  t') d r ' ,  
o 

where b(t) is the  response of a filter, then  we can obta in  the  correlat ion of the 
ou tpu t  (see ref. (5)): 

t~ t 2 

(2.18) S(t~)S(t2) =ffb(tl- t ' )b( t2--  t ' ) ]~( t ' t " )d t 'd t"  ~- 
O 0  

(min t ~ t  a ) 

÷ f b(tl-- t ' )b( t2--  t') ]~(t') dt '  . 
o 

In  fact  the  power spec t rum of the  ou tpu t  which is direct ly  obta inable  b y  expe- 
r iments  can be calculated by  the  formulas  given in ref. (5). 

3. - Higher moments  and the distribution of the counts. 

To obta in  the general  m o m e n t  of the  n u m b e r  of counts,  i t  is convenient  to 
define the  p roduc t  densi ty  generat ing funct ional  (is) by  

+ ~ 1 ~  ~1~(t~t~. t~)u(tl)u(t~) ,~,(t~)dt~dt~ dt~, 
H b . ' J  J 

which in tu rn  can be re la ted to a different t ype  of cluster funct ions g~ t h a t  are 
related to the p roduc t  densities ]~ b y  

[ h(t~) = g l ( t l ) ,  
! 

(3.2) I ]2(tlt~) =g~(t~)g~(t2) -~-g2(t~t2) , 
I 

[ ]3(tlt2t~) = g~(tl)g~(t2)g~(t3) • 3 {ql(t~)g~(t~t3)}s~ ~- g~(t~t~ts) ... e tc . ,  

(17) R. HANBUnY-BnowN and R. Q. Tw~ss: Phil. Mag., 45, 663 (1954); Proc. Roy. 
Soc. 242A, 300 (1957); 243A, 291 (1957). 

(~s) p. I. KUZYESTSOV, R. L. STRATONOVICg and V. I. TIK~O~OV: Nonl inear  
Trans/ormations o] Stochastic Processes (London, 1965), Chapter I, Sec~. 6. 
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where  g~ Can be  ca l led  t h e  actual correlation ]unctions since these f u n c t i o n s  g ive  

a m e a s u r e  of t h e  d e v i a t i o n  f r o m  t h e  P o i s s o n  law.  I t  is i n t e r e s t i n g  to  n o t e  t h a t  

g~(t~t2 ... t,) are  i d e n t i c a l  w i t h  t h e  cohe rence  f u n c t i o n s  F~(t~t2 ... ti) def ined  b y  

(3.3) Fi(ti~2 ... t~)= V*(t~)v*(t~) . . .  V*(t¢) V(t,)  V(t.2)... F(t¢) 

a n d  i t  is e a sy  to  v e r i f y  t h e  i d e n t i t y  

(3.~) ] L(u)  exp  ~ .  g~(tlt2 ... t~)u(t~)u(t2) ... u(tm)dt~dt~ ... dt~ , 
k m = l  " d 

w h i c h  shows t h a t  once  we a re  in  posses s ion  of a l l  t h e  m o m e n t s  of t h e  n, t h e n  

we can readily obtain the magnitude and phase o] all the coherence ]unctions. i f ,  

for  a b e a m ,  cohe rence  f u n c t i o n s  of a l l  o rde r s  less t h a n  or  e q u a l  to  1 d e t e r m i n e  

al l  h i g h e r - o r d e r  cohe rence  func t i ons ,  t h e n  c o r r e s p o n d i n g l y  a k n o w l e d g e  of t h e  

f i rs t  1 + ! m o m e n t s  of n wi l l  b e  suff ic ient  to  d e t e r m i n e  a l l  t h e  cohe rence  func-  

t ions  c o m p l e t e l y .  

I t  is c u s t o m a r y  (see r e fe rences  (1-3)) to  guess  t h e  p r o b a b i l i t y  P(n ,  T)  f r o m  

c o m p a r i n g  t h e  second  m o m e n t  of n :  

if (3 .5)  n z = n i t  -~ ~ " ( i ~ )  ~ ~-  ~ /~(t I - -  t2) d t l  d r 2 .  

If we a s s u m e  t h a t  l ' ( t l - - t2)  is g i v e n  b y  12, we o b t a i n  

(3.6) n ~ ~ ~ - -  2~ 2 , 

w h i c h  is e x a c t l y  t h e  second  m o m e n t  of t h e  d i s t r i b u t i o n  

(3.7) P(n, T) = (1 + ~)-1 (2 + ~-1)-", 

w h i c h  in  t u r n  desc r ibes  t h e  d i s t r i b u t i o n  of Bose  p a r t i c l e s  w i t h  ~ ----- ~ i T .  t t o w -  

v e t  t M s  does  n o t  ensu re  t h a t  t h e  h i g h e r  m o m e n t s  ag ree  w i t h  t h o s e  c o r r e s p o n d i n g  

to  a Bose  d i s t r i b u t i o n .  Th is  c a n  be  s h o w n  r i g o r o u s l y  i f  we  obse rve  t h a t  t h e  

p r o b a b i l i t y - g e n e r a t i n g  f u n c t i o n  of P(n ,  T)  def ined  b y  

(3.8) ~, P(n ,  T) z ~ = h(z, T) 
n 

can b e  o b t a i n e d  f r o m  L ( u ) :  

(3.9) L ( z - -  1) = h(z, T ) .  

I f  we can  m a k e  some r e a s o n a b l e  a s s u m p t i o n  for  t h e  cohe rence  f u n c t i o n s ,  t h e n  

(3.4) can  be  u sed  to  o b t a i n  h(z, T) e x p l i c i t l y .  L e t  us  a s s u m e  t h a t  t h e  i n t e n s i t i e s  
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I ( t )  are d i s t r i b u t e d  accord ing  to  the  G a u s s i a n  law as in  the  case of t h e r m a l  

l igh t  so t h a t  al l  orders of coherence func t i ons  can  be expressed  in  t e rms  of the  

coherence  f u n c t i o n  of order  2. Thus  we m a y  pos t u l a t e  t h a t  

(3.10) I '~(t~t2 . . .  t~) = ( m  - -  1 ) ! / ~ ( t ~ -  t2)F~(t~ - t3) .. .  I '~( t~  - tm-~) .  

I f  i n  a d d i t i o n  we as sume  t h a t  F2( t l - - t~) - - - -~2H t h e n  we can  wr i te  L(u) 

exp l i c i t l y  if we i d e n t i f y  g~ wi th  F ~. Us ing  (3.10) a n d  p e r f o r m i n g  the  s u m m a t i o n  

we o b t a i n  
T 

L[u]---- 1 - - ~  u ( t ) d t  , 

o 

(3.~) 

f rom which  we f ind 

(3.12) h(z, T) = [2 + a l l ' - -  ~[zT]-~, 

a resu l t  t h a t  ident if ies  P ( n ,  T )  w i t h  the  boson  d i s t r i b u t i o n  (3.7). 

Our  d e m o n s t r a t i o n  l ead ing  to the  B o s e - E i n s t e i n  d i s t r i b u t i o n  shows t h a t  we 

can  a lways  a r r ive  a t  P ( n ,  T )  s t a r t i n g  w i th  the  e x p e r i m e n t a l l y  observed  cohe- 

rence  func t ions .  I n  p a r t i c u l a r  the  B o s e - E i n s t e i n  d i s t r i b u t i o n  can  be conf i rmed 

if the  coherence func t i ons  of a few more  orders are ava i lab le .  

The au tho r s  express t he i r  s incere  t h a n k s  to  Profs.  A. RAMAI~ISgAN a n d  

E .  C. G. SU~DARSm~ for i n t e r e s t i n g  discuss ions .  One  of us (R.V.) t h a n k s  

Prof .  K.  lVL WATSO~ for m a n y  s t i m u l a t i n g  discussions  on this  topic .  

R I A S S U N T 0  (*) 

Si distute la tomplessit£ strut turale dclle esprossioni di P ( n ,  t), la probabilith the 
n elettroni siano emessi da un iotorivelatore per azione di un fa~scio di Iuce incidentc 
fluttuante, e si risolve il problema di cMtolare le funzioni di coerenza dati gli im- 
pttlsi di n, rifo.rmulandolo in funzione di densitk di prodotti  familiari nei proeessi pun- 
tuali  stocastici. Si studia un metodo generale per giungere a P ( n ,  T)  dalla tonoseenza 
di tu t te  le eorrelazioni di intensit~ di ogni specie di fasti di luee. Nel caso di lute 
ernessa da una sorgente termica, si dinmstra con le usuali ipotesi sulle funzioni di 
eoerenza, the -P(n, T) b la distribuziono di Bose. 

(*) T raduz ione  a curct della Redaz ione .  
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(I):IyKTyalIHil dpOTOa.rIeKTpOHOB H Koppe/IHllJ4H HIITeHCHBHOCTH llyqHOB C B e T a .  

Pe3mMe (*). - -  OrMe~aa CTIO:H(FIOCTb B HalmcamIrI B s l p a ~ e m ~  P ( n ,  T), Bepo~ITHOCTII 
TOrO, ~ITO n 33IeKTpOttOB I~ClIyCKaIOTC~[ qbOTO)IeTeKTopoM, 6~a ro~apz  ~JIyKTylipyloI~eMy 
iia~alom:eMy iiy~iKy CBeTa, pemaeTca ilpO6JieMa BI, I~ItICYleHH~I KorepeHThq3IX ~yttKIIB~, 
3tIa~t MoMettTbI ~b, IIyTeM Ilepecq[HT/~IBatilzI.'I IIpOSJIeMSI B Bblpa;~eIttI~IX, ilpOlei3Be~ieHII:~ 
iiiiorHocve~, O6l, l~HSlX ~aa  cvoxacra~ecK~ix To~Ie~H~IX Ilpol/eccnB. B ~:eTaJI~X paccMaTprI- 
~aevc~t o6 i i~X Mero~ iioJIy~erlI~ P ( n ,  T) i~3 3iiaHI~a Bcex I(oppenm~I~ I4ttTeHClZIBHOCTe~ 
)Xmq m o 6 o r o  COpTa CBeTOBOrO IIy~tKa. IIolm3aHo, ~TO )XJIa cay~Iaa TerlaoBoro cBe~ermz, 
iipH o6~I~rmlX i lpe~io~oxe lm~X o I~oreper~rrr~IX qbyarlmaX, P(~,  T)IlpeacTaBnaeT Bo3e- 
paclIpe~eaerme. 

( ')  I IepeeeOeno pec)amlue~t. 

13 - Il  Nuovo Cimenfo B. 


