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S u m m a r y .  - -  The theory of inter-band transit ions is re-examined in the 
case of finite photon momentum q. New expressions for the joint  density 
of states near crit ical points are derived. They give Van Hove's  expres- 
sions in both the l imits of long and short wavelengths. The dispersion 
relation for the transverse dielectric function e2~ due to in ter-band pro- 
cesses is given explicit ly and i t  is compared to tha t  of the longitudinal  
dielectric function s2~. I t  is shown tha t  in the l imit  q ~ 0 eer equals e2L 
even for anisotropic media. The possibil i ty of an experimental  evidence 
of the effects caused by a finite photon momentum on the shape of the  
optical absorption is discussed. 

1 .  - I n t r o d u c t i o n .  

I n  1962 TAvc  (1) p r o p o s e d  to  e x t e n d  t h e  s t u d y  of o p t i c a l  p rocesses  in  sol ids 

t a k i n g  i n to  a c c o u n t  t h e  p h o t o n  m o m e n t u m ,  a n d  s u m m a r i z e d  t h e  p rog res s  m a d e  

in  th i s  w a y  in  e x p l a i n i n g  some p e c u l i a r  b e h a v i o u r  of exe i tons  a n d  exc i ton i c  

l ines.  I n  t he  p r e c e d i n g  y e a r  :ELLIOTT (2) h a d  t a k e n  i n to  a c c o u n t  t h e  p h o t o n  

m o m e n t u m  in  showing  t h a t  t h e  n ~ 1 l ine  of t he  ye l l ow  series of Cu20 had  

to  be  a s c r i b e d  to  a q u a d r u p o l e  t r a n s i t i o n  (3). 

The  effect  of a f in i te  p h o t o n  m o m e n t u m  on i n t e r - b a n d  t r a n s i t i o n s  has  not  

been  cons ide red  y e t  a n d  t h e  p r o b l e m  has  g r o w n  of i m p o r t a n c e  in  t h e s e  l a s t  

years .  The  use  of s y n c h r o t r o n  r a d i a t i o n  hus p r a c t i c a l l y  o p e n e d  to  spec t roscop i s t s  

(~) J. Tauc :  Proc. In t .  Co~]. Phys .  Semicond.  (Exeter,  1962), p. 333. 
(2) R. J. ELLIOT,: Phys .  Rev. ,  124, 340 (1961). 
(z) E. F. GRoss and A. A. KA~LYANSKH: Soy. Phys .  Sol id  State, 2, 353 (1960); 

2, 2637 (1961). 
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the regions of soft X- rays  and  v a c u u m  ul t ra-violet  (4) ; in these regions the photon  
momen tum q = 2zn/~  m a y  be significant, even if still smaller t han  the  Bril- 

louin zone dimensions. 
In  this pape r  we a t t e m p t  to s tudy  the  finite pho ton  m o m e n t u m  in te r -band  

transitions, neglecting a n y  electron-hole in teract ion or l ifetime broadening.  
In  Sect. 2 we generalize the theory  of in te rband  processes and  obtain  the 

behaviour of the joint  densi ty  of s tates near  critical points.  The dependence 
of the imaginary  p a r t  of the dielectric funct ion on the photon  m o m e n t u m  is 

also discussed. 
In  Sect. 3 the  l imit ing cases of vert ical  t ransi t ions and of t ransi t ions f rom 

deep bands are considered and  selection rules are examined.  I t  is shown also 
that, using the proper  pe r tu rba t ion  operators  in the  ma t r ix  element,  the lon- 
gitudinal as well as the t ransverse  dielectric funct ion can be obta ined f rom the 
theory of Sect. 2. 

In  Sect. 4 the  possibil i ty of an exper imenta l  evidence of the obtained results 
is discussed. While for dipole allowed transi t ions such evidence does not  seem 
possible, the case of dipole forbidden transi t ions is open to discussion. 

2. - T h e o r y .  

2"]. General considerations. - The theory  of optical  in te r -band  transi t ions 
gives the following expression for the imaginary  pa r t  of the dielectric funct ion (5): 

(2~el  2 (1) ~(qe, ¢o)= 2 \ ~ /  ~,.o k.k' ~ ]P~(k, k', qe)l~6 [Eo(k')- E~(k)- he,)], 

where v indicates an occupied band  and  c an unoccupied one, P,~(k, k' ,  qe) 
is the t ransi t ion probabi l i ty  ma t r ix  e lement  

=;~vo (k ,  r) exp [ iqe. r] e . p ~ , ( k ,  r) d3r = (2a) P~o(k, k',  qe) * ' 

crystal  

(2b) ~- 5 ( k ' - - k - - q e ) ( k  -? qe, eIe" (p  4-?gk)[k, v) . 

An electromagnet ic  wave  propaga t ing  th rough  the  crysta l  along e wi th  
momentum q-~ n(o~), co/c and polarized along e has been considered. Moreover 

(4) T. SAGAWA, Y. IGUCHI, M. SASANUMA, T. NASV, S. YAMAGUCHI, S. FUJIWARA, 
M. NAXAMVRA, A. EJIRI, T. MASVOXA, T. SASAKI and T. 0 s m o :  Journ. -Phys. Soc. 
Japan, 21, 2587 (1966); P. JAEGL]~ and G. MISSONI: Phys. Rev. Lett., 18, 887 (1967); 
P. JAEGLE, F. COMBET FARNO~X, P. DHEZ, ~VL CREMONESE and G. 0NORI: Phys. Lett., 
26 A, 364 (1968); B. FEUERBACHER, M. SKI]3OWSKI, W. ST]~IN~AN~ and R. P. GODWIn: 
Journ. Opt. Soc. Am.,  58, 137 (1968); R. HAWNSEL, C. KUNz, T. SASAKI and B. SONNTAG: 
Phys. Rev. Lett., 20, 1436 (1968). 
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the abbrevia t ion  

(k' ,  c l ] ( r ,p ) l k  , v) = ~ x  u*(k' ,  r ) f ( r , - - i h V ) u ~ ( k ,  r)dOr 

cell 

has been introduced,  where u indicates the periodic pa r t  of Bloch functions. 
The contr ibut ion given to e2(qe, o)) by  each pair  of bands  is 

(3) e .~(qc ,  co) = 

q~, ele-(p + ~k)lk, v)p.a [~,c(k + qc) --E~(k) --~,], 

and this is the expression we are concentra t ing on. 

2"2. Joint  density of states. - The a rgument  of the 0-function of eq. (3) 
indicates the conservat ion of energy and  gives an implici t  equat ion  for the 
t ransi t ion energy he9 since the final s ta te  depends on he) also th rough  q. Let  us 
introduce the funct ion 

(4) ](k, o~) = E d k  + q~) - E~(k ) - Ii~o 

and the set of surfaces /(k,  c o ) ~  const, defined in the  reciprocal  space taking 
e9 as a parameter .  Each  of these surfaces represents  a measure  of the difference 
between the pho ton  energy/~e) and the energy gap exist ing between the  states 
represented b y  % ( k  Jr qe, r)  and y)~(k, r). Obviously the energy conserva- 
tion is fulfilled only on the  surface ](k, w) ----- 0. Using this set of surfaces as 
new variables,  eq. (3) t ransforms into 

(5) 

~ 2  

$ = 0  

+ q,~, d,~ "(p + ~k)lk, v) l' d,~. 
IVkl(k, ~')1,.=o 

I f  the ma t r ix  e lement  is a lmost  constant  th rough  the  Brillouin zone, the 
main  contr ibut ion to the  shape of e~(qe,  ¢o) is given b y  the generalized joint 
densi ty of states 

f da (6) J~(qe, o~) = ~ - ~  iVky(k ' o~)p=0 " 
f=O 
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Analogous ly  to  the  case of ver t ica l  t ransi t ions ,  charac ter i s t ic  var ia t ions  
in J~(qe ,  o~) are expec ted  nea r  poin ts  for  which  

(7a) V k / ( k , ~ ) = O  

on the  surface 

(7b) J(k, ~ ) = 0 .  

F r o m  eq. (7a) the  discont inui t ies  in the  shape  of e2~ occur  a t  genera l  cri t ical  

points (~), defined b y  

(s) VkE~(k  + qe) = VkE~(k  ) . 

The s y m m e t r y  cri t ical  points ,  defined b y  

(9) Vt, E~(k + qe) = V ~ E . ( k )  = 0 ,  

occur v e r y  except ional ly .  Since s y m m e t r y  s ta tes  occur  ei ther  a t  t he  cent re  
of the zone or  on the  surface of i t  or a long some pa r t i cu la r  direct ion,  eq. (9) 

can be satisfied only  for  p h o t o n  m o m e n t a  of the  same order  of m a g n i t u d e  as 
the Bril louin zone dimensions,  t h a t  is to  say  in the  X - r a y  range.  

The ana ly t i c  b e h a v i o u r  of the  jo in t  dens i ty  of s ta tes  near  a s ingula r i ty  
oectrrring a t  (ko, too) can be  ob ta ined  exp~nding  ](k, a)) in  a Tay lo r  series ~bou t  

TABLE I. -- CoeJJicients ~tsed in the expansion o] ](k, w) near a critical point. Column 1 
gives their mathematical definition; column 2 their general expression; column 3 

their expression in the case of nearly vertical transitions. 

1 ~2](k, a)) 
d'i 2 ~k~ 

~](k, o~) 

~k i ~o) 

a~- 
2 ~o) 2 

@k, o~) 
C 4 ~  . . . . . .  

1 
¢q 

~2 

h 2 ei dq 

c~ 

do~ • \doll J 

dq 

1 1 

.~;<ko + qod) ~;<ko) 

~2 

2#i 

h 2 ei dq 

* de~ Tact 

-2- , 2(m~,--m,,) d~o 2 , ,¢, ~,dw/ J 

h [ l _  h ~  _ ,  e:q dq]  

1 1 

~*(Ko) ~*~,(Ko) 

(6) J. C. PHILLIPS: Solid-State Physics, voh 18 (New York, 1966). 
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t h e  s ingu la r i ty .  W i t h  t he  cond i t ion  t h a t  (ko, ~o) m u s t  be  a so lu t ion  of t he  sys tem 

of eqs. (Ta) a n d  (Tb), we h a v e  

( i 0 )  / (k ,  ¢o) : a~(k~ - -  ko~) 2 + e~(k~ - -  ko~) - -  c~ (o~ - -  COo) + a~(ea - -  COo) ~ 4 -  . . . .  
i = l  " i = l  

The  coefficients of t he  e x p a n s i o n  are  d i s p l a y e d  in Tab l e  I.  F o l l o w i n g  VA~ 

TA]~L]~ II .  - Joint  density o] states in the case o] ]inite photon momentum. The coef- 
ficients ~, fl, y are displayed in the case of nearly vertical transitions in the second 

column. 

] E < 0  I E > 0  

Three-dimensionM lattice 

I ~ / c ~ E  - -  ~ E  2 
0 M,, 

. . . . . .  i . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I. 

Two-dimensional lattice 

M o 0 

M1 
2 ~/la?+ 

, % 
C 4 - .~---  

h 

1 a . 

±[cL_ 

l %, 
y 

h 2 ~ / ;  

In 2R - - I n  ~¢/c~ E - -  ~E z 

2 [;,¢:--~ + ;:] 

2m* d~ 
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HOVE (:), the singularities are classified as 3/o, M~, Ms and 3/3 critical points 
according to the signs of the coefficients a~ (i ~ 1, 2, 3). Performing the inte- 
gration of eq. (6) in a similar way as tha t  explained by BASSANI (5), one obtains 

the explicit expressions for the joint density of states. They are given in Table I I  
in the cases of two- and three-dimensional M0 and MI singularities (s). While 
for Mo critical points the surface ](k, c o ) - - 0  is a closed one and therefore 

the field of integration is limited, in the case of 3/1 critical points the cor- 
responding surface f (k ,  v J ) ~  0 is open. In  order to avoid this difficulty, 
it has been necessary to introduce an npper limit of integration R,  large com- 
pared with h(~o - -  coo). The final expressions depend on R, as shown in Table I I ,  

but this constant  can be considered as a reference term. 

2"3. Near ly  vertical transitions. - Since inter-band transitions in the optical 
region carry photon momenta  much smaller than  the Brillouin zone dimen- 

sions, they  can be considered to be nearly vertical. This means tha t  the energies 
and the states involved differ very  little from those interested in the vertical 

case occurring at K. 
Let us split qe into two components ql and q2 connecting K with k + qe 

and k respectively: 

(11) 

k ÷ q e : K + q l ,  

k ~ - - K - - q ~ ,  

ql + q~-- qe . 

If  (Ko, Y2o) represents a vertical singularity, the corresponding one (ko, ¢%) 
for nearly vertical transitions differs very  little f rom it; this difference, obtaine4 

expanding Ec, E~ and their gradients in a Taylor series about  (Ko, tgo), ne- 
glecting effective-mass variations and evaluating the expansions at  (ko, Wo), 
is given by  

h~q ~ ~ e~2 
(12) ~eOo-- hL~o = Vk~vlK°'qc +-~ 2-- 2,~*_ 

tti q~- -  . qei , 

(13) 
q2~ = ~ qe~ • 

mc~ 

If the vertical transit ion occurs at  a symmet ry  critical point, h W o -  h~20 is 
quadratic in q. I t  can further  be shown tha t  in correspondence to symmet ry  

(7) L. VAN HOVE: Phys. Rev., 89, 1189 (1953). 
(8) M. PIACENTINI: Analisi delle transizioni interbanda nell'assorbimento di radia- 

zione di sincrotrone, Thesis, Rome. 
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critical points for vert ical  transitions, where eq. (9) holds with q =  O, there 
is a general critical point  satisfying eq. (8) for which the results of Table I I  hold. 

2"4. Matrix element. - In  the limit of nearly vert ical  transitions the matr ix  
element of eq. (2b) can be expanded in powers of q. Applying the  k . p  method,  
u~(k, r)  ~nd u~(k + qe, r) can be expressed in terms of the or thonormal  and 
complete set {u,~(K, r)) of periodic functions taken at  K (~). In  the ease of two 
nondegenerate  bands it gives 

(14) 

u~(k + qe, r ) : -  uc(K -~ q~, r ) :  u~(K, r) ÷ ~ c~(ql)U~(K, r) + ..., 

uv(k, r ) :  u~(K--q2, r ) =  u~(K, r) + ~ d~(q2)u~(K, r) 4- . . . ,  
n ~ v  

where c ~  and d~, ~re given by  ordinary per turba t ion  theory:  

05) 

/~ (K, mlq , . p ]K  , e) 
c¢~:  m : - - i ( K ,  m[q~.rlK , c) m ~ c 

E o ( K )  - -  E . , ( K )  ' ' 

d,~ : - -  ~ (K, n(q2 .p[K, v) = i(K,  nlq2 "r]K, v) n ~= v. 
m E~(K) - -  E~(K) 

The r ight-hand side has been obtained using the commuta t ion  relations (so) 

- - m i  - - m i  
p :  ~ [,', H ] :  ~ K -  Jr, H(K)] - -  ~K,  

where H(K)  is the Hamil tonian operator  in the K . p  representat ion satisfying 
the SchrSdinger equat ion H(K)u, , (K,  r) = E, (K)u~(K,  r). 

Using eqs. (14) and (15) and considering only the linear terms in q, eq. (2b) 

becomes 

(16) P~(qe, K) = (K, etc. (p + hK)IK , v) + i(K, c l (qe.r)e .  (p + hK)IK , v) - -  

- - i ( K ,  c]e.(p + ~K)]K, v)[(K, clq~.rlK , c) + (K, v]q2"r]K, v)] . 

Elements  of the form (K, n[rlK , n) are propor t ional  to the dipole mo me n t  
of an electron in state K and band n relative to the  unit  cell; they  are null 
if the small group of K has inversion symmetry .  

2"5. Momentum dependence of the dielectric function. - The dielectric function 
of eq. (1) depends on both  the f requency and the mo me n t u m of the absorbed 

(~) E. O. KANE: Semiconductors and Semimetals, col. 1 (New York, 1966). 
0 °) E. I. BLOU~T: Solid-State Physics, voL 13 (New York, 1962). 
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photons. So far  we have  been interested in the f requency;  let us therefore 
examine briefly the dependence on q. At  this purpose  we r emember  t ha t  near  
a critical point  k0 we have  

(17) &v~(qe, {o)--~ 2 m ~  ]-P~(qe)I2J~(qe, e)). 
\ / s tar  k o 

J.o~(qe, ~o) depends on the  pho ton  m o m e n t u m  through the energy a t  which 
the singulari ty occurs, ~s indicated in eq. (12). The ma t r ix  element  is given 
by eq. (16). Combining these two results one has the general expression for the  
dielectric funct ion near  all critical points.  I n  the case of an 21/o s y m m e t r y  crit- 
ical point,  for instance,  we have  

(18) 1 
e2~(qe, ~ ) ~: - ~  (B~ ÷ B~ q~) V ' (heo  - -  t~Y2o) - -  B 3 q  ~ , 

where B1 and /}2 are constants  easily re la ted to the ma t r ix  e lement  and  

B3---- -~ ~__-~_.-- . ; 
Z i m s , - -  my,  

moreover we have  neglected the t e r m  ~E 2. I t  mus t  be no ted  t h a t  for electro- 
magnetic radiat ion,  the  m o m e n t u m  being a funct ion of the  frequency,  only 
one of these two quanti t ies  is necessary to define &. 

3 . -  D i s c u s s i o n .  

3"1. V e r t i c a l  t r a n s i t i o n s .  - The case of ver t ical  t ransi t ions  is immedia te ly  
obtained h 'om the results  given in the  preceding Section, if the  l imit  q going 
to zero is performed.  One has, for instance,  for the M0 singularity,  lira c' 4 ~ 1 

q-->0 

and lim ~ ~ 1 / 2 m c  ~ so t h a t  ~E ~ can be neglected in comparison with E,  being q-->D 

10 -6 t imes smaller. 

3"2. T r a n s i t i o n s  ] r o m  core  s ta te s .  - At energies of some tens of eV and more  
one excites electrons f rom core states.  Since the corresponding energy bands  
are nearly flat, one expects  t h a t  the  jo int  densi ty  of s ta tes  depends on the  
conduction band  only and tha t  singularities occur in correspondence to its 
critical points.  This can be verified performing the two limits V~Ev(k)-+ 0 
and m . ( k ) - + c ~  ( that  hold th roughout  the whole Brillouin zone for core 
states) in eq. (8) and  the  expressions of Table I I .  One obtains  fur thermore ,  b y  
taking the above  l imits on eq. (12), t h a t  there is no shift  of the cri t ical-point 
energy due to photon  m o m e n t u m .  
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3"3. Allowed and ]orbidden transitions. - General  selection rules can be 
ob ta ined  f rom the ma t r ix  e lement  (2a) b y  using the  me thod  of LAx and HoP- 
Y I E L D  (11) on transi t ions connecting different points  of the Brillouin zone. 

I n  the  case of near ly  ver t ical  t ransi t ions we h~ve shown in Subseet.  2"4 
tha t ,  if the group of K0 has inversion symmet ry ,  P , ~ : E ~ - i ( E 2 ~ - M ~ ) ;  
t ransi t ions m a y  be forbidden in the electrical dipole approx ima t ion  (E~) and 
allowed in the successive approx ima t ion  (E2 ~ M1); it  m a y  also happen  tha t  
the  t ransi t ion is forbidden in bo th  approximat ions .  An example  of this case 
is given in graphi te  b y  the  t ransi t ion F +--> 7 ~  for light polarized with the 
electric field perpendicular  to the  z-axis. SAO~s has given tables of selection 
rules for mult ipole  absorpt ion of polarized light a t  different s y m m e t r y  points of 
the Brillouin zone (~:). 

When  the dipole t ransi t ion is forbidden a t  the  vert ical  critical point,  we 
obta in  f rom eq. (16) the following expansion in ( K - -  K0) for the ma t r ix  element 

(19) P~c= [bl]K--Kol ~- ...] -!- iq(K, c [ ( e . r ) e ' ( p  ~- ~K)IK , v ) .  

Subst i tu t ing  into eq. (3) we obtain,  in the case of an Mo critical point,  

(20) e2~(qe, 04) ---- m~Jo a±~/a,t 

This equat ion has been obta ined in the  c~se of a ro ta t ional  ellipsoidal energy 
band,  with the l ight enter ing in the  direction of the principal  axis; a .  and a H 
are the inverses of the reduced effective masses in the directions respect ively 
or thogonal  and perpendicular  to the  principal  axis and 

1 2 

is their  mean  value. The first t e rm  of eq. (20) corresponds to the allowed elec- 
t r ieal -quadrupole  and magnet ic-dipole  t ransi t ion,  the second t e rm originates 
f rom the electrical-dipole forbidden transit ion.  

3"4. Transverse and longitudinal dielectric /unctions. - So far  we have  given 
a microscopic der ivat ion of the  t ransverse  dielectric funct ion e2~(qe , a~). The 
theory  developed in Sect. 2 can be used to obtain  the longitudinal  dielectric 
funct ion c~L(qe , w) as well provided t ha t  the proper  opera tor  e. (p ÷ ]~k)-~ hq/2 
is used into eq. (2b) ins tead of e. (p ÷ hk). The joint  densi ty  of s tates J~(qe, o~) 

(11) M. LAx and J. J. HOPFIELD" Phys. Rev., 124, 115 (1961). 
(12) M. SACHS: Phys. Rev., 107, 437 (1957). 
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is the same, depending only on the geometr ical  s t ruc ture  of the  bands.  The 
matrix element,  on the  contrary ,  is different. I u  the approx ima t ion  of two 
nondegenerate bands  and going to second-order te rms  in eqs. (14) and (15), 
in correspondence to ~ vert ical  critical point  K0 with inversion s y m m e t r y  we 
obtain the following general expression for the square of the mat r ix  e lement  
modulus : 

(21) IP~.c(qe)] ~-- l(Ko, cle'( P ~ hKo)]Ko, v)l~-- 2A(~.r)q ~ , 

where 

A(~,,, = I(Ko, ele" (p + hKo)]Ko, v)p Re [(Ko, 
cl(ql/q" r)21Ko , C) 

2 ÷ 

~_. (Ko, vl(%/q'r)2tKo,2 v) + (Ko, cl(q~/q'r)(Ko,~[~._(p~o)o)lKo, v)e'(p+tiK~)(q2/q'r)lK°' v)]~ _ 

- -  hs(~.~, I m  [(Ko, cle'r[Ko, v)(Ko, vie" (p + ]~Ko) IKo , c)] ; 

I~e and I m  indicate  the real and imag ina ry  pa r t  of a complex quant i ty .  I n  
the ease of longi tudinal  fields eIle and  s L ~ - - e . q J q  ~-~/2; in the ease of 
transverse fields e ± e and  sz ~ - -  e .  q Jq .  

We can now give the difference between the longitudinal  and  the t ransverse  
dielectric functions corresponding to the same direction of polar izat ion of the  
electric field up to te rms of order q~: 

(','2) ~ , - - s ~ =  41_ . l~Jv~(qc,l'2~.e\ ~ ) ( A ~ - - A , ) q  2. 
\m~ol 

Equat ion  (22) shows t h a t  in the  l imit  q going to zero longitudinal  and  trans-  
verse dielectric functions coincide also for anisotropic mater ials .  Such result  
can be considered as a general izat ion of t h a t  previously  ob ta ined  b y  ADLER 
for cubic substances (la). The difference between the longitudinal  and the  trans-  
verse dielectric functions appears  in the q2 coefficient and  depends on bo th  
the kind of pe r tu rba t ion  and  the isotropic character  of the mater ia l .  We finally 
could relate eq. (22) with Lindhard ' s  relat ion (14) e r - -  eL ~ (q~c2/co2)(1 -- 1/#) 
and obtain the value of the magnet ic  permeabi l i ty  of the  medium.  

4 . -  Possibility for experimental evidence. 

4"1. Dipole allowed transitions. - The new expressions given in Table I I  
for the joint  densi ty  of states differ f rom the old ones main ly  b y  the  t e rm 
~]~2(~o - -  ~0) 2 appear ing  under  the square root.  Le t  us analyse how large is the 

(13) S. L. ADLER: Phys. Rev., 126, 413 (1962). 
(14) J. LINDH&RD: Kgl. Danske Vide.uskab. Selskab., Mat.-Fys. Medd., 28, 8 (1954). 
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c o n t r i b u t i o n  g iven  b y  th is  t e r m  a n d  if t h e r e  is a n y  p o s s i b i l i t y  to  h a v e  exper i -  

m e n t a l  ev idence  of i t .  F i r s t l y  l e t  us  cons ide r  t h e  v a r i a t i o n  of t h e  t r a n s i t i o n  

e n e r g y  b r o u g h t  a b o u t  b y  t h e  f in i te  p h o t o n  m o m e n t u m .  I n  o rde r  to  g ive  t h e  

o rde r  of m a g n i t u d e  of t h i s  d i f ference,  eq. (12) can  be  r e w r i t t e n  as  fo l lows:  

¢Oo-- ~20 n~?tY2o (m * m__~) -~ 
1"20 ~ 2me - - ' - ~  m 

F o r  a s m a l l - g a p  s e m i c o n d u c t o r ,  such  as Ge, (~o-- /2o) / /2o is of t h e  o rde r  of 

3 -10-5 ;  i t  is m u c h  sma l l e r  t h a n  one can  h o p e  to  d e t e c t  b y  o p t i c a l  e x p e r i m e n t s .  

L e t  us  n o w  cons ide r  t h e  j o i n t  d e n s i t y  of s t a t e s  for  a n  Mo c r i t i ca l  po in t ,  t h e  

exp re s s ion  of wh ich  can  be  p u t  i n t o  t h e  f o r m :  

J~Jqe, to) oc V E ( 1  - -  e B j ,  

whe re  ff ~ (to--~o0)/~o0 m e a s u r e s  how fa r  f rom t h e  s i n g u l a r i t y  we a re  a n M y s i n g  

J~c(qe, co). The  co r r ec t i ve  t e r m  

o.8 

"~ o.6 
3 

b 

~ o.4 

i~ °.2 

J 
/ , /  

' o.' i ' ' : ' ' ° 0 . 5  -o, . ,  - 3 - o 2  - o . ,  o.~ o~ o.3 0.4 o.~ (E%>/Eg 
Fig. 1. - Joint  densi ty of states for an M o three-dimensional crit ical point. Eg = 1 eV; 
t c -  v ) / m =  0.1. Continuous line: c/vg i (corresponding to the  vert ical- tr~nsi t ien 

approximation).  Broken line: c/vg = 100. 
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is of the order of 2.10 -6 times (c/v~) 2 in the ease of Ge. Here the group velocity 
v~ - -  do~/dq of the light in the medium has been introduced. In  correspondence 

to a resonance frequency of the medium, q ~ 0 and vg is much smaller than  c, 
being zero in the ideal limit of no broadening of the line. Even  if no direct 
calculations have yet  been performed, we expect tha t  also in correspondence 
to a sharp absorption edge the index of refraction n varies rapidly and v~ is 

much smaller than c. But, since broadening effects are always present in 
solids, the variation of n will never be very large, as can be verified observing 

experimental data, so tha t  the ratio c/vg will be rather small. I n  Fig. 1 the 
joint density of states has been plot ted vs. ~ for two values of c/v~ ~ respectively 1 
(solid l ine-- i t  corresponds to the vertical transition) and 100 (broken line). 

An intermediate curve corresponding to c / v , - ~  10 has been calculated, but  

2.0 

/ 
i' / 

/ 

0 t t f I L 
-0 .5  -OA- -0.3 -0 .2  -0.1 0 0.1 0.2 0.3 0.4 05 

Fig. 2. - Joint density of states for an M 1 two-dimensional critical point with light 
propagating along the positive effective-mass direction. Eg = 1 eV. Continuous line: 
v/vg= 1 (corresponding to the vertical transition approximation). Broken line: 

c1% = 100. 
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pract ical ly  it  coincides with the  first one. The ve ry  smal l  separa t ion between 
the two curves shown in Fig. 1 can be somewhat  increased b y  a larger energy 
t ransi t ion t han  t ha t  considered (1 eV), bu t  still the possibi l i ty of exper imenta l  
evidence seems unlikely. 

In  the  case of a two-dimensional  lat t ice the finite pho ton  m o m e n t u m  does 
not  affect a t  all the  3/o s ingular i ty  and  has all effect on the M1 singular i ty  only 
for incident  radia t ion propaga t ing  on the plane perpendicular  to the c-axis. 
I f  the light propagates  along the  posit ive effective-mass direction, the  symmetr ic  
logar i thmic  divergence of the  M 1 cri t ical  poin t  turns  into an  asymmet r i c  
one, as l~ig'. 2 shows. I t  m a y  be possible t ha t  in this case of an absorpt ion peak 
the  var ia t ion is significant and observable  at  least  with differential techniques. 
On the  contrary ,  pract ica l ly  no changes appear  with light p ropaga t ing  along 
the negat ive  effective-mass direction, as is shown in Fig. 3. 
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I /  
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} I I _ _  I 

-0.~ -0.3 - -~2 -0 . I  o 
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L I 

Fig. 3. - Joint density of states for an M 1 two-dimensionM critical point with light 
propagating along the negative effective-mass direction. E~ = 1 eV. Continuous line: 
c / r o l l  (corresponding-to the vertical transition approximation). Broken line: 

elvg ~ 100. 
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4"2. D i p o l e  f o r b i d d e n  t r a n s i t i o n s .  - The possibility of an experimental evi- 

dence of photon momen tum effects m ay  happen in the case of dipole forbidden 
transitions. 

Since ~E is much smaller th~n unity, as shown in the preceding Section, 
we can expand (1 - -  ~E) ½ in a power series and rewrite eq. (20) in the following 
analytic form: 

(23) ~2~,,(qe, co) oc V-E(p 4- qE 4- rE ~) , 

where p ,  q, r here are a short-hand for the expressions 

p = IE~ 4- Mll 2 , q = bl 2 ' r = - - ~  bl 

and must  satisfy the condition 

(24) q~ - -  ~ p r  >~ 0 . 

I t  must  be observed at this point tha t  a transition, which is forbidden in 
the dipole approximation,  may  be allowed at a higher order because of the 
spin-orbit interaction. I f  one tries to fit the experimental line shape of a dipole 

forbidden transit ion with eq. (23), the p-coefficient may  be originated also from 
this spin-orbit effect. The r-coefficient corresponds really to a new term; if 
an absorption edge is fitted considering a finite r,  fulfilling condition (24), one 
might think of it as the experimental evidence of photon momentum effects 
on interband transitions. 

The author  is very indebted to Prof. G. CItIAROTTI for suggesting the prob- 
lem and to Prof. F. BASSA~I for m a n y  helpful and stimulating discussions. 

R I A S S U N T 0  

Si estendc la teoria dclle transizioni interbanda al caso di fot oni dotati di impulso q 
non trascurabile. Le expressioni generali della densit£ congiunta degli stati sono calcolatc 
nell'intorno dei punti critici; da queste espressioni, nei casi limite di hmghezza d'onda 
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sia t o r t e  sia lunghe,  si r iot tengorto quelle di V~n Hove.  L~ relazione di  d ispers ione dell}~ 
funzione dielet t r ie~ t r~vers~ ezr dovut~  ~i proeessi  i n t e r b ~ n d a  viene d ~  esplieita.mente 
e eonf ron t~ ta  con 1~ rel~zione di d ispers ione della funzione d ie le t t r ien  longi tudhmle  e2z. 
Si mos t r~  the ,  nel  caso l imi te  q = 0, e~z ed ez~, eoineidono anehe  per  i mezzi  aniso- 
t ropi .  Si d iscute  infine 1~ possibil i t~ di  osserv~re sperimen~nlmen~e l ' e f fe~o  prodot~o 
sulle curve  di assorb imento  ogtieo dn fo toni  il eui impulso non  si~ pifl tr~seur~bile. 

BepOIlTHOCTH Me~lc~ly3OIIHblX llepexo~IoB H HMHy~IbC ~OTOHa. 

Pe3~oMe (*). - -  3a•oBo HCCyle~IyeTc~l Teop~t  Mem~ly3orlablx r~epexo~oa B cnyqae Kone~- 
n o r o  HMnyJmca qboroua q. BbIBO~[TC~I I-IOBble a~Ipa~eHnn Ann COBMeCTHO~I IIJIOTHOCTN 
COCTO~HVI~ B6Ym3r~ ~prtxrI~ecrrlx ro~eg. OHri rIpgaO~tT K abIpa~eH~IgM BaH XoBa B o6onx 
r~peAeabUblX c~3rffanx: ~(.rINHHOBOYlHOBOM !~I KOpOTKOBOYlHOBOM. B gBlfO~ qbopMe IIp/~IBO- 
~t4VC~ ~tcrtepcwoHr~oe COOTHOmeHne ~ ] n  dpyHKLrna r~or~epeKHo~ ff~aylerTprt~ecKo~ HpOHI~- 
~aeMocTn ez~ , o6yCYlOBYIeIiHOfi Me~/~y3OHHbIMI, I r~pot[eccaMrL rt 9To COOTHOIIIeHI4e cpa- 
~nrmaercn c coo~aomeaaeM ~an ¢bynr~ar~ ~po~on~no~ ~Ha~IegTprl~lecKo~ npona~ae-  
MOCT!~I e2z. l-[oKa3r~iBaeTc~, r~TO B rtpe~e~e q = 0  e~, paBHo ezz ~ame )~aa ann3OTpOnHO~ 
cpe~IbL O6cym~aerca  BO3MO~,bIOCTB 3KCllep~IMeHTa~IbrtOrO Ha6~IIO)~eH~Dt BYlI~I~IHI~I~[, o~y- 
CJIOB~aeJaHOFO KOHeKt-I/~IM /4MIIyYlbCOM ~OTO~Ia Ha qbopMy OIITHReCKOFO IIOF~/OHIeHI4~. 

(') IIepeeeOeno peOa~ue~. 


