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Summary. - -  The pairing theory (BCS-method) is applied to spherical 
nuclei in order to calculate some characteristic physical properties. The 
main points are: i) insertion of an effective (realistic) two-nucleon force 
in the pairing matr ix  elements; ii) definition of a phenomenological 
nuclear potential in order to determine the single-particle states. The 
effective two-nucleon interaction was obtained from the Hamada-Johnston 
expression by means of a Scott-3~oszkowski procedure; the complete 
set of nuclear potentials (of Saxon-Woods type) contains 5 constants 
which were determined from specific nuclear properties (empirical 
determination of the seLf-consistent field occurring in a Hartree-Bogoliubov 
treatment). The gap equation was solved numerically taking into account 
all relevant single-particle states. The final results (separation energies 
and quasi-particle excitations) as well as the corresponding empirical 
data are plotted simultaneously as functions of the nucleon numbers 
(Fig. 4 and 5). There is a satisfactory agreement just within the spherical 
regions; in particular the correspondence between the typical irregu- 
larities at the magic numbers and between the characteristic variations of 
the quasi-particle levels and of the pairing energies should be emphasized. 

1.  - I n t r o d u c t i o n  a n d  s u r v e y .  

F r o m  a s y s t e m a t i c  s u r v e y  of n u c l e a r  d a t a  one o b t a i n s  a large n u m b e r  of 

eharaeger is t ie  fea tu res  which  are i n t u i t i v e l y  u n d e r s t o o d  f rom the  genera l  p r in -  

ciples of shell  s t r u c t u r e  (1-4). As an  e x a m p l e  we h a v e  p l o t t e d  the  empi r i ca l  

(1) N. ZELDES: Nuel. Phys., 7, 27 (1958); N. ZELDES, lV[. G~tONAU and A. L~v: 
3Tncl. Phys., 63, 1 (1965). 

(2) 35. BEINE~ and K. BL~IJLER: Nucl. Phys., 22, 589 (1961). 
(2) 5{. BEINER: ~orschungsberichte des Landes Nordrhein-West]alen (1964), No. 1407 

(to be obtained from our Institute). 
(4) K. BLEULER, et al.: Nuclear Separation Energies, Report o] the LysekiI-Con. 

[erence, ] 966. 
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(( mean separat ion ~) energy of neutrons as a funct ion of the nucleon numbers 
Z and N (see Fig. 1). This ((mean separation)) energy is defined by 

(1.]) B~(Z, N)=-- ½[B(Z, N + ])--B(Z, iV-- ] ) ] ,  

where B(Z, N) represents the to ta l  nuclear  binding energy which, in our case, 

was t aken  from the new tables of Mat tauch  et al. (5); an analogous express'don 

is used for the protons.  The double step was in t roduced in order to eliminate 

the even-odd mass differences. We thus obtained a smooth surface which, 
however, is in terrupted by  characterist ic steps at  certain lines of constant  
~V-values (magic numbers).  This behaviour  corresponds, of course, to the 
closing of spherical shells of independent  particles. Similar propmties continue 

to hold for the empirical (~ single particle ~ states, i.e. ground-states and low- 

lying excited states of odd nuclei within the spherical regions. If  for each as- 

signment the corresponding separation energies are plot ted within the same 

diagram we obtain a characteristic system of restricted surfaces (((leaves))) 
which, again, is easily unders tood from this point  of view (see Fig. 2). In  this 

case the separation energies are natura l ly  defined by 

(1.2) B~(Z, N)~ BJ~(Z, N ) -  B(Z, N--1) ,  (Z even, N odd) ,  

~N -Z  1( 

2O 

" ~0 

j± 

B~ 72 B 9~/2 B~ 12 

5o 
6o 

4G 17 

" t 

--.... 
- - . . - - - . 2  

30 40 

Fig. 2. - Neutron separation energies B~(Z,N) (Z even, N odd): Bs~(Z,N)= 
--B~(Z, N)--B(Z,N--1). Heavy lines connect ground and excited states of the 
same assignment J~. • Spin certain, = spin probable, o other spins, ground states. 

(5) j.  ]V[ATTAUCH, W. THIELE and A. H. WAPSTRA: .Natl. Phys., 67. 1 (1965). 
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where the exc i ta t ion  energy  is incorpora ted  in B J~ (sc. generalized separa t ion  
energies). All points  corresponding to the  same ass ignment  J~  were then  con- 
nected by  a sys tem of h e a v y  lines thus  represen t ing  a cont inuous var ia t ion  of 
the independent  par t ic le  levels wi th  Z and  N.  

I~ is, however ,  ev ident  t h a t  the  empir ica l  da t a  will not ,  by  any  means,  be 

in quant i t ive  agreement  wi th  an (i ideal )) s t ruc ture ,  such as independent  par-  

ticles moving  in a poSential  well. Fo r  instance,  the  average  spacing of the  
empirical single-particle levels is much  smaller  t h a n  the  (i ideal )> shell value, 
which is essential ly de te rmined  by  the  nuclear  radius.  Moreover,  no irregu- 
larities of the  separa t ion  energies are observed  a~ the  subshell  closures. This 
fact indicates thu t  the  sharp  change of occupat ion  probabi l i t ies  oeeuring a t  the  
Fermi  level in the  naive p ic ture  m a y  be the  ma in  reason for the  d isagreement .  

On the  other  hand,  the  ~(ideal ~) s t ruc tu re  corresponds ve ry  closely to a 
t t a r t r ee -Foek  (I tF)  t r e a t m e n t  of the  n -body  sys tem.  I t  is, therefore,  obvious 
tha t  we should look for a sui table  genera l iza t ion  of this  method .  We therefore  
consider as a nex t  s tep the  l~ar t ree-Bogol iubov (HB) or more  precisely,  the  Vala- 
t in approx imat ion  (6-9) in which a smoothed  Fe rmi  l imit  is in t roduced  f rom the 
outset. In  addit ion,  ~he nucleus is replaced wi th in  the  f r amework  of this  
method b y  a sys tem of quasi-p~r~icles wi th  a re la t ive ly  weak interact ion.  This 
fact also corresponds exac t ly  to  the  general  empir ica l  nuclear  propert ies .  For  
these reasons we in t roduce  this  a p p r o x i m a t i o n  as a basis of our calculations.  
At present ,  however,  i t  does not  appeur  to be possible to  use the  full scheme 
- - ~ t  least in the  case of heav ie r  nuc l e i - - fo r  a detai led numer ica l  t r e a t m e n t .  

We therefore  in t roduce a r a t h e r  dras t ic  simplification. I t  m a y  be seen thu t  
the l iB-equa t ion  (as g iven b y  VALATIN (7)) represents  a coupled sys tem con- 
sisting of u general ized K F - p r o b l e m  and a sl ightly enlarged pa i r ing  equa t ion  (*). 
Now, the  corresponding general ized (nonlocal) nuclear  potent ia l ,  appear ing  as 
a quadrat ic  expression of the  unknown  wave  funct ions  in these equat ions ,  is 
just replaced b y  a phenomenoIogica l  local po ten t i a l  well  of the  ~¥oods-Saxon 
type.  In  other  words, the  nuclear  po ten t i a l  is de te rmined  direct ly  f rom a series 
of typica l  empir ical  data .  All detai ls  of the  de te rmina t ion  of this po ten t ia l  
will be given in Sect. 2; the  ma in  po in t  was to  use a fo rm which gives a fa i r  
account of the  single-part icle levels, wi th in  a l imi ted  energy  in te rva l  jus t  
around the  Fe rmi  level. 

We thus  r ema in  wi th  the  numer ica l  solut ion of a p rob lem which has the  
well-known fo rm of the  pa i r ing  (BCS) a p p r o x i m a t i o n  (see Sect. 4). We have,  

(~) N. N. BOGOLIUBOV: SOY. Phys. Usp., 2, 236 (1959). 
(7) j .  G. VALATIN: Phys. Rev., 122, 1012 (1961). 
(s) ~ .  BARANGER: Phys. Rev., 122, 992 (1961); 130, 1244 (1963). 
(~) C. BLOCH and A. ~ESSIAU: Nucl. Phys., 39, 95 (1962). 
(*) The separation of the Valatin system will be discussed in a subsequent paper. 

In order to cheek our method we have considered the limiting case of nuclear matter. 
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however ,  to bear  in mind  t h a t  the  HB-scheme  is appl icable  only if effective 
(finite) nuclear  forces are in t roduced  f rom the  outset .  Wi th in  the  f r amework  
of our a p p r o x i m a t i o n  we have  therefore  to  use the  same forces also for the  
BCS calculations. They  were de te rmined  expl ic i t ly  using a Scott-Moszkowski 
procedure  and  the  wel l -known H a m a d a - J o h n s t o n  expression for nuclear  forces 
(see Sect. 3). 

Our  calculat ions are thus  based on the  following principles  which define, 
in fact ,  an  in tu i t ive  (( nuclear  model  ~>: 

a) In t roduc t ion  of a nuclear  po ten t i a l  cons t ruc ted  f rom specific nueleal" 
proper t ies  (Sect. 2). 

b) De te rmina t ion  of an effective (finite) two-nucleon in terac t ion  f rom 
the  sca t te r ing  da ta  (Sect. 3). 

c) Inse r t ion  of these forces as an  addi t ional  direct  in te rac t ion  which is 

t r ea t ed  wi th in  the  f r a m e w o r k  of the  pai r ing  a p p r o x i m a t i o n  (Sect. 4). 

There are, of course, m a n y  general izat ions like nonloeal i ty  of the  nuclear  
po ten t ia l  and  deformat ion  (*). 

A fo~'mal a d v a n t a g e  of this <~ pa i r ing  model  ~ is the  possibi l i ty of determi-  
na t ion  of nuclear  proper t ies  as ((( cont inuous ~>) funct ions  of the  nucleon num-  
bers N and Z. This enables us to  make  r a the r  deta i led comparisons  wi th  the  
empir ica l  da ta  which we have  rep lesen ted  b y  <~ continuous ~> surfaces (com- 
pare  Fig. 1 and  2). 

The calculat ions following the  above-ment ioned  prescr ipt ions have  been 
carr ied out  wi th in  all (~ spherical  ~) regions of the  periodic tab le  (the details 
of the  calculat ions are given in P a r t  I I  of this work).  The results m a y  be 
summar ized  as follows. 

There  is a fa i r ly  good agreement  wi th  the  empir ica l  da ta  in re la t ively  large 
regions;  i .e. there  is a good fit of the  mean  separa t ion  energies and  pai r ing  
effects (see Fig. 4, Sect. 4) and  of the  general ized separa t ion  energies (see 
Fig. 5, Sect. 4). I n  par t icular ,  the  charac ter i s t ic  steps a t  the  end  of the  
ma jo r  shells are fa i r ly  well reproduced  whereas some (~ expected  ~> irregulari t ies 
a t  the  closures of the  subshells are e l iminated  complete ly .  I n  other  words, 
the  pai r ing  effects are jus t  s t rong enough to e l iminate  the  subshell effects 
whereas  t hey  still leave some steps a t  the  ma jo r  shells. These steps are, 
however ,  s t rongly  reduced wi th  respect  to the  (( ideal ~> values.  

Final ly ,  one should expla in  why  such a simple model  is a l ready so close to 
real i ty ,  especial ly in view of the  fac t  t h a t  only the  pa i r ing  pa r t  of the  direct 
in teract ions  is t a k e n  into account  and  t h a t  the  nuclear  po ten t ia l  has a phenom-  

(*) The spherical case however, has already a relatively large domain of validity 
and represents the simplest case for a complete mathematical treatment. 

4 - 1 l  N u o v o  C i m e n t o  B .  
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enological character .  The  following arguments  might  be considered in this 
connection: 

1) Within  the spherical regions the pair ing plays the  role of an over- 
whelming interaction,  i.e., it  reduces substant ia l ly  the effects of all o ther  types  
of direct interact ions because of the  special s t ruc ture  of the  to ta l  s tate  (cor- 
relations) induced by  the  pair ing forces (*). 

2) The numerical  values of our  pair ing ma t r ix  elements  differ only 
slightly from the results of more detai led calculations (short-range correlations) 
in l ighter nuclei (lO). 

3) Our local potent ia l  replaces the  more  general  (nonlocal) H B  expres- 
sion as long as the re levant  single-particle states in the  neighborhood of the 
Fermi level are considered. The deviations found for heavier  nuclei (A > 90) 
should be par t ly  ascribed to the  nonlocal i ty  of the  potent ial .  

A more detailed discussion of the  average poten t ia l  especially wi th  respect 
to the spin-orbit spli t t ing which so far  was de termined  phenomenological ly 
(Sect. 2) will be given in a subsequent  paper  (11). 

2 .  - T h e  n u c l e a r  p o t e n t i a l .  

The numerical  basis of our work is the  de te rmina t ion  of the  nuclear poten- 
tial in the domain of spherical s t ructures .  Wi th in  our scheme this po ten t ia l  
should, in principle, be calculated f rom self-consistency (HB or, as a first ap- 
proximation I-IF). In  view of the length of these calculations for heavy  nuclei, 
and a ra ther  crit ical unce r t a in ty  of the  2-body in teract ion,  we make  the  fol- 
lowing assumptions: i) existence of a self-consistent potent ia l ;  it) possibility 
of an approximate  de terminat ion  of appropr ia te  nuclear  propert ies  (average 
Values) from this potent ia l  alone. I f  we assume, in addit ion,  t h a t  a local ex- 
pression of special analyt ica l  form m a y  be used i t  becomes possible to deter-  
mine our potent ia l  direct ly  f rom the  nuclear proper t ies  ment ioned  above. We 
have, therefore, in t roduced  the  following rules: 

1) We assume a centrM symmetr ic  form of the  Woods-Saxon t y p e  

(2.1) W C ( r ) ~ - - W o ( 1 - ~ e x p [ r - - r ° ] )  - 1 . [  ~ J 

(') This point will be discussed in a forthcoming paper by D. SCttUTTE. 
(lO) See for example: T. T. S. Kuo and G. E. BROWN: 2gUCl. Phys., 85, 40 (1966), com- 

pare Table 10, p. 70. 
(11) Compare K. BLEULE~: Proc. S.[.F., Course 36 (New York ond Gordon, 1966), 

p. 464. 
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This expression contains  th ree  p a r a m e t e r s :  radius  r °, surface thickness a5 and  
dep th  Wo. a5 is assumed to  be independen t  of Z and  N,  whereas r ° satisfies 
the  usual  radius  law r o ---- a ,A  ~. Wo is different for protons  and  neutrons  and  
has the  following wel l -known N-, Z-dependence  ~') (W o for protons  and  Wo ~) 
for neutrons)  

~V--Z (2.2) w~> _= ~ ± ~ 
A 

2) We add a phenomenologica l  spin orbi t  coupl ing of the  Thomas  type  

I dWC(r) 1.s 
(2.3) B ,:~ ( r ) l . s  ~ - -  ~ 3 ~  ± 

r dr h 2 

where ~=----1.41 fm. a~ is a character is t ic  dimensionless constant  and assumed 
to be independent  of N and Z. The same expression holds for protons  and  neu- 
t rons  wi th  the  corresponding po ten t i a l  We(r). 

3) For  the  pro tons  we add  the  Coulomb po ten t i a l  WCb(r) which is cal- 
cula ted f rom the empir ica l  charge d is t r ibu t ion  as measured  b y  I~. I=[O]~STADTER. 

We are ~hus left  wi th  5 cons tants  (i.e. the  pa r ame te r s  a~-~5) which 
de te rmine  the  complete  set of nuclear  po ten t ia l s  for the  spherical  regions. We 
now use the  following nuclear  proper t ies  in order  to  de te rmine  the i r  numer ica l  
values : 

1) The empiricM nuclear  charge dis t r ibut ions  wi th in  the  spherical  regions. 

2) The mean  separa t ion  energies of neu t rons  and  pro tons  as funct ions 
of Z and  N,  i.e. out" empir ica l  surfaces B ~  and B ~ .  According to  the  l IB-  
scheme they  are di rect ly  re la ted  to the  (regularized) Fe rmi  energies of the  
unknown po ten t i a l  (see Fig. 4, dashed lines). 

3) The empir ical  sequence of single-part icle levels th roughou t  the  spher- 
ical regions of the  periodic t ab le  and  the i r  re la t ive  distances.  A graphical  
survey  was g iven b y  different au thors  (3.1~). 

I n  order  to use these condit ions expl ic i t ly  the  single-particle eigenfunctions 
have  to be de te rmined  for  all r e levan t  values of SV and Z and for var ious sets 
of the  p a r a m e t e r  a~-as. The nuclear  p roper t ies  men t ioned  above  were then  
de te rmined  (and adjusted)  expl ic i t ly  f rom such a simplified single-particle 
model.  The sequence of s ingle-part icle levels for  the  (~best fit ,) is shown 
b y  the  l ight  lines in Fig. 4. I t  was in teres t ing  to realize t h a t  all three  

(r,) p. KLINKENB]gRG: Rev. Mod. Phys., 24, 63 (1952); K. BLEULER and CH. TER- 
REAtrX: Helv. Phys. Acta, 30, 183 (1957). 



5 2  K .  B L E U L E R ,  1~. B E I N E R  a n d  R .  D n  T O U I ~ R E I L  

conditions could be satisfied s imul taneous ly  (with re la t ively  small  deviations) 
al though there  is a ve ry  large ove rde te rmina t ion :  several  unknown functions 
of the two var iables  N and Z agains t  only 5 cons tants  at  our disposal.  This 
fact assures us of a cer ta in  consis tency of our method ,  especial ly in view of 
the constancy of the  po ten t i a l  dep th  p a r a m e t e r  :¢~. (Actually it  m a y  be seen 

f rom our subsequent  calculat ions t h a t  the  addi t ion  of direct in teract ions  has 
only a small effec~ on the  pa r t i cu la r  nuclear  proper l ies  invoked  here.) 

Ore" consistent values for the  5 constants  are (see ref. (3)) 

(2.4) ~l=55.51V[eV, ~ 2 = 3 3 . 2 M e V ,  ~ 3 = 0 . 3 6 ,  a 4 = ] . 2 1 f m ,  ~5-=0 .68fm.  

In  addition, we have  checked t h a t  the  po ten t i a l  dep th  and  the  ( ( symmet ry  
energy ~) of a somewhat  simplified nuclear  m a t t e r  model  are in fair  ag reement  

with the corresponding p a r a m e t e r s  ~ and  ~ (~3). Similar  values have  been 
obtained independent ly  by  P. C. So0D (~4). ~a is to a large ex ten t  de te rmined  
by condition 3) and  i t  should be no t ed  in this  connect ion t h a t  our  subsequent  
BCS-transformat ion does not  a l te r  apprec iab ly  the  sequence (and even the  
relative distances) of the  re levan t  levels a l though there  is a r a the r  large change 
of the absolute values ;  compare  Fig. 4 and  fo rmula  (4.10). The possibi l i ty  of 
a theoretical  de te rmina t ion  of a3 f rom a general ized HF-scheme  (par i ty  mixing) 
has been discussed b y  one of us (~). 

3. - The  e f f ec t ive  n u c l e a r  forces .  

In  a second stage we now have  to  const ruct  the  effective two-body  forces 
using the nucleon-nucleon sca t te r ing  da ta  (0 --300) MeV as well  as the  known 
properties of the  deuteron  (binding energy  and  quadrupole  moment ) .  I n  this 
paper  we give just  a shor t  su rvey  of the  cons t ruc t ion  of this  in teract ion,  whereas 
the details will be  conta ined  in a special p a p e r  (15). The ~wo-body potent ia ls  
proposed so far  sa t is fying the  sca t te r ing  da ta  up to 320 MeV contain  always 
a repulsive core of considerable s t rength .  They  are, therefol~,  incompal ib le  
with a t t a r t r ee -Fock  a p p r o x i m a t i o n  or a pa i r ing  theory  in convent ional  form. 
I t  has been shown (16) t h a t  even  a soft-core chosen in order  to reproduce  the  
behaviour  of the  S-phase a t  high energies has stil l  a pre judic ia l  influence on 
the binding energy  and  the  re levan t  pa i r ing  m a t r i x  elements .  To avoid these 
difficulties we propose  a po ten t i a l  suggested by  the  fundamen ta l  separa t ion  

(la) K. ERKELENZ: private communication. 
(14) p .  C. SOOD: 2~ucl. Phys., 89, 553 (1966). 
(15) 1~. B]~INEI~, K. BL]~ULER and K. F, RKELEI~'Z: E]feclive ~,uclear t~orces, to bc 

published in 5Vuovo Cimento. 
(1~) K. ERKELENZ: private communication. 
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method  of 1Vfoszkowski and  Scot t  (17). S ta r t ing  f rom the fact  t h a t  the  re- 
pulsion produced  b y  the  hard-core  is effect ively canceled by  the  inner  pal ' t  
of the  a t t r a c t i on  we define a cut-off radius for this region in such a way tha t  
the  r emain ing  long-range ta i l  of the  po ten t i a l  reproduces  the  free nucleon- 
nucleon sca t te r ing  data .  I n  o ther  words,  we de te rmine  the  cut-off radius 
direct ly  f rom the  nucleon-nucleon sca t te r ing  data .  

Our effective po ten t ia l  is based  

upon the  well-known t t~mada-gohns -  20 
ton  form, however,  wi th  free nume-  
rical  p a r a m e t e r s  in the  var ious  ana- 
lyt ical  expressions.  The cut-off radi i  
which we now inser t ,  are in general  
energy,  spin and  p a r i t y  dependent .  
They  were de te rmined  toge the r  wi th  
the  free p a r a m e t e r s  b y  f i t t ing the  
sca t te r ing  phases  and  deuteron  data .  
However ,  wi thin  the  energy  in t e rva l  
to  be considered in nuclear  s t ruc tu re  
we showed t h a t  i t  was even possible 
to choose energy- independen t  cut- 
off radii.  This implies large simplifi- 
cations in the  subsequent  calcula- 
t ions.  I t  is i m p o r t a n t  to observe in 
this  connect ion t h a t  even the  S- 300 

phases are in re la t ive ly  good agree- 
m e n t  wi th in  the  re levan t  energy  in- Fig. 3. - Energy dependence of experi- 
t e rva l  (see Fig. 3), a l though i t  is evi- mental and calculated S-phase shifts: 
dent  t h a t  the  change in sign of the  - - - -  Hamada-Johnston, - - - -  our effec- 

tive potential, o experimental. 
S0-phase which takes  place a t  abou t  
240 MeV will not  be  reproduced.  

The following ra the r  l eng thy  expression s ta tes  our final result.  

Our poten t ia l  consists of four t e rms  

0 100 2 0 0  
energy (MeY) 

(3.1) 

where C, T, LS and L L  refer  to central ,  tensor,  l inear  LS and quadrat ic  
LS potent ia l ,  respect ively.  The opera tors  812 and L12 are defined by  

3(o1" r)(~- r) 
k~12 - -  (0"1 " ~ 2 )  / ,2 

(17) S. ~[OSZKOWSKI and R. SCOT~: Ann. o] Phys., l i ,  65 (1960). 
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and 

L~2 = (a~'a2)L2-- ½ {(a~'L)(a2-L) -}- (a2-L)((~-L)}. 

The V~ (i s t ands  for  C, T, LS,  LL)  are  sp in -pa r i t y  d e p e n d e n t  and  g iven  by  

(3.2) 

o #  Vo = ]"-~ (a~-(~2)('vx"v2) YC 1 + a v Y + b o y 2 )  , 

V~ = F" ~ (x~.x~)Z(1 + a~Y) , 

V~s = #GzsY2 (1 + bLsY) , 

V ~  = #G~x-~Z(1  ÷ az~ Y + b,~ Y~) , 

where # = 140 MeV is t h e  p ion  mass  a nd  ] 2 =  0.08 t he  p ion  coupl ing  con- 

s tant .  17 and  Z represen t s  t he  cen t ra l  a n d  t enso r  func t iona l  form,  respec t ive ly ,  
of the  one-pion  e x c h a n g e  p o t e n t i a l  O P E P  

e-z: 
(3.2') Y =  - - ,  

X X 

with x = / %  r (/z c : r ec iproca l  C o m p t o n  w a v e  l eng th  of  t he  p ion  m e a s u r e d  
in fro-l).  Hence ,  for  suff iciently large r, t h e  po ten t i a l s  Vs and  V r  go over  to  

the  O P E P  (with ]2 = 0.08). The  add i t i ona l  t e rms  w i t h  t he  coefficients a and  b 

can be i n t e r p r e t e d - - w i t h i n  t he  m o d e l  of the  one-boson  e x c h a n g e  po ten-  
tials (lS)--as a c o n t r i b u t i o n  s i m u l a t i n g  t he  h ighe r -boson  exchanges .  I n  t he  

inner  region,  defined b y  t h e  cut -off  r ad ius  d, all f o u r - p o t e n t i a l  t e r m s  in (3.1) 
vanish s imul taneous ly .  I t  mus t ,  however ,  be  rea l ized t h a t  th is  reg ion  is s l ight ly  

TABLE I. - Numerical values o] the parameters and cut-oil radii d ]or the invariant subspaees 
o] the two-body system. 

Subspaccs 

even-singlct (') 
even-triplet 
odd-singlet 
odd-triplet 

el (fro) 

1.07 
1.07 
0.80 
0.80 

ao  

15 
11.5 

- -  8 

- -  2 

(*) Solution (II) of rcf. (1~). 

50 

0 
0 

12 
1 

Parameters and cut-off 

0 - -  0.003 - -  0 
0 0.007 0 
0 --0.003 9 

- -1  0 0 

GLs bLs 

0 0 
--0.17 0 

0 0 
0.23 - - 7  

(is) 1~. BRYAN and B. SCOTT: Phys. Rev., 135, B 434 (1964); C. EFTIMIU and 
K. ERKELENZ" to be published in Nuovo Cimento. 
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different for the  var ious  t e rms  according to the i r  spin and  pa r i t y  indices. The 
var ious pa r ame te r s  which de te rmine  our effective po ten t i a l  are given in Table I .  
(The cut-off radi i  d are measured  in fm,  the  (( devia t ion )~ pa ramete r s  a, b and 
the  re la t ive  po ten t ia l  s t rength  G are dimensionless). Equat ions  (3.1-2') toge ther  
wi th  this Table  define ore" potent ia l .  I t  will now be used in our subsequent  
pa i r ing  calculations.  

4. - The  pa ir ing  theory .  

We now use the  single-particle s ta te  funct ions and  the  corresponding eigen- 
values of our nuclear  po ten t i a l  W as well as the  effective nucleon-nucleon force V 
in order  to set up the  H a m i l t o n i a n  of our model.  Leav ing  out  the  pai r ing  forces 
be tween unlike par t ic les  (*) this  (~ formal  ~> g a m i l t o n i a n  has the  following struc- 
tu re :  

( 4 . 1 )  H t ° t a l = H  @ H  r .  

The two par t s  refer  to protons  (index p) and  neut rons  (index n) respect ively.  
I n  bo th  cases H has the  fo rm (**) 

(4.2) = y. + 5, J-mlvlJ' ', j ' -  
j m  j m  

j ' frt '  

where jm represents  the  usual  abb rev ia t i on  for the  comple te  set of q u a n t u m  
numbers  nl~m of our single-particle s ta tes  (the to t a l  single-particle spin is now 
denoted  by  7)- We added  the  <~ chemical  po ten t i a l  ,~ because we shall have  no 
longer sharp  par t ic le  numbers  wi th in  our a p p r o x i m a t i o n  (***). We thus have  two 
Lagrange -pa rame te r s  2n and  2p which shall be re la ted  to the  two supp lemen ta ry  
condit ions fixing the  average  par t ic le  number s  for h r and  Z. The exact  signi- 
fication of this formal  shell-model Hami l t on i an  wi th in  the  H B - a p p r o x i m a t i o n  
will be given in a fo r thcoming  paper .  

I t  contains the  character is t ic  t e rms  of the  original Hami l ton i an  of the 
n-body sys t em rewr i t t en  in a HF-bas is .  The addi t ional  t e r m  of the  form 
- -  ½ F ~, a~,~aj~, (V represents  the  average  I t F  po ten t i a l  energy per  part icle)  has 

jrn 

been dropped  because its effect amoun t s  to the  sub t rac t ion  of a constant  V/2 
in all our  e,- and  2-values. In  the  calculat ion of the  separa t ion  energies, which 

(*) This point will be discussed in a forthcoming paper by D. SCH0~TE and 
A. ~RIEDERICtI. 

(*') In a slightly different connection (description of valence nucleons) this ttamil- 
tonian had been proposed by J. R. SCHRIE~FER (Nuel. Phys., 35, 363 (1962)). 

(*") Note added in proo/s. - Calculations with sharp nucleon numbers have been done 
at our Institute by J. GARCIA: private communication. 
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are now given by  

~ ( s j -  ½V) 
- ~ - ~ + ~  ~3r 1 

this constant  (V/2) prae~ieally cancels the  t e rms  conta in ing the  der iva t ives  

with respect  to  the  par t ic le  n u m b e r  N.  Wi th in  the  res t r ic ted  f r ame  of our 
i t ami l ton ian  (4.2) we therefore  ob ta in  the  separa-tion energies just  f rom the 
resulting Z-values. The addi t ional  t e rm,  however ,  is needed if the  to t a l  bind- 

ing energies were considered. 
We now pe r fo rm the ~ classical ~ Bogol iubov-Vala t in  t r ans fo rma t ion  

~,2 = ~ , d , ~ - ( - V - % ~ , _ m ,  (~.3) 

yielding 

(4.4) 

with 

and 

(4.5) 

2 2 ~ ,  ~ j  ~-  Vj 

2 1 T---m 

Jm  

T--m "~ 

Jm 

+ ~[(~j__)~ ÷ ~8~)(__)~---mV~U~ + 1 2 V ~ + + + :A~ ,~ ( u~ -  j)J(4%,~j_.~ + ~_,~.~) 

~- Hia ~ ~ Hoo ~-  H a l  --j- H20 ~-- H i a  ~ ' 

b~ ~ <jm, j-mlVl(Ym, j - m ) - ( j - ~ ,  jm)>vy 

A.~ ~- ~ <j'm',  j ' - - m ' [ V [ i m ,  ] - -  m>(--) '~'v,.u. • 

In  view of the spherical  s y m m e t r y  of V we have  the  following m-dependence 
of Aj~: 

Aim = A~(--) ~-~ , (4.6} 

with 

A,~ ~ <ym', j '--m'lVtjm, i - m > ( - )  ~+~ . . . . .  'v.uj.. 
9"~' 

The usual condit ion H20 = 0 yields,  if we neglect  the  be,- (*), 

(4.7) 2 ( ~ - -  1 ) % %  + 2 2 Aj(%--vj) = O. 

(*) The 6s~- lie between 0 and Gjj, where Gjj represents the diagonal elements of 
the gap matrix. (This follows from (4.8) and 0<v~<l).  They are therefore, in ge- 
neral small (see Part  II ,  Tables 10 and 11 of Appendix B). On the other hand, within 
the HB-frame, matrix elements of this diagonal type contribute directly to the HB 
self-consistent potential (see ref. (7,s)), and the corresponding change of sj is just given 
by ~sj. 
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In t roducing  the (~ gup mat r ix  ,> G by  

(4.8) Gji,~ 
2 

(2] + 1)(2]' + 1) ~ (-)  ~+r-~-~, <j,,, j _  ml-  virtu', j ' -  m'}, 
m'  

the  solution of (4.7) (with (4.6)) follows from the well-known system of gap 
equations (this system cor responds- -by  a redefinition of the s j - - to  the ((pair- 
ing pa r t  )) of the  HB-equat ions)  

(4.9) 

where 

I ~ ~_ (ljj, Aij, ' 
~ = - ~  ., (] '+ ~' E~, 

(4.10) 

if we pu t  

E~ ~ + ~/(ej--  ;t) ~ + A~, 

(4.11) vj~---~ 1 E~ ' ~ 1 Ej  ] '  u~v~ . 

The ground states [0) are now determined  f rom 

(4.12) ~..lO) = 0 for all ira, 

and one obtains for the expec ta t ion  value of the  part icle numbers  

(4.13) <o1~ * '~,mlO) ~ ( 2 ] +  1)v~ a i m  = . 
Jm ~ 

Therefore,  the supplementary  conditions reud 

(4.14) 
[ Z for the  p ro ton  sys tem,  

( ~  + 1)vy = 
~ [ N for the neu t ron  sys t em.  

Oar  (~ diagonMized )> Hamil tonian  now has the form (omitt ing the remaining 
in teract ion among the  quasi-particles) 

(4.15) H = ~ (] + ½) ( ~ -  4) 1 --  
E~ 2E~] ÷ ~ J ~ J ~  " 

Our system of equat ions ((4.8), (4.9), (4.10), (4.14)) has been solved numerieMly 
(computer)  for all <<ideal ~> nuclei ((Z, _~(Z)) and (Z(N) ,  N) )  s i tuated on the mid- 
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dle line (N = N(Z)) of the  flow of stable e lements .  In  each ease all re levant  
s ta tes  ] which occur wi th in  the  gsp  equut ion (~.9) were t aken  into sccount ;  the 
G~s were c~tculated expl ic i t ly  f rom (4.8) ~nd the  exp~'essions (3.1) snd  (3.2) for 
the  nuclear  forces using the  Moshinsky method .  All details are to be found 
in P a r t  I I  of this work.  

protons 
10 30 50 

~k ~ ~/ ~ 
70 90 

i i 

q~ 

i 8 
r ~  

12 

b) 7 - / 2 ~  13-/2 
9-/2 / 

• +, +, , + ,  5+/2 7+/2 11-/2 1+/2..3+/2 ~ ~ : : : :  
/2 3,/2 5-/2 9 72 ~ ~ ~ ~ /,)~"~--.~__ 

/1+/2 i 7-/2 3-/2 ~ 1-/2 / ]""--..~. ~ ~ ,f ~ 

= 8 
'T 

c/ 9-'/2 ~ 
7-/2 3-/2 ½- .... . . , ~ - - - . . ~  

~ ~ ~ ~ ' ~ . . ' ~ % .  9 - / 2  13+72 5- /2 1-/2 
' ~ \  s+/2 7u2 ~/2 11~2 

"/2: '' ~ ~3+/2 \7-/2 \ \\1-/2 ~9+/2 

~ = h  °o oo 

O[  i i i  J J l  J J } l l l l l l l  J l l l l  111  J l l  I l l l l J l l [  ] I I I i i I 

10 30 50 70 90 110 130 
neutrons 

Fig. 4 . -  Comparison of separation and pairing energies: 2E~n: theoretical pairing 
energy of protons, Pp: experimental pairing energy of protons, --  2p: theoretical mean 
separation energy of protons, B~:  experimental mean separation energy of protons, 
2E~jn: theoretical pairing energy of neutrons, P~: experimental pairing energy of 
neutrons, --2n: theoretical mean separation energy of neutrons, B2~: experimenta] 

m~n. broken histogram: mean separation energy of neutrons, a) Full-line histogram: 2E 4 , 
Pp; b) • • • --).p; © - - - - 0 - - - - 0  B2,, s4; or'ginal Fermi 
limits (without pairing); c) • • • --2~; O - - - - 0 - - - - 0  B~;  e&; 
- - -  original Fermi ~imits; d) full-line histogram: 2E ~ .  broken histogram: P~, 
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The solutions yield the  numerical  values for our characterist ic  functions 

(4.16) A,(Z, 57(Z)) Ap(Z), ~,(N) ; Ej,(Z) and Ej~(N), 

which direct ly represent ,  wi th in  our res t r ic ted frame,  the  mean separa t ion  

energies B~  for protons and B z for neutrons as well as the exci ta t ion energies 
of the  quasi-protons and  quasi-neutrons.  These <~ theoretical,> funct ions can 
be direct ly compared  to the corresponding empir ical  curves which were ob ta ined  
by  the  <~ intersections ~> ( through the middle line) of our energy surfaces (com- 
pare  Fig. 1 and 2). We therefore  plot  theore t ica l  and empirical  curves just  
wi th in  the same d iagram (Fig. 4 and 5) which thus  contain our ma in  results 
in a comprehensive form. 

5 .  - C o n c l u s i o n s .  

Our graphical  representa t ions  give the possibi l i ty  of a direct compar ison 
be tween  our calculated values and the  empir ical  data .  I n  Fig. 4 (middle par ts )  
we have  p lo t ted  empirical  and  theoret ical  mean  separat ion energies, whereas  
some typ ica l  examples  of generalized separa t ion energies of odd-N nuclei are 
shown in Fig. 5. The empir ica l  and  theoret ica l  curves are in good agreement  over  
all the  spherical  regions; the  correspondence of the  s teps which occur at  the  
magic  numbers  and the  r a the r  typica l  behav iour  of the  exci ted s ta tes  should 
be noted.  We have, however,  a ra ther  large energy scale in our represen-  
t a t ion ;  the  absolute deviat ions for the  separa t ion  energies are, therefore,  
quite appreciable  a l though small  compared  to  the  to ta l  depth  of the  nuclear  
potent ia l .  

On the  other  hand,  there  is even a be t t e r  agreement  if we compare  o u r  
theoret ica l  values for the  (( gap >> direct ly wi th  the  empir ical  da ta  ob ta ined  
f rom the even-odd mass  differences. Such a compar ison is shown in Fig. 4 
(top and  b o t t o m  parts) .  Theore t ica l  values (full-line his togram) are calculated 
f rom formula  (4.10), whereas  the  empir ica l  da ta  (broken h is togram) are 
t a k e n  f rom the Mat taueh  tables.  I t  should be  po in ted  out t ha t  the  abso- 
lute  values as well as the  typ ica l  var ia t ions  wi th  Z or N of the  pa i r ing  effect 
are in good agreement .  This is ra ther  sa t i s fac tory  because the gap values are 
pe rhaps  the  most  character is t ic  results of our calculations. 

I n  view of the general  correspondence (especially wi th  respect  to  the  N-,  
Z-dependence of our results) i t  should be emphasized  t ha t  only 5 constants  
(~1-~5) had  to be adap ted  wi th in  our scheme, using to a large ex ten t  experi-  
men t a l  da ta  which are not  direct ly related to the  present  ones (e.g. charge 
distr ibutions,  etc.). The remain ing  discrepancies wi thin  the region of heavier  
e lements  are perhaps  due to  the  fact  tha t  we choose a nuclear po ten t ia l  of 
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loca l  c h a r a c t e r ,  w h e r e a s  t h e  H F -  or  l i B - p o t e n t i a l s  e x h i b i t  r a t h e r  s t r ong  non-  

loca l i t i es .  (This  f a c t  m a y  also be  seen  f rom t h e  e m p i r i c a l  e n e r g y  l o c a t i o n  

of t h e  d e e p - s e a t e d  s i n g l e - p a r t i c l e  s t a t e s ) .  Our  n e x t  t a s k ,  t he r e fo r e ,  is (as a 

f irst  s tage)  a n u m e r i c a l  t r e a t m e n t  of t h e  H F - a p p r o x i m a t i o n  us ing  t h e  s ame  

ef fec t ive  t w o - b o d y  forces  (*). The  p r e s e n t  s i n g l e - p a r t i c l e  w a v e  func t ions  

cou ld  t h e n  be  i n t r o d u c e d  in  a f irst  s t ep  of t h e  i t e r a t i o n  process .  

The  c o m p l e t e  n u m e r i c a l  r e su l t s  a n d  a more  d e t a i l e d  d i s cus s ion  wil l  be  g iven  

in  P a r t  I I  of t h i s  work .  

W e  t h a n k  t h e  c o m p u t e r  c en t e r  of t h e  R h e i n i s c h - W e s t f ~ l i s c h e s  I n s t i t u t  

f i i r  I n s t r u m e n t e l l e  5 f a t h e m a t i k  in  B o n n  where  t he  n u m e r i c a l  ca lcu la t ions  

h a v e  been  done .  

The  a u t h o r s  wish  to  t h a n k  Profs .  J .  R .  SCItRIEFFER, S. ]2V[0SZKOWSKI and  

]~. ~q~OSHINSKY for  m o s t  v a l u a b l e  d i scuss ions  on th i s  sub j ec t .  

(') 2gore a d d e d  i n  p roo] s .  - Such HF calculations with the effective potent ia l  (3.1) 
are being done at ttle same inst i tute (H. PETRY and D. SCrIiJTTE: to be published). 

RIASSUNTO (*) 

Si appliea la teoria dell 'accoppriamento (metodo di BCS) ai nuclei sferici allo scopo 
di calcolare alcune propriet~ fisiche caratteristiche. I punt i  principali  sono: i) inser- 
zione d i u n a  effettiva (realistica) forza di due nueleoni negli elementi della matrice di 
accoppiamento;  ii) definizione di un potenziale nucleare fenomenologico allo scopo di 
determinare gli s ta t i  di particella singola. Si ~ o t tenuta  l ' interazione di due nucleoni 
effettiva dall 'espressione di Hamada-Johnston per mezzo @1 proeedimento di Scott- 
Moszkowski; il gruppo completo dei potenziali  nucleari (@1 tipo di Saxon-Woods) eon- 
tiene 5 costanti  ehe sono state determinate dalle propriet£ nucleari speeifiehe (dater- 
minazione empirica del eampo auto-compatibile che interviene nel t ra t tamento  di 
Hartree-Bogoliubov). S i g  risolta numericamente l 'equazione del gap tenendo eonto 
di tu t t i  i pitt impor tan t i  s ta t i  di partieella singola. Si r iportano in diagramma i r isultati  
finali (energie di separazione ed eceitazione di quasi particella) assieme ai corrispondenti 
dati  empirici in funzione del numero di nucleoni (Figure 3 e 4). Si ha un aceordo sod- 
disfaeente proprio entro le regioni sferiche; si deve mettere in rilievo in particolare la 
corrispondenza fra le irregolarit£ tipiche ai humeri magici e fra le variazioni caratteri- 
stiehe dei livelli di quasi particelle e delle energie di aceoppiamento. 

(*) T r a d u z i o n e  a curet de l la  Redaz ione .  
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l l p n 6 . ~ t ~ e n x e  cnapHBauH~ B c~epxqecg~4x ~,~pax. - I.  

Pe3Iome (*). - -  Teopns  cnapnBannn (MeTO~ BCS) npriMertaeTc~t r cqbepn~eCKnM sapaM 
~stn BbI~HcneHrrn HeKoTOpblX xapaKTepncTnnecKrtx ~bH3nneCK~X CBO~CTB. FaaBIa~,IMrI 
npo6neMaM~i nBYI~IIOTC~I: 1) BBe~enHe 3qbqbeKTnBrrOR (peaylrlCrrtqHO~) ~tByx-rIyKnOHI~O~ 
CnStbr S MaTpH~rmm 3neMerrT~,i criaprmarm~; 2) onpe~eszerme qbenoMerronorn~ecKoro 
n~ep~oro  noTenmrana aSLq om~cann~t oarmqacTn~XHb~X COCTOnHn~. Hosly~aeTcn, ~TO 
3qbqbeKTnSrroe ~Byx-nyr~oHI~Oe B3aHMo~e~CTBne nprtrmMaer BI~ Bb~pa)xerm~ XaMa~a- 
~a~OHCTOHa rtocpe~cTSOM npoL~e~yp~,I CKOTTa-MouKOBCKOrO; nom~a~ CrmTeMa ~ e p m , i x  
noTenunanoB (Tnna Carcorra-Byaca) co~epzcnT 5 ~Or~CTaHT, XOTOp~Ie ortpe~eanlOTC~ n3 
cneundpr~aec~nx ~epm~zx CBO~CTB. (3MaTnpn~ec~oe onpe~enem4e CaMOCOFJIacoBaHHoFo 
nosm, BcTpe~aromeroc~ ~ Tpa~TOB~e XaprpmI3oronm6oBa. )  Ypasrremte m e a n  pe tuaercz  
~ncneni~o, npmrrtMaz BO BrrnMaHne Bce OTHOCnttraec~ r aeny o~Ho-~acvnarn, m cocTonrmn. 
O~oH~aTem, rmm pe3yn~TaTr,~ (grreprrlrt oTaenerma H rBa3rr~acTn~able Bo36y~aerrrI~) 
n COOTBeTCTByIOmrle 3Mampnqecrrm aaHH~,ie B~,lqepqriBamTC~l O~HOBpeMermo ~¢ar qbyHxtU~n 
aTOMrr~x rmMepoB (pacynxrt 4 n 5). CymeCTByeT y~oa~eTaopnxem, noe  cor0aacHe nntm, 
BrlyTprt cqbepn~iecKnx o6aacTe~, n ~acTrtOCTrr, cae~yeT OTMeTr~TS COOTBeTCXar~e Mem~y 
THII~ItlH'blMH ueperyJtnprroCTnMrr rtpa Marnqecrmx ~ncnax rt Merely xapaKTpepHcTHqecxrrMn 
H3MeHeHHflMrI r.aa3r~acTr~n~,~x ypoBrre~ rt 3Heprn~ cnapnBarmn. 

(') IlepeoeOeno peOatcque(t. 


