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Summary. - -  The forms of the second law due to Carathdodory, KeIvin 
and Clausius are examined. The possible forms of thermodynamics  which 
may  be deduced from each of these statements are found before the con- 
nections between the separate forms of the law itself are examined. I t  is 
feund that  the usual proof of the equivalence of the Kelvin and Clausius 
s tatements is inval idated at  negative absolute temperatures.  However, 
i t  is shown tha t  the Clausius s tatement  is equivalent  to the modified 
form of the Kelvin principle which is applicable for both positive and 
negative absolute temperatures.  

1 .  - I n t r o d u c t i o n .  

T h e  second  l a w  of t h e r m o d y n a m i c s  has  b e e n  s t a t e d  in  v a r i o u s  d i f f e ren t  

ways .  T h e  t h r e e  fo rms  w i t h  w h i c h  th i s  a r t i c l e  is c o n c e r n e d  a re :  

a) Cara th6odory~s  p r i n c i p l e  t h a t  a l l  p o i n t s  A in  t h e r m o d y n a m i c  p h a s e  

space  a r e  / - p o i n t s ;  t h a t  is, i n  e v e r y  n e i g h b o u r h o o d  of e v e r y  p o i n t  A t h e r e  

a r e  p o i n t s  a d i a b a t i c a l l y  i n a c c e s s i b l e  f rom A.  

b) K e l v i n ' s  p r i n c i p l e  t h a t  i t  is i m p o s s i b l e  to  t r a n s f o r m  an  a m o u n t  of 

h e a t  c o m p l e t e l y  i n to  w o r k  in  a cyc l ic  p rocess  i a  t h e  a bse nc e  of o t h e r  effects .  

c) C laus ius '  p r i n c i p l e  t h a t  i t  is impo ss ib l e  to  t r a n s f e r  a n  a m o u n t  of h e a t  

f r o m  a b o d y  to  one w a r m e r  t h a n  i t se l f  in  a cyc l i c  p rocess  in  t h e  a b s e n c e  of 

o t h e r  effects .  

(') To speed up publication, the author of this paper  has agreed to not receive 
the proofs for correction. 
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Since these are all supposed to be s t a t emen t s  of one l~w, it  is desirable to  know 
if they  are equivalent  and,  if not ,  in what  sense each of these forms implies 

the  others. 
I n  the  following Sections, the  connect ion be tween s t a t ements  a) and b) 

and be tween s t a t emen t s  a) and c) will be examined  before the  seemingly more  
s t ra ight forward  ease of the  connection be tween  the  Kelv in  and Clausius 

forms is considered. 

2.  - Types  of  t h e r m o d y n a m i c s .  

B y  assuming the  va l id i ty  of the  Kelv in  or CarathSodory principles (1 ,2) ,  

an expression for the  absolute  t empera tu re  T in te rms  of the  empir ical  tem- 

pe ra tu re  t m a y  be found:  
t 

to 

where C is an a rb i t r a ry  cons tant  and to refers to a s tandard  value of the  empir-  
ical t empera tu re .  

I f  the  fur ther  deve lopment  of the  subject  is based on Cara th~odory 's  prin- 
ciple, two choices arise a t  this  point .  Fi rs t  the  ehoiee of sign for the  constant  C. 
The second choice arises f rom the real izat ion t h a t  an empir ical  t e m p e r a t u r e  
scale m a y  be chosen so t h a t  heat  tends to flow f rom places of high empir ical  
t e m p e r a t u r e  to those of low empirieal  t empera tu re ,  or it  flows in the  reverse 
direction. These choices give rise to four possible types  of the rmodynamics ,  
all similar in logical s t ruc ture  bu t  dist inct  in detail  (3). 

Al ternat ive ly ,  if the  fur ther  development  is based on Kelv in ' s  principle,  
the  choice of sign for the  cons tan t  C remains  b u t  the  choice of direct ion of 
hea t  flow in te rms of empir ical  t empera tu res  does not  remain.  This follows 
since, if i t  is permissible for hea t  to flow f rom places of low empirical  t e m p e r a t u r e  
to those of high empir ieal  t empera tu re ,  a process m a y  be envisaged which violates  
Ke lv in ' s  principle: A process m a y  be considered in which an a m o u n t  of 
hea t  is pa r t l y  eonver ted  into  work, the  r emainder  having  passed f rom a hot  
reservoir  to a cooler one. I f  i t  is possible to t ransfer  hea t  f rom low to high 
t empera tu res ,  this q u a n t i t y  of heat  m a y  be re turned  to the ho t t e r  reservoir.  
The end result  of these two processes is a v iola t ion of Kelv in ' s  principle. :Hence, 

(1) M. W. ZF~MANSKY: A??b. Journ. Phys., 34, 914 (1966). 
(2) p. T. LANDSBERG: Thermodynamics with Quantum-Statistical Illustrations (New 

York, 1961), p. 56. 
(a) See P. T. LANDSBERG: Thermodynamics with Quantum-Statistical Illustrations 

(New York, 1961), p. 68. 
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the empir ica l  t empera tu re  scale mus t  be  such t ha t  hea t  tends to flow f rom places 
of high empir ical  t e m p e r a t u r e  to these of low empir ical  t empera tu re .  

I t  is seen, therefore,  t h a t  a discussion b~sed on the  Kelv in  s t a t emen t  of the  
second law leads to two types  of the rmodynamics .  Those are the  types  I and  I I  
shown in Table  I .  The Cara th6odory  s t a t emen t  leads to M1 four possibilities 
and, b y  examining  the Table,  i t  m a y  be noticed t h a t  Clausius'  principle leads 
to t he rmodynam i cs  of types  I and  IV. Fu r the r  proper t ies  of the four types  
of t h e r m o d y n a m i c s  are given b y  LANDSBERG (3). 

T A B L E  I .  -- Types o/ thermodynamics. 

Type I I I  I I I  IV 

Direction of heat flow irt terms 
of empirical temperature 

Sign of the absolute temperature 
(i.e. sign of C) 

Direction of heat flow in terms 
of absolute temperature 

high --> low 

pesitive 

high -> low 

high ~ low 

negative 

low + high 

low -+ high 

positive 

h)w + high 

low -~ high 

negative 

high ~ low 

3. - Connection between the principles of Carath6odory, Kelvin and Clausius. 

I t  has been shown a l ready t h a t  Kelv in ' s  pr inciple  does imply  the  principle 
of Cara th6odory  (4) and the  sense in which Cara thSodory ' s  principle implies 
t ha t  of Ke lv in  has been examined  fully also (5). I t  r emains  to consider the  con- 
nect ion be tween  the  Cara th6odory  and Clausius s t a t emen t s  and tha t  be tween  
the Ke lv in  and Clausius s t a t ement s .  

3"1. _Principles o/ Carathdodory and Clausius. ~- As was seen in Sect. 2, 
Cara th6odory ' s  principle leads to the  conclusion t h a t  ei ther:  

1) hea t  flows f rom places of high absolute  t e m p e r a t u r e  to those of low 
absolute  t empera tu re ;  or 

2) hea t  flows f rom places of low absolute t e m p e r a t u r e  to those of high 
absolute  t empera tu re .  

I Ience ,  to  ob ta in  Clausius' pr inciple  f rom Cara th6odory ' s  principle,  i t  mus t  
be assumed tha t  1), r a ther  t h a n  2), holds. I t  is only in this sense tha t  Clausius '  
principle m a y  be deduced f rom Carath6odory 's  principle.  

The p rob lem of deducing the  principle of Cara th6odory  f rom tha t  of Clausius 

(4) p. T. LANDSBERG: Nature, 20i, 485 (1964). 
(5) j .  DUNNING-DAvIES: Nature, 208, 576 (1965). 
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mus t  now be examined,  Suppose phase  space contains one point  A which vio- 
la tes  Carath6odory 's  pr inciple;  t ha t  is, the poin t  A possesses a neighbourhood N, 
all points  of which m a y  be reached adiabat ica l ly  f rom A. Also, suppose the 
point  A lies on the i so the rm of t empera tu re  T1; as i l lus t ra ted in the  l~igure. 
Le t  B be a second point  on this isotherm, such t ha t  during the  quasi -s ta t ic  
i so thermal  process which takes  A into 
B, the  sys tem gives up an am oun t  of c • o r 2 

hea t  O. The point  B m a y  then  be linked 
wi th  a point  C, which lies on the  iso- 
t h e r m  of t empe ra tu r e  T2 ( T , >  T1), by  
a quasi-s ta t ic  ad iabat ic  process. The point  
D which also lies on this second iso- 

, 7, 
t h e r m  is chosen such t h a t  during the  a 
quasi-s ta t ic  i sothermal  process which takes Fig. 1. 
C into D, the  sys tem absorbs  an amount  
of hea t  Q. Since the  points  are assumed to lie wi thin  the  neighbourhood 
N,  i t  is possible to r e tu rn  f rom D to A b y  a quasi -s ta t ic  ad iaba t i c  process. 
Hence,  in the  cycle A B C D A ,  due to conservat ion  of energy, the  work  done 
in stages two and four m u s t  cancel. Thus, the  net  result  is the  t ransfer  of an 
a m o u n t  of hea t  Q f rom a reservoir  to one wa rmer  t h a n  itself;  con t r a ry  to 
Clausius'  principle. I t  follows tha t  points such as A cannot  exist. Therefore,  
in every  neighbourhood of every  point  C in t h e r m o d y n a m i c  phase  space there 
are points  adiabat ica l ly  inaccessible f rom C. 

3"2. Principles o] Kelvin and Clausius. - I t  is cus tomary  to regard  these 
two forms of the second law of the rmodynamics  as being equivalent  and  a proof 
of this equivalence is g iven in some tex tbooks  (6.7). However ,  f rom the preceding 
discussion, i t  is seen t h a t  this  is not  s t r ic t ly  so. The  sense in which Cara th4odory ' s  
principle implies t h a t  of Ke lv in  is different f rom the sense in which i t  implies 
the  Clausius s t a t ement .  The proof of the  equivalence of these two s t a t emen t s  
is inva l ida ted  only a t  nega t ive  absolute t empera tu res ,  as has been pointed  
out  before (8). 

The modified fo rm of the  Kelv in  principle which is applicable for  bo th  
pos i t ive  and negat ive  absolute  t empera tu res  s ta tes  t h a t  in a cyclic process, 
in the  absence of other  effects, hea t  cannot  be  conver ted  comple te ly  into work 
for s ta tes  of posi t ive  absolute  t e m p e r a t u r e  and  work cannot  be conver ted  com- 
p le te ly  into hea t  for s ta tes  of negat ive  absolute  t empera tu re .  I t  is now neces- 

(s) M. W. ZE.~IANSX¥: Heat and Thermodynamics (New York, 1957). 
(7) See P. T. LANDSBERG: Thermodynamics with Quantum-Statistical Illustrations 

(New York, 1961), p. 177. 
(8) j .  G. Powr~Es: Contemp. Phys., 4, 338 (1963). 
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sary to consider the  connect ion be tween  this modified Kelv in  principle and  
the  Clausius principle. 

As has  been pointed  out (~), i t  migh t  be t hough t  possible to violate  the  
Clausius principle b y  construct ing a ~aachine which would ex t rac t  heat  f rom 
a reservoir  and  convert  i t  in to  work  wi thout  other  effects. This work could 
then  be  conver ted  into hea t  which is t ransferred to a ho t t e r  reservoir.  This 
would v io la te  the  Clausius principle.  However ,  f rom the modified Ke lv in  
principle,  i t  is seen tha t ,  a t  pos i t ive  absolute  t empera tu res ,  the first step in 
this process is impossible and,  a t  nega t ive  absolute t empera tures ,  the second 
step cannot  be achieved. Hence,  the  modified Ke lv in  s t a t emen t  does imply  

the  Clausius s ta tement .  
I t  is known a l ready t ha t ,  for  posi t ive  absolute  t empera tu res ,  Clausius'  

principle does imply  the  modified Ke lv in  principle {6.7). Fo r  the  case of nega t ive  
absolute  t empera tu res ,  suppose the  modified Ke lv in  principle is false, and 
const ruct  a machine  M which can conver t  an a m o u n t  of work complete ly  into 
hea t  in the  absence of other  effects. Also consider the  process in which hea t  
is t ransfer red  f rom one body  to a warmer  body,  this  being achieved b y  the  
p roduc t ion  of work.  By  using the  machine  M ,  this  work m a y  be conver ted  
comple te ly  into heat .  The end result  of this two-step process is tha t  hea t  has 
been t ransfer red  f rom a body  to one warmer  than  itself in the  absence of other  
effects. This violates Clausius' principle. Hence,  the  Clausius s t a t emen t  does 
imply  the  modified form of the  Ke lv in  postula te .  

Therefore,  a l though the original principles of Ke lv in  and Clausius are  
equivalent  for posi t ive absolute  temper:~tures only, the  modified Kelv in  prin- 
ciple and  the  original Clausius s t a t emen t  are equivalent  for bo th  posi t ive and  
negat ive  absolute  t empera tures .  

(~) N. F. R ~ s ~ Y :  t )hys .  Rev . ,  103, 20 (1956), alJd papers cited there. 

R I A S S U N T O  (*) 

Si esaminano le forme della seconda legge dovute a Carath6odory, Kelvin e 
Clausius. Si trovano le forme possibili di termodinamica cite si possono dedurre da 
ognuna di esse prima di esaminare le connessioni fra 10 diverse forme della legge stessa. 
Si trova ehe la solita dimostrazione dell'equivalenza delle formulazioni di Kelvin e 
Clausius non ~ pifi va.lida per temperature assolute negative. Si dimostra che l'enunciato 
di Clausius b equivalente alla forma modificata del principle di Kelvin che ~ applicabile 
a temperature assolute sin positive che negative. 

(*) Traduzione a cura della Redazione. 
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COOTH0meHII~ M e ~ y  Da3JIHqHblMH cb0pMaMH BTOpOFO 3aKoHa TepMo~HHaMHKH. 

Pe3mMe (*). - -  I43y~a~oxc~ qbOpMbI aToporo  3aKoHa TepMo~nrlaMrlr_q, pa3pa60Tannbie  
KapaTeo~opH, KeYlbBHHbIM I4 I(nay3HycoM. Ogpe~eyta~TCn BO3MO)KHble qbOpMI, I wep- 
MO~rlHaMnKrI, rOTOp~,Ie MOryT 6blTb BbIBe~eHbI rI3 ra3K~oro n3 3TrlX yTBep~eHt t~ ,  nepeg  
TeM Kar nCCJIe]XOBaTb COOTHOtUertr~g Meg~y OT~eJIbHhrM~t qbopMaMri caMoro 3aKona. 
.Ofaapyx~eHo, ~TO 06br~rtoe ~oKa3aTeSlBCTBO 3KBHBaJTeH'rHOCTH y r a e p x ~ e n n ~  KeJiz,mma 
i.,I I'(Jiay3rlyca He ClIpaBe,~.qaBO IIpH OTp~ll~aTeYlbI-IbIX a6CO.IItOTItI:,IX TeMiIepaTypax. O]~HaKO, 
IlOKa3MBaeTc.% ~tTO ~oprly.rmpoBKa Knayanyca  3KBrlBa.neHTHa MO~IlqbrtlmpoBarlHO~ qbopMe 
IlpmilarliIa KenbBrlna, KOTOpblI~ IIpI, IMeHHM H ,~3I.q IIOnOXaTeSlbrlI, IX rI ~JI~t oTpm~aTeJit,rmlX 
a6COJIrOTHblX TeMnepaTyp. 

(') IlepeaeOeno peOaKque~. 


