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Summary. -— Linear transformations are considered, which preserve the
(anti-) commutation rules, but not the Hermiticity relation, for (fermion)
boson creation and annihilation operators; these transformations lead
to Fock space representations on biorthogonal bases of the operator
algebra. As an application, an extension of Wick’s theorem to matrix
elements of an arbitrary operator between two different quasi-particle
vacuums is derived. This theorem is useful for caleulations which go beyond
the variational Hartree-Foek-Bogoliubov methods (H.F.B. with projection,
generator co-ordinate method, etc.). A canonical decomposition for
Bogoliubov transformations is established, which proves useful, for
instance in the caleulation of the overlap of two different guasi-particle
vacuums.

1. — Introduection and summary.

In the simplest variational approaches of the many-body theory, quasi-
particle vacuum states are taken as trial wave functions: quasi-particle operators
a;,, af (¢=1,2,.., N) are first constructed, as canonical linear combinations
of the original creation and annihilation operators; the trial wave function is
then the corresponding vacuum [0),. For instance in the Hartree-Fock theory,
|0>, is a Slater determinant; in the Bogoliubov-Valatin (') theory of super-
conductivity, [0), is a B.C.8. state (?); in the case of bosons, the linear canonical

(1) N. N. BocortuBov: Zurn. Eksp. Teor. Fiz., 34, 58 (1958); Nuovo Cimento,
7, 795 (1958); J. G. VALATIN: Nuovo Cimento, 7, 843 (1958).
(2) J. BARDEEN, L. N. CooPER and J. R. SCHRIEFFER: Phys. Rev., 108, 1175 (1957).
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transformation building a, and a:f is inhomogeneous, so as to describe either
Bose condensation (*) or coherent states (4).

Such trial functions do not have in general the same invariance properties
as the Hamiltonian. In order to restore the broken invariance, one often projects
the state |0), on the subspace characterized by the correct quantum numbers (°).
The resulting projected state |y) is a superposition of various states of the type
[0>,. For instance, in the theory of deformed nuclei, the H.F. wave function
|0, mixes various angular momenta; its projection on a given J is realized by
superposing all the 0>, deduced from one another by rotation (¢); similarly
the projection of a B.C.S. state (or a boson state) on a subspace with given
particle number (2) involves the set of |0), deduced from one another by the
gauge transformation @, = a,¢*”. In the calculation of {y|H|y), one has then
to evaluate quantities of the form ,{0[A4]0),, where A is some product of anni-
hilation and creation operators.

More generally, it is necessary to evaluate matrix elements ,{04|0>, each
time the trial function is a superposition of quasi-particle vacuums. This is the
case in the generating co-ordinate method (7), and also for instance in the varia-
tional treatment of Anderson’s model for localized moments (3).

In the following (Sect. 4), a generalized Wick’s theorem is proved, which
simplifies the calculation of such matrix elements. Namely, it will be shown that

L0 4]0,
L0[05,

(1) (Ada =

is expressed, exactly in the same way as for the ordinary Wick’s theorem (°),
for which |0)>, = |0),, as the sum of all possible completely contracted products.
The nonvanishing contractions are here

(2(1) <ai>ab

(for bosons only), and

i — 4
(26) G0y = {8;0;)0 — {W;Day<A;Dap » a,6;=0,.

(3) N. N. Bogorrvsov: Zurn. Eksp. Teor. Fiz., 11, 23 (1947).

(%) R. J. GLAUBER: Phys. Rev., 131, 2766 (1963).

(®) P. O. LowpiN: Phys. Rev., 97, 1509 (1955); R. E. PrierLs and J. Yoccoz:
Proc. Phys. Soc., AT0, 381 (1957).

(8) J. Yoccoz: Proc. Phys. Soc., AT0, 388 (1957).

() D. L. Hir. and J. A. WHEELER: Phys. Rev., 89, 1102 (1953); R. E. PEIRLS
and D. J. TeoULESs: Nucl. Phys., 38, 154 (1962).

(8) P. W. AxDERSON; Phys. Rev., 164, 352 (1968).

" G. C. Wick: Phys. Rev., 80, 268 (1950).
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The explicit values of these contractions (eqgs. (56-63)), and the overlap ,(0[0),
(eqs. (66, 67)) are also given below in terms of the coefficients of the Bogoliubov
transformation {a,, al} = {3,, 1.

This extension of Wick’s theorem to {(4), had already been noticed by
Lowdin (*°) in the special case when |0>, and |0), were Slater determinants,
and applied in nuclear physics to describe rotational bands (or R.P.A. vibra-
tions) (1?). Lowdin’s derivation however, based on Sylvester’s identity for
determinants (12), failed for B.C.S. states, and for bosons. Thus, his result
could not be applied, for instance, to the calculation of pairing vibrations in
nuelei (%), since |0, and |0>, are then B.C.S. states. It would be possible to
extend his method to that last case, by expressing |0, as J] 8:/0>, (within a

{

normalization factor), and by making use of the extension to Pfaffians (34) of
Sylvester’s identity. In fact, a simpler and quite general method is used in
the following.

The main tool will be (Sect. 2) the introduction of linear transformations
{a., al} ={d,, d;} which preserve the canonical (anti-) commutation relations,
but not necessarily the Hermiticity relation (d; d:f), thus generalizing the
Bogoliubov transformations (>'*). To such a transformation on the operator
algebra, is associated a simple, but nonunitary transformation on the states
jn,m, ...>, of the Fock basis associated to the operators a,. It yields two biortho-

gonal bases |n,n,...>; and ,(n,n, ...| associated to the operators d,; in particular,
the right and left vacuums |0), and |0), are not the same state. We shall take
advantage of this freedom (in Sect. 4) to construct a set of d, such that [0,
and ,{0| are respectively proportional to [0>; and ,(0|. It will then follow that
{AY4 = 4<0]A4]0Y,. For any operator D, product of any number of d; and d,,
the extension of Wick’s theorem to ,(0|D|0),is obvious, since the usual derivation
only relies upon the commutation relations of the création and annihilation
operators, and not on their Hermiticity relation. The original creation and
annihilation operators being linearly related to the {d., d.}, the extension of
Wick’s theorem to (4>, follows.

In Sect. 3, we show that a linear transformation .7 on fermion or boson
operators (which preserves the commutation relations) is in general equal to

(1) P. O. LowpiN: Phys. Rev., 97, 1474 (1955).

(**) B. Jaxcovict and D. H. ScuHIFF: Nucl. Phys., 58, 678 (1964); H. ROUHANINEJAD
and J. Yoccoz: Nucl. Phys., 78, 353 (1965); G. Ripka: Lectures in Theoretical Physics,
vol. 8 C (Boulder, Colo., 1966).

) F. R. GANTMACHER: Matriz Theory (New York, 1959).
(1) G. Ripka and R. PapJEN: Nucl. Phys., A 132, 489 (1969).

(**) E. R. CataN1ELLO: Nuove Cimento, 14, 177 (1959).

(%) N. N. BoeoriuBov: Doklady, 119, 244 (1958); N. N. Bocoriusov and V. G.
SoroviEV: Doklady, 124, 1011 (1959); J. G. VaraTiN: Phys. Rev., 122, 1012 (1961);
F. A. BErREzIN: The Method of Second Quantization (New York, 1966).
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a product 7 T @F® of simpler transformations (eqs. (37, 42)); 7 and @
leave respectively the creation and annihilation operators invariant, and J
affects neither right nor left vacuums. This decomposition differs from those
given in refs. (*-17): in particular, here, even if 7 is a usual (unitary) Bogoliubov
transformation, the factors % and .J® are nonunitary.

The contents of Sect. 3 is not necessary to the derivation of the extended
Wick’s theorem (Sect. 4). It is nevertheless useful for evaluating matrix ele-
ments of J in Fock space, since the principle of the decomposition J =
=7 WF @7 jg to push the creation (annihilation) operators to the left (right).
For instance, in Sect. 5, the explicit value of the overlap ,{0[0), results imme-
diatately from the application of this decomposition to the Bogoliubov trans-
formation which relates |0, to ]0>,.

2. — Nonunitary canonical transformations.

Biorthogonal bases. Given an orthogonal basis |m), in a Hilbert space, any
other (not necessarily orthogonal) basis |m), is expressed on the initial basis as

(3) imp1 =T |mp,,

where J is a nonsingular operator. The associated basis ,(m|, defined by the
biorthogonality condition

(4) 1<7T7/lp>1 = 61"1) i
is then given by
(8) M| = (m|T 7t = 1<m|(=7—r*)_1 .

The biorthogonal sets |m), and ,{7n] also satisfy the closure relation
(6) E Zm>1 1(%[ =1.

Biorthogonal Fock bases. Taking now for the initial basis the Fock basis
|nyn, ...>, associated to the creation and annihilation operators {a,, a:.'}, we
perform as in (3) and (5) a nonunitary transformation .7, which builds a pair

(1) L. K. Hua: Amer. Journ. Math., 66, 470 (1944); Harmonic analysis of functions
of several complex variables in the classical domains (published by Am. Math. Soc., 1963).
C. BrocH and A. MEsstaH: Nucl. Phys., 39, 95 (1962); B. Zumino: Journ. Math. Phys.,
8, 1055 (1962); C. BrocH: Lectures on the Many-Body Nuclear Problem (Bombay, 1964).
(**) R. Barian, C. De Dowminicis and C. ITzyksoN: Nucl. Phys., 87, 609 (1965).
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of «biorthogonal Fock bases »

(3") [y 1y D0 =T 105 .. D0
(8") K o] = iy | T

The transformed operators

(7(1/) C; Eyaif_l,
(7b) ti=T al71
satisfy the same canonical (anti-) commutation relations as the a’s. The operator

¢; is no longer the Hermitian conjugate of ¢;: cf#é,-. However, the represen-
tation of the operator algebra is not modified, since (from egs. (3'), (5'); (7))

8) M1ty ... | (fl) [y ... = oMyy .| (a;) [RyMy e Dq -
Z, a

i 2

In particular, the right and left vacuums }0>, and c<6| satisfy

(9a) ¢0>, =0, £0e, =0,

and the non-Hermitian number operators ¢;c, admit (3') and (5') as right and
left eigenfunctions.

Generalized Bogoliubov transformations. We restrict now our attention to the
transformations .7 such that the correspondence (7) is linear (homogeneous for
fermions, inhomogeneous for bosons). The infinitesimal generators of this
group of 's are quadratic (and, for bosons, linear) forms of the creation and
annihilation operators {a,, a}} (or of {¢;, ¢;}). We therefore consider the trans-
formations 7~ which are exponentials of quadratic (plus, for bosons, linear)
forms of these operators. They differ from the usual Bogoliubov transfor-
mations (%) by their nonunitarity.

As usual, it will be convenient to write each set of operators {¢,} and {¢,}
as N-dimensional vectors ¢ and ¢, and the whole set as a 2N-dimensional vector

(10) y={c, ¢} ={c10,... cxCiCs...Cx} .
The commutation relations are summarized for fermions by

(11) [¥es Yil+ = 045
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where ¢ is the 2N X2N matrix

0 1
(12) o= ( ) ;
I 0
and for bosons by
(13) [yoyid=7u,
with

0 1
(14) = ( ) .
—1 0

Fermion case. The transformation.Z may then be written, for fermions, as

2N
(15a) 7= exp[3yRy] = exp [l glyfRifyf] )

where R is a 2N X2N antisymmetrical matrix:

(15b) R=—R, (By=R.);

in fact, if R had a symmetric part 8 = J, ySy would just be a c-number equal
to 3 TrSo, due to the commutation relations (11). The action (7) of 7 on the

operators is easily shown to yield
2N
& :9_‘1%‘3‘- = E Tz’j‘}’;‘ ’
Ju1
or

(16) a=7v7 =Ty,

where the 2N X 2N matrix 7 is

Tll T12
(17) T= = ¢9E,
T21 T22

The antisymmetry of R implies that T satisfies the condition
(18) ToT =0,

which simply means that the transformation (16) preserves the

canonical
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commutation relation (11). Furthermore, the homomorphism

T’~1(1 N1t i
Cvaely g veELL

transforms (18) into 7 1= 1, so that the nonunitary linear transformations
form a group, equivalent to the 2N X 2N complex orthogonal group. The usual
Bogoliubov group (which is equivalent to the 2N X 2N real orthogonal group (*¢))
is recovered if one restricts furthermore J to be unitary, or equivalently T"
to be real, that is

(19) T#=¢To .

Boson case. Similarly, for bosons, we may write

2N
(20a) T = exp[Ary]exp[iySy]=exp [ > 7~ﬂu~w] exp [% gwsuw] ,

ij=1
where § is assumed without loss of generality to be symmetrical:

(20b) §=25;

the linear form on operators y in the first exponential has been noted for con-
venience Aty ==¢'l,— c-I,, A representing a set of 2N constants

(20¢) A=, L)

(I, and I, are N-dimensional vectors). The operators are transformed by (7) as

2§
;=9 T = z Tiyi+ A

=1
or

(21) o=91y7 =Ty+RA,
(Tu le)
— 7S
T21 T22

(23) TiT=1.

where the 2N X2N maftrix

I

(22) T

now satisfies the condition
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This again means that the transformation (21) preserves the commutation
relations (13). The group of matrices 7' is now identified as the 2N X 2N complex
symplectic group. The usual unitary Bogoliubov group (equivalent to the real
symplectic inhomogeneous group (17)) results by restricting 7' to satisfy (19),
and A to satisfy

(24) li=1.

Remarks. a) In (15) and (20), .7 has been expressed in terms of the opera-
tors y. It is easy to see that its expression in terms of the operators a is
exactly the same, since by use of (7)

(25) TN =T 'XT N} xT =T {T'yT} =T {a} .

b) We shall not discuss the more difficult problem of constructing 77,
once T is given. In particular, the group relations (18) or (23) do not necessarily
ensure that T' can be written in the exponential form (17) or (22); thus, in some
peculiar cases, the 7 associated to a given T is not of the form (15) or (20).
Moreover, in the boson case, if the parameters of T,, or T, are too large, it
may happen that the transformation J~ of eq. (20) has only a formal meaning,
and that it takes the states out of the Hilbert space.

3. — Canonical deecomposition of generalized Bogoliubov transformations.

Product of two fermion transformations. In general, the product 7 of two
transformations 7 and .7 of the type (15)is also the exponential of a quadratic
form, namely
(26a) exp[3yR"y]exp[3 YR y] = exp[}yRy],
where RV, B® and R are all antisymmetric, and satisfy
(26b) exp[oBV]exp[oR?]=exp[ocR] or TWT®=1T,

Within a multiplicative constant, this result follows directly from (16) and (17).
(This constant is 1 according to Haussdorf’s theorem (*#), which states that

there exists a log J in the Lie algebra of log 7V and log J®; here this Lie
algebra contains only homogeneous antisymmetric quadratic forms.)

(18) P. CARTIER: Bull. Soc. Math. France, 84, 241 (1956).
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Product of two boson transformations. A similar result holds for exponentials
of homogeneous quadratic forms:

(27a) exp[3ySVylexp[3yS®Y] = exp[vSy],
where 8@, 8% and § are symmetric, and satisfy
(27h) exp[t8V]exp[78®] = exp[t8] or TOTP=T,

Multiplicative constants cannot however be eliminated for the inhomogeneous
group. They already appear in the product of two « franslations» y=vy-+2

(28) exp[APTy] exp[A®1y] = exp[(AY + AP) 1y + LAVTAY],
and also in

(29a) exp[Ary]exp[§ySy] = exp[§ySylexp[N vy] = exp [§ySy + w1y +v],

where
exp[tS]—1
(29b) A =exp[78], A= —~p‘[_(67] ®,
sht8—18
(290) T RS

The formulae (27-29) are summarized in the general product law
(30a) exp[EySVy +AVry]exp[{yS?y +A¥ry] = exp[§ySy + Aty + 7],

where

(308) exp{T8Y]exp[r8?] = exp{z8],

o 8 exp T8V —1_ | 78 1—exp[—78*],,,
(30) A= exp[t8]—1 T8 M+ 1—exp|—18] T8 A
1 sht8®W —g8® shz8® — 8@
(30d) »= 5;\(1).[ (5T A + )\(2) 7[;,8727]2 y -
1., shz§— explrSV]—1 exp[t8®]—1
9 AT —— [z 8]2 7\ + 7‘(1) TRw 8@ AR,

The last term of » exhibits the fact that the inhomogeneous Bogolinbov group
can be represented in the Fock space only within multiplicative constants
(phases in the unitary case).
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Remark. These composition laws for bosons may be easily translated to
linear transformations on oscillator co-ordinates {p., ¢.}, by identifying ¢, to
(ci+ai)/\/g and p; to 7/(51“@)/\/32

Some simple fermion transformations. Some of the nonunitary transfor-
mations introduced in Sect. 2 have a particularly simple effect. Let us consider
three special types; we shall show in the following that they generate the most
general transformation.

The first type is

N
(31a) T = exp[LeXe] = exp [% S aiX,.,.e,.] )

1,§=l
where the N x N matrix X satisfies
(31b) Y——x.

This transformation leaves the left vacuum (0| invariant. Its effect on the
operators is, according to (16), (17):

(32a) Y= [TOFy T W= Ty,
0 0 1 X

(32b) T = exp [g ( )} — ( ) ’
0 X 0 1

that is

(32¢) c=>c+ Xc, c=>c,

showing the invariance of the creation operators.
Similarly, the transformations of the type

(33a) TP =expl}cZc],
(33b) 7z =—1Z,

leave the right vacuum |0), invariant. They transform the operators according to

(34a) ¥ = [T @1y T 0= Ty,

Z 0 1 0
(34b) T® = exp [a ( )] = ( ) ,
0 0 Z 1

and do not modify the annihilation operators:

(84¢) c=>c, c=>Zc+c.



NONUNITARY BOGOLIUBOV TRANSFORMATIONS ETC. 47

The third type consists of « normal » transformations, which do not mix
the creation to the annihilation operators. Their form is

0 —Y
(35) TP = exp [%Y (y ) Y] =exp[cYe]exp[—3TrY].
0

Their only effect on both right and left vacuums is to multiply them by a
constant. The operators transform according to

(36) c=>é’c, C=eTC.

Canonical decomposition of a fermion transformation. It will now be shown
that, in general, a transformation J of the form (15), (17) can be uniquely
decomposed into the product

(37@) g’:f(1>3~(3)g‘<2)’
where 7V, 7, 7® have respectively the forms (31), (33), (35), with
(37b) X =Tou(Tw)?y Z=(Tp)Tu, ¢7=T,.

(This decomposition is always possible provided det T,,=£0.) The proof im-
mediately follows from the product law (26), by an identification procedure:

Tll le 1 X\ fe? 0 1 0

Ty T, 0 1/\0 e¥/\Z 1
The possibiliby of solving this eq. (38), as well as the antisymmetry (315), (33b)
of X and Z, are a consequence of the group law (18) satisfied by 7. The interest

of the canonical decomposition (37) lies in the fact that pairs of creation (anni-
hilation) operators have been pushed out to the left (right).

Canonical decomposition of a boson transformation. An analogous scheme is
followed for bosons, with two slight complications: linear forms have to be
included in the exponentials, and constants arise from the product law (30).
The three types of special transformations are now

(39a) T V=exp[icXe + k-],
(39b) X=X
(k being a N-dimensional vector), which transforms the operators as

{(39¢) c>c+Xe+k, c=>c.
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Similarly, we infroduce

(40a) TP=exp(ieZe + K -],
(400) Z=7,
{40¢) c=c, c=>¢c—Zc—k'.

Finally, the normal transformations are

{41a) T ¥ = exp [;Y( )Y] ¢ =exp[cYclexp{iTr Y+ ],
< \Y 0

(41b) c=>efe, C€=e7C.

With these definitions, 7V, .7® and J® have respectively the same actions
on the right and left vacuums as the corresponding transformations for fermions.

The canonical decomposition of a general transformation 7 defined by (20),
(22) is now obtained by use of (30), yielding

(42(1) g':j'(l)f(a)f(z),

where the parameters of (39)-(41) are related to those of 7T, A by

~

{42b) X =T[ Tl T, Z = —[Typ]' Ty, e T =T,
(420) k=L—XL, K——[T,
(42d) y = 3L,XL— 3L, .

Here again quadratic and linear forms of creation operators have been pushed
out to the left, and annihilation to the right, leaving in the middle a normal
form with constants.

4. — Extension of Wick’s theorem.

We now apply the formalism of nonunitary linear transformations (Sect. 2)
to the calculation of
<01 4[07%

(43) I — 0705,

In this expression 4 is an arbitrary operator, product of any number of creation
and annihilation operators; [0, and |0), are two quasi-particle vacuums related
to each other by a Bogoliubov transformation 7~

(44a) (00, =T710),,
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where .7 is of the form (15) for fermions, or (20) for bosons. The operators
a and B, associated with |0>, and |0),, are related by eq. (16) or (21), i.e.

(44b) a=7B7 =T (fermions) ,

(44¢) a=7"B7 =TB+A (bosons).

Moreover, .7 is unitary, and ,{0] = ,{0|, @ = a} (the generalization to a non-
unitary 4 is immediate but does not seem useful). In (43), we have divided
the matrix-element of 4 by the overlap ,(0/0), (assumed to be nonvanishing),

in order to simplify the result of this paragraph. This overlap ,{(0|0), will be
calculated explicitly in Sect. 5.

Proof of the extended Wick’s theorem. In order to evaluate (43), we shall
now construct, by an appropriate linear nonunitary transformation, a new
set of operators 8, such that each d, is a linear combination of the b’s, and each
d; a linear combination of the a'’s. Without restricting the generality of the
method, we may choose for simplicity d; = af; we therefore look for a N XN
matrix W such that

(45a) d=Wb,
(45b) d=a'

satisfy the canonical (anti-) commutation relations. Relating by (44) the aZ
to the {b,, b!}, the only nontrivial condition

(46) [d:, Ei]t =0y
yields immediately, both for fermions and bosons,
(47) W =[],

provided T,, is nonsingular.
The elimination of the b’s between (44) and (45) leads to the transformation

(48) a —=[TW]18T W,

which relates the set § to the set @. Namely, we get

(49a) a=d+ Xd (fermions) ,
(49b) a=d+ Xd+k (bosons),
(49¢) a=d,

4 — Il Nuovo Cimento B.
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where

(50a) X = Tyuy[Ton]™,

both for fermions and bosons, and where the N-dimensional vector k is for
bosons

(50B) k=1,—XI,.

Then, by use of eqs. (15)-(17) for fermions, (20)-(22) for bosons, we construct
the corresponding operator 7V which relates the states. The result (in terms
of the set a by use of (25)) is

(51a) TV =exp[ia’ Xa'] (fermions) ,

(51b) TV =exp(ia’'Xa'+ k-a'] (bosons).
The left vacuum ,(0| is then (egs. (5') and (51))
(52a) 0| = O[T W] = 0] .

The right vacuum {0),, which from (45a) is proportional to |0),, is (by use of
the normalization condition (9b))

{(52b) IO>d = IO>b[a<0l0>b]Q1 -
Consequently, {(4), takes now the simple form
(53) (A = «0] 4]0,

of a « vacuum expectation value » in the bi-orthogonal bases associated to 8.

On the other hand, let us define now a normal product by writing the creation
operators d; on the left, and the annihilation operators d, on the right (with
the appropriate sign for fermions), and define the only nonvanishing contrac-
tions by

(54) did; = o0)d |05 =1 .

Any arbitrary product D of operators 8 is then equal to the sum of all the possible
normal products with contractions, exactly like for the usual Wick’s theoram.
This result is obvious, since the proof of Wick’s theorem (°) only involves the
(anti-) commutation relations of the creation and annihilation operators, and
not their property of being Hermitian conjugate. In particular, the « vacuum
expectation value» ,0|D|0), is equal to the sum of all possible completely
contracted products, as a result of the properties (9) of the right and left vacuums.
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The creation and annihilation operators in A are linear combinations (inho-
mogeneous for bosons) of the operators §. From the above considerations, and
from eq. (53), it follows that <{A4),, is also equal to the sum of all possible
completely contracted products (with the usual sign for fermions), in which
appear eontractions involving only a pair of operators (plus, for bosons, contrac-
tions of a single operator).

For instance, the potential energy is a sum of terms o,a;0;%,. Their ma-
trix elements are, for fermions, equal to

(55a) o0 o; 06500,00] 00y = [:0]0, ]2 {u<0 |°‘i0‘jlo>ba<0|ak°‘lf0>b —
— 0]t 0] 07 20102500+ 10|20, 05 o0 for; o[04} 5

for bosons, re-expressing the contractions in terms of the one and two operator
matrix elements, we get

(55b) a<0]“i“i“k“z!0>b = [a<OIO>b]_1 {a<01“ifxa‘]0>b a<0[05k 951|0>b +
+ a<0|aifxlcl0>b a<0](xj“l‘0>b + a<0Iai‘xl’0>ba<olai‘xkl0>b} -
_2[a<0|0>b]_3a<0I‘xi|0>ba<0|°‘j’0>ba<0|“k|0>ha<0’“z|0>a .
Explicit caleulation of the eontractions. If, for instance, A is expressed in
terms of the operators a, the contractions are no longer 0 or 1 as in (54). Their

explicit value is readily obtained by performing the transformation (49).
For fermions, only contractions of pairs appear. The nonvanishing ones are

(56a) di_di = {0,000 = d<6laia’ji0>d =
= d<6l(dz + ZXimEm) (dj + ZXjngn)lo>d - in - {le[Tzz]ﬁl}h‘ H
(56b) a?‘}’: = <aia;>ab = {— aj'ai 00w ="0i,

summarized in matrix notation by

— T[T 1
(56¢) ao = ( ) .
0 0

If A4 is expressed in terms of the operators B, we get through (16) and (18)

(57) B = oToa,
and hence
. _ 0 1
(58) BR=o¢ aﬂaTa:( )
v e A A
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. - g . .
The mixed « contractions» af are particularly simple:

— [0 [T
(59) af = ( ) .
0 0

For bosons, the inhomogeneity of the transformation § = e« (eq. (499)) also
introduces single-operator contractions for the a:

(60a) @p =k=1— le[Tzz]_llz )
(60b) @ =0.

The calculation of pair contractions proceeds as for fermions:

(60¢) a0; = ;000 — B ul{l 0= X;;= {Tm[Taz]vl}u y
(604) a'Ta‘; = <a’ia§>ab — LA a <a;>ab =0,

or, in matrix form

TW[Tp]™t 1
(60¢) oo = ( ) .
0 0

It A is expressed in terms of B, the use of
(61) B =—tTr(a—A2),

which follows from (23) (44¢), yields

(620’) <b>ab =0 y
(62b) <b+>ab =—[Tp]? L ’
— 0 1
{62¢) BB = BiBw—LBalfidm = ( ) .
0 -[Tzz]_l T/ 4
The mixed contractions
(63) o By = < dar— <Das P

are also given by eq. (59).

Remark. This extension of Wick’s theorem has been proved under two
conditions: we assumed from the beginning that the two vacuums |0, and [0),
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were not orthogonal, in order to define (4),; furthermore, we needed 7',, not
to be singular (i.e. det T, 7~ 0), to construct the set of operators 8. In Sect. 5,
it will be shown that these two conditions are equivalent for fermions (eq. (66)),
and that both are always satisfied for bosons (egs. (67), (68)).

5. — Explieit caleculation of the overlap. Discussion.

In order to achieve the explicit calculation of a matrix element ,(0|4|0),,
we need to express the overlap ,{0|0), in terms of the parameters of the trans-
formation .7” which relates B to o (eq. (44)). This result will follow immediately
from the application of the decomposition (37) or (42) of Sect. 3 t& this trans-
formation 7.

We first notice that the transformation.7® introduced in Sect. 4 to construct
the set 8 (eqs. (48)-(51)) is precisely the first factor of this canonical decompo-
sition of 7 (eqs. (31), (37b) for fermions or eqs. (39), (42b), (42¢) for bosons).
The set of operators & thus appears as intermediate between a and B.

From eq. (44a), this overlap is

(64) a<0|0>b == a<0|y|0>a )

where 7 is expressed in terms of the operators a (eq. (25)). The use of (37)
r (42) gives

(65) a<0|0>b — a<0{f(1)f(3)f(2)‘0>a p— a<0‘y(3)[0>a ,

as a consequence of the simple action of 7V and J®. For fermions, eq. (65)
with the help of (35), (37b) reduces to

(66) «£0[0>, = [det Ty 1t .
For bosons, eq. (65), together with (41) and (42b), (42d), becomes
(67) {007, = [det Tzz]_* exp [%lz Toof Lol — L1, lz] .

Validity of the extension of Wick’s theorem. For fermions, the explicit eval-
unation (66) of the overlap ,{(0|0), shows that the two conditions ,{0]0>, # 0
and det 7', 5 0, which needed to be assumed in the derivation of this theorem,
are equivalent. Therefore, the only condition of validity is that the two vacuums
are not orthogonal. (Any vacuum |03, orthogonal to |0), results from [0}, by
exciting quasi-particles, as may be seen from the decomposition of J given
in ref. (1).)
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For bosons, it is easy to see that T, is never singular, as a consequence of
the unitarity of . The unitarity condition (19) together with the group prop-
erty (23) imply in particular

Tzzng =1+ T21T;1 .

The Hermitian matrix T, T} has therefore all its eigenvalues larger than 1, or
equal to 1 if 7,,=0. (In fact, these eigenvalues are precisely the |u:|>=
= 1--|v:)? of the standard decomposition of 77, given in ref. (17).) Consequently,
we get

(68) [det Ty >1.

On the other hand, from (67), it is obvious that ,{0/0), = 0, provided the number
of single-particle states is finite. Thus, if two boson vacuums {05, and |0), are
unitarily related by a Bogoliubov transformation their overlap never vanishes,
and the extension of Wick’s theorem is always valid.

Further extension to nonzero temperature. Another generalization of Wick’s
theorem, commonly used in statistical mechanics (*?), applies to thermal averages

(69) Trexp[—fQl4

Tr exp[— Q]

where @ is some Hermitian quadratic form of the operators a (plus linear terms
for bosons). This result will now be extended to a non-Hermitian @. First,
through an appropriate nonunitary transformation (15), (16) or (20), (21) on
the operator algebra, § becomes

(70) Q=3 qdidi+r,

(where we assume Re ¢;>0). Then, if the quantity (69) is expressed (through
(70) and the closure relation (6)) on the biorthogonal bases (3'), (5') associated
to the set §, Gaudin’s derivation (**) applies without change, since again it is
based only on the commutation relations.

The fact that Wick’s theorem may be extended to (69), with a non-Hermitian
@, also appears as a «nonzero temperature» generalization of the theorem
proved in Sect. 3: in fact, the vacuum expectation value (43), (53) is recovered

(**) M. GaupIN: Nuel. Phys., 15, 89 (1960).
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as the zero-temperature limit of (69), since

Tr exp[— A1 4

ﬁl_I)Iclo Tr exp [_m‘ = d<0lAIO>d = <A>ab .

We wish to thank G. Ripka for stimulating discussions.

RIASSUNTO (%)

Si considerano trasformazioni lineari, che conservano le regole di (anti) commu-
tazione, ma non la relazione di ermiticitd, per gli operatori di creazione e distruzione
dei bosoni (fermioni); queste trasformazioni portano alle rappresentazioni dello spazio
di Fock sulle basi biortogonali dell’algebra degli operatori. Come applicazione, si ricava
un’estensione del teorema di Wick agli elementi di matrice di un operatore arnitrario
fra due differenti vuoti di quasi particelle. Questo teorema & utile per calcoli che vanno
al di 14 dei metodi variazionali di Hartree-Fock-Bogolinbov (H.F.B. con proiezione,
metodo delle coordinate del generatore, ecc.). Si stabilisce una decomposizione canonica
per trasformazioni di Bogoliubov, che si dimostra utile per esempio nel calcolo della
sovrapposizione dei differenti vuoti di due particelle.

(*) Traduzione a cura della Redazione.

Heyunurapubie npeofpasosanus Boromogosa u oGolimenne Tteopemnl Buka.

Pesrome (). — PaccMaTpuBatorcs JidHeHHbIe Mpeobpa3oBadysi, KOTOPEIE COXPaHAIOT
{aHTH-) KOMMYTAaUIMOHHBIE NIPABUJIA, HO HE COOTHOIIEHHE S3PMUTOBOCTH A (GepMUOHHEIX)
GO30HHBIX ONEPATOPOB POXIOCHUS M YHHYTOXECHHN;, ITH IIpeoOpa3OBaHus IIPHBOIAT XK
IIPOCTPAHCTBEHHBIM npeAcTaBieHusiM Poxka Ha OHOPTOTOHANBHEIX 0azucax aiare6pnr
oneparopoB. Kax mmrocTpanus, BeiBOAATCS 06001IeHne TeopeMbl Buka st MaTpUYHBIX
3EMEHTOB HPOM3BOJIBHOIO ONepaTropa MeEXIy ABYMS Pa3iHYHBIMY KBa3H-4YaCTHIHBIMU
BaKyyMaMu. JTa TeopeMa OKa3bIBACTCS IIOJIE3HOM NI BBIMUCIICHUI, KOTOPHIE BBIXOIAT
33 paMKH BapyallHOHHBIX MeTonoB Xaprpu-Poka-boromobopa (Meron X-®-b ¢ mpoexTn-
POBaHHMEM, TCHEPATOPHEINA KOOPIUHATHBIA METOI M Ip.). YCTaHABIHMBAETCA KAHOHMYECKOE
‘pasnoxenue s TipeoOpazosaHmit boromwo6oBa, KOTOPOE OKa3bIBACTCS ITOJIC3HEBIM,
Halnpumep, IPU BBUUCICHHH NEPEKPBITUS OBYX pPa3lIMYHBIX KBA3H-YACTHYHBIX BAKYYMOB.

(*) Hepesedeno pedaxyueil.



