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S u m m a r y .  - -  Linear  transformations are considered, which preserve the  
(anti-) commutat ion rules, but  not the Hermi t ie i ty  relation, for (fermion) 
boson creation and annihilation operators;  these transformations lead 
to Fock space representations on biorthogonal bases of the operator  
algebra. As an application, an extension of Wick 's  theorem to mat r ix  
elements of an a rb i t ra ry  operator between two different quasi-particle 
vacuums is derived. This theorem is useful for calculations which go beyond 
the variat ional  Hartrce-Fock-Bogoliubov methods (H.F.B. with projection, 
generator co-ordinate method, etc.). A canonical decomposition /or  
Bogoliubov transformations is established, which proves useful, for 
instance in the calculation of the overlap of two different quasi-particle 
V a C U U n l S .  

1 .  - I n t r o d u c t i o n  a n d  s u m m a r y .  

I n  t h e  s imp le s t  v a r i a t i o n a l  a p p r o a c h e s  of t h e  m a n y - b o d y  t h e o r y ,  quas i -  

p a r t i c l e  v a c u u m  s t a t e s  a re  t a k e n  as t r i a l  w a v e  f u n c t i o n s :  q u a s i - p a r t i c l e  o p e r a t o r s  

a~, a~ ( i =  1, 2, ..., iV) a re  f i rs t  c o n s t r u c t e d ,  as  c a n o n i c a l  l i nea r  c o m b i n a t i o n s  

of t h e  o r ig ina l  c r e a t i o n  a n d  a n n i h i l a t i o n  o p e r a t o r s ;  t h e  t r i a l  w a v e  f u n c t i o n  is 

t h e n  t h e  c o r r e s p o n d i n g  v a c u u m  [0}~. F o r  i n s t a n c e  in  t h e  H a r t r e e - F o c k  t h e o r y ,  

]0}~ is a S l a t e r  d e t e r m i n a n t ;  in  t h e  B o g o l i u b o v - V a l a t i n  (~) t h e o r y  of super -  

c o n d u c t i v i t y ,  I0}, is a B.C.S.  s t a t e  (2); in  t h e  case  of bosons ,  t h e  l i nea r  c a n o n i c a l  

(1) N. N. BOGOLIUBOV: ~,urn. ~ksp. Teor. Fiz., 34, 58 (1958); Nuovo Cimeuto, 
7, 795 {1958); J. G. VALATI~: NUOVO Cimento, 7, 843 (1958). 

(2) J.  BARDEEN, L. N. COOPER and J. R. SCHRrEFFER: Phys. Rev., 108, 1175 (1957}. 
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t r ans fo rma t ion  building a~ and a * is inhomogeneous,  so as to describe ei ther  i 

Bose condensat ion (~) or coherent  s ta tes  (4). 
Such t r ia l  functions do not  have  in general  the same invar iance proper t ies  

as the Hami l ton ian .  I n  order to restore  the  broken invar iance,  one often projects  
the s ta te  10>~ on the  subspace character ized by  the correct q u a n t u m  numbers  (5). 
The resul t ing projected s ta te  IV> is a superposi t ion of various states of the type  
10>o. Fo r  instance,  in the theory  of deformed nuclei, the  H.F .  wave funct ion 
10>~ mixes  var ious angular  m o m e n t a ;  i ts  project ion on a given J is realized b y  
superposing all the  ]0>~ deduced f rom one another  b y  ro ta t ion  (s); s imilarly 
the pro jec t ion  of a B.C.S. s ta te  (or a boson state)  on a subspace with  given 
part icle  n u m b e r  (2) involves the  set of 10>~ deduced f rom one another  b y  the  
gauge t r ans fo rma t ion  a, => a~e ~ .  I n  the  calculat ion of <~vIHI~}, one has then  
to eva lua te  quant i t ies  of the  fo rm ~<01AIO>b , where A is some product  of anni- 
hi lat ion and  creat ion operators.  

More generally, it is necessary to evaluate  ma t r i x  elements  a<01Al0>b each 
t ime  the  t r ia l  funct ion is a superposi t ion of quasi-part icle vacuums.  This is the  
case in the  generat ing co-ordinate me thod  (7), and also for instance in the var ia-  
t ional  t r e a t m e n t  of Anderson 's  model  for localized m o m e n t s  (s). 

In  the  following (Sect. 4), ~ generalized Wick ' s  theorem is proved,  which 
simplifies the  calculat ion of such m a t r i x  elements.  :Namely, i t  will be shown t h a t  

(1 <A>~ ~ "<0LAI0>2 
o<0[0>~ 

is expressed, exac t ly  in the same way  as for the ord inary  Wick ' s  theorem (9), 
for which 10>~ = 10>~, as the  sum of all possible comple te ly  contracted products .  
The nonvanish ing  contract ions are here 

(2a) <a,>o~ 

(for bosons only), and 

(2b) a, aj ~ <a,a¢>ab - -  <a,>.~<aj>.b , a,a¢ : 5 , .  

(3) N. N. BOGOLIIJBOV: ~urn. Eksp. Teor. Fiz.,  |1,  23 (1947). 
(4) R.  J.  GLAUBER: Phys. Rev., 131, 2766 (1963). 
(5) p. O. LOWDIN: Phys. Rev., 97, 1509 (1955); R. E. PEIERLS and J. YOCCOZ: 

Proc. Phys. Soc., A70, 381 (1957). 
(~) J. Yoccoz: Proc. Phys. Soc., A70, 388 (1957). 
(7) D. L.  HILL and J. A. W~IE]~LE~: Phys. Rev., 89, 1102 (1953); R. E. P]~IRLS 

and D. J. THOULESS: Nucl. Phys., 38, 154 (1962). 
(s) p. W. ANDERSON; Phys. Rev., 164, 352 (1968). 
(a) G. C. WICK: Phys. Rev., 80, 268 (1950). 
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The explicit  values of these contractions (eqs. (56-63)), and the overlap a(010}b 
(eqs. (66, 67)) are also given below in terms of the  coefficients of the Bogoliubov 
t ransformat ion {a,, a~) ~ (b,, b~}. 

This extension of Wick's theorem to (A)ab had already been noticed by  
L6wdin (lO) in the special case when 10}, and t0}b were Slater determinants ,  
and applied in nuclear physics to describe ro ta t iona l  bands (or R.P.A. vibra- 
tions) (1~). LSwdin's derivat ion however, based on Sylvester 's  iden t i ty  for 
determinants  (12), f~iled for B.C.S. states, and for bosons. Thus, his result 
could not  be applied, for instance, to the calculation of pairing vibrations in 
nuclei (is), since t0}~ and 10}b are then  B.C.S. states. I t  would be possible to 
ex tend  his method to tha t  last case, by  expressing 10}b as 1-I b~10}~ (within a 

normalizat ion factor), and by  making use of the  extension to Pfaffians (~4) of 
Sylvester 's  identi ty.  In  fact,  a simpler and quite  general method  is used in 
the following. 

The main tool will be (Sect. 2) the in t roduct ion  of linear t ransformations 
{a~, a~} ~{d~, d~} which preserve the canonical (anti-) commuta t ion  relations, 
bu t  not  necessarily the t t e rmi t i c i ty  relat ion (~/, =/= d~), thus generalizing the 
Bogoliubov t ransformations (3.15). To such a t ransformat ion on the operator  
algebra, is associated a simple, but  nonunitary t ransformat ion on the  states 
In~n2 ...}a of the Foek basis associated to the operators a~. I t  yields two biortho- 

gon~l bases Inln~ ...}~ and ~(nzn2 ...[ associated to the operators d~; in part icular ,  
the  right and left vacuums ]0}d and 10}~ are not the same state. We shall take 
advantage  of this freedom (in Sect. 4) to construct  ~ set of d~ such t h a t  [0}b 
~nd ~(0] are respectively proport ional  to 10}~ and ~(0[. I t  will then  follow tha t  
(A}~b ~ ~(-6IA]O}d. For  any  operator  D, p roduc t  of any  number  of d~ and d,, 
the  extension of Wick's theorem t o d(01DI0}d is obvious, since the usual der ivat ion 
only relies upon the commuta t ion  relations of the creation ~nd annihi lat ion 
operators,  and not  on their  Hermit ic i ty  relation. The original creat ion ~nd 
annihi lat ion operators being linearly related to the {d,, d~}, the extension of 
Wick's  theorem to (A}~ follows. 

In  Sect. 3, we show t h a t  a linear t ransformat ion 3" on fermion or boson 
operators (which preserves the commuta t ion  relations) is in general equal to 

(lo) l ). O. L(~WDIN: Phys. Rev., 97, 1474 (1955). 
(11) B. JAxCOVlCI and D. H. SCHIFF: Nzeel. Phys., 58, 678 (1964); H. ]~OUHANINEJAD 

and J. Yoccoz: Nucl. Phys., 78, 353 (1965); G. :RIPKA: Lectures in Theoretical Physics, 
vol. 8 C (Boulder, Colo., 1966). 

(1~) F. R. GANTMACtIER: Matrix Theory (New York, 1959). 
(la) G. RIP•A and R. I:)ADJEN: NUC[. Phys., A 132, 489 (1969). 
(la) E. R. CAIA~IELLO: Nuovo Cimento, 14, 177 (1959). 
(is) N. N. BOGOLIUBOV: Doklady, 119, 244 (1958); N. N. BOGOLIUBOV and V. G. 

SOLOVIEV: Doklady, 124, 1011 (1959); J. G. VALATI~: Phys. Rev., 122, 1012 (1961); 
F. A.  BEREZIN: The Method o] Second Quantization (New York, 1966). 
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a product  ~-( 'J-(~)J(~)of simpler t ransformations (eqs. (37, 42)); ~-(1)and j-(2) 
leave respectively the creation and annihilation operators invariant ,  and 3 -(a) 
affects nei ther  right nor left vacuums.  This decomposit ion differs from those 
given in refs. (~e.~v): in part icular ,  here, even if J -  is a usual (unitary) Bogoliubov 
t ransformat ion,  the  factors ~-~(~) and 3 -(~) are nonuni ta ry .  

The contents  of Sect. 3 is not  necessary to the der ivat ion of the extended 
Wick's theorem (Sect. 4). I t  is nevertheless useful for evaluat ing mat r ix  ele- 
ments of J -  in Fock space, since the principle of the decomposition 9 - ~  
--~3-(1)3-~3)3 -(2) is to push the creat ion (annihilation) operators to the left (right). 
For  instance, in Sect. 5, the explici t  value of the overlap a<0[0}~ results imme- 
dia ta te ly  f rom the application of this decomposit ion to the Bogoliubov trans- 
format ion which relates ]0>~ to  ]0>b. 

2. - N o n u n i t a r y  canonica l  t ransformat ions .  

Biorthogonal bases. Given an orthogonal  basis ]m>o in a Hilber t  space, any 
other (not necessarily orthogonal) basis ]m}~ is expressed on the initial basis as 

(3) [m>~ = Y l m > o ,  

where f is ~ nonsingular operator.  The ~ssociated basis ~(~], defined b y  the 
bior thogonul i ty  condit ion 

(4) ,<m[pZ = ~ , 

is then given by  

(5)  ~<m[ = o < m I 9  - - ~  = ~ < m ] ( J g - t )  -~  . 

The bior thogonal  sets ]m>l and l ( m ]  also satisfy the closure relation 

(8) ]~ Ira>, ~<ml = 1 .  
~t t  

Biorthogonal Fock  bases. Taking now for the ini t ial  basis the Fock basis 
Inln~ ...>, associated to the creat ion and annihi lat ion operators {ai, a~}, we 
perform as in (3) and (5) a nonun i t a ry  t ransformat ion J- ,  which builds a pair  

(is) L. K. HuA: Amer. Journ. Math., 66, 470 (1944); Harmonic analysis o] ]unctions 
o] several complex variables in the classical domains (published by Am. Math. Soc., 1963). 
C. BLocK and A. M~ssrA~: Nucl. Phys., 39, 95 (1962); B. Zu~INo: Journ. Math. Phys., 
3, 1055 (1962); C. BLOCI~: Lectures on the Many-Body Nuclear Problem (Bombay, 1964). 

(t:) R. BALIAN, C. D~ DOMI•ICIS and C. ITZYKSON: Nucl. Phys., 67, 609 (1965). 
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of (( biorthogonM Fock bases ~ 

(3') 

(5') 

[nln2 ...)~ =-3-[nln2 ...)~ , 

~(nxn2 ""l = ~(n, n2 . . . [y-1 .  

The transformed operators 

(7a) c~ ~ 3 -a i3 -  -1 , 

(7b) ~, ~ 3-a~3- -~ 

satisfy the same canonical (anti-) commutat ion  relations as the a's. The operator  
g~ is no longer the Hermi t i an  conjugate of c~: c ~ .  However,  the represen- 
t a t ion  of the operator  algebra is not  modified, since (from eqs. (3'), (5')? (7)) 

(s) n l n 2  . . . ) c  : I i . . . ]  n l n 2  ~(n,n2 ...}~. ~{nina...] ci a 

In  part icular ,  the r ight  and left vacuums t0>~ and o(0I satisfy 

(9b) ~(010},. = 1 ,  

and the  non-Hermit ian  number  operators g~c~ admit  (3') and (5') as r ight  and 
left  eigenfunctions. 

Generalized Bogoliubov trans]ormations. We restr ict  now our a t t en t ion  to the 
t ransformations 3-  such t ha t  the correspondence (7) is linear (homogeneous for 
fermions, inhomogeneous for bosons). The infinitesimal generators of this 
group of Y ' s  are quadrat ic  (and, for bosons, linear) forms of the creat ion and 
annihi lat ion operators {a,, a~} (or of {c,, g~}). We therefore consider the  trans- 
formations 3-  which are exponentials of quadrat ic  (plus, for bosons, linear) 
forms of these operators. They  differ from the  usual Bogoliubov transfor-  
mat ions (a.15) by  thei r  nonuni tar i ty .  

As usual, i t  will be convenient  to write each set of operators {c~} and {g~} 
as N-dimensional  vectors c and ~, and the whole set as a 2N-dimensional  vector  

(Jo) = -  _ =  { e , e , . . .  . . .  

The commuta t ion  relations are summarized for fermions by  

(11) [~'i, y~']+ = o'i~ , 
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where ~ is the  2N X2N m a t r i x  

(12) 

and for bosons b y  

(13) 

with 

(14) 

Fermion case. 

(15a) 

R .  B A L I A N  and 1< B R E Z I N  

:) 
[Y- 7,] = v - ,  

The t r ans fo rmat ion  Y m a y  then  be wri t ten,  for fermions, as 

J - =  e x p [ 1 y R y ]  ~_ exp ~ y iRi ;y j  , 
L t , : f - 1  

where R is a 2 N × 2 N  an t i symmet r i ca l  ma t r ix :  

(15b)  R = - - ~ ,  (~.--= R , i )  ; 

in fact ,  if R had  a symmet r i c  p a r t  S = S, y S y  would jus t  be a c-number  equal  
to ½ TrS(r, due to the c o m m u t a t i o n  relations (11). The act ion (7) of J -  on the  
operators  is easily shown to yield 

2N 

o r  

(16) a = y - l y j  = T y ,  

where the  2N×2N mat r ix  T is 

T1, T12 t 
(17) T = = e ~R. 

\Ta T J  

The a n t i s y m m e t r y  of R implies t h a t  T satisfies the  condition 

(18)  ~',~-T = ,~, 

which s imply  means t h a t  the  t r ans fo rmat ion  (16) preserves the  canonical 
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c o m m u t a t i o n  relat ion (11). Fur thermore ,  the  homomorph i sm 

1 1 1 " 

t ransforms (18) into T '  T ' =  1, so t ha t  the nonun i t a ry  linear t ransformat ions  
fo rm a group, equivalent  to the  2 N × 2 N  complex orthogonal group. The usual 
Bogol iubov group (which is equivalent  to the 2N × 2N real or thogonaI  group (16)) 

is recovered if one restr icts  fur thermore  3-  to be  uni tary ,  or equ iva len t ly  T '  
to be real, t ha t  is 

( 1 9 )  T "~" = ( ~ T a  . 

Boson case. Similarly, for  bosons, we m a y  wri te  

(20a) ~ - =  e x p [ k r y ]  exp[½,ySy] ~ exp ),i'cij~j exp 1 ?~Sij~'j , 
L i ] =  1 J 

where S is assumed wi thout  loss of general i ty  to be symmetr ica l :  

(20b) S = S ; 

the  l inear form on operators  y in the first exponent ia l  has been noted  for con- 
venience k v y - - - d . l ~ - - c - 1 2 ,  k representing a set of 2N constants  

(20c) X --  (ll, 12) 

(l~ and  12 are N-dimensional  vectors).  The operators  are t rans formed b y  (7) as 

22¢ 

=i =Y-'?i3- = ~ T.g~ + ;Li 

o r  

(21) 

where the  2 N × 2 N  m a t r i x  

{22) 

now satisfies the  condit ion 

ot = g - l y y  = T y  q - k  , 

T n  T n  1 
T -~ = e ~s 

\T21 T , J  

(23) TT~  = ~ .  
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This again  means tha t  the  t r ans fo rmat ion  (21) preserves the c o m m u t a t i o n  
relat ions (13). The group of matr ices  T is now identified as the 2 N × 2N complex 
symplectic group. The usual u n i t a r y  Bogoliubov group (equivalent  to the  real  
sympleet ie  inhomogeneous group (17)) results by  res t r ic t ing T to sat isfy (19), 

and X to sa t is fy  

(24) t~ = t 2 . 

Remarks. a) I n  (15) and (20), J~ has been expressed in te rms of the  opera-  
tors y. I t  is easy to see t h a t  i ts  expression in t e rms  of the  operators  a is 
exac t ly  the  same, since b y  use of (7) 

(25) : {v} = :  × :  {v} × x = x { x - , v : }  = x 

b) We  sh~ll not  discuss the  more difficult p rob lem of construct ing 3-,  
once T is given. I n  part icular ,  the  group relations (18) or (23) do not  necessari ly 
ensure t ha t  T can be wri t ten  in the  exponent ia l  fo rm (17) or (22); thus, in some 
peculiar  cases, the  J -  associated to a given T is not  of the form (15) or (20). 
Moreover, in the  boson case, if the  pa ramete r s  of T12 or T2~ are too large, i t  
m a y  happen  tha t  the  t r ans fo rmat ion  3-  of eq. (20) has only a formal  meaning~ 
and t h a t  i t  takes the  s ta tes  out  of the Hi lber t  space. 

3. - Canonical decomposition of generalized Bogoliubov transformations. 

Product o] two fermion trans]ormations. In  general,  the  product  J -  of two  
t ransformat ions  j-(1) and ~-(-') of the  type  (15) is also the  exponent ia l  of a quadra t i c  
form, name ly  

(26a) exp [½yR(1)y] exp [½yR(~y] = exp [½yRy] ,  

where R (1), R (~) and R are all an t i symmetr ic ,  and satisfy 

(26b) exp [aR ~v] exp [(rR (2)] : exp [aR] or T (1) T (~) = T .  

Wi th in  a mul t ip l ica t ive  constant ,  this  result  follows direct ly  f rom (16) and (17). 
(This constant  is 1 according to t taussdorf ' s  t heorem (is), which s ta tes  t h a t  
there  exists a log Y i n  the  Lie algebra of l o g 3  -(~) and log J<~); here this Lie 
algebra contains only homogeneous an t i symmet r i c  quadra t ic  forms.) 

(Is) p. CARTIER: Bull. Soc. 3lath. ~ra~ce, 8¢, 241 (1956). 
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Product o/ two boson transJormations. A similar  result  holds for exponentials  
of homogeneous quadra t ic  forms:  

(27a) exp [½ySU)y] exp [½yS(2'y] = exp [½ySy] ,  

where S (', S (2), and S are symmetr ic ,  and sat isfy 

(27b) exp [TS ( ' ]  exp ITS (~)] = exp [rS] or T (1) T (2~ ~ -  T .  

Multipl icat ive constants  cannot  however be e l iminated for the inhomogeneous 
group.  They a l ready appear  in the  product  of two (( t ranslat ions )~ y ~ y + X 

(28) exp [X<t>zy] exp [X(2'Ty] = exp [(X (~, + ),(2)) r y  + IX")rX (2,] , 

and  also in 

(29a) exp[Xry]  e x p [ 1 y S y ]  = e x p [ 1 y S y ]  exp[X'~y]  = exp  [1ySy  + ~Ty + v] ,  

where 

(29b) 

(29c) 

X = exp [ r S ] ,  X' --  exp [ rS]  - -  1 
TS I~ ' 

1 s h r S - - r S  X . 
4 c h r S - - 1  

The formulae (2%29) are summarized  in the  general product  law 

(30a) exp [½yS(~)y + X(t)ry] exp [½yS(2)y + X(~)ry] = exp [ I y S y  + Xry + v] ,  

where 

(30b) 

(30c) 

(30d) 

exp I t S  u)] exp ITS (~)] = exp [ zS] ,  

X-- TS exp [ r S u ) ] - - I  X(1) + TS l - -  exp [ - -  TS(2)] X(~), 
exp I tS ]  - -  1 ~S (~' 1 - -  exp  [ - -  TS] TS (v 

1 s h T S ( 1 ) - -  T ~  (1) ] (2) s h T S ( 2 ) - -  TS (2) 
v = ~ X ( ' ~  - - - -  X (" 

1 s h ~ S - - T S  
- ~  x~ [ ~ s ]  ~ 

1 ( ) e x p [ r S ( l ' ] - - I  exp[rS(~)] - - lx(2)  

The last  t e rm of v exhibi ts  the  fact  t ha t  the  inhomogeneous Bogol iubov group 
can be represented in the  Fock  space only wi th in  mul t ip l ica t ive  constants  
(phases in the  un i t a ry  case). 
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R e m a r k .  These composition laws for bosons m a y  be easily t ranslated to 
linear t ransformations on oscillator co-ordinates (p~, q~}, by  identifying q, to 
(c~ ÷ ~ ) / ~ / 2  and Pi to i(-d~-- c~)/~/~. 

S o m e  s i m p l e  ] e r m i o n  t r a n s f o r m a t i o n s .  Some of the  nonuni ta ry  transfor- 
mations in t roduced in Sect. 2 have a part icular ly simple effect. Le t  us consider 
three special types;  we shall show in the following t h a t  t hey  generate the most  
general t ransformat ion.  

The first type  is 

(31a) ~ ( "  ~ exp [½ ~X~] _~ exp g~X.~; , 
i , J = l  J 

where the  N × N  mat r ix  X satisfies 

(31b) X ~ =- - - X .  

This t ransformat ion leaves the  left  vacuum ¢(0[ invariant .  I ts  effect on the 

operators is, according to (16), (17): 

(32a) 

(32b) 

tha t  is 

(32e) 

y ~ [ f ( . ] - l y ~ - ( .  = T ( . y ,  

c => c ÷ X ~  , c => c , 

showing the invariance of the  creation operators. 
Similarly, the t ransformations of the type  

(33a) y(2~ ~ exp [ ½ c Z c ]  , 

(335) Z : - -  Z , 

leuve the right vacuum 10}c iuvar iant .  They t ransform the  operators according to 

(34a) y ~ [3-(g)]-ly3 - (2 ) :  T(2'y,  

and do not  modify  the annihi la t ion operators:  

( 3 4 0 )  c ~ c , ~ =~ Z c  -~ ~ . 
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The th i rd  type  consists of (~ normal ~) t ransformations,  which do not  mix 
the creation to the annihi la t ion operators. Their  form is 

(35) [ (; :)]  j-(3)_= exp 2 Y y --= exp [~Yc] exp [--  ½ Tr Y].  

Their  only effect on bo th  r ight  and left vacuums is to mult iply them by  a 
constant .  The operators t ransform according to  

N 
(36) c ~ e r c ,  ~ ~ e - r  c . 

Canonical decomposit ion o] a ]ermion transJormation.  I t  will now be shown 
tha t ,  in general, a t ransformat ion 3-  of the form (15), (17) can be uniquely 
decomposed into the produc t  

(37a) Y =  J(1)J(3)3-(2), 

where f ( 1 ) ~ - - ( 2 ) ,  ~--(3) have respect ively the forms (31), (33), (35), with 

(37b)  X = T~2(T22) -1 , Z = (Tzz)- lT21 , e - r :  T22.  

(This decomposition is always possible provided det T22 # 0 . )  The proof im- 
media te ly  follows from the  product  law (26), b y  an identification procedure:  

(38) 

The possibility of solving this eq. (38), as well as the  an t i symmet ry  (31b), (33b) 
of X and Z, are a consequence of the group law (18) satisfied by  T. The interest  
of the  canonical decomposit ion (37) lies in the fact  tha t  pairs of creat ion (anni- 
hilation) operators have been pushed out to the  left (right). 

Canonical decomposit ion o] a boson transJormation.  An analogous scheme is 
followed for bosons, wi th  two slight complications: linear forms have to be 
included in the exponentials,  and constants arise f rom the product  law (30). 
The three types of special trans]ormations are now 

(39a) j - , l ) - -  exp [ I ~ X ~  _~ k - ~ ] ,  

(395) X = 

(k being a N-dimensional  vector),  which t ransforms the operators as 

(39c) c ~ c + X ~ +  k , ~ ~ c . 
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Similarly,  we introduce 

(4Oa) 

(40b) 

(40c) 

3--<2)~ e x p [ ½ c Z c  ~- k " c ]  , 

z=~, 
c ~ c ,  - ~ - - Z c - - k ' .  

Finally,  the normal  t ransformat ions  are 

e" = exp [~Yc] exp[½ Tr  Y +  v],  

(4]b) c ~ e r e ,  -c => e-r-~ . 

With  these definitions, 3 - ( ' , ~  -(~) and 3 "(3) have  respect ive ly  the  same act ions 
on the  r ight  and left vacuums  as the  corresponding t ransformat ions  for fermions.  

The canonical  decomposi t ion of a general  t r ans fo rmat ion  ~-- defined b y  (20), 
(22) is now obta ined by  use of (30), yielding 

(42a) 5T : 3- ( l ' J ' (3)J  "(~) , 

where the  paramete rs  of (39)-(41) are related to those of T, k by  

(42b) 

(42c) 

(42d) 

X : T 1 2 [ T 2 ~ ]  - 1  , Z = - -  [ T ~ ]  -1  ~ , , ,  

1 1 v = ~ 1 2 X l ~ - -  -~i112 • 

Here  again  quadrat ic  and l inear  forms of creation operators  have  been pushed 
out  to the  left, and annihi la t ion to the  right,  leaving in the  middle a no rma l  
~orm wi th  constants .  

4. - E x t e n s i o n  of W i c k ' s  t h e o r e m .  

We now app ly  the formal ism of nonun i t a ry  l inear  t ransformat ions  (Sect. 2) 
to  the  calculat ion of 

(43) ;A)ab ~ a<OIA IO)b 
o<010>b " 

I n  this expression A is an a rb i t r a ry  operator,  p roduc t  of any  number  of creat ion 
and  annihi la t ion operators;  10>~ and [0>b are two quasi-par t ic le  vacuums  re la ted  
to each other  b y  a Bogol iubov t r ans fo rmat ion  3 -  

(44a) 10>~ =9-10>o, 
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where 3-  is of the form (15) for fermions, or (20) for bosons. The operators 
a and ~, associated with I0). and [0}b, are re la ted by  eq. (16) or (21), i.e. 

(44b) 

(44~) 

= 3 - - ~ - =  T~ (fermions) , 

a = 3 - - ~ 3 -  = T~ + X (bosons) . 

Moreover, 3-  is uni tary ,  and ~(61 = ~(0I, ~ = a~ (the generalization to a non- 
un i t a ry  3-  is immediate  bu t  does not  seem useful). In  (43), we have divided 
the matr ix-element  of A by  the  overlap .(010}b (assumed to be nonvanishing),  
in order to simplify the  result  of this paragraph.  This overlap ~(010}b will be 
calculated explicit ly in Sect. 5. 

Proo] o] the extended Wick 's  theorem. In  order to evaluate  (43), we shall 
now construct ,  by  an appropria te  linear nonun i t a ry  t ransformation,  a new 
set of operators 5, such tha t  each d~ is a linear combinat ion of the b's, and each 
d~ a linear combination of the  aC's. Wi thou t  restr ict ing the generali ty of the 
method,  we may  choose for simplici ty d~ a~, we therefore look for a N × N  
mat r ix  W such tha t  

(45a) d :-  W b  , 

(45b) 3 = a t 

satisfy the canonical (anti-) commuta t ion  relations. /~elating by  (44) the  a~, 
to the  {b~, b~}, the  only nontr ivia l  condition 

(46) [d,, d~]± ---- 5,j 

yields immediately,  bo th  for fermions and bosons, 

(47) W = [ T ~ ] - ' ,  

provided T~2 is nonsingular. 
The elimination of the  b's between (44) and (45) leads to the t ransformat ion 

(48) ~ = [ 3 - " ) ] - q i 3 -  (~) , 

which relates the set 8 to the  set a. Namely,  we get 

(49a) a : d -~ X d  (fermions) , 

(49b) a = d + X d + k  (bosons),  

(49c) a t =  3 ,  

4 - 11 N u o v o  C i m e n t o  B .  
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where 

(50a) X = TI~[Te2] -~ , 

both for fermions and bosons, and where the 2C-dimensional vector  k is for  

bosons 

(50b) k = 11 - -  X I~  . 

Then, by  use of eqs. (15)-(17) for fermions, (20)-(22) for bosons, we construct  
the corresponding operator 3-(" which relates the states. The result (in terms 
of the  set a by  use of (25)) is 

(51a) j-ca) = exp [ ½ a + X a  ~] (fcrmions) , 

(5]b) J - ~ ) =  e x P [ ½ a + X a  ~ + k ' a  ~] (bosons) . 

The left  vacuum ~(0l is then (eqs. (5') and (51)) 

(52a) a<O[ = a<0l[J-¢l)] -x = ~<0]. 

The r ight  vacuum ]0>a, which from (45a) is proport ional  to ]0>b, is (by use of 
the normalizat ion condition (9b)) 

(52b) 10>  = Io> [ <olo>d . 

Consequently, (A>.~ takes now the  simple form 

(53) <A>ab = ~401A[o>~ 

of a (( vacuum expectat ion value ~> in the bi-orthogonal bases associated to 5. 
On the  other  hand, let us define now a normal product  by  writing the creation 

operators d~ on the left, and the  annihilat ion operators di on the right (with 
the appropr ia te  sign for fermions), and define the only nonvanishing contrac- 
tions b y  

(54) did~ - -  ~<OId,d, lO>a = 1 .  

Any arb i t ra ry  product  D of operators 5 is then  equal to the sum of all the possible 
normal products  with contractions,  exact ly  like for the  usual Wick's theorem. 
This result  is obvious, since the  proof of Wick's theorem (9) only involves the  
(anti-) commuta t ion  relations of the  creation and annihi lat ion operators, and 
not  their  p roper ty  of being t t e rmi t i an  conjugate. In  part icular ,  the (( v~cuum 
expecta t ion value )~ a(0IDI0>a is equal to the sum of all possible completely 
contracted products,  as a result  of the properties (9) of the right and left vacuums.  
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The creation and annihilat ion operators in A are linear combinations (inho- 
mogeneous for bosons) of the operators 8. F ro m the above considerations, and 
from eq. (53), it follows tha t  <A}ab is also equal  to the sum of all possible 
completely contracted products  (with the usual sign for fermions), in which 
appear contractions involving only a pair  of operators (plus, for bosons, contrac- 
tions of a single operator).  

For  instance, the potent ia l  energy is a sum of terms ~ j ~ z ~ .  Their  ma- 
t r ix  elements are, for fermions, equal to 

for bosons, re-expressing the  contractions in terms of the one and two operator  
mat r ix  elements, we get 

(555) a<Ol~,.~.~lO>o = [o<olo>d-~ {o<oI~,~]o>~o<ol~lo>o + 

E x p l i c i t  calculation o] the contractions.  If, for instance, A is expressed in 
terms of the operators ct, the  contractions are no longer 0 or i as in (54). Their 
explicit value is readily obtained by  performing the t ransformat ion (49). 

For  ]ermions,  only contractions of pairs appear.  The nonvanishing ones are 

(56a) a ia  s =-- <a,a~>~ = ~ l a , a ~ l o > ~  = 

r - - 7  i"  i"  i"  
(56b) a ia j  ~ <aia¢>~b = <-- a~a, @ 6is>~b = 6 i j ,  

summarized in mat r ix  no ta t ion  by  

(56c) 

If  A is expressed in terms of the operators ~, we get through (16) and (]8) 

(57) ~ = ~T~ct,  

and hence 

(58) 
~0 

1 

-- [T~] -~ T~J " 
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The  m i x e d  (( con t rac t ions  *) a ~  a re  p a r t i c u l a r l y  s imple :  

( 5 9 )  ~ ~ = . 

F o r  bosons,  t he  i n h o m o g e n e i t y  of t h e  t r a n s f o r m a t i o n  ~i ~ ~ (eq. (49b)) also 

in t roduces  s ing le -opera to r  c o n t r a c t i o n s  for  the  ,,: 

(6Oa) (a ) .b  = k : ! 1 - -  T1~[T22]-II~ , 

(60b) (at)~b : 0 . 

T h e  ca l cu l a t i on  of pa i r  c o n t r a c t i o n s  proceeds  as for  f e rmions :  

r--~ 
(60e) a,a~ ~ < a , a j > . b -  <ai>.b<a~>.b---- X~,  = { T 1 2 [ T ~ ] - 1 } i j ,  

(60d) a~-~ ~ ' 

12 22] 
0tfX~- 

I f  A is exp res sed  in t e rms  of [~, t he  use of 

( 6 1 )  ~ = - ~(~-~,), 

which fol lows f rom {23) (44c), y ie lds  

(62a) ( b ) ~  -~ 0 ,  

(62b) ( b  *)ab -~ - -  [T~,] -112, 

( 6 2 c )  f l , f l ,  ------ ( f l i f l i ?ab- -  (fl i)ab <flt}ab ~" ii" 

The  m i x e d  con t r ac t ions  

(63) ~, flj ~ ( ~ , f l j ) a b -  (ai) .b ( f l j ) .b , 

are  also g iven  b y  eq. (59). 

R e m a r k .  This  ex t ens ion  of W i c k ' s  t h e o r e m  has  been  p r o v e d  unde r  two  

cond i t ions :  we a s sumed  f r o m  t h e  beg inn ing  t h a t  t he  two  v a c u u m s  10)a and  10)~ 

or, in m a t r i x  f o r m  

(6Oe) 
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were not  orthogonal, in order to define <A>,~; fur thermore,  we needed T22 not 
to be singular (i.e. det T~2 # 0), to construct  the  set of operators 6. In  Sect. 5, 
it  will be shown tha t  these two conditions are equivalent  for fermions (eq. (66)), 
and tha t  both  are always satisfied for bosons (eqs. (67), (68)). 

5. - Explicit  calculation of the overlap. Discussion. 

In  order to achieve the explicit  calculation of a mat r ix  element ,(0[AlO>0 , 
we need to express the overlap ~<010>b in terms of the parameters  of the trans- 
format ion J~ which relates ~ to a (eq. (44)). This result  will follow immediate ly  
from the application of the  decomposit ion (37) or (42) of Sect. 3 t~ this trans- 
format ion ~-. 

We first notice tha t  the t r ans fo rma t ion3  -("  in t roduced in Sect. 4 to construct  
the set ~i (eqs. (48)-(51)) is precisely the first factor  of this canonical decompo- 
sition of J -  (eqs. (31), (37b) for fermions or eqs. (39), (42b), (42c) for bosons). 
The set of operators 6 thus  appears as in termedia te  between a and 6. 

F ro m  eq. (44a), this overlap is 

(64) ~<OlO>~ = ~<OlYlOL,  

where ~- is expressed in terms of the operators ¢~ (eq. (25)). 
or (42) gives 

(65) o<o Io>~ = o<o Is~,.s~,~)~.~,.)lo>~ = o<oly(~)lo>~,  

The use of (37) 

as a consequence of the  simple action of ,2 - ("  and ~(2). For  ]ermions, eq. (65) 
with the help of (35), (37b) reduces to 

(66) ~<0 [0>b = [det T22] ½ . 

For  bosons, eq. (65), together  with (41) and (42b), (42d), becomes 

(67) ~<0 IO>b = [det T22] -½ exp [112 T12 [T22] -1 l] - -  ½ ! 1 " 1 2 ]  • 

Validity o] the extension o] Wick's theorem. For  ]ermions, the  explicit  eval- 
uat ion (66) of the overlap ,<0]0>b shows tha t  the  two conditions a<0]0>~ # 0 
and det T22 V= 0, which needed to be assumed in the  derivat ion of this theorem, 
are equivalent.  Therefore, the only condition of va l id i ty is  tha t  the two Vacuums 
are not  orthogonal. (Any vacuum 10>b orthogonal  to I0>, results f rom [0>~ by  
exciting quasi-particles, as m a y  be seen from the decomposition of 57" given 
in ref. (le).) 
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For bosons, it  is easy to see tha t  T~2 is never singular, as a consequence of 
the uni tur i ty  of J- .  The uni tur i ty  condit ion (19) together  with the group prop- 
er ty  (23) imply  in part icular  

The Hermi t i an  mat r ix  T~T~ h~s therefore all its eigenv~lues larger than 1, or 
equal to 1 if T21~ 0. (In fact ,  these eigenvalues ~re precisely the lukl 2 ~  
~- 1 ~-Iv~l ~ of the stund~rd decomposit ion of J ,  given in ref. (~:).) Consequently, 
we get 

(68) Idet T221 ~ 1 .  

On the other  hand, front (67), it  is obvious tha t  ~<010>b ¢- 0, provided the n u mb e r  
of sin~'le-p~rticle states is finite. Thus, if two boson vucuums 10>a and 10}b are 
unituri ly related by a Bogoliubov t ransformat ion their  overlap never vanishes, 
~nd the extension of Wick's theorem is ~lways valid. 

Further extension to nonzero temperature. Another  generalization of Wick's 
theorem, commonly used in s tat is t ical  mechanics (19), applies to thermal  averages 

(69) 
Tr  exp [--  flQ]A 
Tr exp [--  fiQ] 

where Q is some Hermit ian  quadrat ic  form of the operators ¢t (plus linear te rms 
for bosons). This result will now be extended to a non-Hermit i~n Q. Firs t ,  
through ~n appropriate  nonun i t a ry  t ransformat ion  (15), (16) or (20), (21) on 
the operator  algebra, Q becomes 

(70) Q:~q,d,d,÷r, 
i 

(where we assume Re qi>~0). Then, if the quan t i t y  (69) is expressed ( through 
(70) and the  closure relation (6)) on the  biorthogonal  bases (3'), (5') associated 
to the set 5, Gaudin's derivat ion (19) ~pplies wi thout  change, since again i t  is 
bused only on the  commuta t ion  relations. 

The fact  tha t  Wick's theorem m a y  be extended to (69), with ~ non-Hermit i~n 
Q, also appears as a (( nonzero t empera tu re  )> generalization of the theorem 
proved in Sect. 3: in fact,  the  vacuum expectat ion value (43), (53) is recovered 

(19) M. GAUDIN: Nucl. Phys., 15, 89 (1960). 
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as t h e  z e r o - t e m p e r a t u r e  l i m i t  of (69), s ince 

l i m  Tr  e x p  [ - -  flQ]A 
~ - ~  T r e x p [ - - f l Q ]  = ~(5]A]0}~= ( A } ~ .  

* * *  

Vfe wish to  t h a n k  G. l~P~:X for s t i m u l a t i n g  discussions.  
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R I A S S U N T O  (') 

Si eonsiderano tr~sformazioni lineari, che conservano le regole di (anti) eommu- 
¢azione, ma non la relazione di ermiticit~, per gli operntori di creazione e dis~ruzione 
dei bosoni (fermioni); queste trasformazioni portano alle r~ppresentuzioni dello spazio 
di  Fock sulle basi biortogonali dell'algebra degli operatori. Come applicazione, si ricava 
un'estensione del teorema di Wick ngli elementi di matrice di un operatore ~rnitrario 
Ira due differenti vuoti  di quasi pnrticelle. Questo teorema ~ utile per calcoli che vanno 
al di 1£ dei metodi variazion~li di Hartree-Fock-Bogoliubov (H.F.B. con proiezione, 
metodo delle coordinate del generatore, ecc.). Si st~bilisce una decomposizione canonica 
per trasformazioni di Bogoliubov, che si dimostra utile per esempio nel calcolo della 
sovrapposizione dei differenti vuoti  di due particelie. 

(*) T raduz ione  a cUra de l la  R e d a z i o n e .  

HeynuTapm,m npeo6paaoaann~ Boro~im6oBa n o6o6menue TeOpeMbI BnRa. 

Pe3toMe (*). - -  PaccMa'rpi4BaIoTcn ~aHe~rtbm rrpeo6pa3oaanri~, KOTOpbm coxpartmOT 
(anTn-) KOMMyTaI/HOHI/ble npaBana, no ue COOTHOlUerlrle apMnxoaocTn ~YL~ (qbepMI4OHrll, IX) 
603OHHbIX o n e p a T o p o B  po~<~eHnn H yHI4tlTO)KeHH~t; 3TH npeo6pa3oBarn4R IIpHBO~51T K 
IlpocTpaHCTBeHHbIM npe~CTaBYIeHHflM q)OKa Ha 6I, IOpTOFOHaYlbHbIX 6a3i~cax ayire6pbi  

onepaTopoB. Ka~ nanmcTpatms, asmOanTCn o6o6menne TeopeM~r BnKa ~na MaTpn~m~x 
~.rIeMeI-ITOB IIpoI43BOYlbHOFO o g e p a T o p a  M e r e l y  ~ByMfl pa3YIH~IHbIMFI I(Ba314-tIaCTg~IHbUVlkI 

BaryyMaMm ~xa TeopeMa ora3smaeTcn rtoyIe3rlo~ ~afl ab~mcneHH~, ~OTOpSIe BStXO~aT 
3a paMrn aapnaurtonnsLX MeTO~Oa XapTpH-qbora-Borosrro6oaa (MeTO~ X-O-B c rtpoerrn- 
poBanneM, reHepaTopnbi~ Koop)xHHaTnSL~ MeTO~ a ~p.). YcrauaaaHaaeTcn rauoHa~ecroe 
paano>ren~e ~aa npeo6pa3oBann~ ]3oronm6oaa, roTopoe o~a3bmaeTca nonean~L~, 
atartpr~Mep, rtpi~ Bb~,~r~cneHm~ neperp~,tT~S ~ayx paann~m, LX ~aaa~-,~acTa,m~tx ~aryyMoa. 

(') 1-lepese3eno pec)aKtluea. 


