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S u m m a r y .  - -  Presen ted  in this paper  are exac t  solutions to E ins te in ' s  
field equat ions  genera ted  via  s tat ic  spherical ly symmet r ic  mass and 
charge dis tr ibut ions.  In  the  l imit  in which the mass densi ty  vanishes 
but  the charge dens i ty  does not,  the mass seen by an observer  at  infini ty 
does not  vanish  and the metr ic  exter ior  to the  source can be the Ressner- 
Nords t rom or Sehwarzsehild solution depending  upon the charge distr ibu- 
tion. This mass, genera ted  by the energy densi ty  of the e lec t romagnet ic  
field, cannot  be set equal  to zero for a body of finite size. If  the charge 
is concent ra ted  in a thin shell and the  charge and mass as seen by an 
observer  at  infini ty are set equal  to those of an electron,  the  radius of 
the shell is half  the classical electron radius. Final ly ,  we exhibi t  a class 
of solutions in which the red-shift  (from a poin t  in the body to infinity) 
is m a x i m u m  at  the  surface ra ther  than  at the center.  

1 .  - I n t r o d u c t i o n .  

I l l  a r e c e n t  p a p e r  (1), e x a c t  f ie lds  of  a n u m b e r  of c h a r g e  a n d  m a s s  d i s t r i -  

b u t i o n s  w e r e  f o u n d  a n d  t h e  s e l f - e n e r g y  (1) of  t h e s e  d i s t r i b u t i o n s  w a s  d i s cus sed .  

B e c a u s e  of t h e i r  c o m p l e x i t y ,  t h e s e  s o l u t i o n s  a r e  d i f f icu l t  t o  w o r k  w i t h .  h i  t h i s  

(1) C. ~F. KYLE and A. ~V. :~ARTIN: Xtlot'o Cimento. 50 A. 583 (1967), 

16 - II  Nuoco Cimel~to B. 
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p a p e r ,  we p r e s e n t  some  espec ia l ly  s imple  cha rge  a n d  mass  d i s t r i b u t i o n s  a n d  

f ind  e x a c t  so lu t ions  to  E i n s t e i n ' s  f ield e q u a t i o n s  c o r r e s p o n d i n g  to  t h e s e  d i s t r i -  

b u t i o n s .  The  m e t r i c  coeff ic ients  a re  suff ic ient ly  s imple  so t h a t  al l  q u a n t i t i e s  

of i n t e r e s t  (such as se l f -energy)  can  be c o m p u t e d  e x a c t l y ;  no power - se r i es  ex-  

p a n s i o n s  are  necessa ry .  

T h e  mass  a n d  cha rge  d i s t r i b u t i o n s  t r e a t e d  he re  consis t  of one or  m o r e  t h i n  

shells .  The  m e t h o d  u sed  to  t r e a t  such shel ls  is c losely  r e l a t e d  to  t h a t  used  
e l sewhere  (5). 

2. - Charged  she l l .  

To t r e a t  t h e  p r o b l e m  of a t h in  sphe r i ca l ly  s y m m e t r i c  c h a r g e d  shel l  of r a d i u s  

to, i t  is conven i en t  to  w r i t e  t h e  m e t r i c  in  t h e  f o r m  

{1) ds 2 = A2d t  2 + B ~ d r  ~ + r~(d02 + sin20 d~ 2) . 

Th is  f o rm  of t he  m e t r i c  has  t h e  a d v a n t a g e  t h a t  t h e  r a d i a l  c o - o r d i n a t e  r is re- 

l a t e d  to  t he  a r ea  of a sphe re  of c o n s t a n t  r a d i u s  r v i a  a rea  = 4~r ~. A n  espe-  

c ia l ly  s imple  w a y  to w r i t e  E i n s t e i n ' s  f ield e q u a t i o n s  in  o r t h o n o r m a l  f r ames  is 

(2~) 8~r~T°° = [ r ( ] -  B-~)L, 

(2b) 8 n A B T  3a = [ ( rB) -~ ( rA  )~]r 4- (A  /r~- B )  , 

(2c) A~B2(1 + 8~zr2T n)  = ( rA2)r .  

I f  we cons ider  on ly  r a d i a l  e lec t r ic  fields g e n e r a t e d  b y  a sphe r i ca l l y  s y m m e t r i c  

cha rge  d i s t r i b u t i o n ,  we o b t a i n  only  one n o n t r i v i a l  M a xw e l l  e q u a t i o n  (~) 

(3) (r2e)r = 4r~-~B , 

w h e r e  ~ is t h e  cha rge  d e n s i t y  a n d  e is t h e  r a d i a l  e lec t r ic  f ield in  o r t h o n o r m M  

f rames .  I n s i d e  t he  shell  e van i shes ,  whi le  o u t s i d e  t h e  shell  we o b t a i n  

( t )  e = q/r 2 , 

w h e r e  t h e  charge  q is r e l a t e d  to  t he  charge  d e n s i t y  a v i a  

P 

q = 4 ~ l ~ r 2 B d r .  (5) 

(~) J. M. COHEN: Relativi ty Theory a~d Astrophysics,  edited by J.  EHLE~S (New 
York, 1967); D. BRILL and J. COHEN: Phys.  t lev. .  143, 1011 (1966); J. COHEN and 
D. BmLL: Nuoro Cimento, 56 B, 209 (1968). 

(a) j .  M. CoItEy': Phys.  Rev.,  148, 1264 (1966); B. HOFFMaX: Quart. Journ.  Math.,  
3, 226 (1932). 
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Here  r + and  r o deno te  the  l imi t  r ~ ro t a k e n  f rom above  a n d  below respect ively .  

The  s t ress-energy t ensor  (genera ted  b y  the  electic field, the  mass  dens i ty  

p of the  shell, a n d  the  elast ic  stress t "2=  t 33 necessary  to  suppo r t  the  shell) 

has the  nonvanishino" c o m p o n e n t s  

(6)  T ° ° - -  O + ( e 2 / 8 ~ )  , T '~  = - - e ~ / 8 ~  , I ' ~ 2 =  T"~ = t~" + ( e ~ / 8 ~ )  • 

I n  the  l imi t  of a shell of v a n i s h i n g  th ickness ,  the  mass dens i ty  a n d  elastic stress 

can be expressed in  t e rms  of a de l ta  (( f u n c t i o n  )), i .e .  

(7) = K ( ~ ( r - - r o )  , t ~ = t 3 3 =  S b ( r - - r o )  , 

where the  de l ta  <(function ,) is no rma l i zed  to sutisfy 

(s) 

r + 
o 

1 ~- =lT l f6 (r - -  ro ) r2dr  . 

r~ 

For  the  field equa t ions  (2) wi th  the  s t ress-energy t enso r  (6) we have  the  

so lu t ion  

(9) 

a n d  

(10) 

A 2 ~ B -2 = 1 - -  (2mr - -  q~)r -~- , e =  q/r  2 for r > r o ,  

A ~ ~ 1 - -  (2mr0 - -  q2) ro~, B 2 ~ 1 ,  e = 0 for r < ro • 

The  so lu t ion  (9) is the  we l l -known Reisner- -Nordst rom so lu t ion  while the  solu- 

t ion  (10) is j u s t  flat space. 

All  t h a t  r ema ins  to be  done is to f ind  the  connec t ion  b e t w e e n  the  mass  

and  to f ind the  elast ic  stress s u p p o r t i n g  the  shell. The former  r e l a t ion  is found  

by  i n t e g r a t i n g  eq. (2a) across the  shell a n d  us ing  eq. (8): 

(11) m = K + (q~/2ro). 

I f  we assume t h a t  the  mass dens i ty  is pos i t ive  defini te  t h e n  K m u s t  also be 

posi t ive  defilfite. ] t  is i n t e r e s t i ng  to no te  t h a t  even  when  the  mass dens i ty  

van i shes  (K--~ 0), the  mass does not .  Thus  an  observer  a t  i n f in i ty  sees a mass 

even  if no (( real  ,) mass  is present .  I t  is the  energy dens i ty  of the  electric field 

which genera tes  this  mass.  I t  is o f ten  s t a t ed  t h a t  the  effect of the  electric 

charge on the  me t r i c  dies off fas ter  a t  large d is tances  t h a n  the  effect of the  mass,  

since the  q-~ t e r m  in  the  met r ic  (9) falls off fas ter  t h a n  the  m te rm.  B u t  rela- 

t i on  (11) shows t h a t  the  electric field also con t r ibu te s  to the  mass  via  its energy  

dens i ty .  Thus  the  effect of the  charge does no t  fall  off fas ter  t h a n  t h a t  of a 
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(~ real~) mass (nonelectromagnetie mass): the energy density of the electric 
field makes a contr ibution to the mass seen by an observer ~t infinity which 

ca~ be ~s impor tan t  as the contr ibution from any (~ real ~ mass. I n  the extreme 

case K ~ 0, the energy density of the electric field makes the only contribution 
to the Schwarzschild mass. I] the Schwarzchild mass and charge are set equal 
to the values ]or an electron (with K =  0), the radius o/ the body becomes ro= 

q~/2m, hal]the classicalelectronradius. This result came directly out of the 

field equations with the gravitat ional  interaction taken  into account auto- 
matically via the field equations. 

We define the gravitational self-energy 3m via (4) 

(12) 6m = m - - m o  , 

where m is the Schwarzchild mass and mo is the proper volume integral of the 

energy density, i.e. 

(13) mo = 4=fyoor~B dr 

0 

for the spherically symmetric distribution considered here while 

(14) 

co 

m ~ 4z~fT°°r2 dr .  
0 

Thus the gravitat ional  self-energy ~m is given by 

(~5) 

co 

~m : 4 +  ~ d r T ° ° ( 1 -  B ) ,  

0 

which is negative since the integrand is negative definite ( B ~ I ) .  In tegra t ion 

yields the exact result 

(16) ~m = ro(1 - -Ao)  + ([q]/2)In [(Ao + Iqlr-~ 1 -  m[qE-1)/(1 -m]qI-~)]. 

When K = 0 this expression (16) takes the form 

(17) ,~m : m(1 - (],zl/2m) in [(1 + mlql-~) (1-  mlq[-~)-']), 

(4) ADLER, BAZIN and SCHIFFER: Introduction to General Relativity (New York, 1965). 
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which becomes ~m ~ _ - - m m " / 3 q  ~ when the charge and mass of an electron 
~re subs t i tu ted  into (17) since ]ql >> m. N'ote t h a t  m >> ]3m I for this ehurge 
dis tr ibut ion and charge mass  ratio. 

The elastic stress in the  shell is obta ined by  integrat ing eq. (2b) across the 
shell yielding 

8 z @ 6 ( r - -  ro)dr = B ~(rot 4 - A , A  -~) = (2ro A o ) - ~ [ ( 1 -  Ao) 2 -  q2ro2] . 
.J 

r o  ~ o 

(18) 

The integral on the left of eq. (18) is not welt defined (since the integral o / t h e  step 

]unction t imes  a delta ~ func t ion  >> is not well defined) and can o~dy be determined 

i f  addit ional in format ion  is given. This addit ional  informat ion tun  be obta ined  
by  in tegra t ing (2a) across the shell 

(19) 

+ 
r~ ~o 

4xroKIS(r - -~  r o ) B d r  = - -  B -11 = 1 - -  Ao m 

.d 

Subst i tu t ion of this relat ion (19) into eq. (18) yields 

(20) S (K/4)EAo ~ - -  1 - -  q%'o~A-~(1 - -  Ao) 1] . 

When e 2 ~  0, this relat ion (14) reduces to 

(21) S =  (m/-l)(A~ ~ -  1) ,  

in agreement  with previous results (2). I n  tile l imit  K - + O ,  eq. (13) reduces 
to eq. (8) and eq. (20) or eq. (18) yields S = - - q 2 / 4 r o ~  While if I q l -  m, S 
wmishes;  the gmvi ta t ionM attr,~ction jus t  balances the electric repulsion. This 
is not  hard  to show if one notes tha t  Ao 2 = (1- -mro*)  ~ in this case. 

When  this l~tter  cuse Iql = m is considered via isotropie co-ordinates,  s t range 
results are often obtained.  The co-ordinate t ransformat ion  r - - 9 ~ 2  yields 

the  isotropic form of the metr ic  (1), (9): 

(22) 

where 

(23) 

ds2__-- - -  V2dt 2 + T4(d~o: ÷ ~2dO: + ()~ sin20 dcp 2) , 

' p~= [1 + (m/2o) ]~ -  (q~/4~o*), v =  (z - [ ( , , : ' -  q2)/~2q ) ~ - 2 .  

When  ]q] m, these metr ic  coefficients become 

(24) ~/,2= 1 + (re~e) , V =  't '-2 . 
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A sphere of c o n s t a n t  radius  ~ has the  area 4z(~v2)  2 -  4,~r 2. Thus ,  ff we 

measure  the  ~ rad ius  ~> of a shell v ia  the  area of the  shell t h r o u g h  the  re la t ion  

area----4nr~,  we f ind t h a t  the  (( rad ius  ~) of the  shell is r e la ted  to Oo via  (for 

-Iql)  

(25) r o =  ~Oo + m . 

Thus  when  ~Oo approaches  zero, the  shell rad ius  ro qpproaehes m, a nonze ro  value.  

Consequen t ly ,  the  surface area of a charged  body  wi th  m =  [q[ a n d  eo -~0  

does no t  van i sh ,  a n d  thus  the  body  is no t  a po in t  charge in  the  usua l  sense. 

However ,  i t  is of ten  cal led a (( po in t  charge ~), since i t  exhibi ts  m a n y  of the  pro- 

per t ies  of a po in t  charge (5). 

F o r  this  case the  express ion  for the  g r a v i t a t i o n a l  self-energy (18) is 

(26) am = (m/2) In (1 - -  t a r o  2) , 

which becomes large as ro approaches  m. Thus  the  g r a v i t a t i o n a l  p o t e n t i a l  

(( renormal izes  )> the  mass  a n d  keeps i t  f ini te  as po i n t e d  out  p rev ious ly  by  

others  (6). 

3 .  - S c h w a r z s c h i l d  m e t r i c .  

I n  this  Sect ion  we consider  two concen t r i c  spherical  charged  shells wi th  

charges q , - - q  a n d  rad i i  r2, r2 respect ively .  F o r  this  case the met r i c  takes  the  

form (1) wi th  the  electric field and  met r ic  coefficients be ing  

(27) for r 2 < r ,  

(2s) 

(29) 

s ~ 0 , A ~ -  B - 2 ~  1 - - 2 m r  - I  , 

- -  q / r  2 , 

A 2 - -  (1 - -  2 m r ; l ) ( 1  - -  q 2 r - 2 ( r r (  2 - -  1))(1 - -  q 2 r ; 2 ( r : r : l  - -  1)) -2 , 

B - 2 _  1 - - q 2 r - 2 ( r r - ( 2 _  l )  , 

.42 - -  (1 - -  2mr~1)(1 - -  q~r~2(r2r~  2 - -  1)) -2 , 

B - - l ,  

f o r  r l <  r < r 2 .  

f o r  r ~ r 1 . 

(5) R. ARNOWITT, S. DESER and C. MISNER: A n n .  o/ P h y s . ,  33, 88 (1965). 
(6) ]:~. ARNOWITT, S. DESER and C. MISNER: P h y s .  Rec .  Le t t . ,  1, 375 (1960). 



EXACT F I E L D S  OF C t IA RG E AND MASS D I S T R I B I ' T I O N S  LN GENEI%kL R E L A T I V I T Y  2 4 7  

H e r e  t h e  S c h w a r z c h i l d  mass  m is g i v e n  b y  

(30) m = (q~/2r~)(1 - -  r,r-; 1) 

a n d  r, is t h e  r a d i u s  of t h e  inner  shell .  T h e  mass  m seen b y  an  obse rve r  a t  inf i l f i ty  

is g e n e r a t e d  b y  t h e  e lec t r ic  f ie ld b e t w e e n  t h e  two  c h a r g e d  shells.  H o w e v e r ,  

this  observer cannot  tell that the mass  is due to two charges rather than to a (( real ~) 

~ a 8 8 .  

4. - E x t e n d e d  c h a r g e  d i s t r ibut ion .  

A n o t h e r  e x a c t  so lu t i on  is 

(31) e = q(r)/r ~ , A s -  B - 2 =  1 - -  (8W~/3)r 2 , for  r ~  r0 , 

w i th  t h e  so lu t i on  for  r 0 <  r be ing  t h e  same  as t h a t  in  eq. (9). H e r e  /~ is t h e  

c o n s t a n t  r e l a t e d  to  t he  mass  m a n d  t o t a l  cha rge  q v i a  t h e  r e l a t iml  

m = (dz~/3)ur~ + (q2/2ro) 

and  q(r) is a n  a r b i t r a r y  f u n c t i o n  s a t i s fy ing  the  c ond i t i ons  q(ro) = q a n d  q(r ) ,~  r" 

w i t h  n ~ 3  as r a p p r o a c h e s  zero.  This  l a t t e r  c o n d i t i o n  ensures  t h a t  t h e  cha rge  

d e n s i t y  r e m a i n s  filfite ~t  t h e  origin.  The  n o n v a n i s h i n g  c o m p o n e u t s  of t he  s t ress-  

ene rgy  t e n s o r  a re  

7'~°= # = ~ ÷ (q2(r)/8~zr~) , 

(32) T ~ =  - - re  = p~ - -  (q°-(r)/8~rd) , 

T ~ 2 =  T3a = - - #  = P3 + (q2(r)/87~r~) , 

where  f~, P~,P3 are  d e t e r m i n e d  o n c e / x  a n d  q(r) ure g iven .  T h i s  soTution ]~a.~ the 

su rpr i s i ng  proper ty  that the red-shi]t  (]rom a po in t  in  the sphere to in] in i ty )  is 

m a x i m u m  at the sur]ace rather than  the center. 

F o r  he lp fu l  d iscuss ion,  we  ~re  i n d e b t e d  to  Drs .  R.  G A U T ~ E ~  ~ a n d  A. FL~zT. 

This  w o r k  was  c o m p l e t e d  whi le  t h e  t h e  first  a u t h o r  he ld  an  NAS-NI~C I~e- 

s e a r c h  A s s o c i a t e s h i p  a t  t he  I n s t i t u t e  for  Space  S tud ie s ,  G o d d a r d  Space  F l i g h t  

Cen t e r ,  N A S A ,  New York .  
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R I A S S U N T O  (*) 

Si p resen tano  le soluzioni esa t te  delle equazioni  di campo di Eins te in  genera te  t r ami te  
d is t r ibuzioni  s ta t iehe  e s fe r icamente  s immet r i che  della massa  e delle cariche.  A1 l imite 
in eui la densi t£ di massa,  ma  non la densi t£  di carica, si annulla,  la massa  v i s ta  da 
un  osservatore  al l ' infini to non  si annul la  e pub verificarsi  che la met r ica  es te rna  alla sor- 
gen te  sia la soluzione di  Ressne r -Nords t rom o di Sehwarzschi td  d ipenden t e  dalla distri-  
buzione  di carica. Questa  massa,  genera ta  dalla dens i t£  di energia del cainpo elet tro-  
magnet ico ,  non pub pors i  uguale a zero per  un corpo di d imensioni  finite. Se la carica 

concen t r a t a  in un guscio sot t i le  e la carica e la massa ,  vis te  da un osse rva tore  all'infi- 
n i to ,  si pongono uguali  a quelle di un e le t t rone,  si t rova  ehe il raggio del guscio ~ la 
meter del raggio classico de l l ' e le t t rone ,  h l f ine  si espone una  classe di soluzioni in cui lo 
s p o s t a m e n t o  verso il rosso (da un pun to  del corpo fino all ' infinito) b mass imo alla su- 
perficie anzich~ che al cent ro .  

(*) Traduzione a cura della Redazione. 

ToqHMe nO,~g ~.~g paenpe~e~eHHfi 3apa~a  

H Macch~ B o6mefi  TeODHH OTHOCHTe21hHOCTH. 

Pe31oMe (*). - -  B 3TOJ~ CTaTbe COO6tUarOTC~I TO~Hble pemeFmn ypaBHeHHfi norm 3~H- 
IllTefiHa, o6pa3OBaHH~IX IIocpe~CTBOM CTaTH~IecKHx cqbepHqeCKH CHMMeTpHHHbIX pacnpe-  
~eJleHH~ Maccb! H 3 a p ~ a .  B llpe~e/le, B KOTOpOM H-FIOTHOCTb Maccbl o6paulaeTc~[ B Hynb, 
a r~aoTHocrb 3apz~a He o6pa~aeTc~  B HyJIb, Macca, Koropy~o BH,/IHT Ha6..qro.~aTey~b Ha 
6eCKOHeqHOCTH, He o6paiz.iaeTc~ B Hy.,rlb, 14 MeTptlqecKa~t Hapy:,KHOCTb K HCTOHHHKy Mo:~eT 
6brrb pemen~ieM PeccHepa-Hop~crp~Ma HarI IIIBapumH.m,~a, KOTOpOe 3aB~ICrlT o r  pacnpe-  
jleneH~4~ 3apa/Ia. 3Ta Macca, o6pa3oBaaHaa H..rlOTHOCTbIO 31tepl-HH 3..qeKTpOMaFHHTHOFO 
llO.rl~t, He MO~:eT 6r, LTb paBHOfi HyJllO ,~.J]8 Te~a 6ecKoHeqHblX pa3Mepom EC.nH 3ap~t~I 
CKOHtleHTpHpoBaJ< B TOff'KO~ 06onoqKe, TO 3apn~ H Macca, KOTOp~Ie BH}/HT Ha~5.rlro,//aTe.rlb 
Ha 6eCKOHeqHOCTH, paBHbI 3ap~,//y H Macce 3JIe~:Tporla, a pa~tHyc O60.qOqKtl paBer~ nono-  
BHHe/<naccHLIecKoro pa,~ayca 3..qeKTpoHa. B 3ai~J~ro~erme, M~ noKa3bmaeM K~acc pemenH~, 
.II.rl~ KOTOpblX KpacHoe cMettleHHe (OT TOtlKI4 B Tene  ,~o 6ecKoHeqHOCTH) ~B.rI~/eT¢~I MaKCH- 
MaYlbHblM Ha IIOBepXHOCTH, a He B Herrrpe. 

( ' )  HepeeeOeuo  pec)amtuefi.  


