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Abstract−−−−Molecular dynamics simulations have been carried out for the simple few-body systems of two hard-disk
particles confined within a 2-dimensional rectangular box. Wall pressures, the collision frequencies, density profiles,
two-particle probability distributions, and position autocorrelation functions were computed to examine the thermo-
dynamic, structural and time-dependent properties of such systems. Excellent agreement was found between simulation
results and theoretical predictions recently proposed by Munakata and Hu. Detailed dynamic effects are also discussed
to describe configurational particle trajectories including fast/slow relaxation processes observed in the position
autocorrelation functions.
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INTRODUCTION

With the declaration of initiatives and the proposal of an imple-
mentation plan in the field of nanotechnology [Roco et al., 2000],
recent research areas in chemical engineering have placed increas-
ing emphasis on molecular-based applications, where nanoscaled-
level approaches could be employed for tailoring and design of nano-
materials for specific use. Professor Hyun-Koo Rhee and his col-
laborators were among the first to recognize the importance of this
perspective in engineering science and emphasized the requirement
of coordinated work in fundamental research, its application and its
ultimate development [Park et al., 2000; Oh et al., 2001; Lee and
Rhee, 2002; Suh and Rhee, 2003].

This article, dedicated to Professor H.-K. Rhee, is concerned with
molecular simulation studies to investigate the thermodynamic, struc-
tural and time-dependent properties of two hard-disk particles con-
fined in a 2-dimensional rectangular box. In the field of theory, mod-
eling and simulation, the most significant advances applicable to
nanotechnologies have been associated with the advent of more pow-
erful computers and relevant theoretical approaches in statistical
mechanics. Molecular simulation by means of either Monte Carlo
(MC) or molecular dynamics (MD) calculations have been accepted
as the most satisfactory basis for a better understanding and inter-
pretation of molecular systems [Allen and Tildesley, 1993]. In fact,
the results obtained from molecular simulations have provided the
thermodynamic and transport properties of nanoscaled materials
for performing leading edge research at the atomic or molecular

level [MacElroy and Suh, 2001; MacElroy et al., 2001].
In the usual many-body systems, statistical mechanical de

tions are related to the so-called thermodynamic limit, where 
system volume and the number of particles tend to infinity wh
the number density is kept fixed in the thermodynamic sense
more recent years, considerable attention has focussed on the
of finite, few-body, systems, and more rigorous treatments are 
sible by means of analytical considerations and computer sim
tions. Quite different effects emerge in finite systems, which 
not observed in the infinite bulk behavior. For instance, in a sys
of finite hard disks confined within a circular cavity, Nemeth a
Lowen [1998] have reported a transition from ergodic to non-er
dic behavior referred to as ergodicity breaking with a concomit
dynamical crossover from hydrodynamic relaxation to particle 
change hopping. In the theoretical and MC simulation studies
Kegel et al. [1999], the grand distribution function of small sy
tems of hard spheres was calculated by applying an exact rel
between the available volume and the partition function. Inter
ingly, at a certain point, it was found that the available volume 
creased with increasing number of particles, and the steep inc
for small systems indicated the signature of a first-order freez
transition.

As one of the simplest finite few-body systems, Awazu [200
has investigated the thermodynamic properties and the position 
correlation functions for a system composed of two hard disks 
2-dimensional rectangular box using the MD computational meth
In this simulation work, a relation similar to the van der Waals 
stability detected from the negative compressibility was obser
between the width of the box and the pressure at the sidewalls. M
recently, the corresponding phase transition, mainly due to ergo
non-ergodic structural changes of confined particles, was analy
theoretically based on the exact partition function and its rela
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Molecular Dynamics Studies of Two Hard-Disk Particles in a Rectangular Box

equilibrium distribution functions [Munakata and Hu, 2002].
For comparison purpose with theory and simulations, we have

revisited this model system via the MD simulation method. It turns
out that there are rich structural and correlation properties in space
and time in such a simple system. The model employed in this work,
together with the MD computational details, is introduced in the
next section. In this section a brief description of the theoretical ap-
proach proposed by Munakata and Hu [2002] is also included. We
present our MD results in the following section, where various sta-
tistical and dynamic properties are calculated over a wide range of
box sizes. Simulation results for the wall pressure and the probabil-
ity distribution functions are directly compared to test the applica-
bility of the corresponding theoretical predictions. The correlation
functions of colliding particles in space and time are also deter-
mined for the position autocorrelation functions. Such time-depen-
dent properties are of particular interest because they can provide
specific details for particle motions in the confined geometry.

THEORY AND COMPUTATIONS

We consider a simple system consisting of two hard-disk parti-
cles, having the same particle diameter d, confined within a 2-di-
mensional rectangular box. Here, the four walls of the rectangular
box are assumed to be rigid, and the box width and the height are
denoted as Lx and Ly, respectively.

As mentioned in the previous section, such a 2-dimensional mod-
el system has been investigated analytically by Munakata and Hu
[2002] based on the configurational partition function and its related
equilibrium distribution functions. In their statistical mechanical
approach, the partition function Zc can be characterized by the two
parameters of the effective box size, lx(≡Lx−d) and lx(≡Ly−d). The
final results for Zc in their analysis are summarized as follows:

(1)

(2)

(3)

For Eq. (2) with the relationship of symmetry, one may remark that

(4)

It is also worth noting from Eq. (1) to Eq. (3) that

(5)

and

(6)

For the conditions expressed in Eqs. (5) and (6), the confined ge-

fixed ly, or at ly=d for a fixed lx.
Statistical thermodynamic properties can be obtained starting f

the partition function with the aid of fundamental thermodynam
relationships. For example, the configurational part of the entr
S can be expressed as

(7)

where kB represents the Boltzmann constant, and the wall press
Px and Py, at the given temperature T, can be written as

(i=x, y). (8)

We note that, in contrast to the functional behavior of the confi
rational partition function in Eqs. (5) and (6), there is no disco
nuity at lx=d or at ly=d for the resulting pressure equation becau
the discontinuity factor is cancelled out between the numerator
the denominator terms in Eq. (8).

Theoretical results determined from Eq. (8) can be compared
rectly with the exact machine-experimental data obtained from eith
MC or MD simulations for such a precisely defined model syste
To this end together with more detailed statistical investigation
space and time, we have carried out MD simulations in a man
similar to that originally proposed by Alder and Wainwright for har
core systems [Alder and Wainwright, 1959]. The hard-wall co
sions with the boundaries of the box were treated by the rule of 
tic specular scattering, in which the tangential component of ve
ities to the collision plane was preserved but the normal com
nent of velocities was changed. Post-collisional velocities for c
liding particles were also assigned according to specular colli
dynamics. The MD computational algorithm employed in this wo
is described elsewhere in our earlier studies for hard-sphere f
in cylindrical [Suh and MacElroy, 1986; MacElroy and Suh, 198
and spherical pore systems [Suh et al., 1998; Kim and Suh, 20

Thermodynamic, structural and time-dependent properties w
evaluated during our MD simulations, including wall pressures, c
lision frequencies, density profiles, two-particle probability distrib
tions, and the position autocorrelation functions. Each simula
run was, at a given condition, conducted for a total of 20 milli
collisional events. The MD results reported in the next section w
all scaled to reduced dimensionless quantities, by using the unit h
disk diameter d, the unit particle mass m, and the unit thermal
ergy kBT. In this system of units, the translational kinetic energy
the particles in total is scaled to 2, which should be conserved d
ing the MD simulations regardless of the system input parame
for the box size.

RESULTS AND DISCUSSION

In Fig. 1, MD results for the wall pressure are presented as a f
tion of Lx at a given condition of Ly. The wall pressure was evaluate
from the time average of the instantaneous momentum changes
ing during each particle collision with the walls of the box per u
length per unit time. For the side-wall (left and right) pressure x,
as displayed in Fig. 1(a), exhibits sharp local maxima near Lx~2.0-
2.1 with decreasing box length Ly. For systems of smaller Ly-values,
it is found that there are more pronounced unstable regions w
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ometry itself reflects the ergodic/non-ergodic transition at lx=d for a the volume compressibility becomes negative. This anisotropic pres-
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sure behavior in the Lx vs. Px curves is indicative of the ergodic/
non-ergodic phase transition, which is dominated by the purely ge-
ometric constraint in the hard-wall system. This pressure curve (or,
the equation of state) is similar to the van der Waals loop of a liquid/
vapor transition or the Alder loop of a solid/fluid transition at high
densities for bulk hard-sphere systems. In contrast to the Lx-Px rela-
tionship, the Lx vs. Py curves decrease monotonically with increas-
ing Lx-values, as can be seen in Fig. 1(b) for the wall pressure on
the upper and lower walls. We note here that such pressure behav-
ior arises from the system responses of Px and Py to the variations
in Lx. It is obvious that, with variations in Ly the Py curve will dis-
play a pressure instability, which (at fixed Lx) is absent in the Px curve.

Also shown as the solid curves in Fig. 1 are theoretical predic-
tions evaluated from the configurational partition function and its
pressure relationship proposed by Munakata and Hu [2002]. Theo-
retical results for the wall pressure Px and Py through Eq. (1) to Eq.
(8) are shown to be in excellent agreement with the MD simula-
tion results. Such an exact expression can only be derived for sys-
tems containing only a few particles, particularly in the case of N=
2. For N>2, possible configurations become more complex, even
in the simple hard-disk system, and massive computations are re-
quired to evaluate the corresponding thermodynamic partition func-
tion for large N. In the previous work of Awazu [2001], the rectan-
gular Sinai model was employed to calculate the wall pressure an-
alytically based on the correlated cell approximation [Alder et al.,
1963; Dellago and Posch, 1996]. For this Sinai model, Px has a max-
imum value independent of Ly, and there is one singular point ex-
actly at Lx=2.0. This model approximation may explain the wall
pressure behavior only qualitatively, but not quantitatively.

In Fig. 2, collision frequencies per unit time determined during
our MD simulations are illustrated for the x-wall collisions, ωwx,
[Fig. 2(a)], the y-wall collisions, ωwy, [Fig. 2(b)], and the particle/
particle collisions, ωp, [Fig. 2(c)]. The excluded volume effect on
colliding particles becomes evident when the size of the box size is

small, and the resulting characteristics of the wall collision frequ
cies in Figs. 2(a) and 2(b) are shown to be very similar to thos
the matching wall pressures in Figs. 1(a) and 1(b). For the x-w
collision frequencies, as also observed in the wall pressure be
ior, locally developed maxima are gradually reduced when the 
height Ly is decreased, and nearly disappear for the system Ly=3.0.
The y-wall collision frequencies do not indicate such inhomog
neous behavior but decay monotonically with increasing box wi
Lx.

One interesting observation from Figs. 1(b) and 2(b) is that
the region of 2.1≤Lx≤2.6, the y-wall collision frequencies and rele
vant wall pressures for the case Ly=1.9 are smaller than those fo
Ly=2.1 (Note that the frequencies and the pressures displaye
Figs. 1 and 2 are scaled in logarithmic units.). This, at first sig
appears to be a counterintuitive result and implies that, during a f
time interval, the smaller the system the smaller the collision pr
ability against the wall. This behavior can be explained from b
geometric and dynamic points of view. When the sum of two ha
disk diameters is equal to or less than the box height (Ly≤2.0), con-
fined particles in the box cannot change their positions in the h
zontal x-direction. On the other hand, in systems of less string
confinement (Ly>2.0), two particles may move freely, exchangin
their spatial positions with each other along the x-direction. In 
dition to this geometric effect, more frequent collisions with the w
can arise during position overtaking processes, particularly w
the box length is slightly larger than two particle diameters. Th
phenomena are not limited to the finite few-body system, and a 
ilar observation, namely the dynamic chattering effect, was a
made in previous MD studies of hard-sphere fluids and mixtu
in cylindrical microcapillaries [Suh and MacElroy, 1986; MacE
roy and Suh, 1987]. Such dynamic chattering effects between
colliding particles could explain, at least qualitatively, restricted
hindered diffusion processes when the size of confined parti
approaches that of the effective pore radius in nanoporous syst

Fig. 1. (a) The x-wall (left and right) pressures Px and (b) the y-wall (upper and lower) pressures Py as a function of Lx. The solid lines
correspond to theoretical predictions by Munakata and Hu [2002].
March, 2004
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In statistical thermodynamics, it is easily shown that, as in bulk
systems, the wall pressure is directly related to the wall contact value
of the equilibrium one-particle density profile

(i=x, y) (9)

Here, nx(x) is the density profile in the x-direction, which satisfies

(10)

and, for the density profile in the y-direction, ny(y),

(11)

ity distributions ρx(x) and ρy(y) for the relative coordinates x≡x1−
x2 and y≡y1−y2. These probability functions can be also nume
cally obtained from MD computations by sorting the relative d
tance between the centers of two hard-disk particles. The requ
conditions for such probability distributions are

(12)

and

(13)

The density profiles and probability distribution functions in Eq
(10) to (13) are all even functions, and, in Figs. 3 and 4, we h
illustrated them only in the half-interval.

Pi  = kBTni

L i  − d
2

------------ 
 

Ly nx x( )dx = N,
Lx 2⁄

Lx 2⁄
∫

Lx ny y( )dy = N.
Ly 2⁄

Ly 2⁄∫

ρx x( )dx = 1,− Lx

Lx∫

ρy y( )dy = 1.− Ly

Ly∫

Fig. 2. (a) The x-wall collision frequencies ωωωωwx, (b) the y-wall collision frequencies ωωωωwy and (c) the particle/particle collision frequencies ωωωωp as
a function of Lx. The solid lines are only a guide to the eye.
Korean J. Chem. Eng.(Vol. 21, No. 2)

Furthermore, we consider the equilibrium two-particle probabil- For the system Ly=2.3, we plot one-particle density profiles nx(x)
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in Fig. 3(a) and ny(y) in Fig. 3(b), respectively. It is observed that,
for smaller (or, more compact) systems, the central part of the box
(x, y=0) is less populated and more particles are located near the
wall. The variations in the contact density at the wall in this figure
are found to be closely matched with the variations in the wall pres-
sures (see, Fig. 1). We have independently measured the wall pres-
sure value, as expressed in Eq. (9), from the contact value extrapo-
lated to the wall, and compared the resulting MC-type wall pres-
sures with MD wall pressures obtained from the time average of
momentum exchanges in the wall collisions. There were, depend-
ing on the curvature of density profiles, some marginal errors of
approximately 3-5% mainly due to the difficulties involved in the
extrapolation to the fluid/wall contact point [Allen and Tildesley,
1987].

The corresponding two-particle probability distributions, ρx(x)
and ρy(y), are illustrated in Fig. 4 for the same system Ly=2.3 as in
Fig. 3. Also shown in this figure as the solid curves are the theoreti-
cal predictions by Munakata and Hu [2002]. Again, as in the case
of the wall pressure in Fig. 1, excellent agreement with the MD sim-
ulations confirms the high quality of their analytical approach. The
peak maxima in ρx(x) are shown to be dependent on Lx, while the
local maxima in ρy(y) are seen to be independently located near y≈
1.0. For Lx=1.6, the probability distributions are larger near x≈0
[Fig. 4(a)] and y≈1 [Fig. 4(b)], indicative of a favorable layering
configuration. As the Lx-values increase, the vertically favored con-

figuration is changed to a diagonally favored one. For the casex=
2.5 and beyond this range, ρx(x) and ρy(y) exhibit wide uniform dis-
tributions, and the particle trajectories for larger Lx- and Ly-values
can be regarded as random 2-dimensional motions.

The relaxation of fluctuations described by correlation functio
in space and time can lead to important insights into the collis
dynamics in confined systems of different geometries [Murthy a
Singer, 1987]. During our MD simulations we have computed 
position autocorrelation function (PACF), Crr(t), expressed as

(14)

where the symbol <...> denotes the ensemble average over the
origin t=0. Three kinds of PACFs were computed and these are
fined with respect to correlations in the x-coordinate, Cxx(t), the y-
coordinate, Cyy(t), and both coordinates, Crr(t) as explicitly written
in Eq. (14).

In Figs. 5 and 6, we have illustrated the various PACFs as fu
tions of t for the systems Ly=2.1 and Ly=2.3, respectively (note that
these autocorrelation functions are presented as the normalized 
calculated by dividing the original correlation functions by the

Crr t( )  = 

1
N
---- r i t( )

i = 1

N

∑ r i 0( )⋅
 
 
 

〈 〉,

Fig. 3. (a) The density profiles nx(x) as a function of x and (b) the
density profiles ny(y) as a function of y for the system Ly=
2.3.

Fig. 4. (a) The two-particle probability distributions ρρρρx(x) as a func-
tion of x≡≡≡≡x1−−−−x2 and (b) the two-particle probability distri-
butions ρρρρy(y) as a function of y≡≡≡≡y1−−−−y2 for the system Ly=
2.3. The solid lines correspond to theoretical predictions by
Munakata and Hu [2002].
March, 2004
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zero time values). From these figures we observe the following: (i)
In the solid-like state, the PACFs have a finite positive value be-
cause two hard-disk particles cannot exchange their positions, (ii)
the PACFs drop off rapidly in the fluid-like state where particle po-
sitions are available over all configurational space, and (iii) In the
intermediate range between the solid/fluid states, the PACFs ex-
hibit a plateau due to relaxation processes resulting from the colli-
sions between the two hard disk particles. One of the most striking
features displayed in both Figs. 5(a) and 6(a) is the appearance of
local maxima for systems with Lx≤2.0. A relatively large local max-
imum is clearly observed in Cxx(t), for example, near t=0.7 for Lx=
1.6 and Ly=2.1, and near t=0.8 for Lx=1.6 and Ly=2.3. This indi-
cates frequent discontinuous jumping motions (or, hopping-like mo-
tions) horizontally in the x-direction. As the box width increases
towards Lx=2.0, this maximum is reduced in size and shifts towards
slightly longer times. Such hopping-like motions in the vertical y-
direction are not detected in Cyy(t) [Fig. 5(b) and Fig. 6(b)] because
the Ly-values in both cases are greater than 2.0.

One last interesting point is also observed in Crr(t) in Fig. 5(c)
and Fig. 6(c), which is related to fast/slow relaxation processes within
the confined system. Comparing the cases Lx=2.1 and Lx=2.5 for
Ly=2.1 in Fig. 5(c), the PACF for Lx=2.1 exhibits a slower relax-
ation in the short time region than that for Lx=2.5. However, after

that for Lx=2.5. A corresponding relaxation transition process
not observed for the system Ly=2.3 shown in Fig. 6(c). This sug-
gests that, at a certain condition, configurational positions in lar
systems are more strongly correlated than in smaller systems. U
these conditions the overtaking processes decrease with incre
box size within a given time period which is longer than the me
time between particle collisions. Such fast/slow relaxation proce
can be one of the characteristic features observed in finite few-b
system, which may not appear in infinite, many-body systems.

CONCLUSION

In the present work we have investigated one of the simplest 
body systems consisting of two hard-disk particles, confined wit
a 2-dimensional rectangular box, by means of molecular dynam
simulations. A range of thermodynamic, structural and time-dep
dent properties were calculated during the MD simulations, incl
ing wall pressures, collision frequencies, density profiles, two-p
ticle probability distributions, and position autocorrelation function
The MD simulation results are also compared with theoretical p
dictions, recently proposed by Munakata and Hu [2002], based
the configurational partition function and its related equilibrium d
tribution functions. Excellent agreement with the MD results 
the wall pressures and related structural properties confirms th
curacy of their predictions both qualitatively and quantitatively. Ev
for such a simple finite few-body system, the structural and co

Fig. 5. (a) The x-coordinate position autocorrelation functions Cxx

(t), (b) the y-coordinate position autocorrelation functions
Cyy(t), and (c) the total position autocorrelation functions
Crr(t) as functions of t for the system Ly=2.1. The solid lines
are only a guide to the eye.

Fig. 6. The same as in Fig. 5 but for the system Ly=2.3.
Korean J. Chem. Eng.(Vol. 21, No. 2)

approximately t≈3, the PACF for Lx=2.1 starts to relax faster than lation properties exhibit a complex and rich physical behavior in
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both space and time. The density at the wall, which is structured
through a complicated packing of hard-disk particles in a small rect-
angular box, is the main factor influencing the van der Waals insta-
bility observed in the corresponding wall pressure. In addition to
this structural effect, the greater frequency of collisions with the
wall, which ultimately results in dynamic chattering effects, enhances
the local peak maxima in the wall pressure curve. Detailed dynam-
ical effects are also discussed relating to fast/slow relaxation pro-
cesses of colliding hard-disk particles as observed in the position
autocorrelation functions. We are currently investigating similar
properties for more realistic interaction systems, and the results of
these studies will be reported in future work.
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