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Abstract. Bianchi Type-IX viscous fluid cosmological model is investigated. To get a
deterministic model, we have assumed the condition a = b™ (m is a constant) between
metric potentials and 1 o 6 where 7 is the coefficient of shear viscosity and 6 the scalar
of expansion in the model. The coefficient of bulk viscosity ({) is taken as constant. The
physical and geometrical aspects of the model are also discussed.
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1. Introduction

Bianchi Type-IX cosmological models are interesting because these models allow
not only expansion but also rotation and shear and in general are anisotropic.
Many Relativists have taken keen interest in studying Bianchi Type-IX universes
because familiar solutions like Robertson—Walker universe with positive curvature,
the de-Sitter universe, the Taub-NUT solutions etc. are of Bianchi Type-IX space-
times. In these models, neutrino viscosity does not guarantee isotropy at the present
epoch. Viscosity is important in cosmology for a number of reasons. Misner [1,2]
has studied the effect of viscosity on the evolution of cosmological models. Collins
and Stewart [3] have studied the effect of viscosity on the formation of galaxies.
Murphy [4] has studied the influence of viscosity on the nature of initial singularity.
Weinberg [5] derived general formula for bulk and shear viscosity and used these
to evaluate the rate of cosmological entropy production. Heller and Klimek [6]
have investigated viscous universe without initial singularity. They have shown
that introduction of bulk viscosity removes the initial singularity. Roy and Prakash
[7,8] investigated viscous fluid cosmological models of Petrov Type-ID and non-
degenerate Petrov Type-I in which coefficients of viscosities are constants. Banerjee
et al [9] investigated Bianchi Type-I viscous fluid cosmological models with both
viscosities. Santosh et al [10] obtained exact solutions for isotropic homogeneous
cosmological model with bulk viscosity. Bali and Jain [11,12] have obtained some
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expanding and shearing Bianchi Type-I viscous fluid cosmological models in which
coeflicient of shear viscosity is proportional to the rate of expansion in the model
and free gravitational field is Petrov Type-ID and non-degenerate. Robertson—
Walker cosmological models with bulk viscosity and equation of state p = (y— 1)p,
0 < v < 2, is investigated by Mohanty and Pradhan [13]. Caderni and Fabri [14]
have carried out the research on homogeneous viscous universe and investigated
models of Bianchi Type-V, Type-VIII and Type-IX.

In this paper, we have investigated Bianchi Type-IX viscous fluid cosmological
model in General Relativity. To get a deterministic model, we have assumed the
condition a = b™ between metric potentials, m is a constant and 1 oc # where 7 is
the coefficient of shear viscosity and 6 is the scalar of expansion in the model and
coefficient of bulk viscosity ({) is taken as constant. In earlier works, mostly Bianchi
Type-1 cosmological models are investigated when 7 = constant (Roy and Prakash
[7,8]), Banerjee et al [9] and 1 6 (Bali and Jain [11,12]). Bianchi Type-I model is
FRW model with zero curvature. In this paper, we have investigated Bianchi Type-
IX viscous fluid cosmological model which is a closed FRW model having positive
curvature and 1 o @ is used to get a deterministic model and coefficient of bulk
viscosity is assumed as constant. It has been shown that the energy conditions:
(i) e+p >0, (ii) (¢ +3p) > 0 are satisfied and remain the same in the presence
of viscosity when m < 1. To justify these conditions, the detailed calculations are
given in Appendix. The behaviour of the model in the presence and absence of
viscosity is discussed. The physical and geometrical aspects of the model are also
discussed.

We consider Bianchi Type-IX metric

ds? = —dt? + a*da? + b2dy? + (b sin® y + a? cos? y)d=?
—2a? cos ydzdz, (L.1)

where a and b are functions of ¢ alone.
The energy—momentum tensor for viscous fluid distribution is given by Landau
and Lifshitz [15] as

TZJ _ (E + p)Uin + pgi _ rr](vi + ’Ui + ’Uj’()e’l}i;é + Uive’l);]:Z)
92 . .
- (C - §”> vip(g] + o), 2

where p is the isotropic pressure, € the density, 7 and ¢ the two coefficients of
viscosity, v* the flow vector satisfying

gijv'v) = —1. (1.3)

We assume the coordinates to be co-moving, so that

! =0=0v2=0® and o?=1. (1.4)
The Einstein’s field equation

o1 4 .
R] — §Rgf + Ag] = =811} (c=1,G =1 in gravitational unit) (1.5)
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for the line-element (1.1) leads to
[26 2 1 3a?

S I Y
b Tt am

— —8r [p - 277% - (C - §n> 9} (1.6)

N S
a ab b 4b*

[2ah 12 o2 1

L L A
ab T et

= 8re. (1.8)

Here dot over a and b denotes ordinary differentiation with respect to ¢t and 6 = vfg.

2. Solution of the field equations

Equations (1.6)—(1.8) are three equations in six unknowns a, b, e, p, ¢ and 1. To get
a deterministic solution, we assume that

a=>b", (2.1)

7 x 6, (2.2a)
and

¢ = constant, (2.2b)

where @ is the expansion in the model, 1 the coefficient of shear viscosity and ¢ the

coefficient of bulk viscosity.
Equations (1.7) and (1.8) lead to
a b
=16 -—-1. 2.
) (a b) (2.3)
Condition (2.2) leads to
a  2b

=0 -+ — 24
U (a + ) , (2.4)

where ¢ is a constant.
Equation (2.3) together with (2.1) and (2.4) leads to

. o b2 1
bb + ab “ 0w O—m) (2.5)

Here
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(m?+m —2)
= (1 — 16— 2.6
0= |(L+m) — 26me (26)
Equation (2.5) leads to
d, o 20, . 2p%2m—3 2
el = = — 2.7
where
b= f(b). (2.8)
From eq. (2.7), we have
db\? p2(m=1) 1
— | = + 4 e (2.9)
d¢ lI-m)m+a-=1) b «al—m)
where [ is the constant of integration.
Thus the metric (1.1) reduces to the form
ar\?
ds? = — <%> db? + b*™dz? + b?dy? + (b%sin’ y + b*™ cos? y)dz2
—2b™ cos ydxdz, (2.10)
where @ = b™. After using (2.9) into the metric (2.10), we have
dT?
ds? = — +T?"dX? + T?dY?
[& 4.8 ;}
(1—m)(m+a—1) T2 a(l—m)
+(T?sin® Y + T?™ cos? Y)dZ? — 2T?™ cos YdXd Z, (2.11)
whereb=T,x=X,y=Y, 2= 7.
3. Some physical and geometrical features
The pressure and density for the model (2.11) are given by
8 (—m?)(64ml + 21) — m(647l — 3a + 6) + (1287¢ — 3 + 15) 2m—4
7T =
P 12(m 4+ a —1)(1 —m)
p
+3 [(—=m?)(167¢ + 3) — m(167¢ — 3a) + (327 + 3av)] T3
n m?(16m¢ + 3) + m(16m¢) — 32wl 1
3a(l —m) T2
T2m—4 ﬁ 1
8 2 - —A, (3.1
+ | (87¢)(m + )\/(1m)(m+a1)+T2a+2 ol —m)T? , (3.1)
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and

4(1—-m)(m+a—-1 T2a+2

(—m)(@+2)+(a—-1)] 1
+ [ ol —m) } +A. (3.2)

8me = [mQ +m@+6) = (a _)5)} T2m—4 4 [M]

T2

The energy conditions given by Ellis [16] are: (i) (¢ +p) > 0 and (ii) (¢ + 3p) > 0.
The condition (i) leads to

(=m?)(32mL +9) — m(32n¢ — 30 — 6) + (647 — 30 +15)] .4
{ 6(m+a—1)(1 —m) }
(m?2)(167¢ + 3) + m(167¢ — 3 — 6) — (32w — 3+ 3)] 1
+ { 3a(l —m) } T2
+§ [(—m?)(167¢ + 3) — m(167¢ — 3ac — 6) + (327¢ + 3 + 3)] T3
T2m—4 ﬁ 1
+87r((m+2)\/(1 ) mta—1) t Toagz ol = m)T? >0 (3.3)
and the condition (ii) leads to
(—=m?)(167( + 5) — m(167¢ — o) + (327f — o + 5) T2m—1
(m+a—-1)(1-m)
+8{(—m?)(167¢ + 3) — m(167m¢ — 3o — 2) + (327l + 3 + 1) } ﬁ
(m?)(167¢ + 3) + m(167¢ — o — 2) — (3270 — o + 1)
* a(l —m)T?
T2m—4 6
P2+ 2y | e e e | T2 B4

which gives condition on A. Thus energy conditions (i) e +p > 0, (ii) e +3p > 0
are satisfied and remain the same for viscous fluid when 0 < m < 1. To justify eqs
(3.3) and (3.4), the detailed calculations are given in Appendix.

The expansion () and the shear (o) in the model (2.11) are given by

T2(m72) 1 T2a
oime 2)\/u e e P aiem) 69

and

2 T2(m_2) 1 T2a
°T 5(1_m)¢<1—m><m+a—1> " e (ﬁ‘ a(lm))'
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The model (2.11) starts with a big-bang at 7' = 0 where & > 0 and m < 2, and
the expansion in the model decreases as time increases. The expansion in the model
stops at T'= co. When T' — 0 then ¢ — 0o, p — oo and when T' — oo then ¢ — A,
p — —A. The model (2.11) represents a realistic model. Since limp_,o(c/6) # 0,
the model (2.11) does not approach isotropy for large values of T' in general.

However, if m = 1, the model (2.11) isotropizes because

o 2/(1—m
1‘ — = — _ = = 1.
Tgl(lxje 3 (m—|—2> 0 whenm=1

This shows that the model isotropizes for m = 1. Also

7 T2(m—2) ] 1
=\ s T T e T o e

This shows that the model (2.11) isotropizes at later time when —2 < m < 2 which
agrees with ‘Cosmic No-Hair Conjecture’ [17].
In the absence of viscosity, i.e., when ¢ — 0, the metric (2.10) reduces to

—dT?
ds® = e ; — + T2 dx? + T?dy?
[2m(1—m) + T2m+2 + (m2—1):|
+(T?%sin® y + T?™ cos?® y)dz? — 277%™ cos ydxdz. (3.7)

From eq. (2.6), we have

a= {(1 +m)— 167r€(m2+mz)]

(1—m)
From the above equation, we find that in the absence of viscosity, « = 1 4+ m as
{=0.

In the absence of viscosity, « = 14+ m as £ = 0, the expressions for pressure,
density, expansion () and shear (o) are given by

8mp = [%—T;m] T+ B(2m + 1)#
T (%2) -A (3.8)
(3.9)
0= (m+ 2)\/ 273(?__;) + Tm[i R E e (3.10)

\/5 T2m—4 1
=50 m)\/2m(1 —m) + T2Z+4  (m2-1)T* (3:11)
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The energy conditions (¢ + p) > 0 and (¢ + 3p) > 0 lead to

@2m+1), 9m_y  2602m+1) 2m 1
{2(1 —m)T e 1—m <ﬁ>} >0

(3.12)

and

[(5m2 +3m—4), 0m_s  40802m+1)  2m(2m + 1)} SoA (313)

2m(1 —m) T2m+4 (m? —1)T?
which gives condition on A. Thus energy conditions (i) e +p > 0, (ii) e+ 3p > 0 in
the absence of viscosity, are satisfied when 0 < m < 1.

In the absence of viscosity, the expansion in the model starts with a big-bang at
T = 0 and the expansion in the model decreases with time. When 7" — 0 then
€ — 00, p — oo where m < 2 and when T" — oo then ¢ — A and p — —A. Since
limr_(0/6) # 0. Hence the model does not approach isotropy for large values of
T in the absence of viscosity in general.

However, if m = 1 then the model (2.11) in absence of viscosity, isotropizes in
general. Also

2 . T2(m—2) 3 1
o=\ s =y T e T o e

Thus in the absence of viscosity ¢ — 0 when T — oo which shows that the model
(3.10) isotropizes at a later time when —2 < m < 2 which agrees with ‘Cosmic
No-Hair Conjecture’ [17].

Appendix

a=(1+m)— 167T€(n11_+mm —-2)_(1-m(+ m)(41-1677:;(1 —m)(m +2)

=14+m+167l(m+2) >0, (0<m<1).

For energy conditions, (i) e +p >0, (ii) e+ 3p >0

T —m2(32nl + o) — m(327f — 3o — 6) + (647¢ — 3a + 15) -
b= 6(m +a—1)(1—m)
N m?2(16m¢ + 3) + m(167¢ — 3a — 6) — (327 — 3a + 3) 1
3a(l —m) T2
B
+ 37573 [—m?(167¢ + 3) — m(167¢ — 3a — 6) + (327 + 3w + 3) ]

T2m—4 ﬁ 1
+87TC(m+2)\/(1 “ ) mta—1) + T2a+2 a(l — m)T?’

where 3 is the constant of integration.
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a(l—m)=1-—m?—16ml(m* +m — 2)
=1 -m)(1+4+m)—167l(m —1)(m+2)
=1 -m)[l+m+ 167l(m+2)] >0

when m < 1.

1676(m? +m — 2)
1—-m

m+a—-1)(1-m)=|m-1+1+m-— (1-m)

= (2m — 2m? — 167l(m?* + m — 2))

=2m[(1 —m) — 8rl(m + 2)(m — 1)]

=2m(1 —m)[1 4 8xl(m +2)] >0
when m < 1.

Ist Bracket
—321l(m? +m — 2) — 3(3m* — 2m — 5) + 3a(m — 1) > 0.
Since

m24+m—2=(m-1)(m+2)<0

<1,
3m2—2m—5=(m—|—1)(3m—5)<0} asm

a(m—1) <0.
IInd Bracket
=167l(m? +m —2) + 3(m? — 2m + 1) + 3a(1 — m)
167l(m?* +m —2) = 167l(m —1)(m +2) <0 asm <1
3(m?* —2m+1)=3(1-m)*>>0
3a(l —m) > 0.
IIIrd Bracket
—16m(m? +m —2) — 3(m? —2m — 1) + 3a(m + 1).
Now
—167(m? +m —2) = 16ml(1 —m)(m+2) >0 asm <1

—3(m?*—-2m—-1)>0 asm<1
am+1) >0 asa>0.

Therefore the energy condition € + p > 0 is satisfied.
For energy condition

e+3p>0
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B —m?2(16mf + 5) — m(167m¢ — ) + (3270 — a + 5) 4
87r(€+3p){ (m+a—1)(1-m) }TQ
+ﬂﬁ {(_m2)(167r£ +3) —m(167f — 3a — 2) + (327€ + 3o + 1)}

N m2(167f + 3) + m(16mf — a — 2) — (3270 — a + 1)
a(l —m)T?
T2m—4 n ﬁ B 1
I-m)(m+a—-1) T?t2 o1 —m)T?

+247¢(m + 2)\/
—2A.

Ist Bracket
—16ml(m* +m —2) = —167l(m —1)(m +2) >0 asm <1

51-m?)=5(1-m)(1+m)>0 form<la(m—1)<0 asm<1.
IInd Bracket

—16ml(m* +m —2) = —16ml(m —1)(m+2) >0 asm<1
—Bm?—2m—-1)=—-(m—-1)3m+1)>0 asm < 1.

1IIrd Bracket
1676(m?* +m —2) = 167l(m +2)(m —1) <0 asm < 1
3m? —2m—1=(m-1)Bm+1)<0 asm<1
a(l —m) > 0.

Thus the energy condition

e+3p>0

is satisfied and it gives condition on A.
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