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Introduction

The aim of this paper is to study the structure of lattices in products
Aut T xAutTy of automorphism groups of regular trees. These lattices have a rich
structure theory both parallel to the theory of lattices in semisimple Lie groups as
well as exhibiting some new phenomena. A basic difference is that cocompact lattices
I' < AutT) xAut Ty never have dense projections. The class of lattices considered here
are those whose projections in each factor satisfy various transitivity conditions, in par-
ticular that of being locally quasiprimitive. The structure theory of locally quasiprimitive
subgroups of AutT is developped in [B-M]; and is used in an essential way in this
paper. The main consequence of the theory outlined in this paper is the existence
and construction of lattices which are finitely presented, torsion free, simple groups;
the corresponding quotients of T, xTy are finite aspherical complexes with simple
fundamental group, thus answering a question of G. Mess ([PLT] Probl. 5.11 (c)). Fur-
thermore, using the action of these lattices on each of the tree factors, we show that
they are free amalgams FxcF of finitely generated free groups; this answers a question
of P M. Neumann [Ne] (see also [K-N] Problem 4.45). M. Bhattacharjee constructed
in [Ba] a free amalgam LixH of finitely generated free groups with no finite index
subgroup; on the geometric side, D. Wise [W] constructed a finite complex with no
finite (non trivial) coverings, and covered by a product of two trees.

Torsion free discrete subgroups of semisimple groups are fundamental groups of
locally symmetric spaces. In Chapter 1 we show that the object corresponding to a
torsion free, discrete subgroup of AutT|;XAutT; is a square complex, with additional
structure. In fact, torsion free, cocompact lattices correspond to finite square complexes
whose link at every vertex is a complete, bipartite graph. Such a complex X inherits,
from the product structure of its universal covering, a decomposition of its 1-skeleton
XY into a “horizontal” Xgll), and “vertical” X(v1> 1-skeleton. The link condition enables
one to define, for every vertex x, an action of nl(Xgll), x) on the set E,(x) of vertical
edges with origin x, defining thus a “vertical” permutation group P,(x) < Sym E,(x);
one obtains analogously a horizontal permutation group Pi(x) < Sym E,(x). These are
basic invariants associated to the square complex X; they give information of “local”
nature on the action of m;(X) on the factors of X; for example, the projections of the
lattice m;(X) are both locally (quasi) primitive ([B-M]s) precisely when the above finite
permutation groups are (quasi) primitive.
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A lattice T' < AutT; xAutTy is reducible, if it is commensurable to a product
I'; xTy of lattices I'; < Aut'T;; for a square complex, this amounts to the existence of a
finite covering which is a product of graphs. In Chapter 1 we give a computable
sufficient condition for the irreducibility of a complex, based on the Thompson-
Wielandt Theorem.

In Chapter 2 we turn to irreducible cocompact lattices with locally quasi-
primitive projections. We prove that if such a lattice meets one of the factors, then it is
not a residually finite group. Using a geometric method and the results in [B-M]s, we
construct examples of such non residually finite lattices. The existence of such lattices
constitutes a fundamental difference with the case of Lie groups.

In Chapter 3 we obtain, using a method of P Pansu (see [Pa]), certain
cohomological vanishing results for irreducible lattices with locally quasi-primitive
projections. We deduce, for example (see Prop. 3.1), that if N < T'" is a normal
subgroup in such a lattice I, and if N has non-discrete projections, then I'/IN has
property (T). This is an analogue of a theorem of G. A. Margulis in the Lie-group
case (see [Ma]). It is used in the proof of the normal subgroup theorem, in Chapter
4.

In Chapter 4 we prove one of the main results of this paper, namely the normal
subgroup theorem. This concerns lattices I whose projections satisfy stronger transitivity
conditions, in particular they are locally oco-transitive, and asserts that any nontrivial
normal subgroup of T is of finite index. The strategy of the proof is borrowed from
Margulis’ normal subgroup theorem (see [Ma]); it rests on the characterization of finite
groups as being those which at the same time are amenable and have property (T).
While there are many (clementary) methods of showing that certain groups cannot be
finite, there seem to be few methods of showing that certain groups cannot be infinite.

Along the way we prove that closed, locally oco-transitive subgroups of AutT
enjoy the Howe-Moore property.

A natural class of closed subgroups of the automorphism group Aut.7, of the
d-regular tree, introduced in [B-M]s, are the groups U(F) < Aut.7,, associated to a
permutation group F < S, Any vertex transitive subgroup of Aut.7,, whose local
action at every vertex is permutation isomorphic to F <S,, is conjugate to a subgroup
of UF). If F < S; is a 2-transitive permutation group, then U(F) is oo-transitive. In
particular, given F,, Fy, 2-transitive permutation groups, the normal subgroup theorem
applies to all cocompact lattices I' < U(F;)x U(Fy), with dense projections. In Chapter 5,
we give effective sufficient conditions (based on [B-M]s Chapt. 3) on a finite square
complex X, ensuring that its fundamental group I'=m;(X) is of the above type.

In Chapter 6 we construct, for every n > 15, m > 19, a square complex X, ,, on
one vertex, whose fundamental group m; (X, ) < U(Ag,)xU(Ay,) has dense projections.
We introduce certain geometric operations, joining and surgery, on one vertex square
complexes. Using these operations, we show that any finite collection of one vertex
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square complexes whose links are complete bipartite graphs, embeds into a square
complex Y whose fundamental group m;(Y) is a cocompact lattice in U(Ap)xU(Ap),
with dense projections. Starting with a one-vertex square complex with non-residually
finite fundamental group, (see Chapt. 2) the fundamental group of the resulting square
complex Y is virtually simple, that is, it contains a simple group of finite index. A more
elaborate construction leads to an infinite family of square complexes on 4 vertices,
with simple fundamental groups; an analogue of the Mostow rigidity theorem can be
used to show that the above groups are pairwise non-isomorphic.

We end by stating a few properties that any of the simple groups I' constructed
in Chapter 6 enjoys (see Theorem 5.5):

(1) T is finitely presented, torsion-free.

(2) T is a CAT(0)-group.

(3) T 1s of cohomological dimension 2.

(4) T is biautomatic.

(5) T is isomorphic to an amalgam FxgF of free groups over a subgroup of finite
index.

Acknowledgement. — It 1s a pleasure to express the intellectual debt we owe to
G. A. Margulis. We thank J. Thévenaz for helpful discussions on the structure of
2-transitive groups, IHES for its hospitality, and the Israel Academy of Sciences which
supported the second named author. Finally, we express our gratitude to the referees
for their numerous remarks and suggestions for improvement.

0. Preliminaries

0.1. A permutation group F < Sym(Q) of a set Q is quasiprimitive if every
nontrivial normal subgroup ¢+ N < F acts transitively on Q. Let F"'=(F, : © € Q)
denote the normal subgroup of F generated by the stabilizers F,, of points ® € Q. We
have the following implications:

F is 2-transitive = F is primitive = F is quasiprimitive =

F=F"

or

F is simple and regular (that is, simply transitive) on €.
Recall that a permutation group F < $m Q is called primitive if it is transitive and if
every F-invariant partition of Q is either the partition into points or the trivial partition
{Q}. An equivalent condition which is often used in the sequel is that F is transitive
and the stabilizer F, of a point ® € Q is a maximal subgroup of F. See [Di-Mo]

Chapt. 4 for the structure of primitive and [Pr] §5 for the structure of quasiprimitive
groups.
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0.2. For notations and notions pertaining to graph theory we adopt the viewpoint
of Serre’s book ([Se]). Let g=(X,Y) be a graph with vertex set X and edge set Y,
let Ex)={y €Y : o»)=x} denote the set of edges with origin x; for a subgroup
H < Autg let H(x) = Staby(x) and H(x) < Sym(E(x)) be the permutation group obtained
by restricting to E(x) the action of H(x) on Y. We say that H is locally “P” if for
every x € X, the permutation group H(x) < Sym(E(x)) satisfies one of the following
properties “P” : transitive, quasiprimitive, primitive, 2-transitive. We say that H is locally
n-transitive (n > 3) if for every x € X, the group H(x) acts transitively on the set of
reduced paths (i.e. without back-tracking) of length n and origin x. Observe that H is
locally 2-transitive iff, for every x € X, H(x) acts transitively on the set of reduced paths
of length 2 and origin x. We say that H < Autg is n-transitive if H acts transitively
on the set of oriented paths of length » without back-tracking; H < Autg is locally
oo-transitive if it is locally n-transitive for all » > 1.

For a connected graph g and H < Autg, we have H < Sym(Y), and H* denotes
the subgroup generated by edge stabilizers; "H denotes the subgroup generated by all
vertex-stabilizers. If g=(X, Y) is connected and locally finite, the group Autg < Sym(Y)
is locally compact for the topology of pointwise convergence on Y.

Let d denote the combinatorial distance on X, n > 1 and x4, ..., 5 € X;

g 1s the identity on the subgraph
H,(x1,....,x)= ¢ g€ H: spanned by all vertices y € X
with d(y, {x1,...,x}) < n

and for x € X, we set

H,(x) = H,(t)/H, (1),

n

For x, y € X adjacent vertices, set H(x, y):= H(x) N H(y).

0.3. For a totally disconnected group H, we define H*:= (| L, where the
L<H

intersection is taken over all closed subgroups L < H of finite index and QZ(H)=
{h € H : Zy(h) is open}. Let T be a locally finite tree and H < AutT a closed
subgroup; assume that H is locally quasiprimitive: it follows from [B-M]s, Proposition
1.2.1, that H/H® is compact, that Q Z(H) <@ H is discrete and that for any closed
normal subgroup N <1 H, one has either N D H* or N C Q Z(H). Let H* <G <H
be a closed subgroup; then G/[G, G] is compact and for any open normal subgroup
N < G, one has N D H® (see [B-M]; Corollary 1.2.2).

0.4. (See 3.1 in [B-M]s.) Let T=(X,Y) be a locally finite tree. For a closed
subgroup H < AutT, the following properties are equivalent: (1) H is locally
oo-transitive, (2) H(x) is transitive on T(oo) for all x € X, (3) H 1s non-compact and
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transitive on T(oco), (4) H is 2-transitive on T(co). Any of the preceeding properties
imply, (5) H(x) < Sym E(x) is 2-transitive and H is non-discrete.

Finally we mention ([B-M]; Proposition 3.1.2) that if H < AutT is closed and
locally oo-transitive then,

(1) QZ{H)=e,

(2) H® is locally co-transitive and topologically simple.

1. Square complexes and lattices

A convenient and powerful way of describing and studying a group acting on a
tree is via the associated graph of groups. Similarly one can associate with a group
acting on a product of trees a complex of groups (see [Ha]). In general one has to
restrict to groups satisfying certain technical conditions such as the “no inversions” in
the case of an action on a single tree. We shall restrict ourselves here to the case of
free actions. Thus we will be able to construct groups acting freely on a product of
trees as the fundamental groups of certain two-dimensional cell complexes. To describe
these we set the following notations: Circ, is the circuit of length 4, that is the graph
with vertex set {1,2,3,4} and edge set {[i,j] : i —j= + 1mod4, 1 <i,5 < 4}. We
consider the dihedral group D, as subgroup of the symmetric group Sy; the group D,
acts then by automorphisms on Circ, and, for any graph g, the group D, acts on the
set Mor(Circ,, g), of graph morphisms Circ, — g. Recall that the set of edges E of a
graph g=(V, E) comes equipped with a free action of the dihedral group Dy, denoted
y—y,y €L

A square complex X is given by a graph X =(V, E), a set S with a free action
of Dy and a map 8 : S — Mor(Circ,, XV) which is equivariant w.rt. the actions of
D, on source and target. We sometimes denote V by X©; the sets E, S, Do\E, D,\S
are respectively the sets of: edges, squares, geometric edges and geometric squares. For
later use we let ¢ denote the fixed point free involution on S given by the action of
the transposition (2, 4) € D,.

The link Lk(x) of a vertex x € X© is a graph with vertex set E(x)
and edge set S,={s € S : 9s(1)=x}; origin and terminus maps are given by
0s)=0s([1, 2]), t(s)=0s([1, 4]) s € S, and the fixed point free involution on S, is given
by the restriction 6|S,. A morphism F: X, — X, of square complexes X;=(V,, E;, S)
is a pair (@, ¢), where ¢ : X(11> — X(Ql) is a morphism of graphs and ¢ : S; — Sy 1s a map,
such that 8-¢ =@ -9, where ¢ : Mor(Circ,, X — Mor(Circ, , X(QD) denotes the map
induced by ¢. There are obvious notions of composition of morphisms, of monomor-
phisms, epimorphisms and isomorphisms. A morphism F : X; — X, of square com-
plexes induces for every x € X<10) a morphism of graphs F, : Lk(x) — Lk(p(x)), F= (@, ¢).
We say that a subgroup G < AutX acts freely on X if the corresponding actions of G
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on V,Dy\E, Ds\S are free: in this case there is a quotient square complex Y =G\X
and a canonical morphism P : X — Y, P=(m, []), such that P, : Lk(x) — Lk(n(x)) is
an isomorphism for every x € X9.

Example. — Product of two graphs: given graphs &;=(V;, E)), we define the
square complex X =&, X8y, X=(V, E, S) as follows:

V=V1 XVQ, EZ(VI XEQ) L (E]XVQ), S=(E1 XEQ) I (EQXEl);

the graph structure on XV =(V, E) is given by o(v;, &) = (01, 0(e)), t(v1, &) = (01, t(e2)),
oler, vo) = (ole1), v2), tler, va) =(t(er), va), (01, &)= (v1, &), (e1, o) =(€1, v2), for v; € V,,
¢, € E;. The action of Dy on S is uniquely defined by o(e, &) =(¢, ¢), where &
corresponds to (2,4) and (e, &)=(e, ¢), where ¢ corresponds to (1,2, 3,4) € D,.
Finally, O(e;, ¢), (e, €1) are given by the sequence of consecutive edges

(e1, oea) ), (t(er), &), (€1, tler)), (oler), 22),
resp. (t(el)a 62): (21 s t(eQ))a (0(61), 22)9 (61 5 0(62) )

Observe that in this case, Lk(x) is a complete bipartite graph, Vx € X9,

Finally, we say that a square complex X is connected when X is connected;
if X is connected and x € X% we have the notion of a combinatorial fundamental
group 7;(X, x) and X is the quotient of a simply connected square complex X, its

universal covering, by a free action of T;(X, %) < AutX. We record the following basic
fact:

Proposition 1.1. — The universal covering X of a connected square complex X 15 a product
of trees if and only if Lk(x) is a complete bipartite graph for all x € XO.

Square complexes satisfying the link condition of Proposition 1.1 will be called
T-complexes. We say that a T-complex X =T\(T;,xT,), where X =T,xT,, is VH, if
no Y € I' interchanges the factors of X. Equivalently, there is a partition E=E, UE,
such that if Ey(x)=E, N E(x), E,(x)=E, NE(x), x € X9 then E,x), E,(x) gives at every
vertex x € X© the bipartite structure on Lk(x). Notice that every T-complex has a
two-fold covering which is VH.

Let X=T\(T;xT,) be a VH-T-complex and E=E, UE, in XU we have two
subgraphs, the horizontal X =(X®, E,) and the vertical X\" =(X%, E,). For x € X©,
let x=m(x;, x,) where = : T, xT, — X is the canonical projection, and define

{Y Yh) Yv Yv(xv):xv}:
o, ={v=0, %) : ) =2}
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Then T™\(T;x{x,}) is the connected component of x in X\, while
Fx;l\( {u}xT,)

is the connected component of x in X(yl). Associating to every y € I' the projection in

X of the horizontal path connecting (%, x,) to (Ys(xs), %,) defines an isomorphism
' ——m (XSZI), x) ;

one obtains in a similar way an isomorphism

ri )

r, —m (Xa) x) .

The group I' (resp. T',,) induces for every n > 1 a finite permutation group of the
sphere S(x,, n) (resp. S(x,, n)) in T, (resp. T}); we give now a direct geometric description
of these permutation groups:

Every ¢ € E,, respectively ¢ € E,, gives rise to a bijection

9. : Ey(of)) — Eu(t(9)), resp.
9. : Ex{oe)) — Eu(t(9)),

defined by ¢,(¢)=¢' where ¢ = 85([2, 3]), and s € S in the unique square such that:
Os([1, 2)=e, Os([1, 4))=¢;

and @/¢)=¢' where ¢ = s[4, 3]), and s € S is the unique square such that:
as([1,4])=e¢, Os([l,2])=¢.

More generally, let Ei")(x), respectively Ei")(x), denote the set of vertical, resp. horizontal
paths, without backtracking, of length # > 1 and origin x € X9; in a similar way, every
¢ € Exx), resp. ¢ € E,(x), gives rise to a bijection

o E() — EJ(t(9), resp.
o B — E().
Composing these bijections, we get a system of homomorphisms

o (XY, 1) — SymEL(

m(")x T (X(vl), x) — Sym Esz")(x)

which 1s compatible with respect to the canonical projection maps E(v")(x) — E(v"_l)(x),
resp. Eﬁ,”)(x) — Eg,"_l)(x).
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Returning to the description of X as a quotient I'\(T;xT,), one obtains natural
bijections,

S(x,, n) — E(")(x), resp.

v
(e, 1) — B9
which are equivariant wr.t. the isomorphism

s — m; (XS}), x) , resp.

(X0 ).

" . for n=1 we will write

Let PY(x), resp. P(x), denote the image of my ., resp. m,
P,(x), Py(x); let H?, resp. H® denote the closure of the projection of T into AutT,,
resp. AutT,. The above description implies that the groups Pi") (x) < Sym E(U">(x) and

HY%x,)/ Hff)(xv) < Sym S(x,, n) are permutation isomorphic, and that the same holds for
P(x) < SymEX(x) and H®(x,)/H"(x,) < Sym S(x;, n).

In particular, P,(x) < SymE,(x) is permutation isomorphic to H?(x,) < Sym E(x,), and
Py(x) < SymE,(x) is permutation isomorphic to H®(x) < Sym E(x,). This simple but
fundamental observation enables us to control the “local action” of H® and H" in
terms of the complex X.

We turn now to the notion of reducible lattice. Let T, Ty be locally finite trees.

Definition. — A lattice T < Aut'Ty X Aut Ty 25 reductble, if it 1s commensurable to a product
Ty xTy of lattices T; < Aut'T;. The lattice T s called irreducible, if it 1s not reducible.

Proposition 1.2. — For a cocompact lattice T < Aut' T\ xAut'Ty, the following properties
are equivalent:

(@) There exists i € {1, 2} such that pr") < Aut'T; is discrete.

b) Ty={y€ AutT, : (y,¢e) €T}, resp. Ty={n € AutTy : (¢, M) € T} are lattices in
AutT), resp. AutTy and Ty X Ty is of finite index in T

Proof. — Assume that pri(I) < AutT, is discrete; then I' - AutTy is closed and
hence I' N AutT, is a lattice in AutTy. The group pro(I) < AutTy normalizes the
cocompact lattice I' N AutTy and hence ([B-M]s, 1.3.6) is discrete. Thus pr(I") is
discrete, hence as above, TN AutT; is a lattice in AutT; which shows that (a) implies
(b). The converse (b) = (a) i1s obvious; notice that both projections are discrete. O

We say that a VH-T-complex X =T\(T;xT,) is reducible, if I' < Aut TyxAut T,
is reducible, otherwise it is called irreducible.
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In geometric terms, the complex X is reducible if and only if X admits a finite
covering which is a product of two graphs. However, we do not have an algorithm
deciding if a given finite VH-T-complex is reducible, nor do we know whether such
an algorithm exists. Nevertheless, we can, using Proposition 1.2 and the Thompson-
Wielandt theorem, give a sufficient condition ensuring irreducibility. More precisely,
let X be a VH-T-complex; for ¢ € E;, resp. ¢ € E,, x=o0(e), let L(e) = Staby, ,(¢), resp.

Li(¢)=Staby, ,(); let &) C E?(x), resp. & (¢) C E?(x), denote the set of horizontal,
resp. vertical, paths of length two starting at e, and:

=y,
& HOUEL®)

Ki(e) = {r'e PPk i1

_ 21,0 - _
K, ()= {T eP(x):1 e za’} .

When XE}) and Xil) are connected, then the permutation groups P(U">(x), Pgl”)(x), L,(x), L(x),
are independent of x, up to permutation isomorphism; in this case we omit the “x”;
when P, and P, are transitive, K,(¢) and K,(¢) are independent of ¢, up to permutation
isomorphism, and we omit the “¢”.

Proposition 1.3. — Let X be a finite VH-T-complex; we assume that X(DD, XE,I) are connected
and that P,, P, are primitive permutation groups. If either K, or K, s not a p-group, then X s
an irreductble VH-T-complex.

Progf. — Let X=T\(T;xT,); H¥, HY as above and xs, y, resp. x,, ,, adjacent
vertices in T}, resp. T,. The assumptions imply that H?  H” are both vertex transitive
and locally primitive. If T is reducible, then H® H® are discrete and hence by
Thompson-Wielandt (see [Th],[Wi]y, [B-C-N] or [B-M]s Chapt. 2), H(%,, y;) and
H(lv)(xv, 9,) are p-groups; since K;, K, are homomorphic images of the latter, they would
also be p-groups, a contradiction. O

Observe that if X=T\(T,xT,) is reducible, then T" contains a subgroup of finite
index which is a product of two free groups of finite rank; in particular the group T is
linear over C. In this context we mention the following consequence of an arithmeticity
result proved in [B-M-Z], which shows that under the hypothesis of Proposition 1.3,
the group I' is not linear over any field, and hence an irreducible lattice.

Theorem 1.4, (See [B-M-Z].) — Let X be a finite VH-T-complex; we assume that
X(vl), X;” are connected and that P,, P, are primitive permutation groups. If either K, or Ky, is not
a p-group then, over any field, any finite dimensional linear representation of m\(X) has finite image.
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2. A Criterium for non-residual finiteness

2.1. A basic question concerning the structure of a group is whether it is
residually finite. We shall show that certain lattices in AutT,xAutT,, with locally
quasiprimitive projections, are not residually finite; the results from [B-M]; on the
structure of locally quasiprimitive groups needed here and in the sequel are recalled
in 0.3. The basis for constructing these examples is given by the following

Proposition 2.1. — Let H; < Aut'T; be closed, non discrete and locally quasyprimitive; let
I' <H,xHy be a cocompact lattice with HE-OO) C prl) C H;. Then,

F(OO) ») [H(loo), Al] . [H(QOQ)J AQ],
where A;=T NH;. In particular, if A; - Ay ¢, then T is not residually finite.

Proof. — Let I" < T be a normal subgroup of finite index in T, then A} =H,NT"
is of finite index in A; and both A;, A| are normal in pr (T) > H™; since H™ has no
proper open normal subgroups ([B-M]s Prop. 1.2.1), the action by conjugation of H(loo)
on A;/A] is trivial and thus A} D [H(loo), Al]. Since H{\T| is finite, & AutT, (H(loo)) =e
and therefore [H<1°°), Al] + ¢ provided A; fe. O

With the notations of the above proposition, we have the inclusion A; C Q Z(H,);
the next result gives information about the size of Q Z(H,)/A,.

Proposition 2.2, — Let H; < Aut'l'; be non-discrete, closed, locally quasiprimitive and
' <H;xH;y a cocompact lattice with pr{U)=H,; let A;=T N H;. Then, the group Q Z(H,)/A;
is locally finite, meaning that every finitely generated subgroup s finute.

In particular, Q Z(H,) £e iff A; £e.

Proof. — Let S C QZ(H,) be a finite subset and U < H, be an open compact
subgroup commuting with S. Then, the intersection I'M(UxHy) is a cocompact lattice
in UxH,, hence finitely generated. Let A C I' N (UxHy) be a finite generating set;
then the centralizer &(A) of A in T is a cocompact lattice in &y (A)xHy; since
pro(A) generates a cocompact lattice in Hy and pr(A) generates a dense subgroup of U,
we obtain Ly ,y,(8)=Ly (U)x() C QZH)x(e). Thus, Ly (U)x(¢) is discrete, and
Ly, (U)x(e)/ & (4) is finite. Since S C Ly, (U) and L(A) C Ay x(e), it follows that S
generates a finite subgroup of QZ(H,)/A,. O

Question. — Is Q Z(H,)/A; a finite group?

Corollary 2.3. — Let H; < Aut'T; be closed, non-discrete, locally primative groups; assume

that Q Z(H,) +(e), for some i=1,2. Then any cocompact lattice T < H;xHy with pr{T)=H,
is not residually finite.
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2.2. We describe now how combining Proposition 2.1 with [B-M]; Section 1.8
leads to examples of non residually finite lattices.

Let E denote the tree consisting of a single edge, fix morphisms ¢, : T; — E and
let m; : Aut'T; — Aut E(~ Z;) be the induced homomorphisms. Let &, =T;x,T; be the
graph of diagonals, that is, the fiber product of T; with itself relative to @; : T; — E
(see [B-M]s Section 1.6 and 1.8). Recall that Aut T;xqAutT; < Aut Z,.

Let T’ < AutT;xAutT, be a cocompact, torsion free lattice; let H;:= pr,(I'), define
v : XTI — (Hy xHp)x (Ho xHy) by w((y1, 1), (Y1, ¥2)) = (01, Y1), (Yo, ¥5)) and set

A= (TXT) 1 [(H 5, H) X (Hy X, Hy))

Then A is of index 1, 2 or 4 in y(I'xT), it acts as a group of covering transformations
on &, x%,, and gives rise to a finite VH-T-square complex:

Y := A\(Z| X D).
We have the exact sequence
1 — (D) xn(Z,) — m(Y) — I'xT

where the last arrow has image of index 1, 2 or 4 in I'xT.

Proposition 2.4. — Assume that H; s non-discrete and that H§-°°) i locally 2-transitive,
i1=1,2. Then we have:

m(Y)* D m(Z)xmi (D)

and the quotient is isomorphic to T X T,

Progf. — Set L;= (HixniHi) x(T;), where T; € Aut (Tix(piTi) is the automorphism
exchanging the factors, let &, be the universal covering tree of &; and

1

| — (@) — Gl — 1
be the associated exact sequence. Let ®=w; Xy : Gy XGy — L; XLy and
A=m(Y) =0 '(A) > 1 (Z)) X1\ (D).

We claim that pr(A) D G§-°°>; considering A as a subgroup of L; X Lo, we have
prl-(A)=coi—1 gprLi(A)) since A contains Kerw, X Kerwy; the group pr (A)=pry u(A)
is normal of finite index in pr, (W X I')) and the latter subgroup being dense in

H; x H;, we conclude that pr; (A) is normal of finite index in H; X, H;. Observe now

that 1; normalizes pr (A), hence pr (A) is normal of finite index in L;, which implies the
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same property for pr(A) in G; and proves the claim. Using that G, is locally primitive
non-discrete (Prop. 1.8.1, [B-M]s and Prop. 2.1), we conclude

A% 5 G, m(@)] x [G57, m(@y)] =m(@)) x m(Z)=Ker o,
Since A contains the kernel of o, we deduce that A®/Ker® equals A°), which in

turn equals Y(I" x T)) =~ T x T since A is of finite index in W' x I). O

2.3. We briefly describe a way of constructing the complex Y of 2.2 in terms of a
fiber product of square complexes. Thus, let X =T\(T, X T,) be a finite VH-T-complex,
¢;: T; = E, n; : AutT; — AutE the morphisms defined in 2.2, and let S:=EXE be
the square complex consisting of 1 geometric square and 4 vertices. Let

O X@y : T\ XTy — S
NiXNe : Aut Ty xAut Ty — AutS

be the corresponding product morphisms; let T'y:=T M Ker (n; xXny). Then,
X :=To\(T, xTy)

i1s a finite covering p : X — X with Galois group G:=T/T, and the above product
morphisms induce morphisms

(p:)A(—>S
n:G— AutS,

where ¢ is equivariant wr.t. M. The fiber product Y= Xx )A( comes equipped with
an action of GxyG, and the complex Y in 2.2 is then 1somorphlc to the quotient
(Gx G)\Y The prOJectlon maps pi, po of Y on both factors, composed with the
covering map p : X - X, give rise to homomorphisms

b (Y) — mX), i=1,2

Using the isomorphism Y = (GXnG)\?, whose explicit construction is left to the
reader, one gets Ker, =n,(Z,). We denote by X® X =Y the complex constructed in
this way and let

h: nl(XEIX) — TC]()()XTCl(X)
denote the product homomorphism 4 xA;. We now obtain the following

Corollary 2.5. — Let X be a finite, irreducible VH-T-complex. Assume that X4, X(yl) are
connected and that Py, P, are 2-transitive permutation groups with 2-transitive socles. Let

h:mXRX) — (X)X X)
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be the canonical homomorphism. Then, the image of h has index 2 or 4 and,

T (X ® X)) D Kerh.

Remark. — The socle of a finite group is the product of all its minimal normal
subgroups. A celebrated theorem of Burnside (see [D-M], 4.1) states that a 2-transitive
group has a unique minimal normal subgroup which is either elementary abelian
regular, or primitive and simple. Furthermore, in the case of non-abelian socle, it
follows from the classification of 2-transitive groups that the socle is 2-transitive, except
in one case (see [Ca] p. 624).

2.4. An explicit example of such lattices may be constructed as follows. Let p + ¢

be odd primes, both congruent to 1 mod 4, with (’i) = (1%) =1, H(Q) the usual Hamilton

quaternion algebra over Q with basis 1, ¢,7, &, and
Q:={x e HZ): N =p"¢",a, b € N, x = 1(mod 2)}.

2

Fixe, € Q,,¢,€ Q, withg,= — 1, ¢

map

= — 1, and let ', , be the image of the

¢0:Q — PGL(Z, Q,)xPGL(2, Q,)

X+ X1y, Xt x3E Xo t x1€,, x t x3g
x — R .
—x t x38,, X — X1§ —xy + x38,, X — Xi§

Then T, , < Aut.7, XAut.7,, is a torsion free cocompact lattice, acting simply tran-

sitively on the set of vertices of 7, X.7,, and satistying pr, (I}, ) =H,, pr,(T, ,)=H,,
where for a prime £ we define (see also [B-M];, 1.8)

det .
H, = {ge PSL(2, Q) : Wi_l € (25)2}.

The density of projections follows easily from the fact that T, , is an irreducible lattice

and that H, contains the index 2 subgroup Hz =PSL(2, Q/) which is simple. Via the
homomorphism

v T, xTy, , — (HyxHy)x(H,xH,)
(015 %) (35 ¥a)) — (Y15 Y35 Yo Ya)

the group I', ,XT , acts simply transitively on the set of vertices of

T X T X T X T

g+l
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and the subgroup A, , < (I, ,xT, ,) acts simply transitively on the set of vertices of
Z,x%,. The quotient

D07 8. \Zx D))

is a square complex with one vertex. As T, , is residually finite it follows from
Corollary 2.5 and Proposition 2.4 that:

ﬂl(%’ q)(oo> =T (@

17) an(@q)-

Let us denote the one vertex VH-T-square complex corresponding to the arith-
metic lattice T, , < PGL2, Q,)xPGL(2, Q,) < Aut.7, xAut.7,, by 4, =T, ,\
Fpe1 X T, Both complexes .4, and &, , will be used later for constructing vari-
ous other square complexes and lattices.

3. Cohomological properties of lattices

In this section we turn to certain cohomological properties of fundamental groups
of finite T-square complexes. The main results are Proposition 3.1 and 3.2 below;
Proposition 3.1 enters in an essential way in the proof of the normal subgroup theorem
(see §4) while Proposition 3.2 will imply certain cohomological vanishing results for
irreducible lattices with locally quasiprimitive projections.

Proposition 3.1. — Let T\, Ty be locally fimte trees, T < AutT)xAutTy a discrete
subgroup such that T\(T|xTy) is finite and N <o T a normal subgroup such that the quotient
graphs priNW\T;, i=1, 2, are finite trees. Then T/N has property (T).

Proposition 3.2. — Let T\, Ty, T" be as in Proposition 3.1 and H;:=pr(I') < AutT,.

(@) The homomorphism Hom (H, xH,, C) — Hom(', C) mapping x to X|r is an
somorphism.

(b) Let (m, V) be an irreducible finite dimensional umitary representation of T with
HY(", m) £0. Then & extends continuously to Hy xHy, factoring via one of the projections.

The following result is an application of Proposition 3.2 to irreducible lattices
with locally quasiprimitive projections:

Corollary 3.3. — Let Ty, 'Ly be locally finite trees, H; < Aut'T; closed non-discrete locally
quasiprimitive subgroups and

T < Aut T] XAutTQ

a cocompact lattice with HEOO) C pr(I) C H,.
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(1) Hom(T", C)=0.

(2) HY(T', )= (0), for every unitary, finite dimensional representation (%, V) of T.

Procy‘. — Set G; =pr,~(l").

(1) Follows from Proposition 3.2 (a) and the fact (see [B-M]s Corollary 1.2.2)
that G;/[G;, Gj] is compact.

(2) We distinguish two cases:

(2)

(®)

n extends continuously to G;xGy, factoring via one of the projections.
Wlo.g, let ®: G; — U(V) be a continuous unitary representation with
(Y1, Yo)=0(1), Y=, ¥2) € I. Since G, has small subgroups and U(V) is
a real Lie group, Ker w 1s open in G; and since G; D H(loo), it follows (see
[B-M]; Prop. 1.2.1.5)) that Kerw D H(fx’); thus G,/Ker ® being compact
and discrete, is finite. This implies that n(I') is finite. For any subgroup
I" < T of finite index, there is I < T of finite index with T C I".
Then, pr(T”") < pr{) is normal open and hence (Cor. 1.2.2.2. [B-M],),
pr{”") contains H, in particular pr,T") D H§°°>. Thus (1) applied to T”
implies Hom(I"', C) =0, for any subgroup I" of finite index in I', which
together with the finiteness of n(I") implies H'(I', 1) = (0).

n does not satisfy the extension property (a); it follows then from
Proposition 3.2 (b) that H'(I', m)=(0). O

The proofs of Proposition 3.1 and 3.2 rely on the study of a certain complex of
cochains associated to a group acting properly on a square complex. More precisely,
let X=(V,E,S) be a VH-complex, I' < AutX a discrete subgroup preserving the
VH-structure, acting in a clean way on X, and n: I' — U(F#') a unitary representation
of T into a Hilbert space . . The assumption on the action of I' means that, whenever
an element y € T fixes a geometric edge, resp. a geometric square (see §1 for definition),
then it fixes all edges, resp. squares, in this equivalence class. Let I", denote the stabilizer
of x€ VUEUS and n(x)=|I|. Define for Y € {V, E, S}

1
By ={:Y — F :fis Tcquivariant and [|/|*s= - —— | ) < +oo}.

N\Y n( y)

We obtain a complex £, LR Zx =, Zs of Hilbert spaces, where the
bounded operators d, D are given by:

dfle):=fe) — fl0l9), [fe€ By
DF(0):= F@o[1, 2]) + F(96[2, 3]) + F@o[3, 4]) + F@c[4, 1]), F € F,.
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The space of 1-cocycles,
ZN(F)={Fe€ %, :DF=0,F¢+F@z=0, VecE}

is a closed subspace of #; the orthogonal complement of Imd in &Y% is
Ker (8] z1), where & : £ — %, is the adjoint of d and our first task is to establish
a formula for ||8F||?, F € &Z'(¥), which takes into account the VH-structure and the
link condition. To this end, let £ , resp. £}, be the subspace of maps f € £
having their support in E,, resp. E,. Let P4, resp. P,, be the orthogonal projection on

ZEh, resp. ZEU; let §,=6P,, 8,=6P,, D,=DP,, D,=DP,.
Proposition 3.4. — For all F € ZYFE), the following equality holds:
IBF* = I8:F||* + [|8,F||* + [|D4F||* + || D.F|*.

Proof. — Let F € &!(¥); since =38, + §,, we have to compute the following
quantity:

(3:F,8F)= >

»€M\V n(x)

<8hF() 8,F(x)).
Since F(e) + F(¢) =0, we have
(8:F(x), 8,F(x)) =4< Z Flo), > F(e')> , forall xeV.
e€E(x) ¢ €cE,(x)

Taking into account the link condition, we obtain:

(8:F, 8,F) = Z Z

xGF\V GES
where S,={c € S: 6(0)=x} and u(c)=(F(d0o[1, 2]), F(do[1, 4])).

Using Tocs, 16) = Soerys %u@, we obtain,
X x X n G

(8:F, 8,F) = Z

O'GF\S

Let R be a set of representatives of the set of geometric squares in T'\S, then

4> Lu(cr = Z——{u o) + u(1,0) + ut,0) + u(tT,0)}.

sers O) cer
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Using DF =0 and F(¢) + F(¢)=0, V¢ € F, a computation leads to:
u(o) + u(1;0) + u(t,0) + u(t;7,0) = | D,F(0)||* = | D,Fo)|’,

and hence (§;F, 8,F) = ||[D,F|*> = ||D,F||?, which proves the lemma. O
Remark. — P. Pansu obtained in [Pa] an equivalent formula by a different method.

Let now T, Ty, I', N be as in Proposition 3.1 and ©n: T — U(F#) be a unitary
representation of I with Kern D Nj let £ be the complex associated to the T action
on X=T;xTs and to &

In this situation we have:

Lemma 3.5. — There s a constant ¢ > 0, such that

I|F|| < ¢||8F||, VFeZY%).

Proof. — We recall the following elementary fact: let S=(X,Y) be a finite tree,
i: Y — N* an edge indexing and .%% a Hilbert space. For w € . Y define

Sui)= > doule, re€X;

ole) =x

then there exists a constant ¢ > 0, such that ||| < ¢||8%|, for all w € FY, satisfying
w(e) + we)=0, Ve€ Y.

Let now T,=(X;,Y,) and let S, =(V,, E|) be a finite subtree of T; which is a
strict fundamental domain for the action of pr;(N) on T,. The set Es (z), (» € V) of
edges in E, with origine v is a fundamental domain for the pri(N)( ) -action on E(v) and
we define an edge indexing i, : E; — N* by i(¢) = [pri(N)0)e|; 8! denotes then the
corresponding operator on F# ", Let Wy C Y, be a finite set of vertices such that
E; X W, surjects modulo T onto the set of horizontal edges of T\(T| X Ty). According
to the above general fact, there exists ¢; > 0 such that

S IFe, @) < o0 8K, )|

e€E

, Yw€Y, VFeZ'(Z%).

For every ¢ € Es (v1),s1 € Vi, choose a finite set F, C N, |F,|=4(g, such that
priF)e=pri(N)(v1)(e). Then, we have for every v; € Vi, w € Wy

& F(, w)= Z F, w)

¢ €E()

= Z Z F(ne, w)

e€Eg (1) (), m)EF,
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thus

SS'F(vl, w) — & F(v, w Z Z F(nye, w))

eEES (v1) (n1 , np)€EF,

which, by N-invariance of F, equals

Z Z — Fle, n2 w)).

EEES (v1) (ny, ﬂQ)EF

Then we observe that
2) (e, w) — Fle, ny ' w)||* < Cal[D,F1?,

where Cy only depends on the distance dw, now).
From (1) and (2) we deduce

> lIFe @)l* < Cs(lI:F|I* + [IDAFI)

e€E ), weW,

where C; depends on N, I' and the choice of Wy. The same argument applied to the
pro(N)-action on Ty, together with Lemma 3.4 implies Lemma 3.5. O

Proof of Proposition 3.1. — We have to show that H'(I', ;)=0 for any unitary
representation T of I" such that Kern D N. In the notation preceeding Lemma 3.5, we
have HY(T, n) ~ & (% )/Imd.

We may assume that © has no invariant vectors, thus Kerd=0. Then Lemma
3.5 implies that 8 : &' — %, is a continuous isomorphism and thus d: %, — &'
is an isomorphism which implies H(T', 7)=0. O

Proof of Proposition 3.2. — Let (m, F# ) be a finite dimensional unitary represen-
tation of T’ and £ the complex associated to the I'action on T;xT, and m. Since
dimz < +oo, HY(T, ) is isomorphic to Kerd|g1 %), which by Lemma 3.4 coincides
with {F € &Y% : §,F=8,F=D,F=D,F=0}.

a) Suppose n=Id, 3 =C; let xy € H'(T, 1) and F € Kerd|z 1, correspond
to x under the above isomorphism; let f € C**2 with df=F; then
xY)=foy —f Since D,F=D,F=0, there are functions F; : Y; — G, with
Fley, v)) =Fi(e)), F(v1, o) =Fs(en), Vv € X, ¢, € Y;. Since F is I'-invariant, F; is
pr{I)-invariant, and hence H; = pr,(I)-invariant. Fix a base point b= (b, by) €
X, xX,, and choose f; € C* with df=F; and f(b;, bo) =£i(b1) + fo(bo). Let
x: : H; — G be the continuous homomorphism defined by:

Xilhi) =f: 0 ki — fi.
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It follows then that f{v, vo)=f(01) + folte), Y (v1, va) € XXXy, and hence
X, ¥2)) =%101) + x2(¥2), YN, o) € . This shows that the restriction map
Hom (H,xH,, C) — Hom(T", C) is surjective; on the other hand, since T is
cocompact, this map is clearly injective.

b) Let © be an irreducible representation, with H/(I', n) 0 and take F €
Ker(8|z1), F+0. As above, there are maps F;, : Y; — H#, such that
Fle, v) =Fi(e1), Fv1, e3) =Fy(ey); without loss of generality, we may assume
that F, +0. Using the I'equivariance of F and the fact that 7 is irreducible,
finite dimensional, we may find ¢, ...,¢, in Y, such that Fy(e),...,Fi(e,) 1s a
basis of F# . Observe now that F\(yie)=n(y,, %2)Fi(e), V(11,7) €T, Ve Y.
This implies that there is a representation ® : pr(I) — U(F#), such that
(Y1, Yo)=w(y1), V¥, ) € T. Let N be the normal open subgroup of H,
generated by H(e)) N ... N Hy(g,); then pn(T) - N=H,, and |y, mon=1dz ;
therefore ® extends continuously to H,. O

4. The normal subgroup theorem

4.1. The main result of this section is the following analogue of Margulis’ normal
subgroup theorem.

Theorem 4.1. — Let T < Aut'T\ xXAut'Ty be a cocompact lattice such that H;:=pr(T) is

locally co-transitie and HEOO) ts of finile index in H;. Then, any non-trivial normal subgroup of T
has fimite index.

Remark. — The results from [B-M]; on the structure of locally oo-transitive
groups needed in this chapter are recalled in 0.4.

4.1. Various decompositions

Let T=(X,Y) be a locally finite tree and H < AutT a closed, locally oo-
transitive subgroup. For & € T(c0), let P::=Staby(€); since H(x) acts transitively on
T(oc0), we have

4.1 H=H()- P
For € € T(o0), let B : XXX — Z denote the Busemann cocycle, that is
Be(x, )= 1iné(a'(x,[)) —d, p)). The map

p——»

x;; : Pg — Z
g+ Belx, g%)
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is independent of x € X, and defines a continuous homomorphism. For g € AutT, let

£(g):= min d(x, gx); an element a € P; is hyperbolic iff x:(a) $ 0, in which case x:(a) = £(a)
x€X

if § is the attracting fixed point of @ and ye(@)= — £(a) if & is the repelling fixed point
of a. Let xz(Pe)=4£:Z, with £¢ > 1, Pg =Kery: and A= (a), where |y:(a)| =, then we
have the semidirect product decomposition:

(4.2) P:=A-P.

Since H is 2-transitive on T{(oc) ([B-M]; Lemma 3.1.1), the group Pg acts transitively
on T(c0)\{&} and thus

(4.3) H=P; LIP{cP;, for any o ¢ P;.
Let a € P: be a hyperbolic element with £:=%:(a) > 0 and 7: Z — X a parametrization
of its axis, with n+o0)=¢&. Then:
PLrk) C Pk + 1)), VkeZ
4.4) aP(R)a' =Pirk+£)), VkeZ
UPLoth) =Pz, Vj€Z
>j

Since H is locally oco-transitive, £; does not depend on & € T(occ); for the common
value £ we have £ =1 iff H is vertex transitive and £y =2, otherwise. For a € H a
hyperbolic element with £(a)=¢y and x, y € X adjacent vertices on the axis of a we
have

H = H(xA H(x) if £ =1

4.5) .
H=HxA [HxUHQG)]  if fy=2

where A" ={a": n > 0}.
4.2. The Howe-Moore property

Proposition 4.2. — Let H < Aut'T be a closed, locally oo-transitive subgroup and (n, FE )
a continuous unitary representation of H with no nonzero H® -invariant vectors. Then all coefficients
of ™ vanish at infinidy.

The proof of Proposition 4.2 depends on Proposition 4.3 below which treats
the following general situation: Let B=A-N be a locally compact group which is the
semidirect product of the closed subgroups A=(a) ~ Z and a totally discontinuous
group N <1 B; assume that there is an open compact subgroup Cy C N such that

Co C aCpa~! and N= |J #Coa™*, in this setting we have:
£50 &
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Proposition 4.3. — Let (v, F ) be a continuous unitary representation of B and v € F&
such that

N—C
n — (n(a"), v)

does not vanish at infinity. Then there exists w € F, w £0, such that Staby(w) ts of finite index
in N.

Progf. — The subspace # ) ={w € F#, Staby () is open} is dense in .F# : fix
a decreasing sequence (K,),en of compact open subgroups of N, such that () K,=(e).

nzl

The sequence (f,),>1, where f, = TII{“)'XKH is an L'-approximation of the identity, and
miN,

hence lim n(f)Jo=v for every v € F#. Observing that n(f)s € FH 2 we conclude
that 7 © is dense in #. Thus there exists u € F# ), such that the function
n — (m(d@")u, u) does not vanish at infinity; there exists therefore a subsequence (n)ien,
with lim ;= + o0 and w € 5, w F 0 such that (n(a")u);, converges weakly to w. Let

K < Gy be an open subgroup (of finite index) such that n(fu=u, V£ € K. Then
n(a")u is fixed by ¢“Ka™™ and, passing to a subsequence, one may assume that the
sequence of subgroups (¢ Ka ");en converges in Chabeauty topology (that is uniformly
on compacts) to a closed subgroup L <N.

Claim 1. — w i1s L-invariant.
Yor £ € L. and m; € d"Ka ™" withil_>i1;1<1> m; = £, we have,
(n(l)w, w) — (w, w) = ((Ml)w, w) — (n(l)w, n(a")u))+
+ ((n(l)w, M(d")u) — (n(m)w, n(a")u))+
+ ((wa n(anl)u> - <w: w))
The first and last summand tend to zero since (@“)u converges weakly to w, and the

second summand tends to zero since it is bounded by |r()w — m(m)w| - ||»| and
il_i)rorol m; =£. This shows Claim 1.

Clazm 2. — The subgroup L is of finite index in N. Let 4 be the index of K in

Cy and pick xi,...,x, € N with 7 > d; since the increasing union 91 d"Coa™ ™ equals N
iz

there exists 4 such that {xi,...,x,} C @“Coa™™, for all i > 4; since r > d, there exists for

every i > iy, j: + & such that x, 'x, € "Ka ™ and since 7 < +00, there exists j# £ such

that xj—lxk € d"Ka™" for infinitely many : > 7,; this implies xj_lxk € L and shows that
the index of L in N is at most 4. O
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Now fix xy € X and consider the H-action on T(cc)XZ given by:
hn, m)=(Im, Bo(h™" 0, x0) + m), m € T(c0), m € Z, h € H.

For this action we have Staby(§, 0)= Pg.
Lemma 4.4. — The H-orbits in T(co)XZ are closed.

Proof. — Since H acts transitively on T(oo) it suffices to show that if
lim A&, m)=(&,s) then (k),en is bounded in H/Pg Write A, = k,a™u, with k, €
H(x)), a € P¢ hyperbolic and u, € Pg. For n large we have: Be(h, "x0, %) + m=s,
which amounts to Be(a “xy, %) + m=s, hence Le(n) + m=s, which shows that (a®),s,
is stationary and thus (%,),en is bounded in H/Pg. |

Proof of Proposition 4.2. — Let & € T(c0),a € Pr with {=y(@)=4 > O,
r: Z — X a parametrization of the axis of a with noc)=E, and x:=nk), k € Z.
Then P:=A - Pg, A={(a), and (see (4.4)), Proposition 4.3 applies to P;. Let (t, 5% )
be a continuous unitary representation of H and assume that some coefficient of n
does not vanish at infinity. Since H=H(xo)A"(H(x) U H(x))), (see (4.5)), there exists
v € F,v+0, such that n — (n(a"), v), n € N, does not vanish at infinity: indeed let
u$0 and (g,),»1 be a sequence tending to infinity such that

|(n(g)u, )| >€ >0, foralln>l.

Write g, =ha'"k,, with k, € H(x)), l, > 1, £, € H(x) U H(x,); we may assume that
(kus1> (B)ps1 converge, say to rtesp. k, K. Setting w =m(K)u, w=mn(k)"'u and applying
the triangle inequality, we get:
lim [(m{g)u, 4) — (~a")e!, )| =0
and hence n — (n(a")w', w) does not vanish an infinity; since any matrix coefficients
of a unitary representation is linear combination of diagonal coefficients, we conclude
that there exists ¥+ 0 such that n — (n(a")o, v) does not vanish at infinity Hence
(Proposition 4.3) there exists w € F#, w+0, such that L:=Stab(w) is of finite index
3

m Pg.

Now we claim that there exist sequences (£))ien, ((1)ien in L, (h)ien in H(xy) and
an element ¢ € P with lim £/, '=d and ye(d')=2¢. For every k > 1, choose 1, € T(00)
with (0 - §),, =%, where (a - B), denotes Gromov’s scalar product, that is, (o - B), is
the distance from y to the geodesic joining «, B; in particular kE»Iglo nt=§&. Ghoose

m € Pg(xk+g) such that (mM - &),, = k+ £; with these choices we have (M, 0) = (mn, 2£)
and hencekgrgo Mk, 0)= (&, 2¢). Choose a sequence (A)en in H(xg) such thatkgrglo h=e
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and A&, 0)=(y, 0); with this we have kl_i}r(g (&, 0)= (&, 20) =d*E, 0). Since the H-
orbits in T(co)xZ are closed (Lemma 4.4), there exists n, € Pg such that im m/ym; = a.

Since L is of finite index in Pg, we may assume, passing to a subsequence, that
n =0ly, n, =£,6’ where 6,06 € Pg and £, £, € L, for all £ > 1. Setting & =c~'a?0’ ™"
we have lim il =d and y:(d)=2¢.

This claim implies that

(m(d)w, w) =lim (n(¢ Wl )w, w) =lim (n(h)w, w) = (w, w)

and hence w is A’:= (d')-invariant. The closed subgroup P’ generated by A’ and L is
of finite index in Pz and w is P'-invariant; by (4.3) we have |P:\H/P:|=2 and hence
|PP\H/P'| < +o0. The continuous function & — (n(h)w, w) is left and right P'-invariant
and takes therefore only finitely many values. In particular

Staby(w)={% € H: (n{h)w, w) = (w, w)}

is an open subgroup of H; this subgroup is also cocompact in H, since Staby(w) D P/
and hence Staby(w) D H*™. O

4.3. In this section we prove the normal subgroup theorem (Theorem 4.1); for
this we follow the strategy of Margulis. First we notice the following corollary to
Proposition 3.1:

Corollary 4.5. — Let T < Aut T} xAut'T'y be a cocompact lattice such that H,:=priT') is
locally co-transitive and H; =H™; let N < T, N +{¢} be a nontrivial normal subgroup of T.
Then T/N has property (T).

Remark 4.3.1. — Assume H;:= pr,(T) is locally oo-transitive; for N < ', N F¢, we
have pr{N) D HE-°°>.

Proof — As pr(N) < H;, it follows from [B-M]s; Prop. 3.1.2, that either
priN) D H® or pr{N) is trivial. The latter is impossible or else we would have a
nontrivial discrete normal subgroup of Hs_; which is incompatible with H;_; being
locally oco-transitive. O

Proof of Corollary 4.5. — By Remark 4.3.1, we conclude that each pr,(N) does
not act freely on T; and hence by [B-M]; Lemma 1.4.2, pr{N)\T; is a finite tree and
Proposition 3.1 shows that I'/N has a property (T). O

Given H; < AutT;, closed, locally co-transitive subgroups, we will always endow
T,(0co) with the Hj-invariant measure class and denote by (T (c0)), A (Ty(c0)),
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Ab(T1(00)xTy(o0)) the corresponding measure algebras, that is the algebra of classes
of Lebesgue measurable sets, where two sets are identified if they differ by a null set
(see e.g. [Ma] IV.2).

The next fundamental ingredient in the proof of the normal subgroup theorem is

Theorem 4.6. — Let T < AutT,xAutTy be a cocompact lattice such that H;:=pr(T)

s locally oo-transitive and H§-°°> is of finite index i H; Any T-invariant subalgebra of
A (T1(00)xTy(00)) s one of the following algebras:

{q), Tl XTQ } A T1 X{TQ }
{T\(00)} XA (Ty(0)), Ab (T (00)X Ty(00)).

First we show how to deduce the normal subgroup theorem from Corollary 4.5
and Theorem 4.6.

Pm(y‘(f Theorem 4.1. — Let {e} +N < T, and Ty=T N H™ xH), N, =
NN H H " set GZ:HE-OO), then G; is locally oco-transitive, Gi” =G;, T, is of
finite index in T’ and (Remark 4.3.1) pr(T)=G;. Moreover, Ny is of finite index in
N, and N being infinite (Remark 4.3.1), we have Nj # {¢}. We claim that T'o/Nj is
amenable. Assume the contrary; then ([Ma] IV, Theorem 4.5, Remark 2 and Lemma
4.7) there exists an infinite, I'y-invariant subalgebra % C .46 (T (co)xTy(0c0)) such that
NoB=B, for all B € % According to Theorem 4.6, we have the following possibilities
for A :

A6 (T (00) X To(00)), A8 (T'1(00)) X { To(00)}, {T1(00)} XA (To(0)).

Since NygB=B, for all B € .%, we obtain, respectively, Ny={e}, Ny C {¢}xGo,
Ny C G| x{e}, neither of which is possible by Remark 4.3.1. Thus I'j/Nj is amenable
and (by Corollary 4.5) has property (T). Thus I'j/Nj is finite and so is I'/N. O

The remainder of this section is devoted to the proof of Theorem 4.6.

Let T be a locally finite tree, G < AutT a closed, locally oo-transitive
transitive subgroup, @ € M!(T(oc)) the Patterson density for G; in particular

w)/dww)=¢ P9 where b € X is a fixed vertex and § the critical expo-
nent of G; for the properties of the Patterson density used in this section we refer
to [B-M], §1, 86, and §7. Let s € G be a hyperbolic element with attracting, resp.
repelling fixed point o, respectively & For C € 4 (T(c0)), set Wy(C)="T(oo) if § € C
and y(C)=0 if & ¢ C.

Lemma 4.7. — For every C € A6(T(00)) and almost every g € G, the sequence s*(gC)
converges to y(gC) in \-measure.
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Proof. — Let r : Z — X be the parametrization of the axis of s, such
that roo)=o, 0)=b; for w,w, € T(co)\{a}, define dw;, wy):=e “*? where
(w1, wo):=1lim [(; o)y —£]. Then & is a complete metric on T(co)\{a}, and the latter
has finite Hausdorff dimension with respect to d. Moreover, d(sw,, swy) = ¢ d(w, , wy) for
all wl € T(co)\{a}, where ¢ is the translation length of s. For A € . (T(c0)), set
V(A f e%(w % du(w); then v is a Radon-measure on T(co)\{e}, equivalent to , and

(sA)ze V(A). Let C € .Z6(T(c0)) and assume that & is a density point of C, that

is lim Vv(g(g(g(———&‘% =1, where B, €) is the ball centered at &, of radius €, for the
£— v s €

distance d. For any fixed R > 0, taking into account that s"B(, R)=B(E, ¢ “R), we

have

v(C NsBE, R))
v(sT"BE, R))

VG N BE, R)) =1. Thus s"C converges to T(oo) in v-measure and
v(BE, R))

hence in p-measure. We conclude by observing that for almost every g € G, g€ is
either a density point of C or a density point of T(co)\C. O

lim =1

n—oo

and hence lim

For 1=1,2, let H; < AutT; be a closed, locally oco-transitive subgroup, W; €
M!(T{c0)) the Patterson density as above, s; € H; a hyperbolic element, &;, a; € T;(c0)
the repelling, respectively attracting, fixed point of s;, s=(s1, €), t= (e, s) and p=p; XHy.
For B € .26 (T (00)xTy(c0)) set

B,={n € T,(cc): M, w) € B}, w € Ty(c0)
B" = {w € Ty(00) : (n, w) € B}, M € Ty(00)

and y(B) =T (c0)xB%, yy(B) = B, x Ty(00).

Lemma 4.8. — For almost every g € H, xHo,

s'gB — yi(gB), t"gB — wa(gB),

and convergence holds in \-measure.

Proof- —nl_lglo §"gB =y (gB) in p-measure is equivalent to

(%) nl_iglo dpo(w) / dﬂl(&)l%@s( ) — Xyy(em) (&> @) =0,
Ty(oo) T} (o0)
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For a.e. w € Ty(oo) and g, € Hy, the set Bg“w is measurable and (s"gB),, = 5}(gB).,
2

converges to Y((gB),) (Lemma 4.7). Observe that &, € (gB),, iff w € (gB)" which, using
the above, implies

lim T, (o0) IXs"gB(&: w) - X‘Vl(gB)(§> w)ldu(&) =0

n—o0 \

for almost every w € Ty(00), go € Hy, g1 € H,. Fubini’s Theorem and the dominated
convergence theorem imply then (x). O

Assume now that H; = HE-OO) and let I' < H; xH, be a cocompact lattice such that
pr{l)=H,.

Lemma 4.9. — The subgroups (s) and (t) act ergodically on T\(H,xHo).

Proof. — Consider the unitary representation © given by the regular action of H;
on LAT\(H, xHy)) and let A C T\(H, xH,) be an (s)-invariant measurable subset; thus
Xa 1s @ T(s)-invariant vector. Let P be the orthogonal projection on the subspace F#| of
n(H,)-invariant vectors and v:=ya — P(xa) € F# . Since " has no nonzero n(H,)-
invariant vector, Prop. 4.2 implies that k, — (n(h))o, v), H} — G, vanishes at infinity.
On the other hand, A — (rn(k)v, v) has constant value [|o||> along the unbounded
subgroup (s) <H; and hence s — P(xa) =v=0. From TH, = H; x Hy we deduce that
any Hj-invariant measurable function on T\(H; x H,) is H; x Hy-invariant and hence
essentially constant; in particular ya = P()a) is essentially constant and therefore A is
either of measure zero or of full measure. [

The above lemma together with Birkhoff’s ergodic theorem imply,

Lemma 4.10. — For almost every h € H) xHy, the sets U Ths™ and U Tht™" are dense

n>1 n>1
in H,xH,.

Lemma 411. — Let BB C ME(T1(00)xTy(00)) be a T'-invariant closed subalgebra,
B €. % and g€ H. Then, for almost every g’ € H, we have

gw(¢'B) e B
and

gv(g'B) € 7.
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Proof. — The set

, U Fg’_l_y_”:HleQ and
U= g € H;xH, : =1

5"(¢'B) — wi(¢'B)

is of full measure in H;xH; (Lemma 4.10, Lemma 4.8). Given g € H;xH; and
g €U, take v; € T and (M,)ien, such that Jim g, =g, where gi:=vg'~'s". We have
Yi=gis"g',vB € F, and yB=g(s"¢'B) — gy1(¢'B). O

Proof of Theorem 4.6. — Replacing T by T'N (H(loo)xH(;o)) and using Remark 4.3.1,
we may assume that Hi:HEOO).

(2)

(b)

Let B’ C M6(T{o0)) be an H-invariant subalgebra. Then .% ' = {¢, T{oc0)}
or JB'=.4(T{(x)). Let P;=P; identifying Ty(oo) with H;/P;, we deduce
([Ma] IV Proposition 2.4) that there exists a closed subgroup L; < H; with
L; D P;, such that . %' =.44(H,;/P;, L)). Since H; acts 2-transitively on H;/P;,
P; is a maximal subgroup of H; and thus I;=P; or H;, which establishes (a).

Let & C M(T)(00)xTy(c0)) be a I'-invariant subalgebra.

Let B € .%, and assume that the set of w € Ty(co) s.t. B, & {9, Ti(00)},
respectively, the set of & € T((00) s.t. B¢ {9, To(00)} is of positive measure.
Then Lemma 4.11 implies that . % DO %, x{Ty(c0)}, respectively, .78 DO
{T\(c0)}x.#, where B, C .#6(T{x)) is an Hyinvariant, non-trivial,
subalgebra and thus, by (a), ;=46 (T (c0)).

Assume that % {9, T 1(00)xTy(c0)}; then (b) implies that either & D
A (T1(00))x{Ta(c0)} or HB D {T(00)} X A (Ty(c0)). In the first (respec-
tively, the second) case, if moreover % F .Z46(T (00))x{Ty(c0)} (resp.,
A+ {T)(c0)} x A (Ty(c0)) we obtain using (b) that

FB D {T (00)} XA (Ty(0))

(respectively, BB D A (T (00))x {Ta(o0)})
and hence in both cases B = 46 (T (00)xTy(00)). O

5. Applications of the Normal Subgroup Theorem

The normal subgroup theorem applies to lattices in AutTXxAutT; whose
projections are locally co-transitive. Beside rational points of algebraic groups of rank 1,
the main source of locally oo-transitive groups are the universal groups U(F) whose
definition we briefly recall (see [B-M]; 3.2). Let 4 > 3, .7;=(X,Y) be the d-regular
tree, F < S, a permutation group and i: Y — {1, 2,...,d} a legal colouring.
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Then:
. q—=1
U(F): {g € AutTd : ZE(gx)'g'l|E(x) € F, Vx € X}

is a closed subgroup of Aut.7}, acting transitively on X and such that, at every vertex
x € X, UF)® < SymE(x) is permutation isomorphic to F < S;. When F < S, is
2-transitive we have (see [B-M]s 3.1, 3.2)

(1) UF)" =UF)> is of index 2 in U(F) and simple.
(2) UF)" is locally oo-transitive.

Theorem 4.1 implies then

Corollary 5.1. — Let d; > 3, ¥; < S, be 2-transitive permutation groups and
I < UF)xUFy) be a cocompact lattice with pr{T) D U(F,)*. Then, any nontrivial normal
subgroup e + N <1 T is of finite index in T.

In general, it is difficult to determine whether a lattice has locally oo-transitive
projections; in [B-M]; Chapter 3, we have shown that under certain additional
assumptions of local nature, 2-transitive groups of tree automorphisms are co-transitive
and, in some cases, their closure is a group U(F) of the above type. We now apply
these results to finite VH-T-complexes.

Let X be a finite VH-T-complex; we assume that the horizontal 1-skeleton X}’

and the vertical l-skeleton X'" are connected. Let d,=|E,x)|, d,=|E, ()], Vx € X;
then X is a quotient I'\(7; X.7;) of a product of regular trees of degrees d; and d,.
Let P, <S;, and P, < §; be the “horizontal”, resp. “vertical”’, permutation groups;
it follows from [B-M]; Proposition 3.2.2 that, up to conjugation, I' is contained in
UP)xU®P,). We assume both P,, P, to be transitive and let L, L,, K;, K, be the
finite permutation groups defined in §1. These groups are effectively computable in
terms of the finite complex X.

Proposition 5.2. — Assume that the permutation groups Py, P, are 2-transitive and that L,
L, are simple non-abelian. Then, K, ~ L, K, ~ L with (a1, a,) € {(0,0), (d,— 1, d, — 1)}
(1) If (an, a,)=(0, O), the lattice T 1s reducible.
2) If (a4, a,)=(dr— 1, d,— 1), the lattice T s irreducible and T < UP,)xU(P,) has dense
projections.
Progf. — Let H? = pr(T), HY = pr ().

Since XEL‘), XE}) are connected, the groups H? < Aut.7dh ,HO < Aut.Z,v are both
vertex transitive. Fix adjacent vertices x,y in .7 and ¥, in 7. By hypothesis, the
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following isomorphisms of permutation groups hold:
H () ~P, H'W)=~P,
HYx0)/Hy (W) = Ky, HYW,»)/H)) ~ K,

Now we apply Prop. 3.3.1 (and the remark following it) to deduce that K, =~ L;h,

K, ~ L’ with ¢, € {0,d,— 1}, 4, € {0,d, — 1}; if ,=0, then H® is discrete, thus
(Prop. 1.2) T is reducible and HY is discrete; the latter implies (Prop. 3.3.1 [B-M]s)
that a,=0.

If @, =d,— 1, then (Prop. 2.2.2) H® =U(P;), and (Prop. 1.2) T is irreducible which
implies that H? is non-discrete and hence a@,=d, — 1 by Prop. 3.3.1. O

Combining Corollary 5.1 and Proposition 5.2, we obtain

Corollary 5.3. — Let X be a finite VH-T-complex as in Proposition 5.2 and assume
moreover that (ay, a,)= (dy — 1, d, — 1).
Then, any nontrivial normal subgroup N < 7,(X) ts of finite index in 1, (X).

Let now I' < H;xHj; be a cocompact lattice, where H; < AutT; are locally
oo-transitive, HE-OO) is assumed of finite index in H; and pr() D H§.°°), =1, 2; let, as
usual, I be the intersection of all finite index subgroups of I': the subgroup I'* is
normal in I'. Assume that T" is not residually finite; then, (normal subgroup theorem)
) is of finite index in T and we claim that I is simple: indeed, since T is of
finite index in T, we have pr(I>)) D H™ and the normal subgroup theorem applies
to T°; given e+ N <1 I the group N is of finite index in I**)) hence in T’ and
thus N D T, This line of reasoning leads to

Corollary 5.4. — Let X be a finite VH-T-complex satispying the following assumptions:
(1) The horizontal and vertical 1-skeleton, X\ and X, are connected.

(2) The horizontal and vertical permutation groups P, and P, are alternating groups of degrees
dy and d, at least 6.

(3) m(X) is not residually finite.

Let Y be the Galows covering of X associated to the intersection of all finite index subgroups

of m(X). Then
(1) Y s a finite, VH-T-complex.

(2) 7 (Y) s a simple group.
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Proof. — If m(X) < AutF, xAut.7, is not residually finite, it has to be an
irreducible lattice, and hence, by Proposition 5.2, Corollary 5.3 applies. O

Theorem 5.5. — Let T=m\(Y) be as in Corollary 5.4; the simple group T emjoys the
Jollowng properties:

(1) T s finutely presented, torsion free.

(2) T s the fundamental group of a finite, locally CAT(0)-complex.

(3) T is of cohomological dimension 2.

(4) T s biautomatic.

(8) T is womorphic to an amalgam ¥+ of free groups over a subgroup of finite index.

Proof. — (1), (2), and (3) are clear; (4) follows from [Ge-Sh]. To show (5), observe
that I' < UA,)* xU(A,)" projects densely onto each component, in particular both
actions of I" on .7, and .7, have an edge as fundamental domain. O

In Section 6 we will show how to construct square complexes X satisfying the
assumptions of Corollary 5.4.

6. Embeddings, constructions of complexes and virtually simple groups

6.1. An interesting class of lattices I' C Aut T} xAut Ty are those which act freely
(see chapter 1.) and vertex transitively on T XTy. Recall that the action of a lattice I’
on the square complex T, xTs is free if and only if T torsion free. In the sequel we
construct and modify various examples of vertex transitive torsion free lattices. Thus it
is convenient to have several ways of presenting such lattices.

Any torsion free cocompact lattice I' < AutT; xAutTy corresponds to a finite
VH-T-square complex (see Chapter 1). Vertex transitive torsion free lattices are
precisely those corresponding to VH-T-square complexes which have a single vertex.
Thus vertex transitive torsion free lattices may be defined geometrically by constructing
l1-vertex VH-T-square complexes.

A useful tool in constructing a 1-vertex VH-T-square complex as well as describ-
ing its fundamental group, i.e. the corresponding lattice, is provided by a VH-datum.

Defimition. — A VH-datum (A, B, @4, @5, R) consists of two finite sets A, B, fixed
point free involutions @4 : A — A, ¢p : B — B and a subset R C AXBxAXB satisfying
conditions 1 and 2 below. Let us denote a~' =@a(@), a € A, b~'=@p(b), b € B. The
group generated by the maps o, p : AXBXAXB — AXBXxAXxB

ola,b,d, ¥)y=@", b7 a b
pla, b,d,b)=(d,¥,a,b)
is isomorphic to Z/2ZxZ/2Z.
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1. Each of the 4 projections of R onto the subproducts of the form AxB or
BxA are bijective.

2. The subset R is invariant under the action of the group (o, p) and this
action on R is free.

To a given VH-datum (A, B, @4, 95, R) one associates a one vertex VH-T-square
complex X=({x}, E, S) by defining:

E,=A, E, =B, S={S(a,b,a/,b'),S(b,a',b/,a) (a,b,d,b) € R}

The origin and terminus maps E — V={x} are both the constant map u — x,.
The map E — E given by u — w~! is the orientation reversing map of graphs.
For s=su, u,u,u9 € S, let 9s([¢, 7+ 1])=w. The maps o,p’ : S — S given by
G(J(uo,u]>u2,u3))=5(u2—1’u1—1,u51’u3_1) and p'(Suq, uy, uy, u)) = Sy, uy, 43, u) GENETAte a Dy = (p’, 0)
action on S. Observe that X is a one vertex VH-T-square complex.

The fundamental group of a finite VH-T-square complex 1is finitely presented.
Starting with a VH-datum (A, B, @4, ¢s, R), a presentation for the fundamental group

I" of the corresponding square complex is given by:
F=(AUB|xx'=¢, Vx€ AUB, abdb =e¢, Y(a,b,d,)€R).

Recall the definition in chapter 1 of the local permutation groups P, =Py(x;), P, =P, (x).
The edges of the horizontal 1-skeleton of X are loops corresponding to the elements
of A, and similarly those of the vertical 1-skeleton correspond to B. Thus each
element ¢ € A, resp. b € B, defines a generator 6, € P, C Sym(B), resp. ¢, € P,
C Sym(A). These permutations may be determined from the VH-datum by letting
6,6/ N=b o,a")=d whenever (g, b,d, ) € R. The fact that this indeed gives a
well defined collection of permutations, i.e. maps A — Sym(B), ¢ — 6,, B — Sym(A),
b +— o, follows directly from conditions 1, 2 above.

Note that these maps A — Sym(B), B — Sym(A) contain all the combinatorial
information needed to construct the l-vertex square complex X or equivalently the
VH-datum; we will refer to these two maps as the structure maps. One may formulate
certain compatibility conditions on a pair of maps A — Sym(B), B — Sym(A) which
ensure that they yield a VH-datum and hence a one-vertex VH-T-square complex.

In Section 2.2, 2.3 we described a construction of a fiber product X 8 X of
VH-T-square complex with itself. When X is given by a VH-datum (A, B, @4, ¢35, R)
then X ® X is the one-vertex square complex corresponding to (AXA, BXB, @aX@,,

@ X@p, R) where

R= {((al, a2>, (bl, b2): (all’ aIQ)’ (bllb le))

(dl,bl,dll,bll) ER
(aQJandQ>bl2)€R .
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6.2. Mating of complexes

We define two operations on VH-T-square complexes. The first “joins” several
one vertex VH-T-square complexes to produce a new one vertex VH-T-square
complex. The second modifies a given VH-T-square complex by performing “surgery
like” operations on it. We shall refer to the combination of these operations as “mating
of complexes”.

6.2.1. Joiung. — Let "X, 1 < i < 7, be one-vertex VH-T-square complexes.
M
Each of the ¥X is given by a VH-datum (@A, B, @y, Pog» @R). Let X= V %X be

i=1
the one-vertex VH-T-square complex determined by the VH-datum (A, B, ¢a, ¢35, R)

where

A= U A Pa= U Pon

=1 =1

B= "B os=|J oug

=1 =1

— ' ® @, Oy @,~1 (-1 I @ ® ] o) .
R iL=Jl RU{(a, b, ", b )12:}:], a € "A, be B}

Geometrically, X is obtained by gluing the square complexes “X at the single vertex
of each and then gluing in a torus for each horizontal loop of ¥X and vertical loop
of 9X i

Let 9%, : ®A — Sym(“B), *%y : B — Sym(“A) be the structure maps of ¥X,
see 6.1. Then the structure maps corresponding to

n

X=\ %X
i=1
are
W, A — Sym@B), Y¥p:B — Sym(A)
where
A=J%, B={J"B
i=1 i=1
and:

¥ al
for a € YA, A B\"B
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lPB ) :
for b € VB, }A\ i
" Wb, =" Pall).
Remark. — The complex X comes equipped with monomorphisms of VH-

T-square complexes, X; — X inducing injections m(X;) — m;(X) at the level of
fundamental groups.

6.2.2. Surgery. — Let X be a one vertex VH-T-square complex corresponding

to a VH-datum (A, B, ¢4, @5, R). Given a;,a € A, (a1, b;,a,8) € R, 1 <1< d,

representing 4 distinct geometric squares and a permutation T € S,;, we define a

new VH-datum (A, B, @4, 95, l~{) where R is obtained from R by replacing for each
1 €1<4d,

(ala bi ay, b;): (a2> b;) a, bl) (aQ s b~1: i_l> b; 1) (al_la b’l_l’ a2~1’ b'_l)

1

by

(@, by, az, B, (@2, By ar, b, (a3 by ar ' B0, @, 87 6, b)),

Observe that this operation indeed produces a VH-datum. Let us denote this operation
by ¥ 4,5, and in the special case where aj=ay, by ¥ ., ,. One has analogous

operations I} exchanging the roles of A and B. Geometrically, such an

, by ay...a
operation corerSQpcl)n(is to taking 4 squares in the geometric realization of X all
having the same horizontal boundaries a;, a; cutting each of them along a vertical
interval connecting the midpoints of a; and ay and pasting the cuts according to the
permutation T € S,.

In terms of the structure maps ¥a : A — Sym(B), ¥ : B — Sym(A) the operation
Fi, oy 0,.0, @mounts in modifying only the permutations Wy(a1), ¥a(a;) € SymB; the
new structure maps are given by

~ [ by if =8 and 1 <i<d
Fa(a)(b) = {‘I’A(al)(b) otherwise.

~ b if b=by and 1 <i<d
Wala)(b) = {\P ala9)(b) otherwise.

Pale ) =¥al@)™, Falg,)=¥al@) ",
Pu(a)=Va(e), for all a ¢ {a;, a}.

¥y =¥,
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6.2.3. Useful “building blocks” in the following construction are the l-vertex
VH-T-square complexes &, ,, %, £ > 4 even. They are given by the following VH-

datum
k
l<i< gy,
; 2}

1 <1<
- 4 5 e -8
1 é‘] < 5} and R= (azs') bj+£) ai+§59 bj ) 1 <]<

g,8€ {£l1}

(i, Bie, @a > 05, ;> Rer) where A= {a;“

B= {bji‘

6.3. The “mating of complexes” construction described in 6.2 leads to the

N SN o~

following embedding result:

Proposition 6.1. — Let OX, ..., X be 1-vertex VH-T-complexes; assume that the vertical
permutation group OP, < Swy, and horizontal permutation group Op, < Swy, are 2-transitive. Then
Jor any even k, € > 4, there exists a I-vertex VH-T-complex X with the following properties:

(1) There exist embeddings "X — X, 0 < i< n, and embeddings Cy ¢, Cy,4 — X, whose
tmages intersect pairwise at the single vertex of X.

(2) The horizontal and vertical permutation groups Py < Sy, P, < S; of X, are both
2-transitwe. We have

n

di=Y_ Y4+ k+4,
=0

dy="Y_ U, +¢+4.

=0

(3) a) Assume d, > 2Od,. If all groups "P, consist of even permutations, then P), coincides
with the alternating group Ay, and otherwise with the symmetric group S,,.
b) Assume d, > 20d. Then the analogous assertion holds for P, P,.

Proof. — Let the VH-datum corresponding to “X, 0 < i< n, be
((lA, (I)BJ Poa > Pop» (lR) s
and the VH-datum of C,, , be

(Am,n) Bm,n, (PAm’”, (03] ) Rm,”)

m,n
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(see 6.1 and 6.23). Let Y be the l-vertex VH-T-square complex obtained by
joining OX X . ®X C,, and C4 4. Denote by (A, YB, ¢v,, ¢vz, 'R) the VH-
datum of Y. The complexes X, Gy ¢, G4 4 are indeed embedded injectively in Y,
however, the horizontal and vertical permutation groups of Y are not even transitive.
Performing appropriate surgery operations on Y will produce a l-vertex VH-T-square

complex X with the asserted properties. Let us denote the elements of each of the sets
CA, "B, 1 <i<n by:

07 — {(’)aj, (Daj‘l ’ 1<j< (’)d,l/Q} ,

0B = {(’)bj, (l>b]_—‘ ‘ 1<j< (’)dv/Q}.

% € YA,% € OB and elements @;,ay € A, so that

@, %a,,a,', elements b, b, € B,y so that by +by,5,' and @,,ds € A4 4 so that
a,+ay, a; ! elements by, by € B, 4 so that b, by, by '. Denote the elements of the set

(Uit una)
i=1

Choose some elements ¢

{aj} 1<j< t,,=2+2@d,,/2}

i=1

and the elements of

(U {% | 1<j<% /2}) U {®., 5}

i=1

by {bjt lgygt,=2+ Z @d/Q} Let 1, € S, be the cycle 1,=(1,2,...,%) and 1, € S,

=1
be the cycle t,=(1,2,...,4). Since for each 1 < ¢ < ¢, (al,b,,&]—l, b; ) € R and

correspond to distinct geometric square, we may perform the surgery Fa; by, OO Y.

Observe that we may perform the surgery FA on the resulting square complex.
bys ay,

Denote the resultmg square complex by Y. On this square complex we perform the
surgery Fﬁ’ 0%, followed by F O)a . Let X be the l-vertex VH-T-square complex
al; aQ

obtained via these surgery operatlons and (A, B, @4, @3, R) be its VH-datum. Observe
that as the surgeries did not involve any of the squares of the VH-T-square complex
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X, 0<ign, Ci.¢ and C4 4 we have embeddings X - X,0<i<n, Cre,Ci4a—X
as asserted in (1).

To verify that the permutation group P, is 2-transitive, observe first that the
element 6, =¥4(@)) € Sym(B) contains the cycle (b, b, _1,..., &z, #;). Thus any element

of U ®B may be moved (using an appropriate power of o7;,) into OB. Also using the
=1

transitivity properties of C, 4 together with o ; every element of !B, , may be brought
into “B. We also have 6;, =%a(@1) € SymB which contains the cycle (bo, ). This
together with the transitivity properties of C; ; allows us also to bring any element
of B; ¢ into ”B. Moreover, given any pair of elements in B, we may first bring one
of them into ”B. If now the second element has not already been brought into ¥B,
we may move the image of the first one within B to allow bringing the other into
OB without moving out the first element. Thus given any &, ¥’ € B, there exists some
n € P, such that n(8), n(¥") € “B. Since, by assumption, ”P, is acting 2-transitively on
OB, we conclude that P, is 2-transitive on B. The argument for P, is analogous. Thus

(2) holds.

Assertion (3) follows from a theorem of Marggraf (1892) (see [Wi]; Theorem
13.5) using the observation that P, (resp. P,) is embedded in P, (resp. P,) so that its
action on OB (resp. ®A) is transitive and it fixes pointwise the complement B\"B (resp.

A\"A). O

Proposition 6.2. — Let Z be a 1-vertex VH-T-complex; then there 1s a I-vertex VH-T-
complex Y such that,

(1) Z embeds into Y,

(2) the groups P}l{ and P?,{ consist of even permutations.

Proof. — Let (A, B, a, 95, R) be the VH-datum corresponding to Z. Define

Y to be the VH-T-square complex corresponding to the VH-datum (A B, 0%, 03, R)
where

A=Ax{1, 2}, B=Bx{1, 2}, ¢x = oaxid, ¢35 =@pxid

and

R={((a,d, (b, ), (@, 9, (¥,)) | @ b,d,b)eR ije{l,2}} O
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6.4. In this section we state and prove the main results of this paper.

Theorem 6.3. — For every n > 15 and m > 19, there exists a torsion free, cocompact lattice
' < U(Ag,)xU(Ag,,) with dense projections. Any non trivial, normal subgroup N <1 T is of finite
index in T.

Proof. — We apply Proposition 6.1 to the case where n=0 and ©X is the
arithmetic quotient .4, |, (see 2.4); in this case ", =14, OP, < Sy, is permutation
isomorphic to the PSL(2, F3) action on P!(Fy3), °4,=18, P, < S, is permutation
isomorphic to the PSL(2, Fj;) action on P'(F;), in particular both groups are 2-
transitive and consist of even permutations. Let £, £ be even integers with &£ > 12,
£ > 16 and let X be the complex given by Proposition 6.1. Then P,=A,,, 2n=18+ %
and P,=A,,, 2m=22 + {; moreover, the monomorphism A;; ;7<= X implies that
X =T\(Z5,XTs,,) is irreducible, and hence (Proposition 5.2) T' < U(Ay,)xU(A,,) has
dense projections; the last assertion follows then from Corollary 5.1. O

Definition. — A group T is virtually simple, if the intersection T of all finite index
subgroups of U is of finite index in T and simple.
Observe that this amounts to say that T admits a subgroup of finite index which is simple.

Theorem 6.4. — For every n > 109 and m > 150, there exists a torsion free, cocompact
lattice T < U(A,)x U(Ag,) which is virtually simple.

Progf. — We apply Proposition 6.1 to the case where n=1, (°K=A13,17 and
(1X=A13’17 X A3 17 (see 2.3), and £, £ (even) > 4. As in Theorem 6.3, the resulting
complex X =T\(%3,X%,) is irreducible with P,=Ay,, P,=Ay,, 2n=214 + £, 2m=
346 + £; moreover (Proposition 2.4 and Corollary 2.5), (1K=A13, 17®Aj3 17 has a non-
residually finite fundamental group, injecting into =, (X) which shows that all conditions
of Corollary 5.4 are satisfied and thus I'=m;(X) is virtually simple. O

Theorem 6.5. — Let 7. be a 1-vertex, VH-T-complex. Then there exists a 1-vertex VH-T-
complex X such that:

(1) Z embeds into X,

(2) m(X) s virtually simple.

In particular, m\(Z) is isomorphic to a subgroup of m;(X).

Proof- — Applying Proposition 6.2, we may assume that Pf and Pf consist of even

permutations. We apply then Proposition 6.1 to the case n=2, X =Aj317, X=Ay3,17
KA 17, X =Z,k=¢=4 and argue as in Theorem 6.4. O
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6.5. In Section 6.4 we proved the existence of a finite VH-T-square complex
whose fundamental group is simple. Note, however, that the construction in 6.4 gives
an explicit 1-vertex VH-T-square complex X whose fundamental group is virtually
simple; to obtain the square complex having a simple fundamental group one has to
consider the maximal finite covering X of X. We do not know whether a general
procedure for finding the maximal finite covering of a given VH-T-square complex
with virtually simple group exists. We note, however, that for the square complexes
constructed in the proof of Theorem 6.3, there exists a Turing machine which, given
X produces X; we do not know how to bound the size of X in function of X. In
this section we give an explicit construction of a finite VH-T-square complex whose
fundamental group is simple.

Let Y be a one vertex VH-T-square complex corresponding to a VH-datum
(A, B, @a, 95, R) and satistying:

Ql. m(Y) < AutT;xAutT, is an irreducible lattice. (Where T XT; is the
universal covering space of Y.)

Q2. The finite permutation groups P, <SymB and P, < SymA, as well as their
respective socles are 2-transitive on the corresponding set.

Q3. Let |A|=2k and |B|=2¢ with £ > k+5+ [Mk— 1) +k— 1]4+ 4.

Let D be the one vertex VH-T-square complex obtained from Y via D=YRY,
denote its VH-datum by (Ap, Bp, @a,, @8,, Rp). Let Y be a copy of Y associated

with VH-datum (;‘;, 1~3, 95, 035 1~{) where for each a € A we let @ € A denote the

corresponding element, analogously beB corresponds to b € B, and R= {@, b,d,b)
(a, b,d, ) € R}. We describe next how to mate these three VH-T-square complexes,
Y,D and Y, to obtain a new one vertex VH-T-square complex Z so that Z has a
covering VH-T-square complex Z° having 4 vertices and described explicitly, such
that its fundamental group m;(Z)° is a simple group. The idea of the mating is
similar to the one used in the previous construction together with the observation that
we have certain explicit closed loops in the one skeleton of D representing elements of
(D) which actually belong to 7,(D)°. Using appropriate mating (joining and surgery
operations) allows us to use these to construct a square complex Z for which every
(necessarily closed) path of length 2 in the horizontal or vertical 1-skeleton represents
an element of m,(Z)*.

Let us denote the elements of the sets A, B by:

A={a,a ' 1<i<hk}
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where x and x~' denote the two orientations of the same geometric edge. Correspond-
ingly we have:

Ap — {(af,a}‘) 1<, i<k e,ne{:l:l}}

Bo={(%,5):1<ij<t eme{£l}}.

Let “Z=YVDVY be the join of the 3 one vertex VH-T-square complexes Y, D, Y.
To obtain Z we shall perform a sequence of surgery operations on ®Z. All the surgery
operations we shall use will be of the following special type: Fj,, . where 1 is the
transposition (1, 2); for each i=1, 2, the boundary of ¢ is the path J¢; such that
0ci([0, 1])=0¢i([3, 2]) =1, Oc([1, 2])=0¢([0, 3]))=g. Le., the geometric realization of
the subcomplex consisting of ¢, ¢; and their boundary is a pair of closed tori having
the loop corresponding to fin common. Recall that a one vertex VH-T-square complex
provides us with a natural presentation of its fundamental group. Observe that prior
to the surgery operation Fi ., we had the following relations: faf=a,f'af=2
between the generators corresponding to the boundary edges of the squares ¢, ¢;. In
terms of the presentation of the fundamental group of the square complex, the result
of applying the surgery operation Fj,,  is refered to by the phrase: “introduce the
relations /g f=g, g f=g".
As we frequently will be introducing relations:

S[Tlaf = h, flhf=g
f_l_ng = hy, flhf=g

f_l.grf = hr; f_lhrf=gr~

It will be useful to denote introducing all these relations by the notation

gl g? "'g7 (L') k] }lQ ...h,.

Before listing the surgery operations which transform “Z to Z recall that by Corollary
2.5 for any u, u', a, d € A the closed path of length 4 in the 1-skeleton of D consisting
of the edges ¢, €, €3, &, where e; =(a, u), e =(a"", &), &5 =(¢z'_1 , u'_l) and e, ={d, u™!)
represent an element of w;(D) which belongs to (D) = N where the intersection
is over all finite index normal subgroups of =;(D).
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6.5.1. List of surgery operations

l. For 1 i< 4k—3:

5.

2. Fork—2<i<k

@O

10

for 1 <4,7<4

Jfor 1 <igk

11.
12.

13.

14.

b;

A a3dra; <—>(lll s dl)

—1 Zkﬂ

-1 -1
G 1420, @, @) (@, a; Yar, a1)a

Brrg

-1 -1 -1 -1
aayma, —— (@, g, ap Na, ai)a, , a;

(61, 5y)

Q@ e—— Gy Gy

~  (ba.8)
A dg s> a1y

B3

(@', a)a

a(ay, @) —— a1

Zk+4

ai(ay, @) ——— a dy

let

Bt [ki— 1ybj— 1]4

(aé 5 a})

Bhesfri Iyaj 11441

(a;, aj) <

B 5+ [k 1)j— 1442

ra2

(@, a ")

Bhr st ki 14— 1]4+3

(@, a )
let

(boir1 5 boir1)
a; a;

(boir2 5 boir2)
a,

Biee s+ [kh—1)+h—1]4+4

Bt 5+ [h{k— 1) Hh— 1]4+4

a9

(bogrs3, bogrs) —— bs

a3

(ka+3 5 b2k+3) —b;

(ag » a9)
— by

(a3, a3)

—1

a)

a

—1 —1

-1 —1
» 4 )ai, a; )

_1)

-1
QG| A 04; 6—1—*(410 a)a; di)(d,' s 4 Nai, @

-1

1

aak

—1

)

)
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These surgery operations performed on Z¥ produce a new one vertex square complex
7. with VH-datum (Az, Bz, Pa,, P8, Rz)
Let the universal cover of Z be .7, X .7, (as usual .7, denotes the r-regular tree).

Let T'=m(Z) < Aut?, x Aut7,, H;=pr{I), i=1,2.
Clarm 6.6. — Each H; is locally 2-transitive, 1=1, 2.

Progf. — This is proved using property Q2 (2-transitivity for Y) together with
surgery operations 9, 10 for the first tree and operations 11-14 for the second tree. O

Recall the following result of A. Bochert:

Theorem 6.7. ([Bo], cf. [Wi],). — Let G be a 2-transitive group of permutations of a set
of d elements. If the size of the fixed pownt set of some non trivial g € G exceeds id + %ﬁ then
G s either Ay or S,.

Observe that the element pri(b)) € H; fixes a vertex as well as more than

%n + zﬁ edges out of the n edges at that vertex. Thus we conclude using the
theorem of Bochert that for any vertex x the finite group H,(x) is the alternating group
A, (note that all the elements of H,(x) are even permutation). (A similar argument
using pro(a1) € Hy may be used to study H, instead of H,.) Applying now [B-M];
Proposition 3.3.1 together with the fact that each H; is non discrete we conclude:

Claim 6.8. — The subgroups H; satisfy
H, =U@A,) H;=U@A,). O

Thus we already know that for the fundamental group I'=m,(Z) we have that

r'*= ( N is a finite index simple normal subgroup of I'. Let Z° denote the
Ndr
fi

corresponding (maximal) finite cover of Z.

Proposition 6.9. —  The subgroup T is the subgroup of index 4 in T generated by the
elements of T corresponding to horizontal or vertical paths of length 2.

This proposition follows using the following claims:

Clam 6.10. —  Every horizontal path of length 2 in L represents an element belonging
to T,
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Proof. — Recall that paths of length 2 corresponds to words of length 2
in Az. Observe that for a,d,u,&’ € A the path of length 4 determined by
(@, W@, W)d ', W "), u") represents a word belonging to m,(Yp)*™ and hence
also to I'™). The surgery operations 1,2,3,4 imply that each of the words
G- 1800, 1 <1< k-3, amma;, k—2 <5<k akak_lak_gal—l and a4a3agal_l
is conjugate to an element of I'* and thus is itself in T, This however implies that
any word of the form ad' for a,d € A is in '™, Indeed, we have

Z

-1
a; & =(a1a5—1 G2 l(akak_ 1Gk—2a) € ‘o 1 <k-3

<ij
aya;, = (akak_lak_gal—l)_l(akak_lak_gai) € F(OO) l<ig<k—3.

Thus we see that in T/T the images of all the elements a;,q; where
1 < i< k— 3 are the same element, say ¢, and moreover { is its own inverse, t=¢".
Now since for each j with k£ — 2 < j < k we have aa3a0a; € T we conclude using
the fact that asas € I that axa; € ) and now it is clear that for any two elements
a,d € A={q,qa; 'i1gig k} we have ad’ € T'™). Applying next the conjugacy given
by surgery operation 5 we conclude that also paths of the form zd' are in '™ for
any ¢, ¢ € A. We turn to paths of length 2 coming from A]23 (where Ap is defined in

6.5 and Ap means words of length 2 of elements in Ap). Here we consider again the
conjugacy provided by operations 1-4. Observe that from these now follow that the
following elements are in T

(@, @) (@' a) l<i<k—3 (4 ,a)@ ", q)
(%) (@,a) (@ ,a) k—2<i<k (q,a)(q ", q")

-1 -1 —1 —1
(@, @) (& ,a ) @ ,a )@, a)

Recall that for T'p =m,(Yp) we have I'p/Tp® — A? where A=mn(Y). Where the map
is the one naturally induced by viewing each edge (x,%) in Yp as an element of AZ.
Note also that the image is the index 4 subgroup of A? consisting of the elements of
the form (y,, v2) such that both “horizontal” and “vertical” length of vy, are even.
Thus as T N T contains I'p®) as well as the elements listed in (*) we deduce that
) N T contains the elements:

e, ma) 1<i<k—3 (¢ 'a ',

(**) (e, ala,-) k—2<i<k (al a; e)

—1 —1
(e, ;ka; ) (@ a1, e
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Thus we may conclude that also horizontal paths of length 2 coming from A]QD are
in I'>. The conjugacies provided by surgery operations 6, 7, 8 allow us to conclude
that any horizontal path of length 2 corresponding to an element of A% represent an
element belonging to I'> (and hence corresponds to a closed path in Z©).

Establishing the analogous assertion for vertical paths is provided by the following
general observation applied to our VH-T-square complex Z.

Lemma 6.11. — Let W be a one vertex VH-T-square complex. Let A=m (W) <

AutT) x AutTy, H;=pr(I'). Assume that each H; s locally 2-transitive. Let N < A be a
normal subgroup such that A‘QN C N, v.e. any horizontal path of length 2 namely a path represented
by elements of Asy ={ad : a,d € A,} correspond to an element of N. Then also vertical paths of
length 2 correspond to elements of N, i.e. Bay C N.

Proof. — There exist some b € By and o € Al such that bab~' ¢ A%V in A. To
see this, observe that for any a € A and b € B there exist unique ¢' € A and ¥’ € B
such that ba=d'b’ thus it follows that for any 4 € B, any n > | and any o € A" there
is a unique ¥ € B and an o € A" (unique when a is “reduced”) so that bo=a'6’. The
assertion is that there is some 4 € B and a € A? so that the corresponding &' € B and
d € A? such that bo=d'b satisfy &' # b. If no such 4 and « exist then it would follow
that given any 4 € B the collection of 4’ € B for which there exist o, o € A" (for some
n > 1) so that ba=d'd’ consists of at most two elements. This is however impossible
since the transitivity of the action of Hy on the edges at a vertex implies in particular
that given any &' € B there exist some #n > 1 and o, & € A” such that bo=a'b'. We
have then bab~' =o/p’ for some of € Ay, ¢ B’ € Byy. This implies that B’ € N. Using
the local 2-transitivity assumption for Hy we conclude that for any ¢ ¥ € By there
exist some o, oy € Ay, for some r € W so that we have: o, =p'ay = al_ll.’)’ocg =.
Observe that as both o, oy are of the same length we have a; =ay in A/N; hence B
is conjugate to B’ =¢ in A/N. Hence also B € N. O

Combining the above we obtain

Corollary 6.12. — The subgroup T is of index 4 in T. The corresponding VH-T-square
complex 7\°°) is the complex having 4 vertices vy, vi, vy, vs. For each a € Az we have an edge
d® with t(@®) =0, o(a®) =1y and an edge a° with t(d”) =103, o(a”)=vy. For each b € Bz we
have an edge b with t(6%) = vy, o(b")=1vs and an edge b with t(b") = vy, o(b")=1v,. For each

’

a,b,d,b) € Ry we have a square with vertices vy, v1, v9, v3 and edges a®, b7, a9, b0
q 4
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