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Abstract--The unsteady-state solution is obtained by an operator theory in functional analysis setting for a 
general finite catalytic packed-bed tubular reactor mode[ with axial dispersion in the bed, mass transfer be- 
tween the catalyst particles and the flowing phase, and intraparticle diffusion and surface reaction in the 
catalyst particles. 

INTRODUCTION 

Catalytic packed-bed reactors are most often used in 
chemical processes and diverse models with varying 
degrees of complexity have been proposed in the past to 
analyze and predict process behavior and reactor perfor- 
mances. The physicochemical phenomena taking place 
inside the reactors are quite complex. From the 
macroscopic point of view, however, they can be 
classified into the following main events: dispersion of 
reacting mass by the complex flow through the packed 
bed, mass transfer between the flowing phase and the 
exterior surface of the catalysts, intraparticle diffusion 
through porous structures of the catalyst, and adsorption 
and reaction on the surface within the pores. All or part 
of these phenomena are usually taken into account in 
the model depending upon the relative significance of 
each phenomenon on the overall behavior of the reactor 
and upon the intended objective of the study. 

A quite comprehensive model incorporating the 
above phenomena except the reaction on the surface 
was first proposed by Kubin [1,21 and Kucera [3]. The 
model equations were then solved in the Laplace- 
transformed domain. They derived moment expressions 
as well from the solution, relating model parameters to 
the moments. The moment method was further elabo- 
rated and extensively used by many other workers in the 
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estimation of rate parameters of the model (for example 
[4-71).The moment method, however, is known to suffer 
from an unequal weighting in the rauge of experimental 
responses [8,91. Higher moments beyond the second, 
therefore, cannot be satisfied and have to be ignored in 
parameter estimations. An apparent alternative ap- 
proach is a frequency-domain analysis which provides a 
uniform weighting in the time-domain by Parseval's 
theorem. Indeed, a considerable number of workers 
pursued this approach [10-12]. On the other hand, the 
direct time-domain analysis seems more attractive. 
Wakao and coworkers [9, 13, 14] have shown that the 
parameter estimation is most satisfactory when the time- 
domain solution is used. However, the analytical time- 
domain solution is not easily obtainable. Therefore, one 
most likely has to resort to numerical methods, perhaps 
combined with inverse Laplace transforms and Fourier 
series. In view of this, an analytical solution, if available, 
is very useful particularly when one wants to investigate 
the effects of process parameters on the behavior of the 
reactor. In this direction, Rasmuson and Neretnieks 
[15, 16] obtained an analytical solution in the form of an 
indefinite integral by a Laplace inversion formula for the 
Kubin's model [2]. Their model assumed an infinitely 
long tubular reactor (thus the exit boundary condition 
was at infinity) with zero initial and constant feed condi- 
tions. 

In this paper, we present the analytical solution for a 
finite-length catalytic packed-bed reactor model in 
which the surface reaction is included. In addition, ar- 
bitrary initial and general boundary conditions are con- 
sidered. The method of solution is by an operator theory 



126 D.H. Kim et al. 

in functional analysis setting as applied in our previous 
paper [17]. The method is useful and elegant in the 
sense that it easily lends itself to overcoming seemingly 
insurmountable algebraic manipulations that might 
otherwise be encountered and yet reveals certain struc- 
tural properties of the solution. We add that the method 
was first used by Ramkrishna and Amundson [18] to 
solve chemical engineering problems and that further 
references can be found in the paper [17]. 

A PACKED-BED REACTOR MODEL 

We consider a tubular reactor packed with spherical 
catalyst particles of uniform size in which a diffusion 
and a first-order surface reaction take place. Axial 
dispersion also takes place in the flowing phase within 
the reactor. We assume that the catalyst particle 
diameter is small compared with the overall bed length 
and that the rate of surface reaction and the diffusion are 
slow compared with the adsorption rate on the pore sur- 
faces. Thus the adsorbed phase is assumed to be in local 
equilibrium. 

The mass balance in the flowing phase of the reactor 
leads to 

D 8)2C 1. 3C 3D~(1-Eb)(~C~)  3C 
~5~ - ~ -  ~o~ R- ~ %7-1~=t~=57 (1) 

and that in the spherical catalyst particles give 

The local adsorption equilibrium relationship is given 
by 

C o= KA C ~ (3) 

The initial conditions (hC.) and the boundary conditions 
(B.C,) are 

I.C. 
C(i, O ) = G ( i )  (4) 

C~ z, o ) ~H (~, ~) (5) 

B.C. 

D_aC.I  ae r = R =  ~ k ' ( C -  C p l r - R  ) (6) 

D= OC 
C(0' ,  i ) - T ~  i =  0+=F(( )  (7) 

D . , ~ C l z = l  = 0 � 9  (8) 

where G(z), H(r,z) and F(t) are arbitrary functions 
describing the initial concentration distribution in the 
flowing phase, that in the particle, and the feed condi- 
tion at the reactor inlet, respectively. Here z, 'r and [ are 
the actual coordinates and time which will be made 
dimensionless shortly. The boundary conditions in Eqs. 

(7) and (8) are the most commonly used ones at the inlet 
and the exit of the reactor for finite reactor models. Our 
objective is to find C(zj) and Cp(r,z,t) at position (r,z-) at 
time }-, or equivalently the dimensionless concentrations 
c(z,t) and co(r,z,t ) defined below. 

We define the following dimensionless quantities 
and coordinates: 

vl f vt z l D~ Rk,~,  
P e ~ - .  r=~- ,  t = T ,  z = T ,  a=vR-~T, ,8 De 

~ = R .  k ~  ~ f(t) ~ - -  - - F " ( )  G(z) H(/ ,~)  
v D~' : C o ' g ( z )  = C0 'h(~'~i C 0  

(9) 

c (z, t ) C (i, () Co (~:, ~. ~1 (10) 
Co . e p ( r , z , t )  Co 

In addition, if we introduce the foJlowing transforma- 
tions 

]:~. 

u,(z, t) = e  - ~  c(z, t) (11) 

u2(r,z, t) = r  cp(r, z, t) (12) 

Eqs. (1)- (3) become 

1 -  e~ P c .  I~U 1 = 1 r _ (3a,8 ( - - ) + ~  J ul+ 
Ot Pe Oz ~ e b 

3aft ( )e - - ~ z  (u, ] r=~) (13) 
) 

3t s K,4 Or '  
(14) 

where the convective term in the first equation has now 
been eliminated and the second equation is of the fiat- 
plate geometry type. Thus the transformed equations, as 
will be seen in the analysis to follow, will turn out to be 
more convenient and easily tractable in the self-adjoint 
formalism. The transformations also induce the change 
in the initial and boundary conditions: 

I.C. 
Pe 

-7 -~ 05) u,(z, 0 )=e g (z) 

u2(r.z, 0 ) = r h ( r , z )  (16) 

B.C. 
2 (Ou~) 

u~(0 + , t ) - ~ e  . Oz [ z = 0  += 2f( t )  (17) 

re(l- ,  t ) +  ~2 (Ou,) 
Pe 8z Iz= 1 = 0  (18) 

U2[r= 0~- 0 (19) 
P e  

au~ -gz (20) Or [ r = l  = 'de  m(z' t) 4- ( 1 - B ) u ' l r = l  

THE MODEL IN AN O P E R A T O R  FORM 

In order to shape the problem in the framework of 

September ,  1985 



Unsteady-Sta te  Solution for Packed-Bed Tubular Reactor 127 

operator theory approach, we recast the problem in an 
operator form. First we define an operator .L by 

1 O ~ 1-E~ +Pc 1-E~, ~ 1  L =  Pe az  ~ b[3af l ( - -77-b  ) ~ - ) ,  - l i r a  3 a , 8 ( - - - - - ) e  
g~l ~b 

~ 5 
The boundary operators Zi, Z2, Ri and R2 are likewise 
defined by 

2 0 

01 Z , = l i m  Pe Oz (22) 
z~o + 

0 0 

2 
1-1---- - -  0 ] 

Z~=lim_~, [ Pe00z 0 (23) 

R~=lim [ 0 o] 

I o  o I 
f l e -g  z - ~ r  + ( 1 - f l )  

We also let 

(24) 

(25) 

Pe 
z 

e 2 g(z)]  

r h( r ,z )  ) 
C u'Iz''  ] [ U := a (r, z) = 

- uz(r,z,  t) " 

b ( t ) =  [ 2f(t)  ] 
- 0 (26) 

Then Eqs. (13) - (20) can be stated as 
au  

L u =  - ~ (27) 
- - Ot 

I .C.  

-ult~ 0 = a ( r ,  z) (28) 

B.C.  

Z_, u = b_ (t) (29) 

Z~u= 0 (30) 

R , u =  0 (31) 

,~= Q (32) 
At this stage, the gain is not obvious except the nota- 
tional simplicity. 

A HILBERT S P A C E  M E T H O D  

Since the model has been recast into an operator 
form. we can use the Hilbert space approach of our 

_ f ' t -  1 O'w, §  fl ( 1 - e ~ ) e  (Lw, "~2)= Pe Oz 2 eb - cb 

(21) 

previous paper [17]. The same abstract reasoning and 
argument can be applied, but the actual calculations and 
operations are quite different. The gist of the approach is 
that we first seek an appropriate Hilbert space on which 
the operator L is self-adjoint. Then we show that the 
operator L satisfies Garding's inequality. The last condi- 
tion is necessary to ensure that the eigenvalues of L are 
all positive and L possesses a compact normal resolvent. 
Such a structural analysis not only directiy leads to a 
neat analytical solution, but also reduces the amount of 
algebraic manipulations. 

We define a space H t as the Cartesian product space 
of two spaces H l and H2: 

Ht=H,  • (33) 

with an inner product defined for any two vectors 
re= (w, w2) r and v ~  (v, "v2) r in Ht by 

(w, v) = (w,, v,),+ (w~, v~)~ 

= f ~ W ,  (Z, t ) v ,  (Z, t ) d z + 3  (E~+K~) (1- ~b)x 
s 

S~ fo Xe-PeZw~ (r, z, t)v~ (r, z, t)drdz (34) 

where ( , )1 and ( , )2 are the inner products in H l and 
H2, respectively. Here we treat t as a parameter. The 
space H1 is L2[0,1], the space of square integrable func- 
tions in z for all t (0 < t <oo), and the space H2 is essen- 
tially L2[[0,1] x [0,1]], the space of square integrable 
functions in z and r for all t (0<t<oo) except the 

weighting factor 3(~p+KA)(1-Zs ~ e It is easy to 
~'b ' 

show that Ht is complete and therefore is a Hilbert 
space. When the elements in H~ do not depend on t, we 
denote Hz simply by H. 
We define the domain of the operator L as 

D = { w [ w ~ ( w ,  w~) r ~ H, wl ~ C2[0, 1~ for z, 

w, �9 CZ(0, I1 for r, 
Z , ~ , ~ Z , w =  R , ~ - = R , ~ =  0 / (35) 

Since D is a dense subspace of H, the operator L is 
densely defined on H. We denote the adjoint operator of 
L as L* and the domain of Lff as D*, then for two vectors 
w-::(w,w~)re D and v = ( v , v ~ ) r  ~ D* we have 

Pe 
z 

- - 2  w,[ /',h dz 
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+3(E,+K.)  (1- ~ ~ ) f ' f '  u (OSw' _ OSws)vse-,~drdz I x 
E b ~ ~-+KA " Or 5 = - P---e 

(Ow~ Ova. 1 +s  1 Ohvx + [ 3 a f l ( 1 - e b )  Pe 
~- -z  v '  W~oz ) l z = 0  ~ Pe Oz '  Eb - - -  +~-)v,}w,dz- 

P e  

3a,8 ( 1 - e t , ) f  e - - ~  Zwsi 3 a ( l - e o ) •  f '  ,Ow, Ov,, eb r = l v ~ d z -  eb [--~-r v2-wS-or)jr= O 1  e_eeZdz 

- 3 a  (i-eo)fo'f' f 0 5 v ' - ~ 5 v 5 ) w h e  . . . .  drdz = (w,L v) (36) 

showing that L=L* and D=D*. Therefore L is a self-adjoint operator. Thus the eigenvalues of L are all real and 
the eigenvectors for distinct eigenvalues are mutually orthogonal. We further calculate to obtain 

(Lw,  . . . .  w ) = f ' { - p e l  OZW,az 2 F[3ap(1-tb)+Pe]~-~- ~ -  w,-3afl(I--ebeb)e---2-ZWslr=l}w,dzPe 

~b oo -,0 e~7-K~ " Or ~ 

1 _ 2+ iz_,> 
- -  ~o  4 do 

Pe Pe 
- 6 a f l ( ~ l - e b ) ~ ' e  - - Y z w S l r = t w , d z - 3 a ( l - f l ) ( l - e ~ ) f ' ( w S l r _ t ) S e  -27-dz+ 

~ b  ' 6 b  ..tO - -  

3a(l-")f ' f '[(~-r~)sg~'w[]e P'~' drdz -->-P~fo 'w~dz4-3a ( l - e , ) ~ ,  
Eb Jo dO s 

~fl 5e -P~drdz  > 0 ( w , w )  W 2 

Pe a ~ '  
where 0=minl , ~ A t  is positive. In converting the 

equality to' inequality we use ,~ the obvious relationships 
Pe 

- f '  (w,) 'dz (38) 

dr ]' = (w5 I r = ] (39) 

Equation (37) shows that operator L is strictly positive on 
D which is a dense subspace of H. Thus the eigenvalues 
of L are all positive. 

AN ORTHONORMAL BASIS AND THE SOLUTION 

We now try to find an orthonormal basis in the 
Hilbert space. H. Since Eq. (37) is also a Garding's ine- 
quality, the inverse opertor L-1 not only exists but also is 
compact, i.e., L has a compact normal resolvent. Thus 
can be expressed as a weighted sum of projections. This 
implies that L has a countable number positive eigen- 
values and that the set of corresponding eigenvectors is 
complete and forms an orthonormal basis of D. Because 
D is (lense in H, the set of eigenvectors of L is also an or- 
thonormal basis of H. 

With this structural insight, we now determine the 

(37) 

eigenvalues { /~ } and the eigenvectors { @ } of L from 
~ 

L 9 = A  ,r (40) 

where r =( O 1 r in D. Rewriting Eq. (40), we have 

1 05r 1 -eb)  Pe 
Pe 5Z ~ ~(3afl( +~-)r gb 

Pe 

3afl(1-Sb)e y z ( @ = t r = l ) = A .  9, (41) 
E b  

a ( 0 5 9 '  r 1 6 2  ) =) ,  r (42) 
ep--+KA" Or 5 - 

Since ,r is in D, we have RI ~ =  R2 ~' = 0, i.e., for r 

r I r = 0 =  0 (43) 

]De 

B e r  I r = ] + ( 1 - f l ) r  0 (44) 

Solving Eq. (42) with Eqs. (43) and (44), we readily ob- 
tain 

Pe 
fl e ~-z  s i ,  O~-~ r) (45) 

' r  co~VZd+ (~-]) ~i,~V7 9' 
where 

Substituting Eq. (46) into Eq. (41), we get 
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Oz '  ~aO,= 0 (47) 

where 

a==Pe~X-3a/9(1-eb l -~-~3a/gPe  ~ 1 - e b ) . 1  
gb ~ 

~i~V7 
~r eosVTv + (,9 - 1) sin'V"7 -1 (48) 

subject toZ1 ~ = Z2 ~ = 0 ,  i .e. ,  for r 

2 Og,~ 
g " l z = o +  Pe Oz I z = o + = 0  (49) 

,/,tz - + 2  - 1 -  Pe Oz I z ~ l  = 0  (50) 

Equation (47) with Eqs. (49) and (50) is a classical Sturm- 
O2 Liouville problem for the operator-37~z~with a repre- 

senting its eigenvalues, Therefore, the eigenvalues { ~ } 
of Eq. (47) are again all positive and the eigenvectors 
{q.,,~} for distinct eigenvalues are orthogonal If we 
donate a by ,u2, then,u,is the ith positive root of the 

Pe 

q.,'/: :' = = Pe 
~/'i~' /9 e~-z sin('g v l 'r r) __ ~, 

~ / ~ c o s V - 7 ' }  + (,8' - 1) s i n ~  O-  

i. k =1 .2 .3 ,  ' "  

where 

v ;": = ( s*'+K~ ) ,'l.c,"' - ~ '  
ff 

transcendental equation 

Pe /~ 
tan /l pe  2 (51) 

P 4 

and the corresponding eigenvectors of Eq. (47) are 

,r c o s ( , ~ z ) + P e s i n ( , ~ , z )  i = 1 , 2 , 3 ' - -  (52) 
2 ' 

Rearranging Eq. (48), we have 

J C ~ + K ~ ) x ' - ~ '  cot / < r  
ff  c, 

3a/9 =(1- e~) 
e,, ~ 1 - ,8 (53) 

' 1 - s b ) _  Pe 
,z ~ ) , -3a/9  ( Pe ' e~ 4 

Each ,% value of gq. (51) gives rise to an infinite 
mumber of positive eigenvalues. We denote them by 
{~'/~ } {k=1,2,3...), which can be determined from 
Eq. (53). The corresponding eigenvectors are 

(54) 

(55) 

As was already shown from the self-adjointness of l e, these eigenvectors are mutually orthogonal, i.e., for iS  j or 

k ~ l we have. 

(r ,g,~")= 0 i , j , k , l = l ,  2.3, . . .  (56) 

and for k = 1 and i = j, we have 

/ 
,, r rl = g  (,/,, '~', ,/,,~") = . f g l  

= Fp~ 1 - e b )  Pe- z 

( , u ~ + P e k  ) t24  eb (1 sin v )t 
3a'/9' (1- eb) sin'V-7 ;*: 2V u ;~' 

g b  

Normalizing the eigenvectors l r this norm we obtain 

ii r  ~'d'J 
Pe 

. , c o s  (.u, z) 4 ~ -  sin (/xi z) 

Pe sm(~r vl r ) ( , u , eos ( / . z , z )q -~- s in i /&z)~}  1 /9 - - z  . ~ Pe  
II ~bT'--'-~ v ~ v ~  cos u ' ~  4- ( .8-  1) s i n ~  e 2 -  

(57) 

i , k =  1, 2. 3, "'- 

(58) 
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Thus we have a countable number of eigenvalues 

/3.~ r (i,k= 1,2,3..�9 and the corresponding orthonor- 

real eigenvectors /r which form an orthonormal 
basis of H. 

We nov,' return to Eqs. (13)-(20), or Eqs. (27)-(32). We 
difine a subspace D t of Hi: 

II Ufo  , - u2(r, z, t ) ~ 
Ou~ 

u2e C2(0,1~ for r, Ot �9 C~215 

,- C~LI2�9 
.0, c~ ) ). <9 t C ~ ( [~0.1 ) x [0, 1 ] • (0, oo )), 

Z , u = b ( t ) .  Z2u=R,u=-R2u = 0} (59) . . . . .  ~ _ + ~ 

Since for any t > 0 ,  {~? ' }  is an orthonormal basis 
in Ht and for any t > 0  and Nt) �9 H,, subspace Dr is 
dense in H~ we can expand u in the orthonormal basis 
{4; ~ } as 

. =  ~ ~ ,:u. r r  ~ , ,  , :~ ' )  _<~' (60) 

for a (r,z) �9 Ht and u �9 Dt. The coefficients (u. r can be 
determined from the inner product of Eq. (27) with 

CT:  
O 

(L_ u,_ r - ~  (u, r (61) 

Since r � 9  u � 9  D e the left-hand side gives 

(Lu, r ) = - f ( t )  r [ z _ O +  (u, L r 

(u, r ~ ,, 
- + I I  ~,"~' II f (t)  (62)  

Combining Eq. (61) with Eq. (62), we have 

d r },, .~ 
(,~, r -- )J~ (u, } f ('t) (63) 

The initial condition is obtained from Eq.(28) as 

(~lt= 0' ~# ) =  (a (,-, ,.), ~,*') 
P e  

= S ' #  ~ z -  g ( Z ) r 1 6 2 1 6 2  (z)dz§ 3(e .  §  ( 1 ~ )  • 

J]'Joo'e eeZrh(r,z)r (r,z)drdz 

The solution of Eq. (63) subject to initial condition Eq. 
(64) is given by 

(u, r ~ e [ (a (r, z}, r + ~ - -  • 
- ~ - ' II r 

S 
t ,~'i '~' Z" 
e f ( r ) d r ]  (65) 

Substituting Eq. (65) into Eq. (60), we get 

u:=~_~ t , : ~ ( , - . z i . r  ~' f'~a?'~.+ 
- *="~=' II g4 '~ II 

A 't" t .+: f ( r ) d r  }e- r  (66) 

This is the solution sought for Eqs. (13)- (20). 
We now revert to the original dimensionless concen- 

trations c(z,t) and c (r,z,t). Then in view of Eqs.(11), (12) 
and (66) we have t~e final solution: 

Pe Pe ~ S '  - ~ z  
c ( z , t ) = e  .~ .~ / e ~ g(z)r 

i = l  , t=l  

3 (%+K4)  ( 1 -  c ~ ) f , f ,  e .,,e+. rh It, z> 
, %  d o  d o  

r (r, z )drdz4 ~ '  fteX'#'r f( tX ~/,~,+, r ) d r  
H . II a0 

e w,, (z) (67) 

P e  

% ( r , z , t ) =  X,=, X I e 2 g(z)r 

3 ( G +  K,,) ( i -  +,',)f"l c '  ,,,++ 
- -  e r h ( r ,  z ) y  ~b dodo 

r (r, z ) d r d z + - ~  ~ fl*e'~ ? r :, 
tF r  H ~o 

f ( r ) d r  re- a ,"t r (r, z) (68) 

For large t, the effect of g(z) and h(r,z) will disappear. 
Then we have for large t 

P e 
- - z  ~ ~, ]2i. [* t -x i~( t_r)  c ( z , t ) = e  2 z. ~ e • 

f ( r  Idr �9 r (z) (69) 

fo+-+ z ' %, (r, z, t ') ~ x~ /I + t a , +" 
~=, ~=l It r II 

~ 

f ( r ) d r  �9 r (r,z) (70) 

Equations (69) and (70) are also the solutions for zero in- 
itial conditions, i.e., for g(z)= 0 and h(r,z) = 0. Thus the 
unit step respones and the impulse response can be 
calculated from Eqs. (69) and (70) by setting f( r ) = u( r ) 
and f ( r ) =  8" ( r ) ,  respectively. The solutions for other 
feed functions can likewise be obtained. 

I L L U S T R A T I V E  N U M E R I C A L  E X A M P L E  

We give a numerical example to show how the 
analytical solution can be used to obtain the time- 
domain response for a given feed function. We investigate 
the impulse response of c(z,t) at z= 1 (the reactor exit)�9 
The numerical values of the parameters are taken from 
the studies of Wakao and coworkers on pulse 
chromatography [13, 14]. The values are 

P e - 2 2 ,  a -57 ,  /9 O. 14 

r  - 0 . 0 ,  K+ - 6 . 0 ,  

G 0.40. G =0.34 

g (z ) -O ,  h ( r . z ) - 0  

S e p t e m b e r ,  1 9 8 5  
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subject to f(t)= ~ (t). For z = 1, we have C 

r (1)= ( - I )  '+'  ~; r (71) 
II ,tb~ ~' tl C 

P 

Then Eq. (69) becomes ~ Co 
c(z,t) 

~ / ~ -  ;t ' : t  > Cp(r,z,t): 
c(1, t ) = Z  Z ( - 1 )  ~+' / ~ . e  ( 7 2 )  

. . . . . .  II ,tt,~ ~ tl ' 
- Co[O,l]: 

This function is computed and plotted in Figure 1 for the 
given set of numerical values. C2[O,I] : 

0. 12 

" 2 0 .  10 

r 
=- O. 08 

.o 

0. 06 

g (J. 04 r 

0.02 

Fig. 1. 

P~=22 
a =57 

/ / ~  # = 0 . 1 4  
/ \ ~ ' = o . o  

] \ K~=6 .0  
] \ % = 0 . 4  

) = . 

5 10 15 20 25 30 
Dimensionless time, ( 

Impulse  Response c ( l , t )  at the Reactor 

Exit  for f ( t ) = # ( t )  ( P e = 2 2 ,  a =57,  ,8-- 

0.14, 0 ' = 0 . 0 ,  K , = 6 . 0 ,  e b : 0 . 4 0 ,  e . ~  

0. 34 ) .  

CONCLUSION 

By means of Linear operator theory we have obtain- 
ed the general transient solution for a finite axial disper- 
sion reactor packed with spherical catalyst particles. The 
key steps were to define a Hilbert space and an operator 
so as to make the operator self-adjoint and positive 
definite in the space. Then by finding the eigenvalues 
and the eigenvectors of the operator, the solution was 
constructed from the orthonormal basis of the space. 

ACKNOWLEDGEMENT 
Financial support of the Natural Sciences and 

Engineering Research Council of Canada is gratefully 
acknowledged. 

NOMENCLATURE 

a (r z) . dimensionless initial condition vector defined 
in Eq. (28) 

12_(0 :d imens ion less  boundary condition vector 
defined in Eq.(29) 

C : concentration of flowing phase 

D 

D* 

D t 
D e 
D: 

f(t) 

g(z) 
H 

H 1 
H2 

H (... _ 

H(r, z) 

h(r,z) 

K A 
k 

k t 

L 
L* 

L2[0, 1] 

l 
Pe 
R 

~R 1 

_R 2 

T 
r 

i" 
t 
ul(z,t) : 

u2(r,z,t): 

U 

u(t) : 

concentration of adsorbed phase in catalyst 
particles 
concentration in catalyst partlde~ 
reference concentration 
dimensionless concentration of flowing phase 
dimensionless concentration in catalyst par- 
t cles 
the space of continuous functions over[0.1] 
the space of twice continuously differentiable 
functions over [0,1] 
domain of L defined in Eq. (35) 
domain of L* 
domain defined in Eq. (59) 
effective intraparticle diffusivity 
axial dispersion coefficient based on the void of 
the bed 
arbitrary time-varying feed concentration 
dimensionless F0") 
arbitrary initial concentration of flowing phase 
dimensionless G(z) 
Hi[bert space H t with no dependency on t 
Hilbert space, = L2[0,1 ] 
Hilbert space, = L2[[0,1] • [0,1]] with 

weighting factor 3( e p+ KA) ( ~ ) e - P e z  in 

the inner product 
H I x H  2 
arbitrary initial concentration in catalyst par- 
ticles 
dimensionless H(~, z-) 
adsorption equilium constant 
surface reaction rate 
mass transfer coefficient between a catalyst 
particle and the flowing phase 
operator defined in Eq. (21) 
adjoint operator of L 
inverse operator of L 
the space of square integrable functions over 
[0, 11 
reactor bed length vl 
axial P~clet number, Dz 
radius of a catalyst particle 
boundary operator degined in Eq. (24) 
boundary operator defined in Eq. (25' 
radial variable in catalyst particles 
dimensionless radial variable, =?/R 
time 
dimensionless time, =vt/l 
transformed dimensionless concentration of c 
by Eq. (11) 
transformed dimensionless concentration of Cp 
by Eq. (12) 
vector concentration defined in Eq. (26) 
unit step function 
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V 

V 

W 

Z 

Z'! 

2 

Greek 

b~(t) 
~b 
~p 

0 

/z 

/at 
l/ 
lvl/k/ 

t7 

r 

r 

: interstitial velocity of the flowing phase 
: vector (v 1 v2)r 
:vector  (w 1 w2)r 
: axial variable along the reactor bed 
: dimensionless axial variable, = ~// 
: boundary operator defined in Eq. (22) 
: boundary operator defined in Eq. (23) 

Letters 
/De 

dimensionless group, vtR2 

mass transfer Biot number, = P~k/~,, 
De 

delta function 
porosity of bed 
porosity of catalyst particles 

a positive constant, min tPe  a 8, 2 = t 
4 '  %+KA 

eigenvalue of L 
eigenvalues of L given in Eq. (53) (i k= 1,2,3...) 
quantity defined in Eq. (51), = 
the ith positive root of Eq. (51), (i= 1,2,3...) 
quantity defined in Eq. (46) 
quantities defined in Eq. (55) 
eigenvalue defined in Eq. (48) 
dummy variable of integration in time 
Thiele modulus (or JOttner modulus) 
: R ~  KA/De 
the first component of the eigenvector defined 
in Eq. (58) 
the second component of the eigenvector 
defined in Eq. (58) 

: orthonormal eigenvectors of L, defined in Eq. 
(58) 

: the first component of the eigenvector defined 
in Eq. (40) 

: t h e  second component of the eigenvector 
defined in Eq. (40) 
eigenvector of L defined in Eq. (40),= (~1 r T 
the first component of the eigenvector ~,defin- 
ed in Eq. (52) 
the first component of the eigenvector r 
defined in Eq. (54) 

: the second component of the eigenvector of ~P'~":' 
defined in Eq. (54) 

: orthogonal eigenvectors of L defined in Eq. (54) 
= (,r r (i ,k=1,2,3 .... ) 

Superscripts 
T : transpose of a vector 

- : upstream side 
+ : downstream side 
Symbols 
( , )~ : inner product in H 1 defined in Eq. (34) 
( ' )2 : inner product in H 2 defined in Eq. (34) 
( , ) : inner product in H t defined in Eq. (34) 
( )T : column vector 
jp : norm of a vector in H, =/( , ) 
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