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Abatraet--A new equation for the viscosity of fluid is presented by considering that the viscosity is equal 
to the product of the shear pressure and the shear relaxation time. The shear pressure and the shear relaxa- 
tion time are calculated thermodynamically by applying the van der Waals model for fluids. The calculated 
viscosities for various simple substances are in good agreements with those of the observed values through 
liquid-critical point-gas region. 

INTRODUCTION 

It is well known that the viscosity of fluid is an im- 
portant property to illustrate the transport phen- 
omena of physical, chemical and biological system. 
Much efforts have been pursued by many physicists, 
chemists, chemical engineers, and biotechnologists to 
solve this interdisciplinary problem. Gas viscosities at 
low pressure can be estimated by techniques based on 
the kinetic theory [1], but there is no comparable the- 
oretical basis for the estimation of viscosity of liquids. 
Certainly the viscosities of liquids are considerably dif- 
ferent from those of gases i.e., they are much larger 
numberically, and they decrease sharply with an in- 
crease in temperature. The phenomenon of low-pres- 
sure gas viscosity is primarily due to the transfer of 
momentum by individual collisions between mole- 
cules moving randomly between layers with different 
velocities. A similar momentum transfer may also ex- 
ist in liquids, although it is usually overshadowed by 
the interacting force fields between the close-packed 
liquid molecules. 

The study of viscosity began in 1687 with Sir Isaac 
Netwon. However, in liquids, until 1930, only a hand- 
ful of semiempirical formulas existed with which to 
describe the temperature dependence of ~!he viscosity, 
and none at all capable of calculating liquid viscosity 
values from elementary molecular data. Since 1930, 
inquiries into the nature of the liquid state have met 
with considerable success, and analytic representa- 
tions of the viscosity of liquids have flourished in a cor- 
responding fashion. 

In the 1930's Andrade [2] advanced a model from 
which he was able to deduce a formula giving the vis- 
cosity of a liquid at its freezing point, and from which 
the temperature dependence of the viscosity could be 
predicted. Eyring [3] based his 1936 analysis [4] of the 
viscous mechanism on chemical kinetics, and found 
agreement with experiment in certain cases. 

On the other hand, the beginnings of the modern 
statistical theory of transport processes in liquids were 
set forth by Enskog in 1936 and by Kirkwood [5] in 
1946, and refined by many subsequent investigators. 
Although the Kirkwood approach appeared to be very 
successful for many years, ultimating in the Rice-All- 
natt theory [6] of transport, recent work has shown 
that there are serious flaws [7] in the theory. No 
theory, as yet, reduces to a simple form which can be 
applicable to both phases of gas and liquid. 

In this paper, a fundamental equation of viscosity 
of fluids is proposed, which can be applicable to both 
phases of liquid and gas including the critical point for 
the Newtonian flow. 

THEORY 

Let a shear stress a be applied with a shear rate g to 
a fluid which constains N molecules in a volume V at 
the temperature T. If the resulting flow is a Newtonian, 
the shear viscosity defined by 

o" 
~---- -  (1) 

S 

is independent of the shear rate. The shear stress is the 
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force applied per unit area, while the inverse of the 
shear ~ (  = r ) is the time required to produce rate unit 

strain. Therefore, we call the former the shear pressure 
and the latter the shear relaxation time. Then, the vis- 
cosity can also be expressed as 

;7 = to. (2) 

The viscosity is a resistance against the flow and it 
is a property characteristic to the fluid itself. It may 
come both from the kinetic molecular motions and the 
intermolecular interaction. Let the former part be 
denoted by rj~ and the latter by rl i to have 

q=  rlk+rh. (3) 

It the former part is proportional to the kinetic pres- 
sure a~, the latter is also proportional to the internal 
pressure a, as follows; 

~=: & r a',, (4) 

~,=:&ra, (5) 

where ~,~ and 'fi are proportionality factor, and they 
should be the same. 

The kinetic and the internal pressure of the fltIid 
molecules are related to the thermodynamic properties 
of the system as follows: 

o 'k=T(OP _ a~, ~-)v-r~ (6) 

OE a~ 
~,= (O~-) ~=T~- P. (7) 

In conjunction with the shear relaxation time, we 
assume that the time is inversely proportional to the 
velocity of phonon propagating through the fhJid. 

r =  ~ vA'  A~ {8) 

where %h is the phonon velocity for which we take 
the sound velocity (T/P#r)'QYhe latter may be expres- 
sed as 

~. ~,,, =1/ (z td '  ~pn) (9) 

where d and ~,j, are the inter-phonon collision dia- 
meter and the phonon number density, respectively. 
For the phonon number density r;ph,we assume that it 
is proportional to the number density N/V as 

~,,,, = f  (N/V) (10) 

where the proportionality factor f is taken equal to the 
vacancy fraction in the fluid (V-V~)/V,V~ being the fluid 
volume at the close.set packed state. For the Newtonian 
flow, the value ~k x ~ should be unity to have the 
viscosity which is independent of the external force. 

By introducing eqs 2 through 9 into eq. (1), we 
have 

r~= ( 2 T a . / ~ r - p )  (lOft,r/7) l / |  (]['dllT~ph) -1 (11) 

All the quantities included in the right hand side of eq. 
(11) are the intrinsic properties for the fluid in equilib- 
rium state so that we can find them by applying the 
equilibrium thermodynamics. 

VAN DER WAALS MODEL 

For the calculation of the fluid viscosity by using 
eq. (11), we have to know the thermodynamic proper- 
ties such as p, ap, #T, and Y for the canonical system. 
Unfortunately, the theory which can be applicable to 
both of liquid and gas phases is not found yet. There- 
fore, as the first approximation, we test out viscosity 
equation by using the simple van der Waals model in 
this paper. 

According to van der Waats model, the kinetic and 
the internal pressures are given as follows; 

T ~OP RT (12) ,aT)o=v_~; 

aE a (13) <SV/T= v--,. 
The parameter b is approximately related to the colli- 
sion diameter as 

b =  (1A/2-) d 'N.  :14) 

The collision diameter d is modified as follows, 

d = d *  ( 1 + 0 . 8 % / T )  (15) 

which is the same as the Sutherland correction. Where 
d* is a parameter which can be determinded by put- 
ting the value of d at the critical temperature T C into 
eq. (15). 

The parametric values of d* and b for various fluids 
are listed in Table 1. 

By using eq. (11) and the van der Waals model, we 
can calculate the viscosities of gas and liquid for 
various substances. In the critical region, we can ob- 
tain the following reduced viscosity equation 

V,- ''5 1 .5% , 1.7 
" - r , ~ , ,  8 . . , _  _ ( v ~ T / s  + ~ r )  

~ - V , . ' l , . - 6  (Vr-  1/3) t ' / '  

V,P 10.57 (P , .+3/ 'V])+ 1.7/V,-' t 
- -7 ' / '  (V , -  1/3){W (P,.+3/V,-') / (V,-- 1 /3) -  6 / ' / ' "  

(16) 

RESULT AND DISCUSSION 

In Fig. 1-5, the calculated liquid and gas viscosities 
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Table I. Parametric  values  used  in calculation 3000 

Ar N 2 CH 4 CCI 4 C6H 6 

d/A o 3.418 a 3.749 ~ 3.882 a 5.881 ~ 5.27 a 

b/cm :~ 24.97 29.83 33.00 92+00 86.33 
2000 bC/crn 3 26.54 30.84 33.83 92.18 86.33 

a: Parameters taken from Ref. 20 
c: Adiusted value of b ~:r 
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Fig. I. Viscosity of Argon for gas  and liquid. 
Solid line; Calculated, Open circles; Obse~'ed 

[Ref. 21 (for liquid), Ref. 8 (fi~r gas)] 
Chaia curve: the parameter b is fitted (Table 1}. 
The viscosity is diverged at the critical point. 

600 

of argon, nitrogen, methane, benzene, and carbon te- 
trachloride are compared with those of the observed 
values [8,9]. As the figure shown, the agreements be- 
tween the calculated and the observed ones are fine 
though some deviations occur. This deviation may be 
minimized if we adjust the van der Waals constant b to 
fit the calculated liquid viscosities to the observed 
ones  Since the van der Waals equation of state is not 
good enough to illustrate liquid state, we may choose 
another equation of state for liquid. With this eq. (1 l), 
good calculated results of the viscosity could have 
been acquired by using real values of Up and ,8y[19]. 

The calculated reduced viscosities in the critical re- 
gion by using eq. (16) are plotted against the reduced 
temperature for the various reduced pressure in Fig. 6. 

Notwithstanding the use of the van der Waals equa- 
tion of states, the calculated viscosities are in good 
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Fig. 2. Viscosi ty  of nitrogen for gas and liquid. 
The notation is the same to the Figure 1. 

agreements with those of the observed ones through 
the liquid-critical point-gas region. We expect that we 
can obtain the better results by finding out the better 
state equation for fluid. 

We can find w~rious abnormality of fluid viscosity 
[10,11] such as abrupt increase near the critical point 
{Fig. 1-3), an abnormal tendency of viscosity-pressure 
curve of liquid water near 0-20~ [12,13], and the su- 
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Fig. 3. Viscosi ty  of methane  for gas  and liquid. 
The notation is the same to the Figure 1. 
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Fig. ,I. Viscosity of carbon tetrachloride for gas and 
liquid. 
The notation is the same to the Figure 1. 
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Fig. 5. Viscosity of benzene for gas and liquid. 
Solid line; Calculated, Open circles: Observed 

[Ref. 21 (for liquid), Ref. 8 (for gas)]. 

. perfhJidity of liquid 4He [14]. All of the  above  abnor-  
malities of viscosity can be explained by eq. (11), 
though the calculated results a re  not shown  in this pa- 
per. 

We also expect that the abnormal  character  of ther- 
mal conductivity near  critical region [15], the viscosity 
of fluid mixture and  the other  t ransport  propert ies can 
be e>'plained by using our  viscosity equation.  

5 
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"~ 3 
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Reduced temperature 

Fig. 6. Reduced viscosity as a function of reduced 
temperature for several values of the reduc- 
ed pressure. 
Cp values are taken from Ref. 16. 
Oc - 61.6-(MTc) 1/2 "(Vc) -213 (Ref. 18) 

NOMENCLATURE 

a : van der  Waals constant  
b : van der  Waals constant  
d : in te r -phonon  collision d iameter  
E : internal energy 
N : Avogadro n u m b e r  
~ph : p h o n o n  n u m b e r  densi ty 
Pr : reduced pressure 
R. : gas constant  

: shear  rate 
T~ : Reduced tempera ture  
Vpt , : p h o n o n  velocity 
V s : fluid vo lume at the closest packed state 
V r : reduced vo lume  

G r e e k  Letters  
a p : isobaric expans ion  coefficient 
,8r  : isothermal  compressibil i ty 
7 : heat capacity ratio (Cff C,,) 
a : shear  stress 
o'~ : kinetic pressure  
a ,  : internal  pressure 
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P : mass density 
Aph : mean free path of the phonon 
~ : proportionality factor 
Ur : reduced viscosity 

9. 

I0. 
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