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Abstract-The pressure drop mainly due to viscous friction inside hollow fibers is taken into consideration by 
nondimensionalization and numerical simulation of governing equations. For pure gas, the permeation pressure and 
velocity of actual situations with a viscous fluid deviate significantly from those of the corresponding inviscid or no- 
pressure-drop cases. The apparent permeability estimated from the relation of permeate flow rate and pressure dif- 
ference is considerably underestimated in actual situations, and more severely for the region of small pressure differ- 
ence and large module length. Numerical simulation shows that the estimated permeability behaves as if it were an 
increasing function of pressure difference for a constant permeability and roughly a constant for a dual-sorption-type 
permeability, respectively. For binary-mixture permeation the cut ratio and purity of permeate stream are mainly 
governed by two dimensionless parameters standing for pressure drop and permeability, respectively. The cut ratio 
and corresponding product composition are predictable without the rigorous simulation of the governing equations. 
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INT RODUCT ION 

The estimation of permeability of individual components 
in a short module is one of the most basic objectives before 
the module is commercially applied to separation and purifi- 
cation of gaseous mixtures. Though plasticization, hydrostatic 
compression, and competitive sorption cause a deviation of per- 
meability of a component in mixtures [Yi-Yan et al., 1980; 
Sanders and Koros, 1986; Thorman and Hwang, 1978], the 
estimation of permeability of a pure component is inevitable 
for further study on permeation of mixtures as well as for 
scale-up aiming at commercial applications. 

The separation effectiveness of a commercial application 
of a hollow-fiber membrane to gas separation is commonly 
deteriorated by the pressure drop in the axial direction due to 
viscous friction, which is negligible for short modules [Anton- 
son et al., 1977; Chem et al., 1985; Sidhoum et al., 1988; Kim 
et al., 1994]. In order to reduce the pressure drop, a mixture 
stream is usually fed into the shell side, and a part of it per- 
meates through the membrane into the tube side. Even in 
these cases, the pressure drop in the tube side is consider- 
able. Antonson et al. [1977] investigated the effects of design 
parameters, operating variables, flow patterns, and broken fi- 
bers on the separation performance. A similar approach was 
carried out by Chern et al. [1985] who showed axial pres- 
sure and velocity variations depending on inner diameter of 
fiber, feed pressure, feed composition, etc. 

In spite of numerous investigations partially and entirely con- 
cerned with numerical study on a hollow-fiber module, how 
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precisely the pure-gas permeability is estimated or how much 
the separation efficiency is deteriorated are not fully known. 
In the present study the pressure drop of commercial modules 
will be analyzed through numerical simulation. First, a set of 
governing equations will be introduced, which are based on 
constitutive relations and principal laws. Typical behaviors 
of pressure and velocity for inviscid and viscous fluids will 
be discussed. Then, the problems with parameter estimation 
for the permeability of a dual-sorption model will be reveal- 
ed. Finally, the effect of pressure drop on cut ratio and prod- 
uct purity in binary mixtures will be considered. 

M A T H E M A T I C A L  DESCRIPTION 
AND SIMULATION 

Consider a hollow-fiber module in which the retentate and 
permeate streams flow countercurrently. Neglecting radial de- 
pendence, diffusion, end-effects, physical deformation, and vis- 
cosity change, and assuming pressure drop to be described by 
the Hagen-Poiseuille equation, the pressure drop in the tube 
side is expressed by the equation [Antonson et al., 1977; 
Hwang and Kammermeyer, 1984; Sengupta and Sirkar, 1995; 
Kim and Lee, 1996]. 

dP ~ _ 8// U t 
dZ r 2 (1) 

Similarly, the pressure drop in the shell side can be related 
to the velocity in the shell side by introducing a hydraulic 
or equivalent radius, r,. 

dP ~ _ 8/1 U" 
OZ ~ (2) 
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Note that the velocities are so defined as to be non-negative 
for countercurrent operation. 
1. Pure-gas Permeation 

For the control volume consisting of a hollow fiber and 
corresponding shell-side volume, the mass conservation for 
the column is expressed by following equations, 

dCqY 
a s - - -  2moJ(ro) (3) 

dZ 

dC'U' a t - - -  2m~J(q) (4) 
dZ 

where the flux is given by the expression 

J(r) - k(P', 1 ~) (p~ _ pt), (5) 
r ln(ro/ri) 

with the transfer from shell side to tube side taken to be po- 
sitive. Strictly speaking, the permeability is also dependent 
on the lower pressure or the tube-side pressure. In many 
cases, the dependence is negligible due to the small ratio of 
the tube-side pressure to the shell-side one. It is well known 
that for a pure gas its permeance, which is defined as per- 
meability divided by membrane thickness, is represented by 
a dual-sorption model [Barrer et al., 1958; Koros and Paul, 
1978; Kim and Hong, 1997]. 

k(l~) = ~ (1  + 1- -~b~ ) (ro - q) (6) 

Since parameters f and b are positive in most cases, the per- 
meability is usually a decreasing function of shell-side pres- 
sure. 

For a comparison with simulated results, the apparent per- 
meability is defined by the expression: 

k ' =  Qp (r o - r  i) (7) 
A-AP 

The pressure difference should be so defined as to be easi- 
ly measurable or deducible from actual operation data. The 
pressure of  the shell side remains nearly constant along the 
axial direction, and measurement at a point is a good repre- 
sentative, though it is available at any position by placing a 
pressure gauge. Measurement of the pressure of the tube side 
in usual modules is available only at one end of the module 
at which hollow fibers are potted. Usually, back-pressure con- 
trollers placed in retentate and permeate exits manipulate the 
shell and tube side pressures, respectively. Hence, the pressure 
difference can be defined as follows. 

AP =-- PL - Po (8) 

It should be kept in mind that the shell-side pressure remains 
rather constant in the axial direction, and tube-side pressure 
does not. 

In dimensionless form, the governing equations are express- 
ed as follows: 

dp' =/~u' (9) 
dz 

dP~ = - Thu~ (10) 
dz 

dlY u t = _ 6~(p~ _ pt) (11) 
dz 

dlY u s 
- - a , ~ , '  - p ' ) ,  ( 1 2 )  

dz 

where the dimensionless parameters are defined by design spec- 
ifications and operating conditions. 

8 pUoL 
81 = 2 s ( 1 3 )  

ri PL 

~ =  x r2 (14) 
v~ r~ 

2xkIRTL 
- ( 1 5 )  

a t U 0 In(r,/r i) 

84 = 83a ~ -  (16) 

The equivalent shell side radius is far greater than the inner 
radius of the fiber, and & is practically zero. Parameters &_ 
and & are closely related in magnitude with each other since 
the tube side cross-sectional area is of the same order as that 
of the shell side. In con~quence, four parameters &, &, P, 
and ~ determine the behavior of pressure drop and velocity 
change. 
2. Binary-mixture Permeation 

In a binary system, each component permeates the mem- 
brane with the driving force of partial pressure difference. 

k;(P;, P~*) 
Jr(r) - 7 ~ (P~xs - pt x') (17) 

/D s pS$ 
Js(r) = ks,,. [, sj [1~( 1 _ xs ) _ pt(1 _ xt)] (18) 

r ln(r,/r i) 

Note that x ' and x' represent the mole fraction of the 'fast' 
component in the shell and tube sides, respectively. The per- 
meability o f  one component is generally dependent on the 
partial pressure of the other component, and expressed by 
combined dual-sorption model or free-volume theory. Since 
the overall behavior of the system is dominated by the per- 
meation of fast components, its permeability is chosen as the 
characteristic scale for permeability. 

In addition to two equations for pressure drop, two total- 
mass-conservation and two component-mass-conservation equa- 
tions complete a set of governing equations for binary-mix- 
ture permeation, as follows, 

dff u t 
- ~{p~x ~ -lYx' +a~ps(1 - x s ) - p ' ( 1  -x ' ) ]}  (19) 

dl~ u s _ 5,{p~x s -lYX t +allY(1 -XO- lY( l  -x ' ) ]}  (20) 
dz 

dp' u-'x-" _ 
~{p'  x,' - f i x ' }  (21) 

dlY u,x, 
dz =-- a4C~)s (1 - x O -  lY(1 - x')], (22) 

where ot is the ratio of permeability of the slow component to 
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that of the fast one. In consequence, compared with the pure- 
gas permeation, the behavior of the state variables of a bi- 
nary mixture is additionally affected by the ratio as well as 
feed composition. 
3. Numerical Simulation 

The countercurrent-mode separation is in nature a two-point 
boundary value problem. In order to solve the equations nu- 
merically, the finite difference method is employed. Since the 
mass conservation equations are nonlinear, the difference equa- 
tions are solved by Newton's method. In order to analyze nu- 
merical errors, a numerically exact solution is obtained with 
number of grids equal to 100 ; and it is found that the mean 
deviation of a numerical solution from the exact one is less 
than 10 -4 if the number of grids is greater than 20. 

Geometrical features of a commercial module are taken 
for numerical simulation, as shown in Table 1. For cases in 
which pressure drop is neglected or the fluid is inviscid, the 
viscosity of the gas is simply set to be zero. The permeabil- 
ity remaining invariant with respect to pressure is expressed 
by supposing the dual-sorption constant f to vanish. When 
some of the representative values are changed, it will be clear- 
ly noticed by additional statements. 

There are usually two ways to estimate the permeability of 
pure gases in a hollow-fiber module. In one way the feed 
flow rate is regulated by a mass flow rate controller, and a 
part of it permeates the membrane. The pressures of the re- 
tentate and permeate sides are fixed by back pressure con- 
trollers. In the other way all of  the feed stream is forced to 
permeate the membrane, and the pressure difference is regulat- 
ed by the feed flow rate. In this case the cut ratio is equal to 
unity. The second method is easier to manipulate and less sub- 
ject to measurement errors because the molar flow rate of 
feed is equal to that of the permeate stream. Consequently, 
the latter method is taken as the simulated problem for pure- 
gas permeation though the numerical solution can handle both 
of the cases, and the boundary conditions are given by the 
equations. 

Table 1. Representative values used for pure-gas simulation 

Hollow fiber 
ri 9.1x 10 -5 m 
ro 1.97• 10 -4 m 

Module 

Inner diameter 0.15 m 
L 2.0 m 
Number of fiber 3.2• 105 

Viscosity 

/2 1.5• 10 -5 Pa s for viscous fluid 
0 for inviscid fluid 

Pressure 

I~(1) 10 atm 
P~(0) 1 atm 

Permeability, k=tr [l+f(l+bp)-l](ro-ri) 

re,0 2.0• 10 -4 cm3(STP)/cm 2 s cmHg 
f 0.5 for pressure-dependent permeability 

0. for constant permeability 
b 0.1 atm 
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lY(0)=pr , ut(1)=0, lY(1)= 1, u s ( l )=0  (23) 

The last condition represents the dead-end operation. Note that 
in this case the feed flow rate and then the entrance velocity, 
which is taken as the characteristic scale, are not known un- 
til the calculation is completed. 

For permeation of mixtures the dead-end operation is mean- 
ingless, and the cut ratio is closely related with the purity of 
product streams: the smaller the cut, the higher the mole frac- 
tion of the fast component in the permeate stream. Normally, 
the pressure of each side is fixed at a constant value, and the 
feed flow is regulated to attain a desired cut ratio. It is assum- 
ed that the mole fraction of the fast component at the dead- 
end is determined from the ratio of its flux to the total one 
[Hwang and Kammermeyer, 1984]. Consequently, the bound- 
ary conditions are given as follows. 

pt(O)=p,., ut(1)=O, t~(1)=1, u~(O)= 1 

xs(0)=Xo ' xt(1) _ kf xs (1) -p ,  xt(1) (24) 
1_  xt(1) ~ -  1_  xs(1)_ pr [1 _xt(1)] 

That is, if the entrance velocity is known and the characteriz- 
ing parameters are fully determined. 

In order for practical systems to be simulated the charac- 
teristics of  membrane modules in industrial applications are 
taken as the representative for numerical simulation [UBE In- 
dustries Product Catalog, 1994]. The values of permeance for 
fast and slow components are roughly those of carbon diox- 
ide and nitrogen in the membrane. The operating pressure is 
closely related to the required cut ratio, product purity, mem- 
brane modulus, etc. Most industrial membrane modules, how- 
ever, operate under the applied pressure of tens of atmosphe- 
ric pressure. Consequently, the shell-side and tube-side pres- 
sures are taken to be 10 atm and 1 arm as reference values. 
In order to analyze the sensitivity of state variable to t~ and 
83, the viscosity and permeance of the fast component are as- 
sumed to vary up to three times of their reference values. 

RE SU L T S AND DISCUSSION 

Fig. 1 shows the variations of pressure and velocity in the 
axial direction for constant permeability with the condition 
given in Table 1. As mentioned previously, the shell side has 
a friction factor far less than the tube side, and its pressure 
remains relatively constant. In contrast, the tube-side pressure 
of  the viscous fluid increases nearly up to 5 atm due to fric- 
tional drag, while that of the inviscid fluid remains constant. 
In both cases the velocities of the shell and tube sides de- 
crease with axial position. For the inviscid case the velocities 
in both sides change linearly since the pressure difference, and 
consequently the mass flux, through membrane are constant. 
For the viscous case the pressure difference or the driving 
force decrease with axial position, and the velocity of tube 
side shows a steep increase in the front part. 

The result indicates that the estimation of permeability fxom 
experiments with hollow-fiber modules may lead to erroneous 
consequences without the pressure drop being taken into ac- 
count. Such underestimation of apparent permeability becomes 
remarkable with increasing the module length, as shown in 
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Fig. 1. Pressure and velocity variations in pure-gas permea- 

tion under the conditions given in Table 1. The dash- 
dot and solid curves correspond to inviscid and viscous 
fluids, respectively. 

Fig. 2-(a), where all values except the module length are 
the same as in Table 1. The permeate flow rate of viscous 
flow is smaller than that of inviscid flow due to mitigated 
pressure difference. Such decrease in a flow rate results in 
the underestimation of apparent permeability, as depicted in 
Fig. 2-(a). For modules shorter than 0.2 m the underestima- 
tion is nearly negligible. The underestimation, however, be- 
comes severe with module length. The result indicates that 
scale-up using modules with length equal to 1 m and 2 m 
may result in deteriorated performance by 10 % and 25 % de- 
creases, respectively. 

If the shell-side pressure is increased, the degree of under- 
estimation becomes relieved, but the overall dependence of 
permeability on pressure is highly distorted, as presented in 
Fig. 2-(b). The permeate flow rate linearly increases with the 
applied pressure difference for the inviscid fluid, but not for 
the viscous case. The apparent permeability seems as if it 
were an increasing function of pressure with magnitude sig- 
nificantly underestimated. Note that for a high pressure, i.e., 
100 arm, the difference of apparent permeability from the true 
one is still about 10 %. Following the previous discussion it is 
expected that the estimated permeability for the dual-sorption 
type should show a rather constant behavior with respect to 
pressure, and Fig. 2-(c) shows that is the case. Consequent- 
ly, estimation of permeability from permeation experiments 
with hollow-fiber module would lead to results erroneous in 
overall trend with respect to pressure as well as in magnitude. 

The results of estimation of permeability for constant and 
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Fig. 2. Dependence o f  ratio o f  apparent permeability to asymp- 
totic one : (a) on module length for constant permeabil- 
ity, 0b) on shell-side pressure for constant permeability, 
and (c) on shell-side pressure for dual-sorption permea- 
bility. In each case the condition is given in Table  1 
unless specified. The dash-dot and solid curves corre- 
spond to inviscid and viscous fluids, respectively. 

dual-sorption models indicate that the permeability cannot 
be estimated accurately from the experimental results of hol- 
low-fiber modules. For a constant permeability model the es- 
timation gives a value significantly underestimated in mag- 
nitude. Usually, the dual-sorption parameters f and b are sig- 
nificantly sensitive, and a small scattering of meamured data for 
flow rate causes significant deviations of  estimated values. 
That is, a naive estimation leads the parameter b to take a ne- 
gative value while its true value is non-negative. Since the 
pressure profile is not linear as shown in Fig. 1, the incorrect 
behavior cannot be overcome even ff the pressure difference 
is defined such that AP--:[(P~+Po)-(P~+P0)]/2. Such definition 
also overestimates the true pressure difference and underesti- 
mates the true permeability. The argument implies that the dual- 
sorption parameters estimated for commercial modules should 
likely be subject to large errors unless the effect of pressure 
drop is accounted for rigorously. 
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Fig. 4. Contour plot of deviation of cut ratio and mole frac- 
tion from those of inviscid fluid with operating con- 
ditions given in Tables 1 and 2. 

In permeation systems for binary mixtures the productivity 
and purity are mainly governed by ~ and ~, which represent 
the relative pressure drop and permeability measures, respec- 
tively. Fig. 3 shows the variations of cut ratio divided by feed 
mole fraction and mole fi'action of permeate stream with these 
parameters. Consistent with physical insight, for a constant 
(or for a given module) the cut ratio decreases with & or with 
the fluid viscosity. The roughly equal spacing of neighboring 
iso-cut curves for inviscid cases (~=0) suggests that the cut 
ratio for inviscid fluid is linearly proportional to 53 or to the 
relative permeability of penetrants through membrane. Since 
the iso-cut curves are nearly straight, such behavior preserves 
for non-zero ~ with the spacing increasing with ~. 

The spacing between iso-cut curves for a constant ~, bow- 
ever, becomes large with ~. Similar behavior is also observed 
for the purity of permeate streams. Consequently, large ~ or 
considerable pressure drop causes the productivity and purity 
to decrease significantly. Fig. 4 shows how much the produc- 
tivity and purity of viscous fluids are decreased due to the 
pressure drop effect�9 For small ~ or less permeable mem- 
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lqg. 5. Mole fraction of product streams with cut ratio for in- 
viscid (dash-dot curves) and viscous (solid ones) fluids 
with conditions given in Tables 1 and 2. 

July, 1998 



Effect of Pressure Drop in Hollow-Fiber Membrane Module 401 

brane the effect of pressure drop is nearly negligible. As 
increases, the effect of 81 on both cut and purity becomes sig- 
nificant. The extents to which these decrease are not same. Fig. 
5 shows the dependence of mole fraction in product streams 
on the cut ratio, with conditions given in Tables 1 and 2. At 
the same cut ratio the mole fraction in permeate stream de- 
creases approximately by 0.02 for cut ratio less than a half. 
This decrease results in a corresponding increase of mole frac- 
tion in the retentate stream. 

In commercial operation one of the major disturbances is 

Table 2. Representative values used for simulation of binary- 
mixture permeation in addition to those given in 
Table 1 

xo 0.5 
a 0.l 
Pr 1/10 
k: zero to three times of permeability in Table 1 
,u zero to three times of viscosity in Table 1 

the change of feed composition. Hence, it is important to an- 
ticipate the corresponding changes in cut ratio and mole frac- 
tion of the product stream. Fig. 6 shows results similar to 
those of Fig. 3 when the feed composition is raised to 0.7. 
Intrinsically, one can expect that the cut ratio and mole frac- 
tion of  the fast component in permeate stream should increase. 
Comparison of Fig. 6 with Fig. 3 shows that the cut ratio di- 
vided by the feed composition remains relatively constant in 
spite of  the change in the feed composition. The mole frac- 
tion of the fast component, however, is remarkably increased. 

When the pressure ratio is small compared with unity, the 
variation of  the permeating flux with the ratio is not consid- 
erable. Comparison of  Fig. 3 with Fig. 7 where p, is equal 
to 1/30 shows that the cut ratio and mole fraction remain re- 
latively unchanged. The permeating flux is approximately pro- 
portional to l -p ,  in a dimensionless sense since the flux is 
scaled by the shell-side pressure. Hence, the ratio of per- 
meating flux of Fig. 7 to that of Fig. 3 is in a rough sense 
proportional to (1-1/30)/(1-1/10). Consequently, the effect of 
pressure ratio on the cut-ratio is not significant unless it is 
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Fig. 6. Contour plot of cut ratio divided by feed mole fraction 

and mole fraction of permeate streams with respect to 
and ~ with operating conditions given in Tables 1 and 
2 except for xe=0.7. 
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to ~ and ~s with operating conditions given in Tables 
1 and 2 except for p,=l/30. 
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large enough to be comparable to unity. 
Once an estimate of cut ratio is available, the correspond- 

ing composition of the product streams can be obtainable 
based on its relation with cut ratio such as shown in Fig. 4, 
which can be obtained with less effort. For example, con- 
sider the problem where the feed composition is changed 
with other operating conditions invariant. Then, one can es- 
timate the new cut ratio based on the relation of ~xo re- 
maining constant (note that Figs. 3 and 6 nearly overlap for 
cut ratio divided by feed composition). For the new feed 
composition, one can obtain a curve expressing the relation 
of the product composition and cut ratio by solving two or- 
dinary differential equations rather than six. Finally, the new 
product composition can be revealed. 

C O N C L U S I O N  

Simulation results for a hollow-fiber module, which is typ- 
ically used in commercial applications, indicate that the ap- 
parent permeability may be underestimated unless the pres- 
sure drop or fluid viscosity is neglected. Such underestima- 
tion is more significant at lower pressure and in longer mod- 
ules. Consequently, estimation of permeability from experi- 
ments with modules of commercial length may lead to perme- 
ability with magnitude being underestimated and dependence 
on pressure being distorted. Scale-up based on results from 
short modules may be subject to significant decrease in per- 
formance unless pressure drop is taken into consideration. 
For a given module, the precision can be improved by in- 
creasing the shell-side pressure. Such improvement of esti- 
mation precision is not significant due to the increases in veloc- 
ity and consequently in the pressure drop in the tube side. 

For permeation of a binary mixture, two parameters char- 
acterizing measures of the pressure drop and the permeabil- 
ity are introduced in terms of the design specifications and 
operating conditions. The effect of pressure drop on cut ratio 
as well as on purity of the fast component in permeating 
stream is considerable, especially for large & or for cases of 
highly permeable modules. The cut-ratio scaled by feed mole 
fraction, however, does not vary considerably. The purity of 
the fast component in permeate streams increases significant- 
ly with the feed mole fraction and pressure ratio. As operat- 
ing conditions change, the cut ratio can be anticipated, and 
a rough estimate of the product composition can be obtaina- 
ble based on the its relation to cut ratio. 

N O M E N C L A T U R E  

A : total membrane a r e a  [m 2] 
a : cross-sectional area [m s] 
b : constant for dual-sorption model [atm -1 or Pa -]] 
C : molar concentration [mol/m 3] 
f : constant for dual-sorption model [dimensionless] 
J : permeate flux [m3(STP)/sec m s] 
k, k' : true and apparent permeability [c ln3(STP)cm/c ln  2 s cmHg] 
L : module length [m] 
p, P : dimensionless and dimensional pressure [Pa] 
Pr : ratio of the lower (tube-side) pressure to the higher 
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(shell-side) one 
Qp : permeate flow rate [cm3(STP)/s] 
R : universal gas constant [8314 kg m2/sec 2 kg-mole K] 
r~, ro, rs : inner and outer radii of a fiber, and equivalent radius of 

shell side [m] 
u, U : dimensionless and dimensional velocity [m/sec] 
x : mole fraction of the fast component 
z, Z : dimensionless and dimensional axial coordinate [m] 

Greek Letters 
a : ratio of permeability of the slow to that of the fast 
// : gas viscosity [Pa sec] 
t~.2e.4: dimensionless parameter 
r0 : permeance [cm3(STP)/cm 2 s cmHg] 

: cut ratio 

Subscripts 
f : for the fast component 
s : for the slow component 
0 : at z=0 
L : at z=L 

Superscripts 
s : for shell-side component 
t : for tube-side component 
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