
PAI 0HAabHBIE IIOBEPXtt0CTH HA~ 
II03IHMH 

t0 .  I/I. M A H H H  

COBEPIHEHHLIMH 

I lycTb k-coBepmeHHoe i ioae,  F -aa re6paHqec~ag  IIoBepXHOCTb H a a k .  I IoBepx-  

HOCTb 17 HaabiBaeTcn paKHoHaabHOfi, e caa  F |  6Hpa~noaaabHO DHBI4BaJIeHTIta 

rtaOCHOCTH Ha~ a~re6pauaec~HM 8aMbmaaHeM k IIoaA k. IIOBOaOM 3a~ paccMowpeaHa 

Ta~HX noBepxHocwefi caemaT npemae  Bcero ano~paHTOBi)I 8a3aqH: Heoco6an ny6HqecHaa 

nosepxnocTi)  B p3 paunoiiaabbna. EcaH paImoHaai)Haa noBepxnocTi) F 6Hpa~nonaai)no 

9Is IIJIOCI~OCTH yme  Ha~ k, TO MHOTI~eCTBO ee k-ToqeI~ IIapaMepnsyeTca 

~ByMg He3aBHCHMBIMH HapaMeTpaM~ <UCI~aIOtIeHH~I JiemaT Ha I~OHeqHOM qncJIe 

IIpiiBI)IX>. B HpOTHBHOM c~yqae  BoHpoc 0 cymeCTBOBanUH H OIIHCaHHH MHO~eCTBa 

Bcex k-woqeK <Ha~pHMep, Ror~a k-qrICaOBOe n o n e > ,  ~[BaHewcn wpy~HOfi 8a~aqefi. 

Anaaor~qHa~  O~%Ho~ep~au 3a~aqa 5 ~ a a  paccMowpena B IIOHI~e n p o m a o r o  Be ta  H 

noayq~: Ia  noa i ioe  pemeH~e B paSowe Fi4ai)Sepwa i~ FypBu~a .  Ha : iuqne  k-woqI~H n 

6~pa~moiiaai)Hau TpHBIIaJII)HOCTB Ha~ k ~ I n  HeocoSI)IX t~pHBBIX po~a Hyai) paBiiO- 

cnai)ni)I; BCHt~aH ~eoco6an  I~pUBaH po~a IIyai) IIa;~ k CTaHOBHTCH H3OMOp~)HO~ 1 )~ 

Ha~ k, TO ecwi) npH~a~aemuT u ~ a a c c y  Muoroo6paanfi  Ceuepn-Bpay3pa  - -  5 n p e r y -  

a~pHi)~X qSOpM IIpOe~THBHHX npocTpaHeTB. HauoHe~,  so n p o c  0 cymeewsoBannH 

TOqHI/I B qUeaOSOM cayqae  pemaeTc~ qHCT0 ao~a:ii)Hi)~M~ cpe~CTBaMU. 

I IpnqnHa pes~oro  y c a o m u e n ~  C~Tyauu~ n p u  i~epexo~e ~ ~ByMepHOMy cayqa~o 

COCTOHT B TOM, tITO r p y n n a  Hpe~o~i)i Cr 6 u p a a n o ~ a a i ) n ~ x  aBTOMOp~HSMOB naocuocwn 

auaqnweai)HO 6oai)me npoe~TnBHo~ rpyniii)L MHomeCTBO H~(k, Cr) 6npa~noHaai )H~x 

~pop~ naoc~ocTu ~aaeuo  He Hcqepni)InaewcH ~ a c c a M ~  noBepXHOCWefi CeBepn-Bpayapa .  

B /[)yH~aMeHWaai)iiO~ pa6owe 0nprIHBeca [7] Haaccnqec~nfi  (( MeTO~ I]pncoe~InueHnH )) 

Hcnoa~3yeTcn ~aH ~oHaaaTeai)CTBa TOFO, qTO Bcn~a~ pa~/~oHaai)Ha~ IIoBepXHOCTI) 
5Hpa~uoHaasHo HpHBO~HTCH Ha~ k R O~HO~ H3 noBepxHocTefi ~OBOJIbHO orpaHn-  

qeHHOrO ~r Mo~epnu3npoBauHoe n3aomenne  pe3yai)TaTOB OHpHRBeCa co~ep- 

mUTCH B nepsoM nnaparpagpe IIame~ pa6oT~L F p y 6 o  roBopa,  Ha BCU~Ofi patluonaai)HOfi 

UoBepXHOCTH MOHs HaHTH JIH~O HyqoH DJIJIHIITHqeCHHX, JIII~O IIy~o~r paIIHOHaJII)- 

HI)IX t~pI4BI)IX, napaMewpn3oBaHnsifi ~pnBOfi po~a nyai) .  Munn~aai)n~ie  neoco6i)m 

IIoBepXHOeTH n e p s o r o  Tuna u~eIOT paHr rpynrti)~ I I n ~ a p a  _~< ~o, I~ WeM caMI)IM a 8aBH- 

CUT OW ~0He~Horo ~ueaa  napaMewpoB )); y noBepXHOCWe~ BWOpOro TiiI~a p a n r  rpyiini)~ 

YInuapa Heorpa~nqeH. 

3npm~Bec OCTaBUa OT~pL~Th~M BOrtpoc 0 ~taa~uefimefi i~aacc~dpnua~nH pa imo-  

na a i ) u~x  HosepxnoeTe~.  3Ta aa~aqa u c c a e ~ o s a a a c ~  S pa6owax I~o~eecawwn [6] 

Cerpe [i8] B cayqae  OCUOBHOrO n o a h  k = R  a Ta~me B paSowe Cerpe [~7] ~a~ 
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Ky6Hqec~nx HoBepxHOCTe~ tt8~ rlpoI43BO$II~HbIM gOaeM HyJIeBOfi xapa~TepHCTHEn. 

B ue~aBHe~ pa6oTe H c ~ o u c ~ n x  [~o] MeTOg HoMeccaTTn o6ogmaeTcn Ha ne~oTopbIfi 

Kaacc paImonaabHb~X noBepxgocTefi HaJI HpOH3BOJIbHbIM IIOJIeM. OCHOBHbIe pe3yab-  

TaTbI DTHX pa6oT 3aI~JIIOqaIOTCg B OTbICHaHHkI 6HpaIIHOHaJIbHbIX HHBapI4aHTOB pa l /HO-  

HagIb~bIX noBepxHocTefi ga~ OCHOBHbIM no~eM. Bo BTOpOM naparpaq~e ~TO~ pa6oTb~ 

npe~aaraeTcg  HODMe nHBapnagTbI Ta~oro pona .  I lycTb F-pa~igogaabHag nouepx-  

~OCTS, N ( F ) - r p y n n a  saaccoB g~BSSOpOS ~a F |  pacc~aTp~uaeMan ua~  MOny~s 

na~ r p y n n o ~  F a a y a  G a a r e 6 p a n q e c ~ o r o  3aMbmam~ OCHOBHOrO nO~g. IIo H3BeCTHOfi 

JIBO~CTBeHHOCTU T3~Ta, G-~o~ya~o N(F)  COOTUeTCTByeT ae~oTopb~  k-Top T .  O~a3b~- 

BaeTcs, qTO uce SHBap~a~Tb~ Topa T ,  onnca~nbm B paSoTe OHO [ I6]  B qaCTHOCTH 

i(T) ,  h(T) ,  z (T) ,  ~or~a OH~ onpe~eaeHs~, 8au~cnT a n m b  OT 6~pau~oaaabHoro  ~aacca  

no~epxaocT~ F. HaUOMH~,  qTO h(T) eCTb nopa~o~  rpynnb~ H~(k, N(F) ) ;  s ~le~- 

CT~,TeabHOCTn caMa STa rpynHa ,  a ne TOab~O ee nopnno~,  n sa seTcn  Hnuap~aHTOM F. 

Ms~ n o a b s y e ~ c n  ~Tn~ ~an ~o~asaTeabcTsa TOrO, qTO M~on~eCTBO H~(k, Cr) 6ecso-  

neqHO, ecJm k-~oHeqaoe noae .  3TOT pesyabTaT BnepBbIe 6b~  JIo~asaH npyrnM ~e- 

TO~OM B pa6oTe I4C~OBCI~nX; o~ no~a3~,maeT r a y 6 o ~ o e  OTanq~e rpynm,~ HpeMoab~ 

OT a a r e 6 p a ~ q e c ~ x  r p y i m .  
T p e T ~  n a p a r p a O  HOCU~meH n sy q en m o  p a ~ o H a a b ~ b ~ x  noBepx~ocTe~ neab 

Heu~Io, ~OTOpbm sxec~, onpeneamoTcn s a ~  ImBepx~ocTH C oqe~b o 6 s a b m , ~  a~w~- 

s a H o ~ n q e c ~ M  ~aacco~ .  I/Ic~a~OqnTeJibabm ~p~B~,m Ha H~X 06pasyIOT s a a c c s q e c s ~ e  

SOHCpurypauns, 5oraT~,m CnMMeTpnn~ ~ urpa~om~e cymecTseHay~o p o a s  B 5~pa-  

~InOHaabHO~ ~ a a c c u d p ~ a ~ .  Bce  paccMaTpnBaeM~,ie HaM~ noBepxgocT~I HaJl 

MOryT 6b~Tb npe~cTaBae~b~ ~a~ pery~npHsm o6pasb~ ~ySnqec~ofi  nouepxnocTn u 

p3;  143 HalIIHX pe3yabTaTOB IIODTOMy cae~yDT (~mor~a B 6oaee  ci~ab~o~ BapUaHTe) 

pn~ TeopeM pa6OTS~ Cerpe [~7], ~oTopan B 3HaqnTeabno~ cTeneu~ CT~Myauposaaa 

ggTepec aBTOpa I~ 3TO~ were. 
H a ~ o ~ e u ,  B qeTBepTOM naparpacDe Bbm~a3bIBaeTc~ rgnoTe3a o TO~, qTO y SCn~Ofi 

pauno~aabHO~ HoBepXHOCTH HaJI C~-IloyieM k gMeeTcsI k-ToqI~t, H IIpHBOJI~tTC~ ge- 

~OTop~e apry~eHTb~ B e e  HOab3y. 
r aySo~o  np~aHaweaen I/I.P. UIa~papes~qy, ~OTOpS~fi npuBae~ MOe BHHMaHI4e 

paccMaTp~iBaeMo~y ~ p y r y  BOllpOCOB I4 6CCCJ!bI C ~r 6b~a~I gau  MeHg oqe~b 

HOJIe3HbI. B qaCTI-IOCTg, eMy HpI4Ha~Y[emHT BeCbMa Bah~HOe 3aMeqaHHe, qTO H3 TeO- 

peMbI 2.2 m,~Te~aew caej~cwB~Ie B lI. 2.3.  

o. Ilpe~BapUTeabHb~e e~e~IeHHa 

Bc~j~y B JIa:I~aefimeM k-q~n~cnpoBaHHoe coBepmeHHOe noae ;  k -e ro  aa reSpan-  

qecHoe 3aMbiifaHHe, G = G ( k / k ) - r p y H n a  F a a y a .  IIoBepxttOCWb-3TO ilByMepna~ reoMe- 

wpHqec~n HenpnBOanMa~ aa reSpauqecHan  k-cxeMa; ecaH ne OrOBopeno npOTHBnoe, 

Bce IIOBepXHOCTK iipejiiIo~aratowca IlpllBeJ~eHHbIMn. 

H n ~ e  c~opMyJIHpOBaHbI neo6xoJIl4Mble J~JIg l l a a b H e ~ m e r o  ~atfwbI. 
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o. ~. 5IEMMA. - -  (o paspetuenuu oco6etmoce(~ naO k).  Hgcmb F-co6cmeennaa 

k-noeepxHocmb. Cgv4ecmagem peegaapHan co6cmeenHan k-noeepxHocm5 F' u 6upa- 

~4uonaabnbt~ k-~op96u~ F ' -+F .  

o .a .  /IEMMA. - -  (06 gcmpane, uu reopen HeonpeOeaenHocmu pat~uonaabnoeo 

omo6paatceHun naO k).  Hgcmb F-nan e ae ,~e  o . i ;  f :  F~X-pattuonaabnoe omo6pa- 

~tcenue ~ aaee6pau,~ecng~o k-cxe~g X .  ToeOa cgulecmegem manan co6cm~eHnaa k-noeep- 

XHOCm~ F', mano~ 6upaIIuonaabnO~ k-.~op96u~.~ g : F ' - - > F  u mano~ k-~op96u3.~ 

h : F ' ~ X ,  ~mo Ouaepa~a  pa~luonanbnux omo6pa:nceHu~ 

F ! 

gl "< 
F > X 

noou,u!]mamuena. 

(CM. A6bnn~ap [i],  I4 5146ai4orpa~pi4m B DTO~I ~i414re). 

o.3.  Hpi4salt Ha nosepxi4ocwi4 - -  ~TO D{~eHTI4BHbIfI /II4BnZOp HapTLe, a TaHme 

noaexeMa, COOTBeTeTByIomalt aTOMy ~i4Bi4aopy (Apwi414 [3]) Fpynna  G--=G(k/k) 

~IeficwByeT I4a F |  qepe3 BWOpO~ MHOmi4Teab (a/lecb I4 B aaabne~meM MU ni4meM 

FQk BMeCTO F| 

/ [ E M M A . -  H ycmb F - -  k-noeepxHocmb, Y-~ c FQ-k-nenomopb~ Ou~uzop . ,~ueu3op 

X c F  manor, umo X = X Q k ,  cgu4ecmayem e moca u mo.~bno a mo~ c.~gnae, noeOa 

s ( X ) = X  Oan ecex seG. 
0 - -  * CM. HapTbe [5] (~e~eTBi4e G Ha ~nBi4aop: aTO aaeMenT rpyi4nLI H (R(F|174 

I4 eHOBa ~e~CTBi4e oi4pe~eaueTea ~epea MHOmi4Teab k). [3:aeeb R(F|  - -  noae 

~yi4Imi4I~ Ha~ F| 
0 .  4.  k-I4oBepXHOCT~ F, CO6CTBeHHa~ I4 peryanpi4an HaasmaeTen k-Mi4ui4~aa- 

I~Ho~ noBepxItOCTbm, ecai4 aIo6o~ ee 614pat(i4oHaabH~i~ k-Mop~a3M F-+F ' ,  r~e 

F'-peryaapi4an HoBepxItOCTb, ItBaitewclt II43oMop(~I43MOM. 
IIycTb X cF| I4CRatOqi4weabHaU ~pi4BaH nepBoro podia, TO-eCTt, 

Taga~, qWO pa(X) = o, (X, X) = - -  ~. 

JIEMMA. - -  Co6cmeennaa pe~gaapHaa k-noeepxHocmb F neaaemcn k-.~UHU~aClb- 

nO~ a mo~u U moabnO e mo~u cay~ae, noeOa -]~-noeepxHocmb F | k au6o ne coOep3~cum 

nenpuaoOu~b~X UCnA~O'~ume.~bnb~X npUab~X nepeoeo poOa, .~u6o Oaa am6oa mano~ npueo~ 

X c F ~ k  naOOemca gae:uenm s~G manoO,,~mo s(X)=~X u npuaaa X@s(X) cenana. 

,~onaeame.~bcmao. - -  a) NCaOBi4e/~OCTaTOqtto. ~efICTBi4TeJIbi40, I4yCTb aTO ae TaN I~ 

I4ycwb f :  F-->F'-614paIII4oHaabi4~fi k-MOp~maM, Im nua~omi4ac~ I4ao~op~I43MOM. On 
I414~IyIII4pyew 614paai4oi4aabH~-k-Mop~nsM f : F |  l~'| nBi4ily reoMewpriqee~o~ 
peryaapi4ocwi4 F I4 F' ;  cy~ecwByew I4enpi4BO/I~an I4C~IOqi4weabHaa ~pi4Baa nepBoro 

po/Ia X c F |  ~Ia~ ~OTOpOfi ] ( X )  nBZnewc~ aaM~mywofi WOq~OfI. Ho woraa f ( s (X) )  

ra~me ~Ba~eTcu  gaMHi4ywOfI ToqHo!TI; O~HatlO He cymecT~yeT ~anoro k-Nop~i4aMa, 

417 
8 



5 8 J U .  I. M A N I N  

HOTOpI~II] CTItrI4Baa 6I~I I~prIBylO C tIeIIprIBO/II~MI~IMI4 I~OMIIOHeHTaMH X,  s ( X ) ,  . . . ,  146o 

~TO npoTHsopeqHw aeMMe MaM~op~a [i3] 06 OTpm~aweabHOfi oiipe~eaeHHocwH: 

6) VeaoBne ~Ieo6xo~n~o. 
HycTb XcF| ne~alOqnTea~aa ~pnBaa ilepBoro po~a; npe- 

~IIIOaOml4M, qTO oHa He IlepeeeI~aeTea co BCeMFI eBOI4MI4 COIIpnmeHIthlMI/I. IlyCTI) DTO 

6y~IyT X~, . . . ,  Xa; p,(X~)=o, (X~.X~)=-- I ,  (XoXi)----o , i4:j. B eHay JIeMMI,I 0. 3 
cymeeTByeT Tai~an I~p~Baa X c F ,  ~ITO 

d 
X |  Z X~ 

~onameM, ~TO cymeeTByeT 6Hpalmo~aal, HSlfi k-~op~5~aM f :  F-+F' ,  eTammamm~ifi aTy 

I~pHBy~O. ~oI~aaaTea~eTBO cTanAapTHoe, ~ viii o r p a a ~ n M e a  Im6poe~oM (eM. A p T ~  [3]). 
i o m H o  CqHTaTI), v/TO IIoBepxHoeTI~ F HpoeHTHBHaFI I/I tlTO BI~IIIOJIHeHI)I c~Ie~ylOUll4e 

yCTIOBHH: 

H~(F, r  = o ,  

Tor;~a HMeeT MeCTO TOqHaFI IIOCJIe~OBaTe;IIBHOCTb 

O--+(P(I) --+ (PF (aN)( I )  "--> r 

(,~]~efieTBI4Te;III~HO, Hym~aeTe~:I B IlpoBepI~e a14ml, TOqtIOeTI~ B TpeTbeM ti;lleHe: oHa 

c~Ie~IyeT rI3 TOFO, qTO ~baHTOpOM ~IB~IaeTc~I IlytlOH, JIOHa~II~HO 1480MopdpHl, Ifi (PaX 14 

COOTBeTCTBylOmHfI AHBI43opy Ha X CTelIeHI~ 

((P~(aX) (i) .  (P~(aX)) = --a~d+ a~d= o. 

Ta~ nan X |  paena~aewea Ra neliepeeeI~alom~eca Hp14Bl~Ie po~a ~ya~, Ha ~amao~ 
rla HOTOpSIX 14nAylmpyeTea ~BHaOp HyaeBofi eweneH~, noaynaeM Tpe6 yeMoe). 

OTemAa ~axoa~M WOqttylO nocaeAoBawealMtoewl~ 

i 0 
o -+H~ (P(I))----~H (F, (PF(aX)(I)) -+H~ (PAX) ---->O. 

HyCTS s0-npoo6pa3 I eH~ C,x); S1, " ' ' ,  s~-6aznc i-o6paza npocTpaHCTBa H~ O(I)). 
k-Mopqpn3~I f :  F-+P~, onpeaeaeHHbi~ Ilyq~oM (PF(aX)(I) 14 Ha6opoM ero ce~Ie- 

HrI~ (So, . . . ,  sn), 6rlpalmoHaaeH 14 FIBJIFIeTCH H3oMopl~H3MOM H a  F \ X ;  I~pOMe TOFO, 

So(X ) ~-I, sl(x ) . . . . .  sn(x) = o  ;~aa a~)6ofi TO~ImI xeX,  TaI~ ~TO I~pHsan X cTnrrlBaeTca. 
Xopomo 14aseCTHO, qTO noBepxHocTb f ( F ) |  peryaapHa;  cae;~oBaTea~HO, BBH~y 
eoBepmeHcTBa HOaR k, noBepXHOCTb f (F)  Tome peryaapHa.  JIeMMa ;~oKaaaHa. 

0. 5. J-IEMMA. - -  Hycmb xEF ~aMnHymaa monna Ha npoenmueno~ k-noeepx- 
HOCmU F, pacc~tampuoae~aa nan noOcxe~a c npueeOeHno~ cmpynmypo~t. Hycm~ 

f :  F' ~F-.~OHouOaabHoe npeo6pagoeanue c tlenmpo~ x. Hycmb Xl, . . . ,  x~F| 
mpu~ecnue mo~nu, .~eatcautue naO x, omoa~cOecmeaae~bte c ~a~nttgmbl~u mo~tra.~u F | 
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ToaOa ~op!fiu3~ f " F' | k ~ F | k , uHOgt~upoeannb~ f ,  aeaaemca .tlOHOUOClJlbttbl.tl 

npeo6paeoeaHue.~ c geHmpo~u e 0 x~. T o ~ u  x~ conpa~eHb~ omnocume.~bnO G. 
i - = l  

Haogopom, ngcmb eaOaH Hagop conpa~ceHH~X mo~e~ x~eF| u ngcmb f :  F ' ~ F |  
n 

.~OHOUOa.~b~oe npeogpa~oea~ue c geHmpo.~ U.= x~. ToeOa cgulecmegem ma~aa ~a~Hgmaa 

mo~a xeF, ~mo x| 0 x~, u f =f| eOe f-~oHouOa.~bHOe npeo6pa~oeaHue c 
i----1 

vleHmpo.~ e x. 

x. Teope~a  3Hpnm3eea 

I . Io  B y a e u  Ha3bIBaTb k-IIOBepXHOCTb F paJ/HOHaabHOfi, ecag  noBepXHOCTb 

F |  6Hpa~HoHaabHO 3I~BHBaJIeHTHa n:IOC~OCTH, TO ecwb none ~yHK~Hfi R ( F |  

HBa~teTC~I qHCTHM pacmHpeHHeM HOaa k CTeHeHH TpaHCKeH~eHTHOCTH ~Ba. H o r a a  

MbI ronopHM, qWO k-IIOBepXHOCTH F n F'  5apa~HoHaabHO 3~SHBaaeHWm, I, MbI Bcer~a 

noapa3y~ieuaeM 6HpaanoHaabHym 3HBHBaYleHTHOCTb Haa k. B aTOM cayuae ,  KaH 

eaeayew n3 aeMM~I O.I ,  cymecwsyew k-HosepxHocwb F"  H 6Hpa~HoHaabHbIe k-MOp- 

~H3MLI f :  F " - + F ,  g : F " - + F ' ,  MbI 6yaeM rouopHTb, qTO IIOBepXHOCTH F II F'  I~Sa- 

3HSnpa~HoHaabHO aHsHuaaeHTHbI ecaH cyuIecwnyew HoBepXHOCTb F" ,  H Mop~H3MbI 

f ,  g npeanoaa rae~Lm paaH~aabH~IMH H aOMHHHpymmHMH. ~ a ~  OCHOBHOrO n o a h  

xapaHTepHcTHI~H Hyab aTH IIOHgW~g COBna~a~oT. 

�9 . ~. T E O P E M A .  ~ Ilgcmb F-pat4uoHa.abHaa k-noeepxnocmb. Cyu4ecmegem 
peegaapHaa co6cmeeHnaa k-noeepxHocmb F', ~r 9neueaaeHmnaa noee- 

pxnocmu F, k-npueaa C, u k-.~opo~uz.~ f :  F'-+C co caeOg~ou4u.~u caoOcmea~u: 
a) Rpueaa C co6cmeeHnaa, peeg.aapHaa, eeo.~empmtecnu nenpuaoOuma u npu- 

eeOeHa; p~(C) - -o .  

6) IIgcmb x-o6u4an monna npueo~ C; o6u4u~ c.~o~ F'~ .uop!fiu~.~a f aeaaemcn 
co6cmeHHO~, eeo.~empuuecnu pe~gaapHo~, eeo.~empu,~ec~u ~enpueoOumo~ • 

p~(F') = o uau " 

~oI~a3aweabCTSO. ,~ag SCg~Ofi ImsepxHocw~ F CIaMBO~IO~ cot 6y~e~ 060~HaqaT~ 

~aHonnqec~n~ 06pawnM~I~ nyqo~ Ha ne~,  n(F)-paHr rpynn~i  N u m ( F |  ~aaceoB 

qHcaenno~ 3I~BIIBaaettTttOCTII HpIIsbIX Ha F | k.  ~ a a  ncn~o~ C06CTBettHO~'I p e r y a a p n o ~  

paaHoHaa~HO~ IIOBepXHOCTII F g~ee~  U c n a y  ~opMyaS~ Hewepa 

(r F. OF) - I  V �9 R ( F ) = I O ;  

ROaTOMy c~eaaB ~OCTaTOqHO MHOrO MOHOH~aabHbIX Hpeo6pa~OBaHafi F c UeHTpO~ 

B 3aMI~ItyTbIX T0qHax, MbI CMOH~eM ~0~HTbCH TOF0~ qT0 

( ~ .  ~ )  < o 

MOH~H0 cqIIwawb, qw0 F IIp0eI~WHBHa; coraacHo ~aaccHqec~oMy peaya~wawy, ~aa  

BCeX ROCTaTOHHO 6OJIbIiII4X n HMeeM: 

dim H~174 ~(I ) )  = o. 
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(CM., HmIpHMep, Cepp [19]; /laHnoe TaM ~oI~a3aweabcwuo OTHOCHTCH I~ aare6paH- 

nec~cH aaM~HyTOMy noam, HO TpHBIla/IbHt~Ifi cay~afi r I-{10ItHeTa noI~a35iBaeT 
TO Hoe Ha/I k). IIOOTOMy MOH~HO BblSpaTb waI~oe n~> o, qTO 

dim H~174 d)(I)) ~> 2, 
( I  . 2 .  I )  dim H~174 ~9(I)),.< I. 

BLISepeM ABa anHefiHO HeaaB~CHMblX ceqenHa So, s ~ e H ~ 1 7 4  OH~ onpe~e- 

~IgIOT pa~noHaabHoe k-oTo6pameHne g : F-~P~; B cHay aeMMH O.2 MOmHO CqHTaTI~, 

qTO ~TO Mop~uaM, npon3BeAa Ha~ F HeC~Oab~O MOUOmlaabHbiX npeo6paaoBaHHfi. 

PaCCMOTpnM ueaoe aaM~maHne C CXeMLI P~ B iioJie R(F); Mop~HaM g npe~cTaBaaeTca 

B BIl/Ie 
h 1 

F-> C--->P k 

(CM. FpoweH~lm~ [8], IV, CTp. 119-120). t{pHBa~ C reoMewpmleCi~H HClIpHBO/IHMa H 
reoMeWpHqeC~H llpi4Be~ei~a, i45o noae k 3aMI~HyWO B R(F); OHa, O'-IeBI4~HO, cOgCTBeHa, 

HOpMa;~bHa ~I 3HaqIiw reoMeTp~qecI~H HOpMaXII)Ha, H6O k-coBepmeHHoe noae; p ~ ( C )  = o ,  

H6o F-pa~nonaa~Ha~ noBepXHOCT~. HanoHeU, n ~o~aa~e Ceppa [19] no~a~ano, qTO Ha 
ycaoBHa ( i .~ .  ~) n~ITe~aeT, qTO 

(I. ~'.~) pa((Fx•174215 Hall I, 

r~e x-o6maa TO,t~a ~pHBOfI C. 06mHfi CaOfi F, Bcer~a reOMeTpHqeC~H HelIpHBOAHM. 

Eca~I 05mHfi caofi F~ reoieTpHqeC~H IIpHBe~e~ (S ~aCTHOCTH, ec~II~ Char k = o), 

Bce ~oi~aaaHo. HHa~e BOCliOa~ayeMca ilpe~aomeuHeM 4 .6 .6  (FpOTeH~HIL [8], IV, 

CTp. 69): cymecTByeT Tahoe ~oHeq~oe paAH~aa~Hoe pacmnpeHHe K noaa  • ~TO 

I~pHBaa (F~(x)| reoieTp~i~eci~H iIpHBe~e~a. HyCTI, C'-+C-~eaoe 3aiblI~aHHe 

HpI4BO~I C B IIO~Ie K; paccMoTpHM ~HarpaMiy 

(F • ~ F • C' ~ F. 

O6mHfi C~IOfI CtCBOaHOrO Mop~bH3Ma reOMeTpHtIeCHH HelIpI4BOJII4M ~I IIpHBeAeH, H60 

OH HaOMOp~eH (Fx•174 CyIIep~eHWHBHOCWb H pa/IHRaOll~,HOCTb g oqesH~IHa. Pery- 

:llapHOCWb o6ulero cJIog caeayeT Ha weopeMbI 13epwgHI~. 

1.3. B/IaabHe~meM MIni 6yaeM paccMawpgsaTb 6~IpalIHOHa~IbHl~Ie I~Iaccbi TOal~I~O 
TaI~HX palIHOHaJIbHI~IX I•oBepXHOCTefi, /lag HOTOpI~IX cyuleCTByeT OTo6pameHHe Ha 

I~pHsylo C yHaaaHHblMH B weopeMe i .2 CBO~CTBaMH. B xapaI~wepHcwm-r p4=o 3TO 
IIpHBOJIHT I~ IlpeHe6pemeHmo paJII4I-~aabHl~IMH Mop/pHZMaMm 

I.  4. Ilycwb HMeewca k-MOpC~H3M BH/Ia f :  F--->C c OIIHCaHHI~IMH B weopeMe i .~  
CBOfICTBaMH. C-cxeMy F (OTHOClITe2IBHO MOp/pHaMa f )  Ha3OBeM C-MHHHMaJIBHO~, eca~l 
BO BCHHOH HOMMyTaTHBHOITI JlHarpaMMe BH~a 

t 
F > C 

2r 
g~ //h 
F' 
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r~Ie g, h--k-MopOH3~,i,  Ha TOrO qTO g - 6 u p a u ~ o u a a e H ,  c~e~yeT, ~To g - H 3 o M o p ~ a ~ .  

AnaaornqHO,  a 6 y a y  rOBOpHWb, qWO F |  (C| ee/[~I tIMeeT MeCTO 

TO me yCaOBHe aa~t k Mop~H3MOB. HOTIO}HHM y = f |  : F |  ~ C |  

(C| osRaqaeT, qWO B CaOnX Mop~bH3Ma . f  FIeT HCH~IIOqHTe- 

UbH~IX ~pHB~IX nepBoro  po~a ;  C-MnI{HMaJIbHOeTt) o3uaqaeT, qWO Bcnnan HCHJIIOtlHTe - 

~bHan RpHsan,  a e m a m a a  B reoMeTpHqec~o~ caoe  Mop~Haua f ,  nepeceI~aeTcn c 

I~aI~O~-HHSy~b Ha c o n p n m e n H b m  }r Heft (c~.  aeMuy 0-4)-  

I .  5. T E O P E M A .  - -  Ecau C-noeepxHocmb F C-.~UHU.~laabHa, U 06U4Ull CJ10~I 

u,ueem poO 1, mo F| (C| 

~o~aaame.qbcmeo. - -  IlyCTb aTO He Tare 14 nyCTb XCF |  

~ p ~ s a g  riepBoro pona ,  cwgrnBae~ag 6npaI~HOHaabnb~M C| g. FI3 }~OM- 

MyTaTIIBHOCTH ~Iaarpa~M~I c~Ie~yew, qWO X C ( F |  r~e x e C |  3aMI~- 

HyTag TOqHa HpI4BOfi C |  (MbI OTOH{~eCTBJIHeM OTOT CJIO~I C ero HaHoHHqecHHM 

oSpa3o~  B F |  H c c a e a y e ~  cTpy~wypy reoMeTpnqec~nx caoeB MOp~aMa  g. HaM 

HOHaXOSHTCH c a e ~ y m m a a  ~eMMa: 

J I E M M A .  - -  IIycmb F | F'-ne~omopb~ ( C| )-6upat4uo~a.~b~u~ ,uop~fiua~, 

ngcmb Oaa a a ~ y m o a  mo,~u x~C| c~o~ F'~ o6.~aOaem caeOy~ou4ua~u Oey~a 

csoflcm6a~tu : 
a) ,~aa aw6o~ e~o nenpu~oOu.~o~ ~o,unoneHmb~ X u~ee.~ ( X . X ) < o  u~u p~(X)=~o. 

6) Ec/lu X~, Xj-pa3Hble ~o.~noHe~m~,~ c.aoa F'~, .neaa~o~ueca nenpueoOu.~,c~u ucr, a- 

~o,~umeabn~u ~pueb~U nepeoeo poOa, mo npueaa X~.+ X~ neceasHa. 

ToeOa c.ao~ (F |  o6aaOaem me.~u :~e ceoOcm~a~u. 
~ona~ameabcmeo. - -  5leM~a ~e r~o  npoBepaeTca  B c a y q n e ,  ~o r~a  g npe~CTaBaaeT 

CO60~ Mono~naa~aoe  n p e o S p a a o B a a a e  c ~eHTpO~ B aa~cHyTO~ TOqUe; H ~ y u i m a  

;meT Tpe5yeMoe B c n a y  TOrO, qTO BCn~n~ 6 ~ p a u H o H a ~  Mop~H~M p a ~ a a r a e T c a  

8 npo~43Be~IeHI4e TaKtIX MO~OI4~aZ[bH~X npeo6paaoBa~nf i .  

l l p o ~ o a m ~  Ro~aaaTeahcTBo TeOpeMh~ ~ .5. 

3 a M e T ~ ,  qWO e c a n  k-Mop~naM F ' - + C |  c oSmH~ caoeM po~a  1 onpe~eaaeT  

( C |  nOBepXHOCW~ F ' ,  TO ero r e o M e T p n q e c ~ e  caou  y~o~aeTBopmoT 

yCJ~OBHflM ~IeMMbI. OWO cae;~yew ~3 HJIaCeH~HHaIIHH TaHHx eaoeB, np~Ha~iaemaHleti 

Ho~Ia~pa ~ H e p o a y  [~5]. H3 aeMMsI wor~Ia Bb~WeI~aew, qWO r e o ~ e w p n q e c ~ e  caoH 

~op(pnaMa fy~oBaeTnOpmOW TeN me yCJIOnHfIM. I l o a b a y a c b  JleMMOfI O.4 U8 C-~IHH~- 

MaJIbHOeTH IIOBepxttOCTH F 3ai~a~qae~I, qTO B reoMeTpHqec~ux c a o a x  ~op~uaMa 

HeT HC~JHOqnTeJIbttb~X HpHBblX nepBoro po~a ,  qTO ~oHa3MBaeT TpeSye~oe .  

~.6.  T E O P E M A .  - -  B npe:)~c~ux o6oa~aqe~us~x ecau noeepxHocmb F C-.~u~u- 

~aabna,  a poO o6u4eeo caoa paee~ nyam, mo cyulecmsgem manaa (C| 

F' u maroa 6upa~4uouaabHb~a (C| g : F| --> F', ,~mo 

a) Crnpy~mypnua ~op~6uz.~ F'--->C| npeepautaem F' e aune~,mmy~o noeepx- 
t 1 

nocmb co caoe~ P~ (too ecmb a l~ocoe npou~eeOeHue co caoe~ P~ u npoe~mueuoa cmpy- 

nmypnoa epynno~) .  
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6) Mop~u3,u g aeaaemca au6o uso~uop~u3~uo.~, ~u6o .~OttOUOCldbHbl~ npeo6pa- 

~oaatme~t c t~eHrnpo~u e ~oHe,moa~ ,~ucae za.~fn!Imbtx mo~e~ noeepxnocmu F' (~e:~caulux 
I na paenb~x caoax 3mo(~ noeepxnocmu) .  I Igcmb 9mu m o , ~ u  ae:~cam e cao~x F~,  ., F' 

�9 . f c n  �9 

ToeOa c!l~u~ua g-npoo6pazoe 9 m u x  caoee Ha noeepxuocmu F| G(-k /k)-uHeapuanmua 

u a e ~ e m c a  Ha6OpO~ ~oHe'mozo 'mcaa op6um,  ~ao~cOaa ue ~r u~eem euO 

- - I  - - I  - - I  - - I  

(Bee HeIIpHBORHMble HOMIIOHeHTH poaa  O). 

Ho~r - -  a)  ~ z m  nocTpoeHna MOp@I3Ma g CTaHeM ~ce HCr~IOqHWe~Ib- 

n~ie ~ p n ~ i e ,  co~ep , aamHeca  n c~ioax MOpqbnaMa F |  C |  ~Ier~o no~a3aTs  

Tor~a,  qTO Bee CSIOH MOp~nsMa F ' ~ C |  6y3yT ~prm~iMn apriqbMeTrIqeci~oro po~a  

' E ny~II:,, IIpI4BeJ~eHHblMI4 14 IteIIpI4BORrIMblMI4. B CaMOM ~e~Ie, ec~iri F ~ =  = a~X~, a~>o, 

xeF |  TOqHa, TO 

I160 

(F;. r | = (F;. r |174 ~(F;))  = - -  ~, 

p~(x) =po(x , )  = o, 

owr~y~Ia 

Z~, (X,. ~o~, | = Z ~  (X,. o~, |174 r (X,)) - -  Z ~  (X,. X,) = - -  ~ Z ~ - -  Z~, (X,.. X,). 

Ec~M ( X i . X ~ ) < - - 2  ~ n~>I, 0TCIO/Ia HaX0/IIIM, qT0 npaBa~ CyMMa ~>O-IIpOTrIBO- 

pe~ine; aHaq~IT, (Xi. X i ) = o  n n = I ,  a l : = I .  CHOBa x0p0m0 n3BeCTH0, qT0 Tam~e 

IIOBepXH0CTH-YIHHe~qaTbIe H 0JIH03HaqH0 011pe/IeJIHIOTC~l na/I k Hall pacc~ioeHi4g qHCJIOM 

~t~eHfl (CM. HariprIMep [I4]) .  
6)  MopOH8~I g :  F |  Beer~Ia MOamO llpeneTaBnT~ B Bn~e IlpOnaBe~IeIma 

(C| 

F |  ~ F '  

r~e F "  Ho~yqaeTCa rI3 F '  MOHOrIRa~bH~M npeo6pazoBaHHeM c I~eHTpaMrI B HOHeq- 

HOM qHC~e 8aMRHyTblX ToqeR Ha F' ,  JieatamHx No ORHOfi Ha HaTI~OM rib CJIOeB IIO- 

BepXHOCTH F~ B oHpeCTHOCTH I~OTOpbIX g He gBJI/teTC/t H3OMOp~I/I3MOM. YIoHa~eM, 

qTO j aBaaeTC~ rIaOMOp~rI3MOM. B npOTrIBItOM e z y ~ a e  nyCTb j -He rIaOMOp~I~aM B 

0I~pecTrI0CT~ C~0g F'~'; T o r a a j  MOmHO IIpeRCTaBHTb B BHae 

F |  .... -+F'~', 
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r3e BTOpOfi MOp~HaM-MOItOH~aJIt, Itoe npeo6pasoBaHHe c /4eHTpOM B O~ItO~ TOqHe Ha 

c~oe F~'; rio wor3a, r~a~r ae r~o  BHgeWt,, CJIO~ (F"')z yaOBnewsopaeT yC~OBnm JIeMMhI 

I/IS I "5 H, 3HaqHW, CJIO~ (F| ofzlaRaew CBOfiCTBaMH, OIIIIcaHHI,IMH B 3WO~I zleMMe. 

DTO IIpOWnBOpeqr~T C-MHHHMaJIhHOCTI4 IIoBepxnocTH F B cnay  a e ~ s ~  o. 4. F p y m m  G 
na noBepxHocTH F |  nepeBo~uw CyMMy Bcex npHBoan~m caoe~ B ce5a. OqeBn3HO, 

~amx5~fi TaHO~ CaO~ COCTOHT H3 ~ByX ORHor~paTHO nepece~a~mHxcH RprIBr~x po~a 

HyJIb; H3 C-MHHHMaJIhHOCTH HOBepXttOCTH F I4 JIeMMM O. 4 CHOBa cae~yeT, qTO 3 a a  

I ~ a ~ o f i  HOMHOHeHTbI npr~BO~HMOrO CaOg cy~ecwByeT aBTOMOp~I43M ~I3 G, nepeno- 

~amH~ ee s ~pyrym ~OMnOt~e~Ty OTOrO me caoa.  

�9 7" T E O P E M A .  - - I I y c m b  F |  ~ C| (C| 
- -  1 

e0e C |  o6utu~t caoa poOa 1. TozOa n(F| to, u cyu4ecmeyem 6upatluot-ta- 

.qbHt, t~ -k-~top~fiuzm F |  ~ P i .  ~.qa ecatco~t rtenpueoOumo~ UCthqtO~tume.qbHO~t ~r 

nepeozo poOa X c F |  u~teem (X.F,)  = a ,  zOe ~tuc.ao a He ~aeucum om X u onpeOe.a- 
| 1 7 6  = 

aemca ycaoeuea O~r@- ~ 

~o~a.~ameabcmeo. - -  Hycw~, g : F |  -+ F '-6apatmoaaa~H~li  Mop,HaM Ha ae~o- 

TOpym k-MnHHMaa~HyIO IIoBepxHocTI~. H o c ~ o a ~ y  n a a  a~)6ofi HeIIpI4BO~I4MOi~ HpHBe- 

~eHHOI] tCpHBOfi X C F |  c p,(X)----o nMeeM: 

x )  + 2) = ( x .  

| 1 7 6  = 
r~e X~C |  WOq~a, rI qrICJIO a onpe~eaaewca r~8 yCnOBHH r174 ~ 

naxoaaM OTCtOaa, qTO HeT Ta~ax ~paB~IX ( X . X ) < - - 2 ,  Bee npnBbIe ( X . X ) = - - 2  

HBJI~IIOTCfl HOMIIOHeHTaMrI caon ,  a BCe HCHJIDqHTeabHLIe RpHBbIe IIepBoro poaa yno- 

B~IeTBOpflIOT aepaBeHCTny ( X . F x ) : - - a .  OTCIORa BMTeHaeT, B qaCTHOCTH, qTO F '  

uaoMop~Ha_Pl•  pe nail  JIHHefiqaTOfi IIoBepxHocTH F2, I~sa3paT CTaH3apTnoro 

ceqenHa ~OTOpOfi paBeH - - 2 .  

ECaH F ' =  F2, TO MopdpHSM F |  2 aBaaeTca H3oMop(~H3MOM B o~pecT~OCT~ 

CTaH~apT~IOrO ceqeHHH JIHHefiqaTOfi IIoBepxHOCTH F2; HOOTOMy ero MOh~HO npe3- 

CTaBHTb B BH~O F |  -+ F' -+ F 2, r3e BTOpOfi MOp~HaM-MOHOH~Iaabttoe npeo6paaoBanne 

c I~eHTpOM B TOqt~e X Ha 172, ae~amef i  BHe CTaH~apTHOFO ceqeHHH. CJIe~OBaTeJ/bHO, 

Ha F' ~IemnT ~oa~pHrypauna HpHBI,IX BH~a 

- - I  - - 2  

r3e zfeBag upuBan-o6pa3 TOqHI/ X, a ~Hmann-o6pa3 ee caon.  MH MOmeM CTgHyTt, 

o6pa3 CJIOH H 3aweM cwaH~apTHOe ceqeune;  gozlyqHweft, ~aR aerKo BHReTb p2. 
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E c a n  F ' =  P~ • P~, aHaaoruqHoe npeJIcTaBJIenne F |  -+ F' ~ P~ • P~, r~e BTOpOgI 

Mop~nsM-paa~Iywne O~HO~ ToHHa Ha P ~ x P  l, IIpI4BO~IIIW I~ ~OH~nrypa~nn  

- - I  - - I  

- - I  

B HOTOp0~ abe Hpa~HHe HpnBme-o6pa3m o 6 p a a y m m a x  RBaapnHn aepea aTy T0qny; 

II03TOMy MOH~HO CTHHyTb I4X ~IO p2. 

|174 Haxo~HM (tOF.tOF)=O, TaI~ qTO HaHoHeII, I43 TOFO, HTO (OF| ~ 

n ( F ) :  Io,  B c n a y  aaMeqaHnn B n. 1 .2 .  

�9 .8. Cze~ya  B OCnOBHOM OHpnUBecy, Mm h a m a n  ~Ba ceMefiCTBa noBepXHOCTeii, 

c o~ e pmamnx  upeJIcTaBI4Tean Bcex ~aaccoB (HBaaH)-6npauHoHaabHo~ 3HBnBa~IeHT- 

HOCTH. CeMe~CTBO C 3:I:II4nTHHecKI4MH KpnBmMH HMeeT KoHeqHOMepuoe npocTpaHCTBO 

Mo~Iy~efi; ceMefICTBO C paIIHOHa~bH~IMH-HeT. 

I .~ ,  I/I3JIOH~HM OCHOBItbIe cBe~eun~ o JII4He~lqaTbIX pa~I~IOHaabHmX k-noBepx- 

HOCTnX. Ham~an  TaHaFI HOBepKHOCTb ~IB~IHeTC~I k-~pOpMOfi O~nOfi Ua nOBepXHOCTei~ 

Fn,  r /~O : F n B o6oaHaqeHnaX FpoTeHRnHa ([8] ,  r a .  II)  nMeeT BI(I~ P((~v,(n)|  

TO ecwb Proj S.,  r ae  S~-nyqo~ CHMMeTpI4qecHI4X a z r e 5 p ,  nopoH~aenHma n y q r o ~  

O~,(n)@(~r,(--n) na  npu~tofi p1; np~i aTOM B cwpy~wypy ai~nefiqawofi noBepXHOCTa F n 

~XOnUW ee ~auouaqecna f i  uopq~na~ p~ : F~ ~ P~. YIpn n/> ~ cymecwnyeT I~aHOHHqecHoc 

ceqeane  s~ : P~--> F . ,  o6paa ~owoporo HB~I~eTCH eaHHCTBeHHOfi HenpnBOa~IMOfI I~pnBOfi 

Ha F, c nnae~co~  caMonepeqennn - - n .  I Ipn  aTOM PLcxeMa F~--s~(P ~) naoMop~paa 
PLCxeMe V(Cv, ( - -n) ) .  

IIycw~ F - ~ a n a a - a a 5 y a ~  k-q~opMa noBepxuocw~ F , .  OqeBnanO, F 0 = p t  • p~ ; noa- 

WOMy ~)OpMbI F0-oWO ~ByMepHb~e uBaapnun .  OrpaHHqI4MCn aaa~me  paccMoTpeHaeu 

cayman n>~ ~. 
x. xo. T E O P E M A .  - -  a) Ec.au n-- ~ rood 2, mo .~m6aa k-!fiop~a noeepxnocmu F, 

mpueua.~bna, mo ecmb u3o.~op96na F,,. 

6) Ec.qu n - o  mod 2, n>~ 2, mo k-r noeepxnocmu Fn naxoOnmca eo e~aumno 

OOHO3Ha~IHO3f coomeemcmeuu c k-96op~a.~u npoenmuenoO npna[oO P~; coomeemcmeue 

ycmaHaedueaemca conocrnaa.~eHue~ F ~pu8o~ c uHOeKco.~ ca~uonepece,~enua - - n ,  aea~ca- 

u4e~l Ha He~l. 
(HaIIOMHI4M, qWO k-q~op.~m IIpoet~wI/IBHOfi np~tMoi~ p i  B CBOIO oqepea~ Haxo~I4TCH 

BO B3aI4MHO-O~IIO3HaqHOM COOTBeTCTBI414 C HBaTepHI4OHItbIMH a a r e S p a ~ n  Ha~ k 

(c~. AMnwcyp [~] nau  Cepp [a~]). 
3 a ~ e q a H u e . -  B aaMewue [i~] Omn6OqHO ywBepm~aaocb, qWO yTBepm~emm 3. 

Bepuo ~ I~  ncex n .  

,~ora3ame~bcmeo. - -  I lycT~ C-He~OTOpa~ k-c~op~a n p ~ o f i  P~, ~aHoH~qec~n 

a e m a m a ~  Ha ~popMe F nOBepXHOCTH F~. Ta~  ~au r p y n n a  aBTOMOpq~naUOB noBepx~o-  
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e t a  F . |  ~a~ aerr~o BI/IJleTb, IIepeBOJlHT C~OH n p o e m m n  p. B CYlOH me (CM. [ ~ ] ) ,  

TO y F 6yaeT cymeCTBOBaTt, n p o e ~ a n a  p : F ~ C .  IIpH 3TOM nyqo~ pOCT~O~ ceqeHn~ 

3TOi~ npoe~uHn a o ~ a a b a o  CBO60~eH na~ C, n nOTOMy ecan C nenZoMopqpHa P~, TO 
1 

IIyq01~ ~ |  Ha C |  r~ZoMopqoen O~( - -~m) ,  n6o, ~ar~ H3BeCTrIO, rOMOMOpdpa3M 

(Pic C) (k ) -+  (Pic C |  nMeeT C~OnM o6pazoM n o ~ r p y n n y  3aeMenTOB, ~paTmaX 

~ByM. 
CaeROBaTe~II~HO, ec~I~I n - I  rood 2, TO ~opMa COOTBeTCTBylOnlerO HaHOHHqecHoro 

ceqeH~I}~ TpI4BI4aJIl~Ha. IIOHaH~eM, qTO ecJIrI n = o  rood ~, TO MOH~HO Ha~ITI/I HOBepX- 

nOCTb F, y ~aoTopo~ 6yAeT B l~a~iecTBe ce~ienrm aloSau O o p i a  C npaior2  la~,. I l pn  n = o 

BO3bMelVi F = C • P~. E c a n  ~CHOMaa 4popMa F noBepx~ocTrI F~ yme nocTpoeHa, nOCTpO~IM 

~opMy IIOBepXHOCTH Fn+ 2 Tall: BO3BMeM Ha HaHOHIIqeCHOM cetleHI4I~I F (IIpH n = o  Ha 

alO6OM ceqei-mn) 8aMUHyTylO TOqny X cTeneHI~ 2 (TO eCTb [• : k] = 2), ilpOnaBe~Iei 

MOHOHilIaJIbHOe npeo6paaoBaHI~e c I~eHTpOM B Heft 14 3aTeM CTi:IHeM Hpoxog, Hlalrl~ qepe3 

aTy TOqI~y caofI (TO eCTI~ npou3BeaeM aBa (( ~aeMeHTapm~ix npeogpazoBaHrla ~> c laeH- 

TpairI  B TOqI~ax, aemamrlx  Ha:a x Ha F |  : cM. HaraTa  [~4])- YleMm,i 0. 4 n 0. 5 r apan -  

THpyIOT,  qTO OTO MOH:~HO c A e a a T b  HaA k. 

OcTaeTca rlpoBepnTb, qTO Bce ~OpMla F c ~]mI~Cr~pOBaHHOft C nZoiopr I. I lycTb 

k-oRHa TaHaa ~op:Ma; aMeeT MeCTO TOqHa,q IIOC.7IeAOBaTeYIbHOCTb G - r p y n n  

I ~ F ~ Aut (F |  ~ Aut (C |  -+ 

(B ~OTOpOfi anrlMop~ItOCTI, B TpeTl~e MqaetIe aeri~o iipoBep~teTca). ~OCTaTOqrI Aoi~a- 

3awb, '-IWO Hi(k, F ) = { I )  (3TO caeAyew rI3 i~oroMoaorrlqeci~oi~ ilOC~ie~IosaTe~imlOCWrI, 

rI6o riac rlHwepeeyew npooSpa3 WOmRecwseHHoro I~OlmI~aa B H~(k, Aut  (C |  Ho,  

OqeBHRHO, F = H ~ 1 7 4  ~/ff), r~e ~'ff-nyqoR pOCTHOB a~(pI4HttblX aBTOMOp~H3MOB 
t 

paccaoemla  (F \C)  |  ~ P~; nieeM TO,ntylO IlOCae:aoBaTeat, aoewl~: 

o -+ 0r| -+ ~r 0F| ~ o, 

nail OTOpOA eae~IyeT, qWO H~174 ~r ~moMop~aa noaylIpaMOMy IlpOn3ne;aenmo 

(n + i)-ii a:a~lrlTnnHoii n O~IHO~I Mya~,TrmaH~aw~ImtO~I (~aI~TOp)-rpymlla n o a a  k ,  qTO 

Aoi~asl~IBaeT Tpe6yeMoe. 

2. HeRoTopble 6HpalIuOHaabHbIe UHBapHaHTbl 

2 .  x. RyCTb F - p e r y a a p H a a  k-noBepxHOCTL. CMMBOaOM N(F) 6y~eM 0603HaqaTb 

r p y n n y  N u m ( F |  HaaCCOB RHBrI3OpOB na F |  c TOqHOCTblO RO tIrlCJIeHHO~I ;~HB- 

nBaae~ITHOCTH. Fpynr la  N(F) cnaSmena cae~ylomnMn :aonoaHnTeabHblMn cTpyUTy- 

paMrI: 
a) CTpyuTypofi Henpepl~iBHOrO G-Mo~yan (G- rpynna  F a a y a  k/k); npn 3TOM 

N(F)~DNum(F) .  Hal~ Z-Mo~yab r p y n n a  N(F) He HMMeT I~pyqeH~Ia n nMeeT none-  

qHl~iI~ p a n t ;  
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6) CnapnBai~HeM N ( F ) x N ( F ) - ~ Z ,  r~oTopoe onpeaeaaeTcn 14H~XeHCOM nepece- 

,aei~ria. DTO cnapriBaHrre G-rIHBapHaHTrm, TO eCTb aSta ato6~,~x 3aeMeHTOB ~, ~zN(F) 

ti s ~ G  HMeeM 
= 

e)  BI~IJIeJIeHHt~IM 3JIeMeHTOM r I~JIaCCOM IIoBepXHOCTII F .  

Ha CaMOM ~eae jlame r a. 
3TH cwpy~wypbI oSaa~Ia~oT cae~yDm~M~ /pyn~wop~aabHbIM~ CBO~CTBaMI4. ~JIlI 

am6oro k-Mop/p~3Ma f :  F ' ->F onpeJIea~ewc~[ G-rOMOMOpdpU3M 

f*  : N(F) -+ N(F').  

E c a ~  o6e  IIOBepxtIOCTH CO6CTBeHIIbIe g MopOHaM f 6 ~ p a ~ o n a a e H  TO f*-MOHOMOp- 

~H3M. B DTOM cayqae . /*  coxpaH~eW Tam~e ~H~Ie~c iiepeceqenHg. IIp~ ~WnX ycao-  
Bn~X onpe~eaueTcn ~r rOmOMOpdpH3M 

f ,  : N(F') --> N(F), 

rae aaa  aIo6oro 3ae~enTa ~zN(F') 3JIeMeItT f , (~)eN(F)  onpeJieaneTca ycaoBrleM 

(~ ,f*(~)) = (f,(~). ~) 

~aa Beex ~eN(F) .  OTo6pamenHa f*,  f .  onpexeaamT aa N cTpyRTypy ~yngTopa 
na ~aTeropn~ ~3(k) eo6eTBenHbIX peryanpHblX k-nOBepXHOeTefi e 6npalmoHaabHbIMn 
MOpqoI~aMaMH. 3HaqeHna ~TOrO qpy~Topa npuHaaaemaT ~aTeropa~ ~(k) ~enpep~mH~IX 

Z - e B o 6 0 ~ I X  G-Moayaefi noaeqHoro paHra. 
(I)yHHTOpHaa~,HOe nOBeJIeHHe HaHOHHqeeNoro i~aaeea ~o F 6o~ee eaomHo. HaaoneM 

OaeMeHTapHblM Mopdpa3MOM Ta~O~ Mop,haM f :  F ' -+F  B ~ a T e r o p ~  ~3(k), ~OTOpS~fi 

~naueTea MO~On~aab~b~M npeo6paaoBanneM e ~eaTpo~ B aaM~nyTofi Toqne (co eTpy- 
~TypO~ np~Be~ea~o~ no~-cxeMbi) xeF.  IlycT~ f - l ( x ) e N ( F ' ) - ~ a a e c  e a o a f u a a  VTOfi 

TOq~Ofi B rpynne  N(F') .  Toraa  

+ f -  

HocKoabHy aio6ofI MOp~II3M B ~aTeropmI ~3(k) paaaaraeTc~ B nporIaBeaerme 3aeMe- 
HTapHI,IX, DTa qbopMyaa IIO3BOJIgeT eBItaaTb r F, e 6) F B O~IIIeM cayqae.  

HaHOHeR, OTMeTHM, qTO 3aMeHa n o a h  HOHCTaHT k Ha e r o  a a r e 6 p a H q e c n o e  pa- 

cm~penue K c k  (TO eewb 3aMelia F Ha F |  COOWSeTCWByeW (}~yHI~WOpy orpam~- 
qeHan G-Mo~yaefi N(F) Ha no~rpynny;  BCe ocwaabHbIe cwpyHwypbI B OqeBmlHOM- 

CMbicae coxpaHalOTCg.  

HaM eme HoIta/IO6HTCR c a e ~ y ~ m a a  x o p o m o  gaBeCWHag. 

J I E M M A . -  llgcmb f :  F'~F-~topCu3~t e nameeopuu fB(k). ToeOa u~teem ~tecmo 

naHoHwtec~oe npastoe pa3ao3~cettue G-~toOgae~: 

N (F') = I m f *  + K e r f ,  
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(Cp. Hanp~iMep, HaraTa  [14] ). Ecnu mopCu3~ f 9.~e.~eHmapeH u aennemca .~OHOUOa- 

JlbHbIJ~ npeo6pa3oeanuem c ~eHmpom e mo~ne x c F ,  mo K e r r ,  nopog~cOeH ir 

n m a m u  eeoJuempu~ec~oeo caoa f - l ( x ) |  ma~  ~mo OHU cocmae~awm ebtOeneHHym 

cucme~g o6pa3yloutux; ux  ~amput4a nepeceqelmO, oueeuOHo, paeHa - - E .  HoOapgnnbl 

Ira f *  u K e r r ,  opmoeoHaabHbt omHocume.abnO uuOenca nepeceueHua. 

HauOBeM TpnBuaabHbIM BCg~Ifi G-Mo~yab B HaweropHH E(k), l~owopblI~] I430MO- 

p~eH npUMO~ CyMMe HoueqHoro qucaa  Mo~yaefi BH~a Z[G]z[H]| , r2e H npo6e-  

raew OTI~pI, IWbm uo~rpynII~,I rpyngbI  G (Z-wpHBHaabHLIfi H-Mo~yaL). I/lMeew MeCTO 

cae~ymmau.  
2 .2 .  T E O P E M A .  - -  ~ a a  moeo, ~tmO6bl k-noeepx~tocmu F, F' e uameeopuu 23(k) 

6blaU 6upm4uouaab~o 9muea.aeHmHbt ~aO k, Heo6xoOu.~o, umo6~,~ cyu4ecmeoeadu manue  

mpueua.asnb~e G-~oOyau M u M ' ,  ~tmo 

N ( F ) + M '  ~ N(F ' )  + M .  

3a~e,ta~tue. - -  B xaa~Hef~meM MM 6y~eM HOab3OBaTben aTHM ~pHTep~IeM, yqnTb~- 

Ban TOa~O cTpyI~Typy G-Mo~yam Ha~  no~aa~iBaeT npe~, I~ymee oScym~eH~e, 6oaee  

TOHHI/Ie HnBapnaHTbI, BO3MOH~HO, Morao 6hi ~aTb Tpe60BaHge o cyIIIeCTBOBaHHH npoao-  

ameHnn HH~e~ca nepeceqeH~n s HaHOH~qecHoro ~aacca  Ha N ( F ) + M ' ,  HO ~He 3HalO, 
I~aI~ 3TO yqI4TbIBaWI~. 

~o~r - -  H o a b a y a c b  ~IeMMaMn O. I ~ O. 2, ~3 6~pa~IHOHaabHOfia HBH- 

BaaeHTHOCT~ noBepXHOCTefi F H F'  HaJI k MbI MOmeM aa~mouuT~ 0 cynleCTBOBaH~H 

k-noBepx~oew~ F "  k-MOp~aMOB f : F " - ~ F  ~ g : F ' - + F  n ~averopH~ ~3(k). Mop~[maMf 

MOmHO paaaom~TS B i~po~aBeJIeH~e a~eMenTapH~IX MOp~HaMOB. Y[eMMa H o6cym~eHne 

B ~OHHe n p e ~ , ~ y m e r o  ~]yH~Ta no~aasmae~,  qTO eca~ f 9aeMeHwapeH, TO 

N ( F " )  = N(F)  + K e r r . ,  

a Kerj~-TpnnnaasH~Ifi  G-Mo~ya~, ~aOMOp~H~I~ Z[G]z[a] |  , r~e H-cwa~moHapHau 

i i o~ rpynna  o~no~ n3 HeIIpHBOgiHMBIX I4CHJIIOqI~ITe~IbHbIX HpI4BI~IX, CTHFHBaeMblX Mop~- 

HaMOM J @ k .  I/IH~lyI~uHtt no q~cay  a~ieMetiTapHbiX Mop(~II3MOB B t~OTOp~,Ie p a a a a r -  

aecTH f H g~ IIOHa3bIBaeT~ qTO 

N ( F " )  = N ( F ) + M '  = N ( F ' ) + M ,  

r~e M ~ M' TpnBsa~ISHSI. 
e '3"  B pa6oTe OHO [16] onucaHb~ neuoTopble nHsap~aHTb~ G-Mo~yuefi n3 RaTe- 

ro~p~  E(k),  ~OTOpbIe ae MeHmOTC~ rips n p ~ 6 a n a e H ~  TpHBga~bHOrO MO~Iya~. 

IIyeTb Ns~(k )  ~ nyeTb HcG-OT~pb~Tblfi nopMa~bnbI~ ~eax~Teab, Tp~Bnaabno 

~efieTBy~omn~ Ha N. Yler~o no~aaaTb (CM. OHO [16], w 3), UTO r p y n n  a ~ o r o M o a o r ~  

H~(G/H,  N) He aaB~CnT OT ~bI6opa H n nTO H~(G/H,  N + M ) - - H ~ ( G / H ,  N),  eean  

M-TpIIBI4aJII, HBI~ MO~y~b (Ilocae~IHee BNTe~aer I43 TOrO, qro  

H~(G, Z[G]ztm • Z) = H t(H, Z) = o). 

M u  6y~eM o6oaHaqaT~ aTy r p y n n y  H~(k, N);  Teope~a 2.2 no~aa~maeT, qTO nMeer 

MeCTO 
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CYlE./~CTBI4E. - -  ,~na moeo, umo6bt Oee noeepxnocmu F, F' ua nameeopuu ~(k)  
6btJtU 6upatluona~bnO anauoa.aenmnbt naO k, neo6xoOu.~o, umO6b~ 

Hi(K, N(F))::H~(K, N(F')) 

0~,, acex norte~nbtx pactuupenu~ K ~  k. 

(~eitCTBnTeXibHO, ecar! F, F' 6apatlnonaxibnO aHBHBaxienTHral nan k, TO n aa~ K 
TO~e, rtprmaeqenne rCOHeqabIX pacmnpeHrIfi ua CaMOM aeae aaeT 6oaee TOrmnfi HaBa- 

plianT, HaI~ 6yJ~eT BH~HO Ha paaSnpaeMoro hi,  m e  npnMepa).  

Fpyana  Hi(k, N(F)) UO MnOrnX nHTepecmax cayqanx no~aaeTca BHqUCneHam 

H aocTaBaaeT aOBOabaO cnabnbtfi chaco6 paaanqaTb uaacchI 6apaunoaaabHOfi auBn- 

BaYleHTHOCTrI. 

2 4 .  Eme OaHnM nHBapnaHTOM, HOTOp~fi aoCTaBaneT pa6oTa Ono [I6], Mae 

He y~aaocb BOCHOJIbaOBaTbCH B HOHRpeTHbIX npnMepax, Ha OH aacaymnBaeT yno- 
MI4HaHI4~I. I~aweropnn ~(k) ~ ~BOfiCTBeHHa~I H ~(k),  OHBHBaJIeHTHa Haweropnn k-TopoB. 

I-IpeJlno:IOmHM, qTO k-none aare6pauaec~nx qncea  ~oHeqno~ CTeHeHH n a n  none  

~ynuunfi  o~no~ nepeMeHnofi nan uoneqHUM noaeM ~OnCTanT. IlycT~, Ae--k-a~xreSpa 
aaeae~ Roan k, H CG-oTup~IT~I~ nopMaa~uU~ ~eaaTen~, TpaanaahHO ae~cTsy~oma~ 
Ha G-Moaya~ Ne~(k) ,  NO--k-Top, COOVBeTCTaymmHi~ aTOMy Moayam. HoaomuM 

N~ A, N ~ ann am6o~ k-aare6p~ A. IIycT~ eme K = k a ;  Tonla, 

ua~ nouaa~maeT O~o, rpynna  

Ker(Ht(N~ --> Ht(N~ 

Hen aBHeHT aT BU6opa H. 0603HaqI4M ee CHMBO~OM H~(k, NO): awo-rpynna ao~a~HO 

WpnBua~IbHh~X r~aBm, ix O~opo~HbIX npocTpaUCTB na~ wopoM N ~ Ec~n N o=  N o + M ,  

rae M=Z[G]zt~] |  TO Top M ~ naoMop~eH RK/k(G~), K = k  a, (B o6oaHaqeHn~Ix 
OHO [~6]), n nOWOMy 

H~(k, N ~ = H~(k, NO). 

B qaCTHOCTH, o6oauaqaa aMecwe C OHO qepe3 h(N), i(N) nopmlun rpynr! H~(k, N(F)) 

H~(k, N(F) ~ COOTBeTCBeHHO, a qepe3 v(N)-qncao waMaraB~ wopa N a, noayqaeM 

n~ OCHOBHOrO peaya~waTa pa6owht [~6]. 

CYIE)~CTBI/IE. - -  ttucna i(N(F)) u ~(N(F)) aes~ntomca k-6upat luot la: lbnbl~U 

umapuanma~u noeepxnocmu F. 
Moh~o npe~nonomnT~, qTO nnaapnanTnOCT~ qnc~ia TaMaraBu v(N(F)) (~aa 

p a t m o n a ~ n o ~  noaepxnocTn F), ~oTopan no~iyqaeTc~ a~ec~ qbopMaa~no, ~onmna 

nMeT~ ue~oTopoe ap~qbMeTnqecuoe nCTO:mOBaHne: B CaMOM ~eae, ~laewa-/~ynmmn 
wopa N(F) ~ n noBepxnocrn F canaan~ ~lpyr c ~tpyroM wan me wecno, ~au ~laeTa c~yH~- 

IIHH I~plIBO~l I~ ee Mnoroo6paaue H~o6~.  

Tenepb MU npnMeTnM upnTepnfi n. ~. 3 ~an ~louaaaTeabeTBa eae~y~omero peay- 

~IbTaT3. 

2.5. TEOPEMA. - -  HpeOnonoa~cu~, ,tmo y noah k ecmb naaOpamu,moe pactuu- 

penue K. ToeOa cyulecmoyem 6ecnone,~tto .~noeo pa~uonaabnbtX k-nooepxnocme~ F, 
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nonapno ne 6upal4uona.abHo 9~auea.aenmnbtx naO k, ~omopue cmanosnmca mpuauaab-  

nbt.~U naO K.  I/Inane eoeopa, aOpo omo6pa~cenua 

H~(k, Cr) -~ H~(K, Cr) 

e0e Cr = A u t  k (x ,y ) /k  (epynna  Rpe.~ona) ,  6ecnonomo. 
tlacmnbtO c.ay~a(t. ~ MHomecwso H~(k, Cr) 6ecHoneqHo ~na aio6oro r~oHeqHoro 

noah k. 
3a~te~tanue. - -  HyeTb re(F)=max(o~, .cor) ,  rjIe Ma~enMyM 6epeTea rio BeeM 

k-noBepxnoeTnM F', 6npannonaaLno aHBnBaaeHTHHM F. OqeBn~no, m(F)-6npauno- 
Haa~HUfi HaBapnaHT. I/In npnBejIeHHoro Hnme jioI~aaaTeat, CTBa TeopeM~ 6y~IeT nn~aO, 

qTO m(F) B yCgIOBIIHX TeOpeMu MoH~eT IIpHHHMaTb CTO~Ib yroaHo 6oabmile no a6co- 

5IIOTHOI~ BeailqilHe OTpilIIaTeJIbHbIe 3naqeHilJ:I. 

~oxaaame~,cmao.  - -  PaccMoTpiiM B Ilp~MOM Ilpoilase~eHnil pt•215 noBepx- 

HOCTI~ 

F :f,~(Zo, Zl)XoYo = xlylgm(Zo, Zl) 

rae fro, gm -BaaIlMIlo npocT~Ie q~OpMbI cTenean rn OT aByX nepeMenilbix 6ea r~paTnux 
aeailTeae~; (xo, x~)-noopaaaaTra nepBoro ~HOmilTeaa Pt, (9o,2~)-BTOpOrO, (Zo, Z~)-Tpe- 
Tr~ero. HoBepxHocT~, F pe ryaupaa  a IlenprmoanMa. Paee~oTpma ee npoemm~o 
g :  F-+P ~ Ha TpeTn~ MaOmilTear,. B TOqrmx z e P  1, rae f ~ ( z ) g , , ( z ) * o ,  caoeM aBa- 

neTca rr Ha P~• P~; B TO,~rcax, rae f , , ( z )gm(z )= o, caoeM aBaaeTcn Ilapa TpaHc- 

Bepcaabm,ix npaMux. 
HpoMe TOrO, HMeIOTClt JIBa CTarlKapTHblX ce'lerIIla 3TOI~i IlloBepxilocTn: HpnBble 

X o : x o =y~ = o; 

X~ : x~ =Yo = o. 

~ e  OWCIOJIa caeJlyew, qwo F 6npaanoHaa~,no ai~BnBa;aeHwna I]~OCr~OCTH. 
Ha F 6I~peryanpno Jler2CWByeT Z z , C noMombIo nepecwailoB~n nepBi,~x JIByX 

MnOm~TeJmfi. Sho6oe r~BaJtpaTilqHoe pacmnpen~te KDk onpej~e~new ~OaVO~ty t'OMO- 

MopllbH3M h:G--->Aut~(F|  0603HaHHM qepea F n k-noBepxnocw~,, noayqennyxo 

n3 F cr~pemnBaHneM c nOMOmb~O aworo i~oi~rmaa If3 Z~(G, Aut(F|  BaomeHne 

Aut(F| --> Cr rInayIInpyew owo6pameaile 

W(G, Aut(F| ---> H~(G, Cr), 

o6pa3 rr OqeBn/IHO, COCTOHT If3 ~OIIIIHJIOB, pacnaaalotUnXCn Ila/I K.  Tenepb 
Br~t'~nCailM rpyni ly  H~(k, N(Fn)). 

3aMeTilM, npemae Bcero, nWO I~anoilnqec~oe cnapilBaHile N(F)• onpe- 

/Ie~aew cnapnnanile (rpyiln roMonorilfi Te~wa) 

H~(G/H, N(F)) • H-~(G/H,  N (F)) -~ H~ Z) 

ann a~5oro  OVI~p~ITOrO IlopMaa~iloro 2iea~weaa H o G ,  wpilBilaa~.HO ~Ie~cTBymmero 
Ha N(F). Yler~o no .anaT. ,  aTO aWO cnapnuanne HeS~pora~eHo n onpe~leaaew aUO~- 
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CTBeHItOCTB r p y n n  H p n H -p.  MLI HOI~HpyeM ~IoHa3aTeglbCTBO TeopeMbI 6 .6  raaBbi X I I  

~ nn r~  [4]: ~Mee~ WOqHytO rlocae~oBaweJisHOCWb G-Mo~yaefi 

o -+ N(F)  --~ H o m ( N ( F ) ,  Q )  --> H o m ( N ( F ) ,  Q / Z )  -~ o, 

r~e N(F) OTO~/~eCTB~IgeTC/t C H o m ( N ( F ) ,  Z) c nOMOm~IO c n a p n s a u ~ n  n nepsoe  naome-  

H~e HH/IyRHpOBaHO BJIOh~eHHeM Z - + O .  ~Ta TOqHag IIOC~e~OBaTeJIbHOCTb onpe/Ie~geT 

~oMop/pn~M~,~ 

: H~(G/H,  H o m ( N ( F ) ,  Q /Z) )  --> H~+~(G/H,  N(F)) .  

PacCMaTp~Ban ~OMnO~m~mo ~TOrO ~I~OMOp/~n3Ma c I430MOpt~H3MOM cae~CTBHg 6. 5 

raaB~,~ X I I  ~H~rn [~], HaXOnnM ~ O M O p C ~  

H o m ( H - v ( a / g ,  N(F)) ,  O / Z )  ~ H~(G/H,  N(F)) .  

I IpoBep~y  woro, qwo Oil COOTBeTCTByeT c~mpi~uaHmO, ~ I  onyc~ae.u.  

MbI 6y;~eM Tenepb Bt)IqHCJI~ITB H - I ( G / H ,  N(F))  BMeCTO Hi(k, N(F) ) .  C 3TOI'~ 

~/eabIo I4CnOab3yeM cae;~yr)my~o aeMuy.  

~-9" J IEMMA. - -  Ilycmb {X~}cF| tta6op nenpueoOu- 
~b~X ~pUeb~X, uaacc~ Uomopb~x nopog,tcOa~om apgnng N(F) .  Ilgcmb S-epgnna Oueu3opoe, 
nopo~cOeuttaa {X~}, So cS-noOepgnna Oueuaopoe qucae~uo aueueaaeumttb~x o, H c G -  

Hopauaabnb~(~ Oectumeab tcoHequozo unOenca, mpueuastbHO Oe~cmeg~ou4uft Ha ece X~, 

N =  Y~ g e Z [ G / H ] .  ToeOa umee~: 
gC G/H 

Hi(k, N(F))  ---- H - I ( G / H ,  N(F))  = (NS n So)/NSo. 

~onazameabcmeo. - -  PaCCMOTpI4M TOqHy~o nocae~OBaTeabHOCT~, G/H-,vIonyae~ 

o-~So-~ S - + N ( F )  -+o 

OT nSi6opa r p y n n ~  H nnqero  He 8aBnCnT; I~pOMe TOrO, H - ~ ( G / H ,  S ) = o ,  n6o S-TpH- 

BI4aabnbIfl ~o~yab .  

OTCIO~a tIaxo~I/IM TOqHyIO IIOC~Ie~OBaTeHI)HOCTb 

O ~ H - ~ ( G / H ,  N(F))  -+ H ~  So) -+ S ~  S). 

TeM CaMbIM 

H - ~ ( G / H ,  N(F))  = K e r  (So~/NG -~ Sa/NS) = (NS n So)/NS 0. 

2. io .  IIpnMeHHM aeMMy 2 .9  H namefi  noBepxHocTn F h. IIycTb LD K - n o a e  pa3- 

a o m e n n n  {)opMLI fmgm]K. H a  F |  pacc.~mTp.M Hpn,bie Yi, Y~-HOMnOHeHTbI npnBO- 

/II4MblX C~IOeB, n onpe~eae~Hue  Bb~me ceqeHgit So,  X 1. ~TOT Ha6op I~pnBLIX G-nuBa- 

pnanTeH, a Hx ~JIaccsi Ha F| Impom~Ialow N(F) ;  Xo-t-X~-o~Ha op6Hwa; ocwaabn~m 

opgIlWbI COCTOItT H3 nap  Yi +Y~, ecan  n o ae  p a a a o m e n n n  fmg~ Ha~ k aI4tIeI~HO CBO60- 

/IRO eK ,  qWO npe3noaaraewc~;  wor~a r p y n n a  F a a y a  n o a h  L/k nMeew BI4X Z2X S ,  r)le Z 2 

nepecTaBHneT X o c X 1 n na6op  (Yi) c (Y~), a H 3efiCTByew Ha (Yi) H (Y~) ~a~ Ha 

I~Opnnf~gm). fI yTsepm3aio ,  wor/ia qWO 
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N ( F a ) ) = I ( Z z ) •  e c a n  y fmg,. eCTb ~IeanTeab tIeqeTHOfi cweneHn 
Hi(k,  

(Z~) • B oeTa~nun~x cayqaux 

r~e  •  HeHpHBO~I4MbIX MHOmHTeaefi y f m g ~  Ha~ k. 

B CaMOM ~eae ,  Mawpmla nepeceqeHnfi riMeew BI4~I 

t ! Yt . . .  Yz,. 

X~ \ \ 

Y~ .-- Y2., 

(Xo. So) = (Xl. Xi) : - -m , (Y/.Y/) -- (Y~ .Y~) = - -  I, 

(X O.x l )=O,  (X O.Y~)=(x  1.Y/)=O, 

(Y{. Y~.)= (Y~. Y ~ ) :  (Y~. Y~)= (Y~. Yi )=  o, i4:j; 

(Xo.Y,) = (X~.Y;)=  ~. 

1-IycTI~ eme M-nopajIo~ rpynnsi Faaya L/K,  Zi, i =  ~, . . .  • CyMMa ~pns~X B i - - g  
op6nwe caoes,  m~-qncao rCOMnOHenT Zi. ECaH Y~, Y'~ Hpnna3aemMT i-fi op6nTe, TO 

NY~=NY'~=• Iloasayncs eme WeM, qWO r~ianHi.ie RrISrIaOpLI q n c a e n n o  3tCBrIBa- 
mi 

JIeHTHbI ny:~m, Haxo~HM 

"= i i = 1 ~  

C 3pyro~ CTOpOHhl, aer~nfi IIORcqeT IIOHa3bIBaeT, qTO 

2m 2m 2m 

So= {xo(Xo-- X l ) §  ~ly,(Y, + Y~)--Xo,~z Y~ [ Xo, yieZ, ~=tyi=mXo} 

OTCIORa a e r ~ o  c~ie~yeT Hame y T B e p h ~ e H n e .  

Tenepb JIerHo RoHasaTb TeOpeMy. ECJIH l]o~ie k ~eCHOIteqHO, paCCMOTpHM HOBe- 

pXHOCTn F h, r3e ]C~gm p a 3 ~ a r a e T c g  Ha 2 m ~I~IHeiiHbIX MHO~rITC~eu Ha~ k; • = 2  m MO~HO 

c~eaaTb Ha~ yroRHo ~OJIBIIII/IM, H 3TO qrICJIO HBJIHeTC~I k-Snpa~nonaabH~M IIHBa- 

pI4aHTOM IIOBepXHOCTrI F h. 

ECJII4 H~e k ROHeqHO, BO3bMeM IIOCJIeROBaTeJIbHOCTb HeIIpI4BO~II4MblX MHOFOq- 

JIeHOB fn, gm (f~#gm) HeqeTHblX n o n a p n o  B3aHMHO IIpOCWbIX cwerleHei]; nycwb l~(m)-IIOBe- 

pXHOCTb COOTBeTCTBy~omaa F h, a km-nOze pa3~oh~eHHg f~.  Ha~I k~ I~MeeM: 

Hi(k.., F(')|  n#m, 

TaR qTO F (m) H F (n) 6 n p a i i n o H a z i b n o  He3I~BHBaaeHTHbI naR k m ~I TeM 6oaee Ha~I k. 
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3" HoBepxHoeTH ~eab Hemlo 

3.~.  O H P E ~ E J I E H H E .  - -  PezgaapHan paquouaabnaa k-noaepxnocmb F nas- 

b~eaemcn noeepxnocmb~o Oeab Heqqo, ecau nyuon o~ ~ ouenb o6uaen, a anmunanonu- 

uec~aa cucme.~a He u~eern nenoOeua~vnb~x no.unonenm. 

3.~.  J IEMMA. - -  Hycmb F-pezyaapnaa pm4uona.abnaa -k-noeepxnocmb, Oaa 

nomopo~ (t~.to~)>~ ~, XcF-HenpuaoOu~an npueaa c ( X . X ) < o .  ToeOa umeem ~ecmo 

oOna u3 mpex eo~.~oa~cnocmea. 

a) X-ucnalouume.abnan r~puaaa nepeoeo poOa, u (X .~o~~) :  i ;  
6) X-~o~nonenma uenoOaua~cno~ ~pueo~ anmunanonuuec~o~ cucme,uu; 

u 

,~ona~ameabcmeo. - -  IlpnMeH~n weopeMy PHMaHa-Poxa u noBepXHOCTn F, 
Haxo~HM 

dim H~ o~ -~) = (r (or) -[- ~ + d i m  H~(F, r -~) 

(n6o, no TeopeMe aB0i~CTBeHI~0CTa Ceppa,  dim H~(F, (o~ -1) = dim H~ r 2) = o). Cae- 
aosaTeabao,  B yCJIOBnnX JIeMMbI dim H~ r r1 (o~-~=~( - -K) ,  r ae  K HeRo- 
Topan r~priBan. Hycwb wenepb ( X . X ) < o ,  X-HenpHnoanMaa r~pnsaa. I4MeeM 

= ( x .  x )  - -  ( x .  

OTc~o~a cae3yeT, qTO ecJIn X He ~tB~eTCH HeIIO:IIBI4H~HO~ I~OMIIOHeHTO~ aHTI4gaHO- 
ttllqecHoi~ CIlCWeMhI, TO, noc~om,~y  (X.co~-~)>~o, tlMeeM ( X . X ) = - - i ,  p a ( X ) = o  
H ( X . e o F 1 ) = I ,  riI~6O ( X . X ) = - - 2 ,  p~(X)-----o I4 ( X . ~ - I ) = o .  JIeMMa /IorcaaaHa. 

3 .3 .  C ~ E ~ C T B I / I E .  - -  Ec.~u F--k-noaepxnocmb Oer Heqt~o, mo am6aa nenp- 

ueoOu.~aa ~pueaa c ompul4ame.~bnbt.~ uuOenco.~ ca.~onepece,~enun Ha neO aaaaemca 

ucna~o,mmeabnoO npuaoO nepaoeo poOa. Baoa~cenue F - ~ P  ~, n=(cor.r  onpeOe.~ennoe 

anmu~anonu,~ecnu.~ ny~no~u, onpeOeanem a~au.~no oOno~na,moe coomeemcmaue ,uea~cOy 

npn.~bt~U, aea~cau4u,uu Ha F, u nenpuaoOu.~bauu ucr, q~o,mme.abnbuuu ~r nepaoeo 

poOa na F. 

3.4.  T E O P E M A .  - -  HycmbF k-noeepxnocmb Oe.ab Heqqo, n=(r o@. ToeOa 

9~>n~>3. FI.~e~om ~ecmo c.~eOy~ou4ue ~a~mb~. 

a) H p u  n = 9  F u3o.~op96na P~. 

6) Hpu  n = 8 F ueo~uopr .~u6o P~• P~, .~u6o o6pa~y P~ npu .~onouOa.a- 

bHO.~ npeo6paeoeanuu c tteumpo.~ e oOno~ ea.~nymoO mo'~ne. 

B) H p u  3 <~ n < 7 F u~o.~opCna o6paey Pe npu .~OHOUOa.~bnO.~ npeo6paeoeanuu 

c t~eHmpo~t a 9 - - n  3tL$fRHymblX mo~Rax na p2, u3 ~omopbtx nunaRue mpu He aeatcam 

Ha OOnO~t npamo~t u nuna~ue mecmt,-na oOno~ notmne. 

r) Bcaran uclcaloqumedbHaa t~pueaa na F nednemcn au6o o6pa3o.~ mo,~nu-no,u- 

Ilottettmb! t~enrnpa ~OHOUOadlbgO~O npeo6pa3oeanun pe, au6o o6paeo~ npa,uo~, npo- 

xoOnu4e~ qepe3 0oe manux mo,~nu, .~u6o o6pazo~ nonunu, npoxoOau4e8 ,~epe3 n,'=lmb 

maRux mo,~eR. 
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,~oraaameabcmeo.- HycTt,  p :  F-->F'  6npaunonaabm, i f i  Ylop~rI3M rIOBepXHOCTH F 

Ha MHnrIMaar~HytO Monen~,. B er~zty 3-3  Ha F '  n e t  r~pnBb~X C OTpHUaTeZbHL~M nnaerccoM 

eaMonepeeeqeHnn;  nOaTOMy F '  nZoMopqbrm ~mSo p2, zH6o P~•  OqeBI~nHO, n p n  

(r176 t~ ---- 9 i~rteeT MeCTO nepBbi~ cztyqa~, n p-naOMOpq~I~ZM; IIprI (~F" O~F) = 8 rIMeer 

Metro :Ir~5o n e p B r ~  c a y q a ~ ,  n p-MOHOnnam, Hoe n p e o 6 p a 3 o B a m m  c tmHTpOM B OaHO~ 

Toque, arI6O BTOpOi~ c a y q a ~ ,  H p-nZOMOpqbrmM. HprI  (cor.toF)~<7 rIa cymeeTBOBaHHn 

Mopq~HZMa F - - > P I •  1 caeayeT cymeCTBOBaHrm MOpqbrI3Ma F--->P z (cp.  1.7) .  YTBe- 

pm~eHrIe a. cae:ayeT ri3 qbopMyzt, I HeTepa  n n30TCyTCTBnn r~pnm,tx C oTpnUaTenr~m,~M 

I~Ba~tpaTOM Ha F. Ylpv~ n <  3 aHTrII~aHOHrIqecrcan cr~cTeMa He MOmeT 6~,~Tb oqeHb o6nn-  

~,nOfi, n60 o6paa  ee Ha n~ocr~ocrn COCTOnT rt3 r~pnm,~x cTermHri 3, n p o x o a n m n x  

qepea 9 - - n  ToqeI~ Ha naocr~OCTrI <~ B o6meM nos tomermn >>: y m e  n p n  n - - 2 0 T o 6 p a -  

H~eHHe, C00TBeTCTBym~ee ~gT0rI JIHHe~H0~I CHCTeMe, HMeeT CTeHeHb ilBa, Hpn n = I-CTe- 

IIeHb ny~/r~. 
HaHOHe~,  HOC~ie~Hee yTBepH~eHHe s H3 TOFO, qTO oSpa3  IJs 

HplelBOI4 Ha p z  es OH He HBJ/HeTCH TOqHOH~ I/IMeeT p e r y ~ p H b i e  TOq~r~ B HOMr~O- 

HeHTaX I~eHTpa COOTBeTCTByIOII~eFO MOHOH~aJIbHOFO IlpeoSpa3OBaHHJ:l (B CaMOM ~eJIe, 

IIO cJIeJICTBHIO 3 .3 ,  ~Be HCHZlIOqnTeJIbHble ~prmbm nepece~amTcn  TpaHcBepcaabHO 

Rare npaMr~ie B pn).  Worj~a npOCTOfi noacqeT HH~eHCOB, OCHOBaHHbII4 Ha 3aMeqaH~H 

JIeMMe n. I .  ~, no~a3~maeT TpeSyeMoe (CM. Ta~me H a r a T a  [~4])" 

C J I E ~ C T B H E .  - -  Hc~atO~Ume3bHbte ~pueb~e nepeoeo poOa Ha noeepxnocmu Oenb 
IIetttlo F nopo:ncOa~om epynny N ( F ) .  

3 .5 ,  OCTaTOn OTOrO naparpaqba  5 y a e r  nocBameH nayqeHnm qbOpM n p o c T e ~ m n x  

noBepXHOCTefi aen~  I I e m m  cTeneHn 9~>n~> 4 Ha~ HezaM~HyT~M noaeM k. I IpeaBa-  

paTea~HO caeaaeM H e c ~ o a ~ O  o 6 m n x  3aMe~aHnfi o noBepXHOCTaX OTOrO ~ z a c c a .  

I IycTb F cP " -noB epxHocTb  a e z u  H e m m  c (~o~.r I I e p e c e ~ a a  F c aocTa-  

TOnaO o6meil  r n n e p n a o c n o c T ~ m  p ~ - 2  B P~ a npon3Beaa  MOHOanaa~HOe n p e o 6 p a -  

3oBaHrIe c IIeHTp0M F o P  " -~  Ha F, MS! H0~yqnM n0Bepxn0cTb F '  c ~yq/c0M a~annTH- 

q e c ~ a x  ~pHB~X HaK np0e~TnBH0fi npnMofi B-6aao~ n y q u a  ranepn~oc~ocTef i  B Pn, 

n p o x o a n m H x  qepe3 P " - ~ ,  rtprlqeM F'  5y~eT B-MnHnMa~H0fi .  TeM CaMb~M, 5 n p a -  

~aoHan~n~te k-qbopM~r HoBepXH0CTefi Jlen~ H e m m  aT0 qaCTHr~ie cayman k-dpopM n0Be- 

pXH0CTefi C 3JIJIHIITHqecHI4M HyqKoM: 0Hn nonyqamTcn  n p n  CTflFHBaHHH TaH0fi k-HplIB0i~ 

~ o r o p a a  Hair k pacHa~aeTcg B o6%e~aHeHrle n Henepece~ammHxcn  nenpnBOaUMSlX 

HptlBbIX I IepBoro  po~a-ceqeHtl i~ 3JIJIHIITHqecHoFo HyqHa.  

H p n  dpH~capoBaaHOM n>~5, n 4 8  HoBepxHocTn aez~  I l e m m  cTeneHn n Bce CTaHO- 

BItTCH k-H3OMOp~)HBIMH 14 IIpH n = 8 CylI~eCTByIOT TOJIbl~O 2 HJIacca;  DTO II03BOJIHeT 

~ a c c n d p m m p o B a T ~  n x  6 n p e r y a a p H ~ i e  k-dpopM~i. 1-Iocze OTOrO ~onoannTea~H~ie coo6- 

paHceHH~, ClIet~H~HqecHHe ~JI~ Ham~oro  n, IIO3BOJIYIIOT VCTaHOBHTb, qTO HaJIHqHe 

k-paI~HOHaJIbHO~ TOqHH paBHOCHJII~ItO 6HpaliHOlta~I~,HOfi TpHBHaJIbHOCTH IIBOpeX- 

ttOCTI4 F.  Bol ipoc  me o cyII~eCTBOBaHHH TOqHH ~;Ia HaH6oJiee tIHTepecH0rO cJIyqa~t 

qIICJIOB]bIX lloJie~ IIpH n~>6 o~r iBaeTca qHCTO JIOHaSIbHMM: ClIpaBe~JIHB HpHHL~HrI 

Xacce .  
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Cayqan  n = 3 ,  4 (n TeM 6oaee  n =  2, I ,  O) ropaaxo  6oaee  Tpy3HbI: HpnTepHfi 

n.  2 .3  no3RoaaeT yCTaHOBnTb eymeeTBouanne 5npauHonaabuo  neTpnnnanLnL~x k-/popM 

3ame na~ HOHeqHL~M noaeM k n a n  na3 k = R ,  npnqeM Ha COOTSeTeTBymmnx noBe- 

pXHOCT~X eCTb paJ/ i4oHa: tbnbie  TOqrCH. 3~eCb Mb~ orpaHnqnMCn ~eTaahn~M paa6opoM 

c ~ y q a g  n = 4.  I Io~cqeT  KoroMo~iorrIfi  B 06ItieM eay q ae  a~eeb  cTanOBnTea oqen~  rpOMO- 

8~HI/IM: 6bITb MOH~eT, c~eIIyeT ~ICIIOJIL3OBaTb CBH31/I OTOFO H~Iacca 1]OBepXHOCTe~I C 

rpynnaMn B e f i ~  HCI~IIOqI/IWe~ibHbIX npOCT~IX rpynr~ 5IH. M~I HaReeMc~t BepHyT~,Ca 

R 9WOMy Bor Ipocy  noame.  

Ha~oae t t ,  iioc:ie3Hee. I/IcHgIIOqIITeYIbHbIe I~pHBhte HepBOFO po~a Ha BCI:IRO~ 

noBepxnocTn 3ea~ IIeI~KO nopom3a~OT ee r p y H n y  ~aaccoB anBnaOpOB. I IooToMy 

~I~Ia n ~ q n c n e ~ n a  r p y i l n ~  H~(k, N(F))  (c~. n. ~ '3)  /IOCTaTOqHO 8HaTb, ~a~ r p y n n a  

F a a y a  ~eHCTBy~T Ha MHOH~eCTBO HCHJItOqIITeJIbHBIX Hpr~Bb~X. OqeBtt~HO, OHa coxpa-  

t taeT I~nReI4C n e p e c e q e n n a ,  I~OTOpbIfi MOmeT 6/,ITb TOglbI~O Hy~iera n a n  eannnuef~  (caea-  

CTSne 3.3)-  
I IycTs  # ,  (6~>n~>3)-napa, COCTonmaa na (r~oHeqaoro) MHomecTna npaMblX na 

Ra~OfbHn6yRb IIOBepxaocT~ ~Ieab IIeIItIo cTenenn n, n 6 n n a p a o r o  OTnomeHaa (, n aa -  

eric nepeceqeHH~ H p a u u x  paBeH eKHHHIIe >) 8 a  DTOM MHOH~eCTBe. I/I3 TeOpeMM 3 .4  

~e rno  yCMOWpeT~, qWO 06%ei~W ~n ~ a ~  MHOH~eCTBO C 5 u n a p H ~  OTHOIIIeII~ICM onpe~e~ea  

qnCnOM n c TOqHOCTbIO ~0 I430MOp~naMa. IIycTb F~-rpynaa  aBTOMOp(~I48MOB oS~eI~wa d~. 

Cae~ylomne y T B e p ~ / l e n H g  HBJIItIOTCIt R~IaccI4qecNrIMrI, i4 MbI IIpNBO/InM C Ha- 

6pocHoM /IoHasaTe~fbCTBa HX XH4mb I43-3a OTCyTCTBIIIt y/I06HbIX CCbI~ON. 

3.6-  I I P E ~ J I O H ~ E H I / I E .  - -  a) Cyu4ecmeyem ecmecmeettHoe aao3~ceHue #ned~ ~ , 

npu  ~omopo~t #~ omo:)~cOecmeaaemca c ~tHO3~cecmeo~t 9ae~teHmoe, ne nepecena~ouluxca c 

~uncupoearm~m 3ne~uenmoou ~moa~cecmea ~ _ ~  (9mo eaoa~ceHue ~o:)~cecme c 6uHapH~t~ 

o m H o u l e t t u t t  ) . 

6) F p y n n a  P~ mpan3umueno  OeOcmeyem rta #,,, a cmatluonapnaa noOepynna 

ato6oeo 9ae~ueuma U30~tOpCHa F~_~. 

~) elucao ~ae~uenmoe #~, P~ e aaeucuacocmu om n 3aOaemca caeOylou4ea ma6autlefJ 

n 6 5 4 3 

[fin] 6 I 0  I6  2 7 

iv.] 22 3 23 3.5 2 7 . 3 . 5  27.34. 5 

, ~ o t r a 3 c t m e A b c m e o .  - -  FIpH n = 6 y T B e p m / I e n n n  6) n B) n p o B e p m o T c n  HeIIOCpeJICT- 

BeHHO: IlCHJIIOqI/ITe~IbHbIe HpIIBt,Ie-OTO o6paab~ T p e x  ToqeI~ Ha II~IOCHOCTII I4 Tpex  

npnM~,~x n p o x o ~ m u n x  qepe3 aTU ToqHII; r p y n n a  P G aa :meTca  rpynnof~ CHMMeTpnfl 

mecTnyroabHuKa.  

H p u  n > 6  yTBepmaeune a) cae~yeT n3 WOrO, qTO eCglI/I CT~/HyTb O/lily npaMyro 

Ha I1oBepXltOCTI4 ~r IIeIIIIO CTeHeHI/I ]Z, TO IIOglyqI/ITC/t IIOBepXHOCTb /IeilIb 1-[eIIllO 
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cTeneHI4 n - - I  (OTO ~eruo  cae3yeT u3 TeopeMLI 3.4)" VTBepm~enne 6) noayqaeTcH 

Tor~a no nH~yimnrI: r pyHna  Fn_ 1 TpaHanTI~Brm 3efiCTByeT Ha #,--1 a ogpaabt #n-1 npn  

paaHbIX naomeHrIHX B d~n nor~pbIBatOT Bce MHOH~eCTBO ~n, nOTOMy qTO ~SI~I JIIO~O~I 

IIp~tMO~ Ha F Haf~eTC~[ r i p . M a n ,  c Heft He nepeceumomancn :  HHaqe ee CTfIFI4BaHHe 

npHBeao 6LI u MnHrIMaabHO1] Mo~ean. 
q n c a o  a~eMeHTOB [ ~ ]  noayqaeTcn  neHocpe~CTBenHbIM nO~ICqeTOM C nOMOmb~O 

weopeMLI 3"4 r .  HauoueI I ,  [In] noayqaeTcH HH~ym~Hef nO ~opMyae [In] = [# , ] .  [F~_I]. 

3ame'~anun. - -  a) Vine ~:m n = 3 o6~er~T d~a He~ocTaTOqHO noaHo oTpamaeT 

CBOfCTBa HHIIH~eHTHOCTn llpHMbIX Ha ~ySr~qecHofi n o B e p n o c T n :  MOryT cyIIIeCTBOBaTb 

Tpofr~ri npaM~X, nepece~amm~ecH B O~HOf Toql~e (TOqI<H 3H~ap3Ta),  qTO nau~a-  
Jl]bISaeT JIOHOJIHHTeJIbItI~Ie orpaHnqeHnH Ha o6paa r p y n n s i  F a a y a  B I~3. ~JIn n = 2, 

IIOaOmemm CTgHOBHTC~t eme 6oaee  C~Omn~IM: B o6meM c a y q a e  nc~aioqnTeabHbIe 

tqpnBb~e MoryT HMeTb ~4H~e~c HepeceqeHnn 6 o asm e  eJIrIHI~[Is~, a B~IpOh~eH~g Hepe- 

ceqeHHf oqeHb pasHoo6panHht. Te~  He MeHee, MOH~HO BBeCTI4 aHaJIOr o6~eHTa ~n rI 

JIoHanaT~ yTBepmJ~eHHH, aHaaornqHbIe npeaaomeHnm 3 .6 ,  hall  n = ~ ,  i .  

6) MomHo IIOCTaBHTb Bonpoc, peaanayewen a n  HoaHan rp y H n a  1~, nan  oSpaa 

r p y n H ~  F a a y a ,  /]~efCTByIOHIHf Ha HpnM~m noBepXHOCTrI ~leab YIerttlo n- f  cTenenn 

~a~ ~annM-HH6yJl~ nOaeM. 
]-IycTt, U-OTI~pI, ITOe MHOmeCTBO H e o e o 6 ~ x  ~ y 6 H q e c ~ n x  IIoBepxt tocTefI  B p3 . 

JlonoziHeHHe R ~IHc~prIMrIHaHTHOf rI4HepHoBepxrIOCTH B HpocTpaHCTBe HOD(p~I4III4eHTOB 

I~y6nqec~nx qbopM OW qew~Ipex nepeMeHHb~X. FpyHHa ~ ( U ,  u) oqesHJ~HO, 3efcTnyeT 

Ha MHO~eCTBe IIpftMbIX ~y6Hqec~of  HoBepXHOCTH, COOTBeTCTBylOIIIe~I TOqRe u ~ U .  

Cerpe [~8] ywnepmnaew, qWO o6paa rpynn~i  =~(U, u) fISJI~lewc~I noanof i  rpynnof i  

aBTOMOp~H3MOB 1~3 06~eHwa #a (rio rcpa~Hefi Mepe, Ha~I u o M n a e r : c I t ~  noaeM). OTcto~a 

cae~IyeT yTsep~rITea~m,ifi OTBeT Ha Bortpoc 5) ;~aU BCeX n = 6 ,  5, 4, 3. 

3"7" T E O P E M A .  - -  Ilycmb F--k-noeepxHocmb Oen5 Het~t~o cmenenu n. I/I~teem 

~tecmo cneOymu4ue ymeep:~cOenua: 
a) I lpu n=  9 F k-u3o~topCHa nenomopo~ noeepxHocmu Ceeepu-Epay3pa. 

6) 11pu n = 8  F k-u3o~op96~a nu6o Henomopo~ r P~•  nu6o 

o6pa~y P~ npu ,~tonouOanbnOm npeo6pa3oeaHuu c tleHmpo~t e HenomopoO k-mo~e.  

a) I lpu  n=  7 F k-u3o~topCna o6pa3y P~ npu ~tOnOUOanbHO~t npeo6pa~o- 

eaHuu c tlenmpo~t e Oeyx k-mo,~nax, nu6o c t~enmpo~t e 3a~tnHymo~ moqne x z P  ~, Oaa 

nomopotz [• : k] = 2. 

CYIE~CTBI/IE ~. - -  Hoeepxnocmb Oenb Hetttlo cmenenu 7 eceeOa u~teem k-mo,~y. 
C 2 I E ~ C T B H E  2. - -  Ilycmb k-none aaee6pau~ecnux qucen noHe,mo~ emeneHu unu 

none anee6pau~ecnux 96gnnttU~ oOno~ nepemenno~ Ha Ononeqnb~t nonem noncmanm. 

Ecnu noeepxnocmb Oenb Ilettt~o F cmenenu 8 unu 9 u~teem pattuoHanbHym mo,~ny naO 

ece~tu nononnenua~tu kv norm k, mo ona u~teem patluonanbHy~O mo'~n!t u HaO k. 
CJ-[E~CTBI/IE 3" - -  ~na moeo, qmO6b~ k-noeepxHocm6 0enb Ileq~o cmenenu 7, 8 

unu 9 6blna k-6upattuOHanbHO 9neueaneHmHa nnocnoemu, Heo6xoOu~to U Oocmamoqno, 

,~mo66t Ha He~ cyutecmeoeana k-monna. 
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(~oI~a3aTeXlbCTBO scex OTHX yTBepm~em~i~ HeMe~Iaenno cae/tyeT i43 TeopeMbx 3-4, 

aeMMta O. 4 n o. 5 n xopomo H~BeCTHbIX pesyabTaTOB; B qaCTHOCT~I, yTBepm~Ie~He 3.7 B 
cae~yeT i48 TOrO, qTO ron/pnrypaunn ncNamqnTeabH5ix gpnB5IX na noBepxnocTn 

~tea~, Ilemto cTeneHrI 7 ~MeeT Bn/I 

- - I  - - I  

TaK qTO Bce ~pa~nne HpflMble :IH60 HeI-IO~BI/IH{HM, JII4~O I~epecTaBJI~IIOTC~ rpynnofi 

Faaya G, Tall qTO I4X BMeCTO MOH{HO CT~IIIyTb Hall k. ~aabHefimHe IIO~pO6HOgTH Mbl 

onyc}meM). 
3.8- I]epefi~eM Tenepb H nayqeHaIO noBepxHocTefi AeJib YIe1IIIo cTeneuH 6. Hp~- 

MeHHeMSIh MeTOs OIIHpaeTCH Ha BO3MOH~HOCTb OTO6pa~aTb HeHoTopMe OTHpMTMe 
MHOH<eCTBa aareSpaHqeci~Hx k-cxeM B O~IHopo~Hhle IIpOCTpaHCTBa naJl k-TOpaMIi, I~I 

MSl onHmeM cnaqaaa aTO OToSpamenne B oSnleh CnTyaIIHn. OHO noayqaeTca cIIy- 

C~OM Faaya n3 I{OHCTpyHIII414, BBeJIeHHO~I CeppoM [22] Hall a~re6panqec~H 8aMH- 

HyTbIM IIO~IeM (B ~oHaa~e Ceppa co~epmnTCa TaHH{e onpe~eJieHne aTOfi I~OnCTpymI~ 

C noMoulb~o HeHoToporo yanBepcaabnoro CBO~ICTBa). 

]-IycTb V-COSCTBeHHa~ HeI~pI4BOR~Mau I4 I~pI4Be~leHHa~I aare6pa~qec~aa k-cxeMa, 

{X/}cV| MHOH~eCTBO, ~I4BI480pOB, Ha~tc~bifi Ha I~OTOpbIX ~IBJI~IeTCfl nenp- 

nBOanMOfi ~ npuBeaeHaofi noacxe~ofi V|  YIyCTb So-rpynna raaBn~x ~nnn- 
8OpOB, nopomaenns~x {X~} n nyCT~ RcR(V |  parmoaaabns~x ~y~mtnfi 

Ha V|  ~InznaopsI ~OTOpS~x npnnaaaemaT So. OqeBnano, R c F ( V |  lPv). 

PaCCMOTpa~ Toqnym nocaeaoBaTeahaocTb. 

(3.8.I) o->k-*-+R-+ So-sO 

J-ho6oe ee ceqenne ~? : So-~R onpe~e:meT k--MOp(~43M OTHpUTOrO MHomeCTBa B Top 

T|  r3e T=Speck[S0] :  

f: v| x, spor 

I~OTOpI~I~I nu3yrmpoBaH rOMOMOp~I43MOM Ho~IeII 

[S0] -+ k [R] -~ r (V |  O X,, ev | 

(nepB~fi n8 nnx onpeaeaen qepe3 ~, nTopo~-Baomenne). 

IIpeRno~omHM Tenep~, qTO ~nBnaOp ~X~ G-nHBapnanTen. Tare ~ag nocaeRo- 

BaTe~IbHOCTb (3 .8 . I )  pacmen~aeTc~ ha3 Z, u~ee~ TOqHyIO nocae~OBaTe~bnOCTb 

G-M0~Iyaefi 

o -+ Homz(So, k ) -+ Homz(So, R) -+ Homz(S0, So) -+ o. 
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YqTCM, qTO Homz(So, k-*)= T(k)-rpyHHa reoMeTp~qee~Hx Toqe~ Topa T= Spec k[So]; 
TOqIiag IIOCJIe~OBaTeJIbHOCTb ~oroMoaor~fi ~aeT rOMOMOp~pnaM 

: Homa(So, So) -+ H~(G, T(k)) .  

IIycT~ h~H~(G, T(k)) -o6paa  id npH aTOM roMoMopdp~aMe. 3TO-XapaHTepncTaqec~fi 

~aaec  G-pacmnpenHu (3-8" ~), ROTOpbIfi B TO me BpeMn onpeae:IueT r~aBHoe onHo- 

pOaHOe npOcrpancrBo Topa T Nan k. IIycTb X c V  TaI~Ofi a~BHaop, qTO X |  UX~ 

na V |  
3 .9 .  I IPE, / I J IOi t~EHIIE .  - -  OnpeOe~u~u k-.~op~ua.~ 

g : V \ X - +  T a 

~epea eo~o~opgiu3~ no~evI 

(~[So]) ~-+ (~[R]) ~ -~ r o ( v |  x, ,  ~v| r ( v \ x ,  or), 

zOe Oe~cmeue epgnnb~ G na k [So] onpeOe~aemcst ,~epes ~ o q u ~  h, ma~ ,~mo 

T h =  Spec(k[So]) a. 

ToeOa g N - k = f  npu naO~e:~caute,u omo:)tcOecme~enuu T| c Th| u ~uop~fiusm g 

ne 3aeucum om ebt6opa ce~enun ~.  
,~onasamenbcmeo. - -  Bee cae~IyeT ~a a s n o r o  onneaHHu npei~cTaBnTea~ ~ o n n ~ I a  

{h~} : nyeT~, ~z ~au  zsSo-o6paa OTHOenTen~nO ~efieTBna g s G ;  a~ieMenT h~eT(k) 

onpe~ieaueTe~ aHaqe~Ha~n na He~ d~yH~II~fi Z, n60 h~eHomz(S o, k*); Torna nMeeM 

(Ha aBHoro onneaHna ~): 

z (~) = ~ 7z) o ( ~  (z))- ~. 

JlefieTBne rpyi iH~ G Ha k[So] onpe~esmeTeu Tor~Ia: 

g(z) = z(h~) % z~So, 

TO eeT~ OHO coraaeo~ano e ~efieTBne~ G Ha k [ R ] ,  
EcaH 8aMeH~Tb ceqeHHe ~ Ha ~b : So-~R, TO iipe/icTaBnTeJII~ no~In~aa h naMe- 

HHTCn Ha roMoaornqH~fi eMy. 
3-IO. T E O P E M A .  - -  llgcmt, F--k-noeepxnocmb Oe.~b Fle~4tlo cmenenu tuecm~,, 

X~, . . . ,  X~ c F | nenpueoOu~tbte ucn.q~o,~ume.~bnbte npu~bte nepeoeo poOa na F| 
6 

XcF-maroO Oueu~op, ,~mo X |  E X~. IIo.qoatcum U = F \ X .  ToeOa mop 
i = 1  

T = Spec k[So] 

Oegmepen, u omo6pa:~cenue cxem~,t U e e~aenoe oOnopoOuoe npocmpancmeo naO 

9mu~ mopo~, onucaHnoe e npe&to:rtcenuu 3.9, ae:tnemcn ueomop.Cu~o~. 
IIpen~Ie qeM JIo~aa~,maT~ aTOT peaya~TaT, ycTanOBnM ne~oTop~,ie c~Ie~CWBnn. 
CJIE~CTBI/ IE ~. - -  ~ n  moeo, ,~mo6b~ k-noeepxnocmb Oe~b Iletltlo cmenenu 

6 6blSta 6upatluona.qbno 9~euea~enmna nnocnocmu naO k neo6xoOuato u Oocmamo,mo, 

umo6bl na neO cgulecmeoea:~a patluona3bnaa k-mo,~na. 
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~otta3ame.qbcmao. - -  HeO6XO~tIMOCTb yCaOBtI~ TprIBHaJIbHa; noKan~eM ~OCTaTOq- 

HOCTb. MOmHO CqI4TaTb, HTO IIOBepXHOCTb F k-MI4m4MaJ~bHa: HHa~e ~IeJIo CBO:/IHTCH 

R I~oBepXHOCTH ~en~, HeIIIIO 6oJIbme~ CTeI~eHtI, ~JI~ ~OTOphIX Bee ~oRa3aHo (c~ie~ICWBrie 

3 TeopeMI, i 3" 7). 

I/X3 MHHHMaYlbHOCTH F cae~yew, tITO HH~a~au ee k-TOqHa He YIeH~rIW Ha X.  ~ef i -  

CTBI4TeJIbHO, rio JIeMMe 0. 4 r p y i m a  F a a y a  G ~e~cwByeT Ha X~, i =  I, . . . ,  6 TaR, qwo 

HmcaRaa opSnwa He COCWOtIW H30~IHO~I npu~of i  ~ He co~epmHw nap~t nenepece~a~o- 

m n x c ~  np~M~X. IIOCROa~Ry RpHs~Ie X~ oSpa3y~ow ~a F |  (( mecw~yro:I~Hmr ~>, 

OWCIO~a ae rRo  cae~yeT,  HTO na  ~eM He MoH~eT aemaT~ G-nHBap~anwHaa n0H~a. 

BOabMeM wenepb k-w0HRy x~F ~I npon~Be~e~ ~ o n o n ~ a a ~ n o e  npeoSpaaoBaHne 

F ' - + F  c ~e~TpO~ B X. HyCTS X o c F ' - o 5 p a a  x Ha F ' .  T a ~  RaR x e X ,  noBepxHOCT~, F '  

HBJI~IeTCH IIOBepxnocwblO ~eab H e l l o  cTenenn IIHTb (weopeMa 3 .4) .  H o a b a y n c ~  yw- 

Bepn~enneM r .  weopeM~ 3-4 ,  ae rRo  yCTatIOBHTb, HTO Ha noBepxnocwn F ' |  nMeewc~ 

pOBnO Tpn nenp~Bo~InM~m ncRn~oHnwea~n~m RpnS~m Y~, Y~, Ya, nepeceRaiomnee~  

c X;  Ram~a~ na awnx RpnBI~IX nepeceRaeT ~se  ilpownBoiioaomnh~e CTOpOnS~ mecwn- 

y r o n ~ n n R a  nCRnmqnweabns~x RptIBbIX, nepeueeeHnoro  c F |  n a  F ' |  ~ a a e e ,  

~ p n s a n  Y~+Y~-t -Y~-G-nnBapnanTna n,  HaRonen,  (Y~Y/)----o n p n  i :~ j .  I l y e T s  

YCF ' -TaRo~  JlUSn3Op, qWO Y |  a. I Io  aeMMe 0 .4 ,  KnBUaOp Y MOmHO 

eTnHyW~ Ha~ k; nycw~ F 0 - n o n y q n s m a n c n  noBepxnocw~. J-IerRo BI/IJ~eTb, t ITO F0 |  

~nHnMaabHa U nao~op~pna P~•  caeJIouaweslbHO, F o k-nao~mp~pna Rsa~pnRe,  

HO TaR H-taR Ha F 0 eCTb k-ToqHa, F o ~HpaI~HOHaJII)HO DHBHBaJIeHTHa IIJIOCHOCTH HaJI k. 

C J I E ~ C T B H E  ~. - -  l loeepxHocmb Oeab I leqt lo  F, cmeneHu 6, onpeOeaennaa HaO 

'~UCaOebt~ UaU 96yHm4UOHaabHbtJ~ noae,u k umeem k-moony e too,u, u moab~O e m o ~  

cay~ae, ecau Oaa acex nono~neHu~ k ,  noeepxHocmb F |  umeem k,-mo,~ny. 

~ o r t a 3 a m e a b c m a o . -  PeaynbTaT HeMe~aeHHO cneJ~yev n3 TeOpeM~ 3" XO n 3aMe- 

Hannu Boc~peceHeRoro  [~5], e o r a a e n o  I~OWOpOMy ~n~ a Io6oro  ~IsyMepuoro Topa T 

nai~ k HMeeT MeCTO n p n H a n n  X a c e e ,  TO eCTb a~po  roMo~op~pna~a 

H ' (k ,  T ( k ) )  -+ I IH~(k , ,  W(k,))  

TpI4BI4a~H, HO. 

I/I3 ~TOFO CZleIICTBI4~t, B qaCTHOCTH~ Bl)ITeRaeT pe3y~I~TaT CezIMepa [~3] o TOM, 

HTO HOBepXHOCTH Haa HHCJIOBbIMH HOJIHMH BI/Ka 

x 3 + ay ~ = b (Z 3 + at 3) 

yJIOB~IeTBOp~ItOT n p n n u n n y  X a c c e ,  n6o RaR 3aMeTHsI Cerpe  [ I7] ,  na  aTOfi RySnHecRofi 

HoBepxHOCTH F HMeeTC• TpOfiI~a rlp~MLIX CT~lrtIBaeM~,IX HaJ~ OCttOBHbIM IIOJ][eM. TO 
~i~e caej~OBaTeat, Ho, BepHo ~n~ aIOSO~ ~r IIOBepXHOCTtI C TaROfi TpO~O~.  

3 . I L  /2olca~ameabcmeo meopeJ~bl 3 .10 .  - -  Hai~ MLI y m e  OWMeqaaH, sce  none-  

pXUOCTn ~eab YIemm cwene~u mecw~ HBJI~IIOTCH (popMaMH O~HOfi ~3 nnX, nSo Hpoe~- 

THBHa/t r p y n n a  TpaH3HTHBHO ~efiCTByeT Ha Tpo~RaX HeROaaHHeapHhIX TOqeR Ha H ~ O -  
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CHOCTII. Y~06ItO B I~aqecwBe OCHOBItOfI k-~opM~I sLISpawb noBepxItOCWb Fr • p1 X p1, 

3a~aHHym ypaBneHrmM 

XoYoZo-- XlYl Z 1 = O, 

r~e (xo, x~), (Yo,Y~), (Zo, Zl)-O~aopo/Inue Koop~nnawu co~Ho~Hweaefi.  Mop/priaM 

pr12 : F -+ p1 • p t  

eCTb MOHOHJ~flJII, HOe npeoSpaaoBaHHe RBaJ~pgHI4 P1XP1 c KeHTpOM B TOtIHaX 

( (o ,I ) ,  , ( ( i , o ) ,  

06pa3~i axHx Toqe~ Ha F aSaamWCU IIpOTHBOIIO2IOH~HI~IMH CTOpOHaMH mecwHyroabnu~a 

HCHJIIOqHTeJIBHblX HpHBI,IX Ha F. AHaaorHqHO 05CTOHT ~eJIO C npoeuunam~ Ha ~ p y r u e  

ilapbi MHOH~HTeSIe~. 

B o6oaHaqennax  n.  3 .8  B ~aqecTBe ~(So)CR ~omHo B3~ITb r p y n n y  ~ y a m m f i ,  

_ _ Z o  nopomaeuny~o x~ y~ rt - -  OTa r p y n n a  CBO6Oaaa p a a r a  ~, G ae~cTByeT na r~ee, 
Xl Yl Zl 

Ha~ n Ha So, TpI4BHa~IBHO, H OqeBI~I~HO, qTO COOTBeTCTBylOmI4i~I MOp~I43M 

S,ec  [;-~ Zo 
usnaeTcn  H3OMOp~H3MOM. T e i  CaMI~IM, ~$Ig $IIO60fi k-HoBepxHocT~ 3ea~ Ilen~n~o F 

CTel]eHH meCTb i m ~ a  HCH2IIOqHTeJIbHBIX HpHBBIX X Mop~H3M Ilpe:~aomeHna 3"9 

g : F \ X - +  T ~ o6aa~laeT TeM CBOfiCTBOM, qTO g|  OTC~O~la B~TenaeT, 

qZO g-UaOMOp/lbnaM. 

3 . t o .  T E O P E M A .  - -  H y c m b  F- -k -noeepxHocmb Oeab Het~tto cmeneHu n. 

a) B c~gqae 6ec~oneqttoeo noaa k npeOnoao:~tcu~t Oonoanumeat, no, umo cyutecmegem 

maroO 9aemenm z e N ( F )  c', O:ta romopoeo ~tucao (z .o)7 ~) e3au~Ho npocmo c n. 

ToeOa na F cyulecmegem k-mo~t~a. Ecau ,  ~poate moeo, Ha F |  nero G-unea-  

pual4mrto~1 UClC:Uoqume.abHO~ npu~o~ nepeoeo poOa (Hanpu~ep  ~ozOa F k-,UUHU- 

~a/~bHa), mo ~log~ctto naOmu k-mousy  na F, He .qe:~cautgto na UC~/l~O~tUme~bHb~X ~pt~ebtX. 

6) Ecau no~e k notte,~HO, mo Ha ecanoO pattuoHa.~bnO~t k noeepxnocmu cyutecmegem 

k-mou~a. H a  noeepxHocmu Oe~t, Het~tto F cmenemt  n saeeOo~uo ~UO3~CHO ,ag tmu  mang~o 

moung, He ae.~cau4g~o Ha UCn.qto~ume~bHbtX npUebtX, ec.qu uric/to q oae~enmoe noaa 

k yOoe~emeopaem HepaeeHcmey 

q > I o + e , - - n  

eOe e,,-uucno nenpueoOu~u~tx UC~Amqume~bnbtX ~pUebtX nepeoeo poOa na F |  

f]~JIg ~oHa3aTe~IbCTBa HaM IIOHa~O6HTCH c~e~xy~omaa aeM~Ia. 

3. ~3. J IEMMA. - -  I IpeOno~o~cu~,  ,~mo no~e k 6ecnone~Ho, u nycmb F-peey~a- 

pnaa npoenmueHa~ k-noeepxnocmb cmenenu n. ToeOa cyulecmegem ma~o~ k-~uopg~us~t 

f :  F ' - ~ F ,  ~mo ~uop96ue~t f |  aenaemca .~tOHOUOadbHbt~ npeo6a3oeanueou c tleHrnpo:n 

e 3a.~l~nyrnblx mo~nax noeepxnocmu F| u mano~ k-~uop96ue~t p : F ' - - > P 1 ,  ~mo: 

p*(~?p,(I)) = f *  (~)r(I)) | COF, ( - -  X ) 
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eOe X-Ouausop na F', cmaeueaea~bl~ .~opCusMom f .  Rpo~e moeo, ~Oa~CnO cuumamb, 
,~mo ace c.~ou .~op~usJ~a p eeo~empu,~ec~u nenpueoOu~tbt.  

0~oHaaaTe~r, CTBO aToro peay~IbTaTa cymecTBeHItO co~epmrITC~ B CTaTbe I/Iry3~ 

[9]: ~ I ~  I~OHCTpyI~III~H p rI F ' ;  HymHO pacCMOTpeTb nyqoI~ rrIiiepixJiocHocTri ceqeHH~ F 

30CTaTOqHO oSmnM nyq~OM rnnepnaocuocTef i  npocwpaHCTBa, co~epmamero  F, n 

nponasecTn ~OHOn~aa~Hoe npeo6paaoBaHrte c ~eHTpO~ B k-no~cxeMe 5aancH~,ix 

TOqeH aToro nyqr~a). 

3" I4" ,l~o~azame.~bcmao meope~bt  3 .12 .  - -  HaqueM C paCCMOTpeHHa 6ec~oHeqHoro 

OCHOBOrO no~n k. IIycT~ p : F '  -+ P~--k-Mop/~naM, cymecTBoBaune ~OTOpOro yTBepm- 

~aeTca a ~eM~e 3" 13. M~  MOmeM CqHTaT~,, qTO Ha F |  HeT G-HHBapnaHTHOfi He- 

IIpHBO~rlMO~ HCI~alOqHTe~IsHOi;I HprIBO~. T o r a a  Mop~H3~ p : F ' - + P  ~ onpeaeaaeT  ~a 

F '  cTpy~Typy  P~-MHHnMaa~HO~ noaepxnocTn ,  paccsmeHHO~ Ha ~ p n a u e  po3a  ~: 

B CaMOM aeae ,  nu ~OMnOHeHT~ JIHBnaopa X |  HH f - n p o o 6 p a 8 ~  aC~OqHTe~bH~IX 

~pns~X Ha F |  He MOryT aemaTs  a C3IOHX MOp~naMa p |  

T a u  ~an ~ a  am6ofi k-ToqHn X~P ~ rlMeeM CF,(F'~) = o r  ~ (:ieMMa 3- 13 n ii. 2. i) ,  

n8 TeopeM~t 1. 7 caeAyeT, qTO Henpnuo~nM~ie nCUa~OqnTe~n~Ie upnB~Ie Ha F ' |  

---> F' |  Mop- HaXOi~gWC~I BO B3a~IMHO-O~IH03HaqHOM COOTBeTCTBHI4 C ceqeu~aMn )- : P~ 

~]iaMa p| a G-nnBapnaHTn~m HenpnBoJIHMb~e nci~a~oqnTe~bn~ie ~pHB~Ie C ceqe- 

Hn~Mu s : P ~ - + F  ' MOpdpnaMa p. OqeBI4J~HO, ~OCTaTOqHO ~oHaaaTh na~nque  G-rIHBap- 

HaHTHOFO ceqeHH~I. 

Pacc~oTpnM rOMOMOp~naM ~ : N ( F ' ) - + Z ,  onpe~e~eHH~ifi A~ia ~m6oro  z~N(F ' )  

/popMyaoit 

, (z) = (z .  ,~§ ~). 

HycTb N----Kerr OqeBll~HO, ~F,| noaomnM N--N/ (~F , |  ) . I/I3BeCTHO, qTO 

n a a c c u  P~-nosepxnocwe~ co caoeM p o a a  x, ROTOpbm n a a  k cTanosaTca  r~ZOMOpqSH~ 

F' |  n a x o a a T c a  ~o BaanMUO OaHOanaqnoM COOTBeTCTmm C aaeMenTaMn r p y n n u  

H~(k, N(F))  ( c r p y ~ r y p a  G-Mo3yaa  c N(F) ) ,  OqeBrIaHO, nepeaocnTcn  na r p y n m ,  t N,  N, 

~I60 a~ieMeHT to~:~ G-rlHBapHaHTeH. CaMoI] noBepXHOCTrI F'  COOTBeTCTByeT B 

r p y n n e  H~(k, N) ee xapanTepncTaqec~ni f  ~aacc  c(F') ,  ~OTOpUfi aaaneTcn  ~zaCCOM 

I~oroMo~Iortilf l~Oi~rli~Ia 

s--->s(X)--X, s e G  

r~Ie X e F ' |  Henpr~BOJInMaft nc~zt~oqrITear~Haa ~prIBaa. (OqeBHaHO, 

s(X) --xzN; 

J~JIA HpaTHOCTH MhI o6o3HaqaeM ~ a c c  aToro ~HBnsopa B r p y n n e  N TeM me CI4MBO- 

~OM), J Ie ruo  npoBepHTS, qTO OT BH6opa X 9TOT IGIacc HOrOMO~Orn~ He 3aBHCHT. 
~ogameM,  qTO npH BbIIIOJIHeHI4I~ yc~oBIai~ TeOpeMH c ( F ' ) = o .  YIpem~e Bcero, 

G-M0~ysm N paa~araeTca  B npnMyr) CyMMy 

N - - - - N + Z ~ r  | 

440 



RATIONAL SURFACES OVER PERFECT FIELDS 8x 

r3e N BI~aa~II, iBaeTc~l B N Ha~ no3rpynna,  nopom~eHaaa ceqeHn~IMIl (3TO cae~yeT 

H8 TeopeMt~ 1.7 H II3 reoMeTpnqeeRofi HeHpHBO~HMOCT~ caoeB p). TeM caMmM, HMeeT 
MeCTO rI3OMOp~n3M Hi(k, N)=HI(k ,  N), IIoepe~CTBOM I~OTOpOro MIni OTOm~eCTBnM 
3TH rpynnm. PaeeMoTpH~ TOqHyIo nocae3oBaTeabHOCT]~ G-Mo3yaei~: 

o N N ( F ' )  s o 

H COOTBeTCTByloulyto eI~ t~oroMoaorrlqecI~yIo IIOCJIe~OBaTeJIBHOCTB 
8 

N(F ' )G~  Z --> H~(k, N). 

JIer~o npoBepneTca, qWO c ( F ' ) = 3 ( I ) .  IIogToMy /IOCTaTOtItlO npoBepnw~, ~TO ~,-an~i- 

 opO aM. 
IIycwb zE(N(F))~ aaeMeI~T, qTO CTeneHb (Z-~F) BaOIIMtIO npocTa c n. 

HycTb f :  F'-->F-Mop~HaM, OIII4CaHHbI~ B YIeMMe 3" 13 H nyCTb 
* --i_ --i , . 

~ = f  ( r 1 7 4 1 7 4  ) ,  

Tor~a iIMeeM: 
= = 

H (~.f*(z))=O :~aa Beex zeN(F) (mu. n. a.~) IIoaTOMy 
--I * * --I (f*(z). O3F,| ) = ( f  (Z) . f  (O)F| - - ( f* (z ) .  ~) = (~. OY~-~), 

* - - 1  ( f  (O~F| . o~75~) = (~. ~o7~) = n. 

143 BaagMHO~ HpOCTOT~ aT~IX/IByX qncexi eaeayeT, qrO ?.-OHI4MOpOH3M, H60, OqeBH/I~IO, 
* --2[ f * ( z )  U f ((o~| npnHa/iaemaT rpynneN(F ' ) a .  Cae~xoaaTeasno, c ( F ' ) = o .  

Ho Ha o6pamemm B Hya~ c(F') eaenyeT, ~TO F' nMeeT ceqeHHe yme aaa  k. 

~ a g  noaHOTm /Ia/IHM Ha6poeo~ ~o~aaaTea~,CTBa aToro u3BeCTHOrO gpa~Ta. IIycTb 

xeP~-oSmaa TOq~a, i : F~| ~ F'| o6mero caou, XcF ' |  
k-ceqearxe, i*(X| iaop Ha F~| IIocrmabrcy c (F ' )=o ,  rIMeeyI /l~Ig BCeX 

rRe ~-nexmwopbIti /Inuuaop (Ha k(x)-~pnBOI~ F;) eTeHeHH Hya~. IIoawoiy ~lI~m~aop 
~--v 1 G-nHBapaaaweH, a eweNeu~ ~--~ pamm i. Ha weopeMm PHMaHa-Poxa aaa  

I~pnBOfi po:aa earmntta caeayeT cymeCTBOBaHHe Ha o6meM caoe F',| G-naaapHan- 

Tnoro a~b~e~THBnOro ;~HBHaopa eTeneaa I; ero 3aMuuanHe Ha F ' |  aaeT G-HHBa- 

pHaaTHoe k-ceqeHHe. 
06paa aToro eeqeHHa Ha F nBaaeTcn k-npnBoii po;aa Hya~ (e k-paauouaabHoi~ 

rOq~Ofi), UoTopan He COBna;~aeT ~H e OaaOlt na HC~amqHTea~HUX ~pHB~X. HepBaa 

~aeT~ reopeu~ 3-I~ aouaaaaa.  
HyeT~ weneps k-noaeqaofi noae e qnCaOM aaeMenTOB q. Ha~ nouaaaa A. Bei~a~ 

[a4] qncao k-Toqe~ Ha patmonaa~noi~ k-noBepXHOeTn paB~o 

rae  ~i-xapanTepneTHqee~ne ~OpHn npe/IeTaBseHHa Mopq0HaMa (I)po6enHyea Ha N(F). 

IIo3TOMy aTO ,IHe~o --~ mod q H, aHa~nT, owan~no OT Hyaa. EeaH F-noBepXHOeT~, 

~ea~ IIeimo eTeiieHn n, TO paHr rpynnm N(F) paBeH m - - n ,  a ,meao k-To,~e~, Hona- 
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:aammrix Ha I~cr:amqHTeabm, m r~pnm, m, ue npeBocxo~IUT e~ ( q +  I) .  YIoaTOMy ann  

cymecrnoBaHrm k-Toqgil, He aemamefi  Ha Ilcr~aroqrlreal, Hb~X rr ~ocTaroquo,  

RTO~t,I Bt~IIIOaHHJIOCB HepaBeItCTBO 

q 2 - - ( I o - - n ) q - - e n  ( q + I ) + I > o ,  

UOTOpOe, ~aIr ae r im Bil~eTb, caeRyeT ria HepaBeHCTBa TeOpeMbI q> I O - - n  +e,,. 

3a.~e~tauue 1. - -  Boaee  j~eTaabHo paceMaTpiiBan JIHBHgop I4CI~JIIORI4TeaBHBIX 

HpiiBI~IX, MOH~HO yayqmHWI, ouenHy, Ilo Ran Bcex q peayabTaw He Momew 6blTb Bepen: 

IIpOnaBeRH ~OHOiiRaabHoe Ilpeo6paaoBaHrIe naJl P~ Ha~ IIOaeM k rla aByX aaeMeHTOB 

C IleHWpOM B qewl, Ipex k-TOqRax, MbI IIOayqHM 110BepXHOeTB Reab I I e Imo  cTeneHil 

11HTb, y I~OTOpO~ nce k-WOqKrI aencaw Ha i/Icl~aioqHweal~Hi,1x I~pHBBIX. 

3a.ue,~auue 2. - -  B cayqae  6ecEoueqHoro n o a h  k Hpnwepnfi TeOpeM~I 3-12 aaH 

nosepxHOCTe~ CTelieilri 9, 8, OqeBI4Jxno, HenpnMeHrIM, 1150 B IlepBoM cayqae  (z.co~ -~) 

scer~Ia aeaiiTCH Ha 3, a B6 BTOpOM-Ha 2. ~ a H  cTeneHn 7 peaya~waw wpiiBnaaeH 

(eaeaewBile i 143 weopeMl~I 3.7) .  C apyrof i  cwopoilbI, Ran noBepxHocTefi F c aHwm{a- 

IIOHHqecHo~ CHETeMO~ 6e3 He110~BHH~HBIX HOMIIOHeHT eweneHH 2 peayabTaw Bepea. 

~J in  RorcaaaweabcwBa Hyh~HO arImb y6eRHw~,ca, qwo BepeH aHaaor  JIeMMI, I 3" 13. Ho  

aHwnr~aHoHnqecI~ri~ ilyqot~ Raew pai~nonaabnoe owo5pa~eHrIe cweneltil 2, II / lag IIO- 

cwpoeHaa Hymno nportaBecwn MOHOnJIaabiioe npeo6paaoBarlrle c IleiiwpoM B naps  

eolipameHm, ix OTHOCIITeJIbHO DTOFO owo6paa~eH~a woqeH. 

3 . I 5 .  T E O P E M A .  - -  Hycmb F--k-noeepxHocmb Oeat, Hetlt4o cmenenu nstmb, 

K-Hop~taabttoe pactuupenue no.~n k cmenenu d u (d, 5 ) =  I. Ecau ua F |  ecmb 

K-mo,~na, mo F 6upaguonaabnO a~eueaaenmua P~. 

~o~aaameabcmeo. - -  I IycTb ei laqaaa d =  i n 11yeTb cymecTByeT k-Toq~a x, Ile He- 

a m m a n  Ha Ilei~aioqiiTeai, Hi, ix I~pHBI, IX. C~eaaeM MOnOI4~aalbUOe npeo6paaouaHrle c 

IIeHTpOM X. I l oayq i i sm aHcn  IIoBepxHOCTB F ' ,  o6aa~aeT TeM CBOI4CTBOM, qTO oSpaa 

TOqiiI/I X Ila F ' |  iiepeeeKaeT IIFITb noillapilo Hel]epeeeilaioulI~XCH HeHpHBOXHMBIX 

IICHJIIOqHTeaBHIaIX HpiiBMX, eyMMa HOTOpBIX HHBapHaiiTHa. ~)TO eaeJlyeT Ha TeOpeMbI 
- -  2 

3 .4  r :  eeart F |  nBameTcn o6paaoM P~ npn  MOHOmlaabHOM npeo6paaoBaHnn e 
2 

IleHTpOM B TOqHax Xl, . . . ,X~ I4 xosP~-o6pa3 TOtIHH x@k, TO nHTepecylolUaH Ilae 

11HTepi~a HCHJIIOqHTeabHblX HpHBblX COCTOHT lib o6paaoB npaM~IX, ilpoxoRaulrlX qepe3 

T O q R H  XO: Xi, H I - ~ O H I I H H ,  npoxo~nmefi  qepe8 T O q I ~ I / I  X0~ X l ~  . . . :  X 4 .  

CTHnyB aTy nnTep~y IleI{aIOqiiTealbH~,IX HpHBSlX Hag k, MI, I noayqnM 6i lpalmo- 

HaaI~Hblfi k-Mopd?ila= noBepXHOCTH F '  Ha TprIBilaat, ItylO IIOaepxuOeTb CeBepl4- 

B p a y a p a ,  11OTOMN qTO Ha HeR eewb WOqHa. 

HyCT~ d =  I II paKiloilaabila~ ToRRa x~F aeH{iiT Ha e~I/IHCTBeHHOITI HeIIpHBO- 

JIIIiOfi HCHJIIOqI4TeaI, HOfi HpHBOfi. T o m a  aTa HpiiBan onpe~leaeHa ttaR k. B c i lay  

TeOpeM~I 3 4 r ,  ee 11epeeelmeT Ha F |  TpOfi~a Ilonapilo ueilepeee~aromilxcn HenpiiBO- 

~lnM~IX ncnamqnTea~HblX ~r CTnHyB aTy Tpofi~y IlaR k, MbI IIOayqiiM 6i lpalmo- 

HaabHl, Ifi k-Mop~143M 110BepxnocTn F Ila t{Baapil~y, Ha ~OTOpOfi eCTb pa lmonaabHan  

TOq~a (HalIpHMep, oSpaa woqI~H X). 
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IIycTb,  HaHoHeII, d--~ 1 n k-ToqI~a x z F  aemiiT Ha rIepeceqeHHri aByX HepriBO- 

aI4MbIX HcI~aIOqUTe:IbHhIX I~pI~BbIX Ha F |  3Ty n a p y  B cHay TeOpeMbI 3"4 r) Hepece- 

tcaew qeTsep~a  nc~atoqaTeabr ib ix  Hpilnsix, CTl]rilnaeMan Ha~ k, qWO crmBa ~aew 

Tpe5yeMoe. B qaCTHOCTri, B cI/Iay TeOpeMbI 3" I2 6) Bce ao~aaaHHo B c a y q a e  HoneqHoro 

IIOJIl]. 
PaCCMOTpiiM wenep~, cayqa i i  d >  i .  I-louepxriocwb F |  6rIpariilonaabrio 3~SiiSa- 

aenwrIa la~. J Ier~o Bil~ewt,, qwo Ha F |  cyulecwuyew warcal] tcpriBal] X,  qwo (X.CZF) 

BSaHMriO IIpOCTO C 5- HaHprIMep, ecail K-woqtca x e F |  He aemriw Ha HcHaIOqii- 

TeabHbIX HpiiBbIX, aOCTaTOqHO BSl]Tb B ~aqecTBe X 06pa3 aOCTaTOqH0 061Ile~ HpHMO~ 

Ha 1 )20THOCiiTea]briO oriilcariHoro BbIIlIe 6riparinoHaabHoro COOTBeTCTBHI] (ToqHee, 

HymHO, tIWO6bI owa rip~Maa Hell p o x o a i l a a  qepea WOqHn X o , . . . ,  x4). AriaaorHqHo 

paa5ripamwcl] a p y r H e  aBa c a y q a a .  

HyCTb wenepb Z - - k - ~ i i B n a o p  Ha F waHoi~, qWO Z |  Ha F |  ~tBZIffeWC~I 

CyMMOfi X rI Bcex k-conpnmeHHilbix r: X.  TorRa,  OqeBrIaHO, (Z.c0r) $ o  mod 5, watt 

qwo MOH~HO IIpiiMeHHTb weopeMy 3.12 a), ~OTOpal] CTOaHT Bce yme  pa306paHriOMy 

cayqaIo  d =  I. 

3ame~auue. - -  B pa foTe  3rrprii~Beca [7] yTuepmaaeYcl],  q~o noBepxrtocTr, aezm 

I I e m m  cTerieHri 5 Bceraa  coaepmriT k -pa tmor iaa~Hym TOqHy, HO ~ e  He y a a a o c b  

3TO aoItaaawb. 

3-x6.  HpiiTeprifi ri. ~.3 B rtp~4Meriel]Hn r~ "iioBepxriocwl]M Reab I l e a u o  cwerieri~4 

n>~5, r~ar~ rieTpyaHHo l]poBepriTr~, He aaeT HeTpriBr~az/bilr,IX peay~bTaTOB. I-Ipri n~ 4 

cylIIeCTBOBaHrie pa imormabm,ix  TOqeH riepecTaeT ~bITb paBHOCII~/bHbIM 6riparmorIaar~- 

HO~ TpiiBIIa~IbHOCTI4 rIOBepXHOCTII aeab  1-IeIIIIO. B qaCTriOCTH, ]3. Cerpe [i7] ao~aaaa ,  

qwo MiiHI4MaabHal] ~y5ilqec~al] HoBepXHOCTb 5ilpa~iloHHaamio HewpiiBilaJIbHa, XOWfl 

~eFHO I]OCTpOHTb HpriMepb! TaRriX l]OBepXHOCTefi, IIMeIOIilriX paII~4oila:~briy~o Toq~y. 

Hi lme  Mb~ sbIqI4cal]eM r p y H n y  Hi(k, N(F))  Ran MIIHHMa~IbHbIX noBepXHOCWefi 

aeab  IIe~Ko F CTeileHil 4- HpeaBapiiweabuo oHricbmaewcl] BCeBO3MOmHb~e paa5neHHria 

MHOH~ecTBa IIpl]MbIX Ha F |  Ha op6iiWbI OWHOCriWeabriO ~efiCWBill] rpynHb!  F a a y a ;  a :m  

~ a m a o r o  Ta~oro pa36ilenril] r p y n n a  H ~ BbIqHCal]eTCl] C nOMOriIbIO aeMMbI 2 .9 .  P e a y -  

abwaw, HOaO6HbIfi weopeMe Ccrpe,  HeuepeH. Xowl] 3all 60~IbIriiiHCTBa < 1 2  Ila 19> 

paa6rieHilfi r p y m I a  ariSo HewpiisilaabHa, arI6O cwattOBriWCl] HewpiiBilaabrIOfi riaa pacmi l -  

periHeM OCHOBHHOrO riOal], 3TO MoH<eT 6bIWl) IleBepHo riO upafil]efi Mepe aal]  oaHHoro H3 

pa85rieriil~, ri He npoBepeHo a a a  o c T a m m ~ x  aem~.  B 3T~X cayqa l ]x  BOnpOC OT~pr,~V. 

HamH peayabTaW~,I HenoaHHbi, ri 8axaqa 8acaymHBaew aaabnef imero  H3yqeHHill], H50 

oria OWriOCriWCl] I~ OaHOH ri3 HpocTefimilx ailo(~aHWOBbIX CHCTeM ypasHHena~: aBe ~Ba~pa- 
THqHbIe ~OpMbI OT III]TH HepeMeHHblX <CM. Hil~e, II. > 4 .  I/IriwepecHo 6blaO 6hi peIIIriWb 

aal] Hee BoHpoc O ClIpaBeaal]BOCTri HpHHIIHIIa Xacce .  t{y6ilqecHile IIOBepXHOCTII C 

OaHOfi pal~HOHaJIbHO~ ripl]MO~, BoHpoc C 6Hpal/iiOHaabHO~I HeTpriBriaabHOCTH HOTOpblx 

OCTaB:Iett OTHpblTblM B CTaTbe B. Cerpe [ i7]  , TaHme CBO~ll]TCl] H OTOMy C~'Iyqato; Ham 

HpriTepri~ aaeT tIaCTHqHOe eFo pemeHrie: a3II] aBeHaRllaTil THIIOB ri3 aeBHTHaaIIaTri 

BO3MO?HHBIX. 
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LIrITaTe~II,, IIHTepecylomrificft ~iiimb pe3y~II~TaTOM, MOmeT orpaHrlqnTbCfI IIpo- 

CMOTpOM HII. 3 .18 ,  3 . 2 I ,  3.fl9 II Ta6~IHIIbI 3-27-  

3" I7- IIyCTI~ F--k-IIOBepxttOCTb i leab IIeIIIIO CTelleliil 4. B H.n.  3 - 5 - 3 . 6  onpe -  

Aeaeila rpy i i i l a  aswo~top~ilSMOB F, (( I~o i l~ i l rypa lma i i p a ~ i x  ~> ~ Ha F |  )Iei t-  

CTB~Ie rpy i l m ,  I F a a y a  G Ha F |  olipe~eaileT rOMOMOp~IISM G - + F ,  (Hail, TOqilee, 

~ a a c e  Ta~nx  rOMOMOp~HSMOB C TOqHHOeTI~IO J~O conpameHn~) ,  o6pa8 ~OTOpOro olipe~e- 

JlaeT H ~. IIoawoMy IlO~IHaa IIH~popMalma o BO3MOmltI, IX THHIIax IIOBepXHOCTefi F COCTOaaa 

6~I B OlmCaHiln s c e x  iioArpyliil  F~ H BSlqilesleillin H ~ ~ I a  I~am~ofi ~I8 HHX. H o  n o ~ r p y l m  

ea~m~oM Mnoro, a H ~ Ila eaMOM ~eae  olIpeAe~Iaewca a i l m s  pa86ileHHiieM ~ Ha op61iW~I, 

I~OWOp~IX ropa3~o  MeHi, me.  OnilcaHneM Ta~IIX paa6ne~i l f i  ~ I  ce~qac  8afiMeMca. 

B ~aa~HefimeM y~o6ilo 6y~eT n3o6pamaTs  ~4 B BI/I~e rpa~pa Bepm~ii~i ~OTOpOro 

COOTBeTCTByIOT IlpaM~IM, a J~Be BepmHm, I coeAnileil~i CiiMiiaei~ca~I Tor~a ~ TOaS~O 

wor~a, ~o r~a  COOTBeTCTBylOIIIIIe ilpaM~ie I Iepece~amTca.  B e a ~ a a  i ioArpyl ina  rpyl i i i s i  F 4 

~e~cwByeT Ha Bepmlim, i; op6iiwe COOTBeTCTByeT noArpaqS, COCTOaUiHfi Ha Bepm~IIl 

aTO~ op61ITBI II c0eJIHIIIIIOII~IIX HX CHMIIaeHCOB. 

PaCCMOTpiiM cae~ymmlif i  rpa~b c 10-m BepmnHaMil, IIpoiiyMepOBaHH~M~, ~a~  

iioi~a3aHo Ha qepTeace. 

(3" I7" I )  

r 

3 

2 

I 

H a  aTOM qepTeme He 

8 

7 

G 

5 

yHa3aHl~I CHMIIYleHcIxI~ coe~IIHHIOII~IIe BeplIIHHI~I a e m a l i m e  

aeBee BepTHHaYlbHO~ qepTbI C BepmHHaMH aemanlHMH HpaBee ee. By~eM cqiiTaTB, qTO 

Kam~aa  BepmHHa, a e m a m a a  no oAHy CTOpOHy qepTbI, coe~HHeHa eme pOBHO C O~HOi~ 

Ha nepmnH ~am~ofi  nap~i,  a e m a m e f i  no ~ p y r y m  CTOpOHy qepTLI. Hpi l  aTOM Bep- 

mnHI, I, JIeBble (COOTBeTCTBeHHO IlpaBble) B CBOefi nape ,  coe~iiHalOTCa c BepmHHaMil 

IIpaBBIMH (COOTBeTCTBeHHO $IeBbIMH) B CBOe~ IIape,  ec~III OHII JlemaT Ha pa3ilblX ropHH- 

aOX~Taa~HblX ypOBHaX (CTpO~aX) n C aeBLIM~ (COOTBeTCTBeiiHO npaB~IMH), ecaH OHH 

~iemaT B O~HOfi CTpOI~e. 

HanpHMep,  BepmHHa I ,  ~p0Me u coeAnHHeila eme c 5, 6, 7, 8. 

3 .18 .  5 IEMMA.  - -  OnucaHHbl~l epa96 UZO~top#eH ~4" 
,~olca3ameabcmeo. - -  CoraacHo TeopeMe 3 .4 ,  d~4 COeTOIIT II3 06paaoB IIa noBepx-  

HOCTrI F |  niiTil ToqeI~ IIa p2, uecaTil IIp~MblX, IIpOXO3IIIIIrlX qepe8 napLi aTnX TOqeI~, 

rI O3iiO~ I~Oiiil~ii, n p o x o ~ a m e ~  qepe3 Bce TOqI~ii. HyCTt, X o , . . . ,  x4-o6pa8~I TOqeH, 

L1~ (i4=j; i , j =  o, . . . ,  4) -o6paa  npaMo~ qepe8 i-Io r i j - m  TOqHy, Q-o6pa8  I~OilliIm. Cae-  

~ytoli~afl Ta~JiHil~a yCTaHaBSIHBaeT B3aliMHO OJ]~HO3Haqiioe COOTBeTCTBI4e MeHq~y Bepm- 

IIHaMII oni lcai i i loro r p a ~ a  II aTIIMII HpHBBIMII. 
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(3.x9.I) 

(3.x9.2) 
~po~/e mo~o, 

Lol X 2 ] X a [  x, { x~ [Lo2 Loal L~] Xo iLeal LI,[LI, I Q IL., tL~IL~ 
To,  qTO npri aTOM COOTBeTCBrin c o x p a n a e T c a  5n r i apaoe  OTHOmenne, npea~taraeTca  

npoBepHHT~ qnTaTe~m. 

FpaqS, OnHCaHriSIfi a ~. 3" I9  5yaeM Haa~maT~, uanoHnqecuriM rpa~oM o6~enTa #a.  

I l o a r p y n n y  F c F~ 5yaeM riaa~BaT~ ~onycTn~Ofi,  e c a n  noarpa~p~I ee op6nT He COCTOnT 

rib HHaOXtHHpoBariH~X nepmnH: ~oHyCTHMUe ~ o a r p y n n u  HBYIHIOTCH o6paaaMH r p y r i n u  

Fa~tya, aeficTByIomefi Ha MrinI~MaHbH~Ie rioBepXHOCTH. 

C S I E ~ C T B H E .  - -  Fpynna  P 4 mpansumuana na noOepa96ax euOa �9 �9 

epa96a oz~. 
(;)TO ne COBCeM OqeBHariO n u m b  a~ia Taunx  rioarpaq~0OB, Bepmriri~i gOTOpg~x 

:ienmT 1Io paaH~ e  CTOpOHU OT BepTHHra~HOfi qepT~L H o  ria IL 3" x9 ~ e r g o  yCMOTpeT~,, 

aTO a n n  ~ a m a o r o  Ta~oro noarpaqV0a BepmnriSI, He coeaHHHeHrisie c HriM, o6%eariHH~OTCH 

B Tpri r i apu  Briaa �9 $, OCTaBmHecH BepmHrihI 06%eariH~tIOTCH B qeThIpe riaphI, ri 

OTHHOmeHrie Memay a~IeMeHTaMrI aTriX BOCI~MH riap COBriaaaIOT c OririCaHriI~IMrl). 

:3- x9 ~ E M M A .  - -  Hycmb Z~, . . . ,  Z,cece noOepag~bt op6um nenomopoa epynnbb 

Oe~cmey~oulea Ha #~. 1-1yCmb a~-'~UCaO eeptuun a Z , ,  l~-~ucao cumn.qe~coe, estxoOau4ux us 

oOnoa eepmunbt a op6ume, Z, u non,~a~ou4uxca e op6ume Z , .  rluc.qa l,, ne saeucsm om 

eb~6opa eeputum, t u gOoe.aemeopmom c.aeOg~outu.~ coomnoutenua,u: 
7t 

Z lrs=5, r--~-I, . . . , n ;  

a ,  l,~ = a ,  lsr ; r ,  s = I ,  . . . , ?l. 

~a,- - - -  16, ( 3 " I 9 " 3 )  r=l  

u zpgnna Oongcmu.ua a mo.u u mO.qb~O mo~u c~y'~ae, ~oeOa l,>~ i ,H~a ecex r; a uacm- 

H O C m t l ~  (l r ~  2 .  

,lIonasame~bcmeo. - -  HeaaBHCHMOCT~, l,~ OT B~6opa  BepmHn~ B Z, cJIeayeT Ha 

TpaHaHTnBnOCTH r p y n n u  a a  op6aTe.  CooTnomeane  (3" I9" i) BuTeraeT Ha TOrO, qTO 

B #4 Ha ~IO50~ sepmnHbI  BUXOaHT 5 CHMIIJIeI~COB. COOTHOIIIeHHe (3" I9"2) n p n  r = s  

TpriBnaabnO, a r ipa  r # s  n o a y q a e T c ~  ri8 rioacqeTa aByMH paaHbIMri crioco6aMn qHcJIa 

CriMn~eHCOB, c o e a H n m o m n x  abe  aaHn~ie op6nTI, L PaBeHCTBO (3. I9"3)  oaHaqaeT, qTO 

Bcero BepmHHH 16; noc~eaHee yTBepmaeHrie cJieayeT ua onpeae~eHHa.  
3- 2o J I E M M A .  - -  l Iycmb F c F,-Oonycmu~aa noOepynna. ToeOa naa~cOaa ee 

op6uma cocmoum .au6o us 6, .au6o us 12, .au6o us 2 r I~<~<4, aeptuun. 
,~o~asame.abcmeo. - -  I I o p a a o H  rpynnLI  F 4 paBeH 2 7. 3 .5  (~eMMa 3" 6 n)). F p a ~  

/ x .  

opSnw1,I rib Tpex BepmHH B c n ~ y  aeMMbI 3" I9  ao~tmeH 6bin 6~i nMeT~ Bri~ / X ~ , ~  no, 
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~an  ae rno  y6e~I~TbC~, B ~aHoR~qecHoM rpad~e HeT Tal~I4X no~rpadpoB. OpS!lThI I4a 

15 oZIeMeHTOB He MoH~eT 5bIT]b, HSO jlorloaHeHrieM ee  6biJ/a 5bl o p 6 n T a  Ha OJ~HOr0 

9JieMerlTfl, qTO HpOTI4BOpeqI4T J~oHyCTHMOCTH. 

IIoHameM Tenep~, ~ITO ne MO~eT 6blTb op6UT J~oIIyCTrlMOfi rpynnbI  Ha 5 H 10 oae- 

MeHTOB. 

I IyCTb Z1-Tarca~t opSnTa ;  TaN I~aH / 1 1 ) I ,  I43 ( 3 . 2 i . I )  cxteJIyeT, UTO l~,4 4 n p n  

s :~I ,  a Ha (3 . i 9 .2 )  Tor~a BbITeHaeT, ~TO npH al-----O rood 5 anSo %-=o rood 5, an6o 
/ ~ , = l , t = o .  Ha (3.2~.3) cae~IyeT, nTO Bce a, He MOFyT JleXlrITl)C~t Ha 5, 1-103TOiy 

MOH~HO CtII4TaTb, qTO /I2 ~ O. 

C nmSofi BepmHnOfi HanOHHqec~coro rpadpa, B qaCTHOCTH, op6nTbX Z~, He coe~n- 

tteHLI 10 BepmHH- ~S[~ pa3H~,IX BeOmHH 3TI4 JleC~ITHIi He COBHaJ~aIOT; cJIeilOBaTe~bHO, 

TaR NaN a2>/2, 143 l ~ = O  cne~yeT ,  qTO a ~ < I O .  

~oIIyCTI4M, qTO a I = 5. H o H a ~ e ~  n p e a ~ e  Bcero, UTO lt~ = ~ ~ Z~ gMeeT TaHO~ BI4JI: 

d 

a b 

f~e~CTnI4Te~hHO, l t t - - - - I  H~BO3MOH4HO, n6o Tor~a s e p m ~ n ~ t  COeRHH~K)TCN n o n a p n o .  

H p n  l~1= ~ CTpO~I opSnTy nocaeaosaTea~no ~ y~rITNBa~ OTCyTCTBI4e T p e y r o ~ n n ~ o ~ ,  

d / "  

n o a y q ~  T p e 5 y e ~ f i  BH~. YIycT~ l~t = 3; op6nTa coaepa~nT noarpaqb a ~  ~ ; d He 

O 

MO~t~eT COe~H~TbC~I C b ~I~H C; HOOTOMy ~IMeeTC~I no~rpadp ~ ' ~ ,  aT0 KaeT 

60YibtUe, qeM HalO,  BepiIIHH. C~y~an la~>4 IteBO3MO~HIaI. B cH~y  czieJICTBHfI H 

~eMMe 3- 18 MO~HO nafiTr~ TaHOfi naOMOp~HaM #~ C ~ a u o n n ~ e c n n M  r p a ~ o M ,  n p ~  KOTOpO~ 

a - > I ,  b - + I ;  To r~a  d i~oi~aJIaeT B ~IeBym BOCbMeprcy BepmHn;  B C r ~ y  TOrO, '~TO lls~--O, 
ec~r~ a~=o rood  5, o p 6 n T a  Z s COJIep~HTC~ B MHOH~eCTBe qeTb~pex n e p m n H ,  He coe~I4- 

HflIO~tlHXC~I C a,  b H d I4 COCTaBY[~IIOIU~IX ~Be nap~i ~_ = ~_. C;rIeJIOBaTeJIbHO, eczII4 

Z t ,  . . . ,  Zk-BCe opggT~,I ~a  5 o~IeNeUTOB, ~MeeM 

a ~ + t + . .  �9 +a~<  4. 

Orc~);aa c~e;~yeT, yqaT~Bau (3- I9-3),  uro a a ~ + t §  + % =  ~, a ~TO npOTa~opequT 
;~onyCT~MOCTa rpyna~I .  

TeM caMbIM, o p 6 u T ~  MOFyT COCTOHTI~ JII/IIHL I/I3 6 , I O  HJII/I 2 r I ~  4 35IeMeHTOB. 

3. ~x. J IEMMA. - -  Hycmb F C P4-Oonycmu~a:~ noOepgnna u nycmb cgu~ecmegem 

op6uma F, uuc.~o eepmun ~omopo~ Oe/~umc:~ na mpu. TozOa go:v, cno ua~mu ma~o~ 
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uso.~op~us,~ 
ebte~Oum OOHU~ US c~eOg~outux cnoco6oe: 

•4 C I~aHOHU~lecRUM epa~6o.~, npu ~omopoat pas6ueHue na op6umbt 

(3."t- ~) 

I I I  I I I  

Z3 

~OR(13aIlle.flbCmSO. - -  1-IycTb a 2 ---- O m o d  3. T o r 3 a  a 2 =  i2 HJIH 6 .  I IycTb  a 2 =  I2. 

HMeeM I212s=a~l~, npnqeM l~,l~2#o, HSo c Ham~o~ BepmnHoi~ He c0e~n- 

H~IIOTCH JIHIIIb IO B e p m n H .  E c : m  I~<as~<2 , TO l~2>~6lz8, qwo HeBO3MOH-~HO, HSO ls2<~4. 
Tar< r~arr a , =  3 rome rmBOZMOmnO, HMeeM a8=4,  l,~=3/2s- TeM CaMSIM, n = 2 ,  

1 2 1 = I  , 11~=3,  a 1 = 4 ,  OTKyaa Ha y c a o B n a  112+lu= 5 HaxoanM l t l = 2 .  Cneaosa- 
c d �9 |F 

we~bHO op6~Ira Z 1 i4MeeT BI4JI . OTo6pa3nM ~4 B I~aHonHqeCHUfi rpa~p, TaH, 

a b 
qWO5b! (a, b) ~ (I ,  Y) a e r u o  BU~eTb, qWO wor3a MOmnO 305HTSCn, qwoSbI (C, d) -~ (5, 5), 

owHy3a c~e~yew onncaHI~Lifi B ~  paa6HeHHn. 

~oIIyCWtIM werlepb, qTO eCTb ~Be opSI4TbI I43 6 3aeMeHTOB: a t : a 2 : 6. I Io~ameM,  

qrO c~yqafl n = 3 ,  a a : 4  n e B O 3 M O m e H .  ~efiCTBI4TeJII:,HO, HMeeM 6 l t a : 4 / a l  , oTr~y~a 

~gSo  l l a : 2 ,  l a 1 : 3 ,  JIH60 l l a : l a ~ : o .  A H a ~ o r g q n o ,  ~ n 6 0  l ~ a - - l a ~ : 3 ,  ~nSo  

lea=lae:o. O~HOBpeMeHnoe HepaBeHCTBO Hy~IO He MoH~eT I4MeTB MecTa: HHaqe 

lat+la~+laa>5. YIooTOMy MOmHO cqI4TaTB, qTO l~a-----lat----O. H o  c napof i  �9 �9 He 

COe~rIHHeTCH 6 BepmI4H, H TaHHe mecTep~n  3~ia paaHbIX n a p  He COBHa~aIOT; l~03TOMy 

n p g  a a = ~  I4 a~ = 6 yc~IOBge lt3~- O HeBO3MOmHO. 

3HaqHT, ecJIg a l = a  2 = 6, TO n = ~  I4 a a - - a t  = 2. TaI~ Bh~me, H3 paBeHCTBa 

6 l a : ~ / a l  Haxo~IM l t a : I ,  l a 1 : 3  g~H / ~ a : l a t = O ;  aHa~orHqHO, l ~ 3 : I ,  / a 2 : 3  g~I~ 

12a=[3~:0. 03HOBpeMeHHOe ItepaBenCTBO H~II4 paBeHCTBO H y ~  HeBO3MOmHO: B 

nepsoM cayqae la~+lae + laa>5, BO BTOpOM la3=  5, qWO npow~IBOpeqHw a a = 2. H o o -  

WOMy MOH~HO CqrIWaWb, qWO it3 = l~  = O. Owo6pa3HM ~a Ha I~aHOHHqeCHHfi r p a ~ ,  waI~, 

qW05~I op5nwa Z a n o n a a a  Ha (5, 5).  T o r ~ a  Z1, oqeB~3HO, 6y3ew COCTOHTb H3 BepmnH 

6, 6, 7, 7, 8, 8.  Op5nTa  Z~ ~Iona~aew Ha 0 3 n y  H3 n a p  B ~IeSOM croYiSI~e; a e r ~ o  BHXeTb, 

qTO MOmHO C q H T a T b  e e  napof i  i ,  ~.  

Pau6epeM wenepb c a y q a f i ,  I~or3a ecwb ~iI4mb o~tia op6nwa n3 6 BepmI4H. I I y c r ~  

a t = 6  , a , = 2 ~ ' , s ~ > 2 .  H M e e M n p e m j ~ e B c e r o  61is=2~lsl, S# i .  E e a n  /~t=~o, TO l ~ = 3 ,  

I 
/1~=2~'-~; eca~ Bce l~#O, TO Y~ l t ~ = - ~  a .=5,  ~TO nesoauOmHO, n60 /~>0. 

s ~ 2  2 s ~ 2  

3Haqnw, ~ g  ue~oTop~m s ~MeeM / 1 8 = o .  T a n  ~a~  a t : 6 ,  ~a~  6buio 3aMeqeHo 
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Bsime, TaHoe s MoH~eT ~BITB TOSIBHO O~HO~ cNameM, s = 2 ,  n JIJIH Hero a 2 = 2 .  

Op6HTSI Z 1 H Z 2 NaN Bblme, MOH~HO CqHTaTb I4cqepI~bIBaK)nlHMH npaBbI~ CTO/I- 

6eR. Paa6HeHne aeBoro CTOa6Ra Ha op6IlTbI, e c a ,  OH He sees  ltBJIIteTClt Op6HTO~I, 

l~omer 6~aTb TOaSNO smla  4 + 4  Haa 6 + 2 .  BTopofi cayqaf i  yme  pa3o6paH. IIoNameM, 

qTO IIepsl, I~ tieBOaMOmeH. ~efiCTSHWeabrtO, nycTr~ a 3 = 4. Oqesn/IHO, 133--- I. B o c n o ~ s -  

ayeMca B aTOM MecTe TeN, qTO Hame pa36HeHne onpe~eaeHo r p y n n o f i .  T a n  naR y 

Hee eeTB op6HTa H3 6 9JIeMeHTOB, ee nopu~oN /IeJIHTC~ Ha 3; I~OTOMy ONa COJIep~KI4T 

t I~mi~qec~ym rm/~rpynny i i o p ~ N a  3, u see  oHu c o n p ~ m e H u .  TaNau  r p y n n a  /Ieft- 

CTByeT ~a NaHOHHqecNH~ r p a ~ ,  HanpHMep, TaN: t l ~ a n q e c N H  nepecwaBaaew wp~ 

BepXHne cwpoqNn. Cae~oBaTeasno,  y Hee eCTS 4 op6uw~I nO 3 Hecoe~IHHeHH~X Bep- 

m H n ~ .  4 op6~ITSI nO O/IHoi~ Bepmnae.  J Im6aa  op6HTa r p y n n u  P Roamaa  6BITS 06%e- 

7tHHeHHeM TaNI4X opgIlT: tIO aerNo BH/IeTS, qTO op6nwa c a-----4, l =  i 3WOMy y e a o n m o  

He y/IOBJIeTBOpHeT. 

3ame~anue. - - B  yCaOBH~X ~IeMMSl 3 . 2 I  r p y n n a  P o6azaweasno  HMeeT IIOp- 

a~ON 3" ~ "  B CaMOM /leae, uHa~e ee op6rIW~,~ 6~Ian 6hi o6~e~InHea~eM op6Hr RrINaH- 

qeeNoit 5 -ao~rpynn~ i ,  no n o e a e a H a e ,  Na~ aeTpy~IHO BII/IeTS, coaepmaw 5, 5, 5 H 1 

Bepm~ny,  TaN qTO I~o~IyqHTS oS~eai4HenHeM op6nwy ~3 qewbIpex ~4a~ /IByX Beptuan 

HeBOBMOiNHO. 

3 . ~ .  Y l E M M A . -  Hycmb F-Oonycmu.~aa epynna, op6Umbl ~omopoft na ~ 
cocmoam naa~cOaa us ~ aae.~enmoe. ToeOa cyutecmeyem uso,uop~us~u r na ~anou- 
uuecnus epa~, npu i~omopo~ pas6uenue na op6umbl e~teaaOum oOlm.u us caeOylou4ux 

cnoco6oa: 

(3.22. x) 

Z~ 

Za Z7 Za 

I ' - - ' l  
ZI Zs Zl 

I V  V 

ga Z6 Za 

"----I "--"  I ' - - '1  
Z8 g2 Z2 
I----I  ~ "---" I--- '1 
Z5 Zl- :Z5 Z1 

V I  

Zo 

Z5 
I'----" 
Z4 

V I I  

Za 

Z~ 

Z1 

Z5 Z2 

[,,-....-~ 

Z~ Z 1 Z3 

Zl 
~-----e I x 0 

" - - '1  

Zi 

V I I I  I X  X ) 

Z4 

Zs 

Z2 

V-~= "1 
Z~ 7-5 

X I I  

"- : j  I : -  r . I  : " 

= = L :  =1 = = 

z8 I 

Z1 Z4 

X I I I  

Z~ 

" 1 :  

=1 
Z1 

X I V  

il 
, , - ]  = 

Z3 Zl 

X V  

Z ~  

il ]i z if_ 
X V I  X V I I  X~ 

: =1 

r l I I  

ZI 

X 
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,~oRa3ame~bcmeo. - -  CoxpaHgeM 0603HaqeHI4g ;IeMMH 3.2I .  ECJIH Bce a, = 2, 

OTO6pa3rlB o~Hy H3 op6HT B I, )-, IIOJIyqHM paa6rleHne IV.  

IlycTI~ m a x a ~ =  4. YIollaa~ei, qTO ecJIrI eCTb op6HTa Z r c l , = 2 ,  TO n = 4 ,  

a 1 . . . . .  a4=  4 n l~r=2 ~JIH BCeX r =  I , . . . ,  4. (EcJII4 / r r=  I ~IYiH Bcex r, TO 

llall ~Ierllo BI~JIeTb, IIOJIyqaei c~iyqai4 Y - IX ;  I~r>2-HeBO3MOmHO). 

YIycTb max  a~=4 .  OTo6paman Z1 B (I, 7, 5, 5), y6emaaeMca,  qTO Jllo6an Bep- 

mHna coe~i~HeHa c Z 1. II03TOMy lls~> I ~SIH BCeX S > I ;  HO ~ 1 ~ = 5 - - l ~ = 3 ;  3HaqrlT, 
s>l  

op6I~T ~<4; B eoeAmleHrlri c max  a i =  4 ~I ~ a i = I 6  3TO ~aeT a 1 . . . . .  a4=  4. 

HollameM, qTO 12~=2 (~I aHaJiorrlqHO, 1 , = 2  A~IH Beex r~>2). HHaqe 122= i ;  OTO6- 

pasl~M Z~ B llaHOHrlqecllnfi r p a ~  Tall, qTO6~I Z 2 noliaJia B (i i 2 2). To r~a  y Zi ~Be 

Bepmm~l~i 6y~yT c~IeBa OT qepT~,I, a ~iBe-clipaBa; BepmrlHl~i caeBa He coe~HHeHI~I C Z~, 

a clipaBa-coeJIHHeHl~i; IIO3TOMy Talloe pa36HeHrle He COOTBeTCTByeT Hrlllallo~ rpyrlHe.  

T e i  CaM~IM, l~ ,=~ ~ I a  Bcex r, /,,-----I I~prI r # s .  
B 0TOM c~Iyqae MOFyT Iio~IyqrlTl, ea  ~Ba CylIIeCTBeHHO p a s ~ I X  paa6neHHg. Ta~  

llall l r , =  i ,  olipe~e~ieHo oToSpa~eltHe Zr---~Z~. HaaoBeM 3TI~ JIBe opSgTl~I IlpaBrI~ImtO 

COe~rlHeHHI,IMI4, ec~[I/I 0T00To6paH~eHHe HepeBOAHT coe~I4HeHHbIe BeplIII4HM B COeJIg- 

HeHHIxle. 
EcJIrI BCe op6rlTbI nonapHo IlpaBI4~IbHO eoeArlHeHl~i, oToSpamaa o~Hy H3 HHX 

B (I,  I ,  5, -5), Hafi~eM, qTO y oeTan~HbIX Tpex op6~IT nO ~ a ~ y m  CTOpOHy OT BepT~- 

llaasHO~ qepT~! ~O~I~Ha JIe~aT5 n ap a  coe~rIHeHHbIX BepmHH. I-IonyqHM ~oH~nry-  

pa umo  X.  
Y ipe~ io~ io~M Tenep~, qTO Z~ H Ze coe~nHeHLI HeIIpaB~IhHO. OTo6pa3HM Z~ Ha 

(I,  I ,  5, 5); Tor~a y o6pa~a Ze 6y~yT ABe Hecoe~InHeHH~e BepmnHh~ caeca  n ~Be-cnpaBa; 

MOmHO eqrlTaTb, qTO 3TO 6y~yT (2, 3, 6, 7) .  E~HHCTBeHHa~ no3rpyr i i ia  CI4MMeTpHft 

rpa~?a, HaTnHyTOrO I~a Bepmrlitl, i Z~ n Z2, ~X~In lloTopoi~ Z~ n Z2 aBaaloTea opfr lTa~n,  

naOMOp~Ha Z~• ~I ilopomJxeHa e~Ie3ylomI~MrI nO3CTaltOBllairI: 

: (i u (5 5) (e 3) (6 7), 

: (I 5) (i- 5) (9 7) (3 6). 

H3 paecMoTpenHn l lauoHnqeelloro r p a ~ a  aer l lo  yBn~eT~, qTO OTo6pameHne P->Z~ • 

(r~Ie P-i io/xrpymla,  oeymeew~Iammaa  ~IaHHoe paa6neH~e Ha op6nw~I) He nMeeT a~pa  

(TO eew~, a~WOMOpqO~aM rpaCa ,  oewa~aammn~ Ha Meewe ~epm~H~ i,  ~, 5, 5, ~, 3, 6, ~, 
TprlB~a~IeH). HO~TOMy, eeam ~ rI ~ ilpo~o~ImamTea ~o aBTOMOp~8~IOB llaHoH~qeelloro 

r p a ~ a ,  TO o/moaHaqllo. H a  eaMOM ~e~Ie Tahoe owo6pameHge eymeeTByeT ~ aaAaeTea 

Tall: 

: 3) (6 7) (4 4) (8 
: 0 7) (3 6) (4 8) 8) 

NTO HpHBO~I4T H paa6rmHnm X I .  

B eayqae ,  l lo raa  a ~ = 8  n /11= I, noayqaeM paa6neHna X I I - X V ,  OTo6pamaa 

OaHy n3 nap  op6nT~I Z~ Ha 5, 5 B peaya~TaTe qero  Bea Z x nonaaaeT Hanpa~o OT qepT~I. 
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Cayqafi  a~=-8, I n =  2 HeBOSMOh~eH. B caMOM 3eae,  CTpO~I r p a ~  TaHOfi Op6HTI~! 

IIOCJIeJ~OBaTeJIBHO, J l e r~o  y6e~irlTbCa, qTO otta J~OJI~HHa I4MeTB BHJ~ JIH60 ~ByX Heco- 
e~HHeHHBIX HBa~ipaTOB, ~1460 BOCbMHyFOJIBHHHa. C RBaApaTOM B HaHOHHqeCHOM 
r p a ~ e  coe3nHeHa ~i~oSaa Bepmi4Ha, noaToMy nepBoe  HeBOSMOmHO. I lycTI ,  op6rITa 

d 

~IBJI~IeTC~I BOCbMrlyFOJIbHHHOM i ~ ~ "  

a h 

OTo6paznM (a, b) B (I, I).  C TOqHOCTBIO 

3o nepeHyMepoBun MOmHO CqnTaTb, qTO (d, e) -+ (2, 2), g--~3. OSpaabI BepmnH f ,  h 
a o a m n u  03no~paTHO coe~nHaTbCa c 3 n OaHo~paTuO-C CrlCTeMOfi ( I ,  I ,  2, ~) ,  HO Ta~mx 

Bepmrln  B KaHOHrlqeercoM r p a ~ e ,  OqeBH~HO, H~T. 

Cayqafi  a t = 8, ln>~ 4 HeBOSMOmelt: CTpO~I op6HTy Hocae~oBaTea~HO ~ yqnT~maa 

I/_ 
oTeyTeTBne TpeyroabHn~OB, npnxo~mM ~ HeBOaMO~HOMy n o a r p a ~ y  ~ - - B  HeM 

yme  9 nepmna .  ['-%- 

OcTaeTcn pazo6paTt, cayqai~ a 1 = 8  , lx~=3.  Flpemae Bcero, /1 ,#o  nprI s > i .  
~ei~CTBI, ITeJIbHO, B Z s c o a e p m n r c a  c o e a H H e a H a a  napa ,  a c He~I He coeJII4HeHI,I TOZlbHO 

6 BeptunH.  IIoaTOMy, yqr ITUBaa ,  qTO ~ l ls~ 2, rlMeeM: zlri6o n -~  3, a2 = aa = 4, zlrI6O 
n = 2 ,  a 2 : 8 .  s~>2 

I lycTb n = 3, a2~  a 3 =  4. To raa  lx2= l~3= ~; 121= la~= 2. IIoHameM, qTO cayqaf i  
l z 2 :  i neBoaMomeH. HHaqe 121-4- l~2 + lza = 5 ~ / 2 3  = la2 --~ 2 ; lax + la2 + laa = 5 ~ laa = I. 
OTo6paanM Z2 Ha (~, u 2, ~); Ta~ ~a~ l a2=~ ,  a r )6aa  Bepmnna Z a aemnT c a p a s a  OT 

qepTbI; xa~ ~a~ l ~ =  ~, ~ o m a o  CqnTaTS, qTO Za OTo6pamaeTca aa  (5 5 6 6). OcTaa~ar~e 
BeplIIHHh[ eOCTaB~IfflOT Z1;  HO ;)TO HeBO3MOH~HO~ FIFO, cI~ameM, 3 coeJIrlHeHa c Z 3, 

a 7-neT. 
CJIe~OBaTeJIbHO, n p a  a a l - - 8  , / n ~ - 3 ,  rI a2=aa= 4 iIMeeM 1 2 2 = / a a ~ - 2 ;  OTClO;~a 

12a-~laz----I.  I I o ~ a m e M ,  qTO HBaApaTLI Z 2 H Z a rlpaBrlal~HO coearIneHl~I; T o r a a ,  OTO6- 

p a m a a  Z~ na (~, i ,  5, 5), a Z~ Ha (~, ~, 6, 6), n o a y q n ~  paa6nenne  X V I .  B ca rom 
~eJie~ eCJIH Z 2 H Z 3 aoe~HHeHbI HelIpaBHJIBHO~ TO MOH~HO CqHTaTB, qTO 

Z2 = (~, u 5, 5), Za = (~, 3, 6, 7);  

BCe OCTaJIbHble B e p m u m ,  i AOJI~I~HI~I o6pa3OBaT5 Z 1, qTO HeBO3MOH~HO, H60 Hall  iioi~a3aHO 

Ilpn pa86ope pa86uel tnn XI ,  r p y n n a  c op6nTaMrI Z2 rI Za pa36rlBaeT 3oiIOarlerme 

TaHH~e Ha XBe qeTBepHrl, a He TpaH3HTHBHa Ha HeM. 

Ha~oaer~, IlOCaeaHnfi c:iyqaii (sa ncI~IlOqeaaeM TpnBnaa~moro X I X ) :  n = ~ ,  
ax =-a~ = 8, l n = l~ = 3. H p e m a e  Bcero, B Z~ eCTb ~ a a p a T .  (HHaqe, CTpOa Z~ nocae-  

i~OBaTeglbH0 H yqI4TblBa~I OTCyTCTBHe TpeyFOJIbHHHOB, Ha~I~eM no~rpaq~ ~ " ~ a " "  , \ -  
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H a He C qeM coexHHFITbC~I). OwoSpa3I/IM DTOT ~Ba~paT B (I ,  I ,  5, 5) .  ~ m 6 a n  a p y r a n  
BepRII4Ha coe~InHf[eTc~ c DT~IM HBa~pRTOM; ~BaHUIbI coelII~HATbC~ He MO~eT, H60 B Za 

eme 4 BepHItIHbI, n ~ la~ = 3  3TOFO MaXlo. 3HaqnT,  H3 BCeX OCTaJIbIthIX BepuIHH 

~r coexnHeHa c oai~ofi n3 sepmnn  (i, ~, 5, 5), ~I CaMH OHI40qeBH~nO, oS~eJInneHbi 
s ~Ba~paw. EC~H OH npas~Iabno coe~nneH c nepBbIM HBa~paTOM, noayqaeM pa3- 

6ne rve  X V I I .  
YIycwb wenepb on HanpaBnabno coe~nnen c nepBbIM HBa~paToM. Tor~a noayqnM 

pa36nenne X V I I I .  IIoHameM OTHOCUTe~bHO Hero c~e~yDmnfi  pe3y~TaT.  

3.~3.  ~ E M M A .  - -  Ilycmb F-epynna aamo~opCu~oe ICaHOHU'4ec~080 ~pa96a, 
ocyvgecme.~mou~aa paz6uenue X V I I I .  ToeOa F coOepg~cum t~unau,tecng~o noOzpynny 
emopoeo nopaOna, pa~6uenue Oaa nomopo~ U30.~opCuo pa~6uenuto IV.  

~onazameabcmeo. - -  PaccMoTpn~ opSnwy Z l = ( ~ ,  u 5, 5, 2, 6, 3, 7). O~a nan- 
HeTCH (( HOCBIM HySoM ~>: ~Ina OCHOBaHHH ero-i~BaRpaTbi-coeKtIHen~,~ HeIIpflBIIJIbHO. FIo~- 

r p a ~  ~ocoro ~ySa,  HaWfIHyTOrO na 4 Bepmnu~,  He coe3nnennsm c amSofi 3aUHOfi, ~IMeew 

BH~ ~- �9 �9 ,,. I-[OOTOMy c T a t ~ o H a p H a ~  n o ~ r p y n n a  BepmnH~i H3oMop~I~a Z~; 

TaI~ ~r r p y u n a  aBTOMOp~IJ3MOB HOCOrO ~y5a  TpflH314THBtta Ha BepmHgax ,  ee r[opg~oIr 

paBeH I6. 05paa  o r p a H n q e n ~  rpyHn~I F Ha nepBy~) opS~Ty HMeeT IIOpg~oI~ JII450 8, 

JIH60 I6 .  BO BTOpOM cayqae  OH gBJIReTC~I IIO~InO~ r p y n n o $  aBTOMOp~)I43MOB Hocoro  

rcy6a r~ nOTOMy conepmr~r ~trmarmecrcyIo ~onrpyrIny,  nopom~enny~o O~eMeHTOM 

(~ 5) (~ 6) (~ ~) (~ 5). Hpoo6paa aTOfi IIonrpynn~I a F nopomaen  aaeMenTOM (~ 5) (e 6) 

(3 7) (4 8) (u ~) (~ 6) (~ ~) (~ 8) n, ~au aeri~o BnaeTb, aaeT paa6ueime sriaa IV.  
YIpeanoaomnM Tenep~,, qTO o6pa8 F nMeeT nopnaorr 8. B TaKOM cayqae  on ne 

coaepmrIT cTaurIortapnoii n o a r p y n m ,  I aa  OaHOfi Ha BepmnH uocoro i~ySa. 3Tn Bep- 

mnm, i paa6n~amTcn Ha qeTb~pe nap~,~ (~, 5), (~, 6), (~, 7), (u 5); aaeMerIwr~ I~amaofi 
napbi n TOJIb~O OHH I4MelOT O~II~ylO cTaunormpay~o I io~rpyl- /ny.  C~e~IOBaTe~tbHO, OBTO-- 

MopdpnaM ~, nepeBoaamn~ ~ B 5,  n e p e B O a n T  5 S I ,  I4~O OH He MomeT paaSHBaTb 3TI4 

n a p u .  HpoMe Toro,  OH He oCTaBa~IeT Ha MecTe ItrI O~IHy I48 sepmnn .  MttomecTBa (2 6) 

I4 ( I - 7 3  5) HBJIHIOTCH O6],e~I4HeHI4eM op614V n p n  ~eI4CTBI414 iiI4HJiI4qecI~oH r p y n m , ~ ,  

nopom3eHHOfi ~, U60 nepBoe MHOmeCTBO COCTOnT n8 Bepmnu, coe3nHe~nux c (~, 5), a 
nTOpOii-He coe~nneuuux .  ~ a a e e ,  ~ ~oameu ImpeBO~nT~ 2 B 6 n 6 B 2. ECJII4 ~ H 

~OMy me nepeBo3nT B ceS~ uam~ym na nap (u 5), (3, 7), TO OH COBna~aeT c :r ~ nOTOMy 

nopom~aeT paa6neHue IV.  
B npOTnBHOM cayqae  ou ~o~men MennT~ MeCTaMn n a p ~  (u 5) ~ (3, 7). YIo~ameM, 

qTO DTO HeBO3MOH~HO. B caMOM ~eae, BepmnHa ~ coe~nHeI~a c 5 ~I 6. 3HaqI4T, npooSpa3 
~oa}~en 6~Wb coe~II~e~ c ~ H ~ ~ ~BITI~ I I4J'IH 5, qWO npOWnBOpeq~BO. J-[e~Ma ~oI~a3a~a. 

3 .u4.  J I E M M A . -  Ilgcmb F-zpgnna aemo.~opg~u3~oe ~aHo~uqec~oeo epag~a, 
Oa~ou~aa pas6ueHue X I I .  ToeOa F coOepatcum Oongcmumg~o noOzpgnng, Oa~ou4g~o .~u6o 
pa36ueHue IV,  au6o pa~6ueHue, ueo~top96Hoe VI.  

~o~a~ameabcmeo. - -  I lpem~e Bcero, F ~BaaeTc~ 2-rpymtofi .  ~eficTBnTea~no, ee 

3 -no~rpymm n 5-no~rpyn~a  OCTaBamOT Bce Beplunm, i caeBa OT qepT~ na MecTe 

HOTOMy Tpnmiaa~nsL )~aaee, nycT~, ~eF .  E c a n  ~ Tom~ecTsenuo caeBa OT qepTsI, 
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TO ~ TpliBHaXlbttO. J-Ier~o BI4~eTt,, qTO B IIIpOTIIBHOM cay~iae [3 HeTpnBHHa~IbHO AeficTByeT 

allSo HHa Bcex ~eT~ipex, a~6o HHa ~ByX n a p a x  aeBee qepT~I. B nepBOM cay~ae  rpynHa ,  

nopom~eHHaH ~, ~aeT p a a 6 ~ e ~ e  IV .  Bo BTOpOM c~Iyqae ~a TpaHanTnBHOCT~t F na 

op611TaX a e r ~ o  cae~yeT cymeCTBOBaH~e oaeMeaTOB [~ ~t ~2eF,  ~ a m ~ i f i  lla ~OTOpSlX 

~efiCTByeT HeTpllBllaabHO Ha ~ByX n a p a x  cJieBa, a l lx IlpOnaBeileHlle-Ha BCeX n a p a x  

caeBa. 1-Ip}tMO~l IIOACqeT noHaal~iBaeT, qTO eCJIH ~ HeTprlBrlaaeH Ha AByX n a p a x  caeBa, 

TO OH llepecwasaaeT (( 6ea ilepeI~pyu~saHHa )) ~Be eoceAHlle ilapLi crlpaBa II nepe-  

CWaBZlrtew C ilepe~pyqllsam~eM ABe Apyrlle napsi  e n p a s a .  IIoawoMy n o ~ r p y r m a  F, 

I lOpom~eallaa ~ ri ~ ,  ~aeT paa6~eH~e wrIiia V I .  

3 .~5 .  J IEMMA.  - -  llocmaeuat a coomeemcmaue ecano,uy noOepar na~ortu,~ecnoeo 
epar tluna us noeepxrwcmu F| ae.~moutuOca cy~t~oO npa~tbtX, coomeemcmeym- 

utux eeo aepututta~u. ToeOa epynna eaae~b~X Oueusopoe, HamaHymbtx Ha npaab~e, 
nopo~cOeHa nonapHbtau pasHocmaau gunaoe, coomeemcmey~oulux noOepa#am-tr 

Opamaa 

/7o~r - -  Bce TllnbI HBaRpaToB B I~aHOHIIqecI~OM rpaqbe Ilepe~llcaens~ 

Hi, ace: 

a. (i, i , j , j ) ,  i~<i<~4, 5<~j~<8; 

6. (il,T2, i ~ + 4 ,  i 2 + 4 ) ,  ~<~i1+i~<~4; 

8. (i1, i2, Jl  @4, J2 -}-4), (il, i2, j~, j2)  = ( i ,  2, 3, 4) ; 

e. (i~, i2, j l  + 4, J2 + 4), (i~, i2, j~, J2) = (~, ~, 3, 4). 

H e r p y ~ n o  y6e3nTbCn, tITO llnaeKc nepeceqeHna am6ofi npaMofi c ~m~aOM a~o6oro 

RBa3paTa paBen I. I/Is czie~CTB~ H TeopeMe 3 .4  B~iTe~aeT Toraa,  qTO paUHOCTH UHKJIOB 

HBaRpaTOB gB~nmTCa rXiaBHbIMH aliBHaOpaMH. 

IIo~ameM o6paTaoe.  CTfIHyB naTep~y  npaMsix Ha F |  B IIrtTb TOqeH, OTO- 
2 2 

5pa3nM F |  na  P~.  PaCCMOTprIM Ha 1~ anBnaOpL~, aBam o m n eca  nonapnb~Mn 

paaHOCTaMrI npaMl, iX qepea ilap~,i TaIOzlX TOqeH H~III pazrlOCTblO I~OHIII~II (~epe8 5 TOqeH) 
rt eyMMsI ~ByX IIpaM~IX. FIa reoMeTpllaeenllx coo6pameal l f i  Hello, aWO o6paWHl~Ie 

o6paa~I OTIIX allnllaopoB HHa F |  llopomamow BClO rp y ru ly  raaBa~ix ~HBI430pOB, 

HaTnaywylo lla I~paM~,Ie. Ho ,  B 06OaHa~eHnHX aeMMSI 3.18,  7)TII 06paTH~Ie o6paa~I 

pasm,i  

Q +  xa + x , - -  (Lol + Lo~. + xl) = ( Q +  x a + x, + La~) - -  (Lol + L12 -~- La~ + xl), 

Lq + x~ + x i -  (Lol + x o + xl) = ( Q +  L~i + x~ + xi) - -  ( Q +  Lol -{- x o -}- x~), 

I4, 8HaqllT, aBZtmOTCa paznocTaMa tmrr ~Ba:apaTOB. 

3.26. I-lyeTb aaHo pa36nemIe  D : 0 Z~ HaHormyecHoro rpad~a Ha noarpad~bI 
i = 1  

op6nT. HyCTL a~-qnezo Bepman Z o d =  H. O. R (al). 0603naYHM qepe8 C O r p y n N y  HyZb- 
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Mepmax aenefi rpa~a  d~ a nycTs ND : C~176 onpe;aeaeaHmfi yCaO- 

BHeM: NDX= d ~ rae x-Bepmnaa Z~ Ha  rpynne  C O onpeaeaeHo cnapnBaHHe 
a~.yez~' 

B Z, coorBercrymmee nHae~cy nepeceqeHHa, glyCTb P-n~po ~T0rO cnapHnaHHm 

I/I3 JIeMMI~I 2. 9 aerKo cae/IyeT. 

3.27. J I E M M A . -  IIycmb D-paa6ueHue ~aHonu~ecnoeo epar Ha op6umbb 
coomeemcmegmulee k-noeepxnocmu Oeab Ilet4tto F cmenenu 4. ToeOa, e o6o3Ha~teHuax 

n. 3.26. 
H ~ (k, N (F)) = N D C O o P/N D P. 

Tenepb ram 1]pHBe/IeM wa6YllIIIy 8HaqenrIfx NDC~ P/NDP /IJIrI OnHCanHblX BbIme 

~eBrtwga~I~awrI pa36HeaHfi D. 06paaymmae rpynnm NDC~ npHBe~eHbi B wa6anKe 

(MU HHmeM Z~ BMeeTO ~, X: CM. aeMMsr 3.2r H 3.22); noarpynna  NDP aerHo BmqH- 
x@Zi 

caaewca aaa  Ramaoro paa6neHna c noMom~,m aeMMm 3.25. B noeaeaHefi rpa~e Ta- 
6ana~,I y~aaaao,  ItB~IIteTClt ~IH IIoBepxttOCTb 6 H p a t m o n a a ~ o  HeTpHBHaa~,nOfi, eC~H 

M~I MOmeM ~TO yCTaHOBrITt,. B npaMeaanHH ~ Ta6anue y~aaan npHMep rpyHnm, 
aamme~ paa6neHne Tnna II ,  y Howopofi am6an C06CTBeHHa~I aoarpynna  He nBaneTea 
~oHyCTHMO~. ~Z~ COOTBeTCTBylOIIIe~I MHHnMa~bHO~ I~oBepXHOCTH, cae~oBaTeab~o, 

roMoaornqec~Hfi t~pHwepHfi He rmaBoaaeT pemHwb sonpoca  0 6apat~noHaabrmfi HeTprI- 

BHaTIblIOaTI~. 

3.~8. Ta6arma rpynn  H~(k, N(F)) 

Tail  

pa86HeHrm 

CBO60~Hme o6paayIomrte 
rpynHm N D C O n P 

I Z2- -3Z  1 

Z2--3Zl 
II  

Z4--3Z3 

I I I  Z2--3Z 1 

IV 

V 

Z i - - Z l ,  i = 2 ,  . . . ,  4 

Zi--Z2,  j - -  6, . . . ,  8 

2(Zi--Zl)  , i = 2 ,  . . - , 4  

ZT--2Z 5 

2(Z~--Zs) 

2(Zi--Zl)  , i = 2 ,  . . . ,  4 

Z 6 - -  Z~ 

NDC~ P/NDP 

P 0 

0 P 

o ? 

Z2 §  

Z2 

Z2 

BHpaaHonaaba~fi THE 
HoBepXHOCTH 

HeTpHBHfl~bH8 

HeTpnBna~bHa 

VI HeTpHBHaabHa 
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3-28.  Ta6aH~a  r p y n n  H I ( k , N ( F ) )  (suite) 

THII 

paaSi~emm 

V I I  

V I I I  

I X  

X 

X I  

X I I  

X I I I  

X I V  

X V  

X V I  

X V I I  

X V I I I  

X I X  

CBOSOJIHbIe o6paaymmne  

r p y n m ,  i N D C O t3 P 

~ ( Z 2 - - Z l )  

Z 3 - - 2 Z  ~ 

2(Zs--Z~) 
Z~--2  Z 4 

~ ( Z 2 - - Z l )  

Z a - - 2 Z ~  

Z s - - Z  4 

Z 2 - - Z  1 

Z 4 - - Z  ~ 

Z~--Z1, i = 2 ,  . . . ,  4 

Z i - -  21 

i = 2, 3, 4 

4 (Z i - -Z1)  

i = 2 , 3 , 4  

2(Za--2Zl) 
4(Z~--Zl) 

N v C  ~ n P/N D P 

Z2 

Z2 

Z~ 

Z 2 - ~ Z  2 

Z2 

Br~paIInOHaYibnbIfi TIIH 

HOBepXHOCTH 

HeTpHBHaabna 

HeTpHBHaabHa 

HeTp~BHaabHa 

HeTpHBHa~bHa 

HeTpnBnaagHa 

neTpnBnaabHa B c n a y  

~eMMH 3 .24  

2 ( Z 2 - - Z l )  o ? 

0 O 

2(Z~--Zl) 
Z 2 HeTpnBnaabHa 

Z a - - 2 Z  1 

Z 2 - - Z  t Z~ HeTpnBnaabna 

o 

Z 2 - - Z  1 
HeTpHBHaabHa B cnay  

~eMMM 3.23  
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llpuae,~anue. - -  PaCCMOTp~ r p y ~ n y  aBTOMOp~H3MOB I ~ r :aaomlqecr :oro r p a ~ a ,  

llOpOmAeHHy~ c~le~ly~m~M~ llepecTaHOBr:aMrl BepmHH: 

o~ : (~ ]-) (23)  (~ 3) (44)  (55)  (67)  (67)  (88)  

[3: ( 2 3 4 )  ( ~ 3 4 )  ( 5 6 7 )  (5 ~ 7 )  

OHa 3acT paa6neHue na  o p f n T ~  TnHa I I ,  Tar: qTO 3 a n  COOTaeTCTBymmefi HoBepXHOCTH 

H~(k,N(F))----o.  ~ a n e e ,  ~ - ~ - - - - ~ ,  Tar: qTO nopn~or:  F paBeH 6; ~mSan ee 

HeTpnBnaa~Han C05CTaeHHan n o ~ r p y n n a  conpameHa (~) n n n  ($) n nOTOMy He nB- 

~IgeTC~ ~orlycTrIMOfi. C ~ e ~ o B a r e ~ u o ,  H~(K,  N ( F ) ) = o  Tar:me ~ n  ~mSoro pacmn-  

p e u n n  K 3 k .  

4. 3a~eqaHHe o pat(HOHaJtbHbIX TOqI~aX 

4 .x .  HyCTb k-HBaana~re6panqecH~ 8aM~HyTOe no~e (HanOMHHM, tITO, riO 

onpe~eJieHnr), aTO oaHaqaer cymeCTBOBaHHe k-TOqKH Ha BCaKO~ k-rHnepnoBepx-  

HOCTH B P~, CTeUeHb ~OTOpOit ~<n: CM. JIeHr [xi]) .  I~a~ nor:asuBar)T pc3yabTaTbI 

II. 2, ~TOrO CBOfiCTBa ~iBHO He ~OCTaTOqHO ~Ylfl TOrO, qTO6I, I BC~II~afI paI~HOHaJIbHafl 

k-noBepxHocTb 6 ~ n a  TpHBHaJIbHa, ~ame ~or~a  k ~oneqHo. C ~pyrof i  CTOpOHLL MHe 

HameTc~ npaB~ono~o6Hofl c~e~yr )mam 

F H H O T E 3 A .  - -  Bca~an patluonaabHaa k-noaepxHocmb F u~eem k-mo~y ,  ecau 

no3e k ~ea~uaaee6pauuec~u ~am~nymo. 

B cn:xy TeOpeM~,I 3 .12  aTa rHnoTesa Bepria R~ft r:OHeqH~,IX iioJlefl. HeaaBHCHMO 

OT n p e 3 n o ~ o m e n n n  HoHeqHOCTH MlaI MOmeM ~ogaaaTb c~e~ymmnfi  qacTnqHbI~ peay~s -  

TaT : 
4 .~ .  T E O P E M A .  - -  IIycmb k-6ec~one~noe ~easuaaee6pau~ec~u saJ~nymoe 

noae. Funomesa 4. ~ cnpaeeOauea O~a patluOHaabHbtX noeepxHocme~ c ny~om ~pUeb~X 
poOa HyJlb, OllYl ~60pzt a6conmmno ~UHtll~laYlbRblX ~oOene~ u O~s noeepxnocme~ Oellb 

Hetttto cmenenu n# 5. 
~orasamenbcmeo. ~ Ec~n  Ha paunoHa~ibno~ k-noBepxHOCTH F eCT~, nyqor:  

r:pnB~IX podia n y a b ,  TO 6aaa aToro nyqKa 5npatmonaa~HO aHanBa~eHTHa P~ n TO me 

OTHOC~TC~ ~ ~ a m a o u y  C~OlO na~ k-Toqr:aMn 6aan:  aTO c~e~yeT na TpnBHam, HOCTH 

r p y n n ~  E p a y a p a  no: tn  k. OTcm;~a c~e~yeT, qTO UHOmeCTBO k-ToqeH BCmay UaOTHO 

Ha F. Ec~r~ ~oBepxHocT~ F |  k-MnnnMa~,na,  TO F nB:meTcu 6 n p e ry ~ap H o ~  

qbopMofi P~. ~r~5o P~• ~HSo ~HHefiqaTofl noBepXHOCTn. B nepBo~ c a y q a e  peay-  

:t~TaT C~OBa c~e~yeT na TpHBHa~r, HOCTU rpynn~i  B p a y a p a .  Bo BTOpOM c:~yqae F 

BI~Ia~IhIaaeTc~I r:a~ r:Ba~pn~ca B pa. HOC~Ie~HH~ c: tyqa~ yn~e paao6pau .  

IIycT~ Tenep~ F-ImBepXHOCT~ ~ea~ H e m m  cTenenu n. B c n a y  TeOpeM~ 3 .7  

c a yqa~  n = 9 H 8 CBOJIFITC~I r: paso6pannuM,  a cayqa~  n----7 r p n B u a a e n .  I l p n  n = 6 

TeopeMa 3 .1o  no~aa~iaaeT, qTO F co~tepmnT OTr:p~ITOe k-MHOmeCTB0, nSOMOp~n0e 

raaBHOMy oanopo~IHOMy npocTpanCTBy Haa Her:oTop~IM ~IByMepHlalM TOpOM; HO Bce 

Tar:He npocTpancTBa Haa r:Baz~a:irefpa~qecr:HM 8aMr:nyT~IM IIO$IeM TpHBHa~I~HbI 
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(Cepp [20]). IIpH n =  3 F ~lBJIfleTCa ny6aYecHoiI IIOBepXH0CTblO B p3, I4 Tpe6yeMoe 

c~eayeT Ha onpeaeneHHa.  

n a H o a e ~ ,  npH n = f f  no~aeaeM, qTO npH aHTHHaHOHHqeCHOM BJIOH~eHrlI4 F B p4 

rloBepXHOCTb F aBZtAeTe~I rtO~HHM nepeceqeHHeM JIByX r~BaRpi4rr I/I3 TeOpeMb~ J-leHra 

[i  i] (rI 8aMeqaHHa HaraTH,  eHHMammero aOnOanHTeabHLm o r p a H n q e a a a  na  no~e k) 

6y~eT cze;IOBaTL Tpe6yeMoe. 

Ta~  ~aH ((~162176 = 4 ,  aOCTaTOqHO ao~a3aTb cymecTBoBanae ~ByX pa3Hbm 

rMnep~BaapHH, c o a e p ~ a m H x  F. Pa3MepHOCTb npoeKTnBHOrO npocTpaHCTBa Bcex 

rHnepRBaapHK B p4 paBHa 14. IIoHameM, qTO dim H~ (o~-2)-- - ~3. 0TO ae r~o  caeaeTy 
s 

H3 npe~IcTaBaenaa F |  B BHae o6paaa  naoegoeTn P~ np~ MOnOHaaz~OM npeo6pa-  

3OBaHHrI C nieHTpOM B IIHTH TOqrcax B /IOCTaTOqHO 06nleM no~io~eHrH4:  criCTeMa I 0~F2[ 

npeBpamaeTcn B ~HnefiHym eHCTeMy g p H ~ X  mecTofi eTeneHn, aBy~paT~O npo-  

X O a a ~ H X  q e p e 3  ~amaym Ha HHTH TOqelg. 

B czy~ae  xapaHTepHCTHHH Hya~ MOmHO BOCHO~b3oBaTBcH TeOpeMofi PHMaHa 

P o x a  a ~pnTepHeM I~oaanpH ~aa  ~ioi~a3aTezibCTBa TOrO, qTO dim H~(F, r -z) ----o, 

OT~y~a Ta~r~e c~e~IyeT TpySyeMoe. 

d56 



~ H T E P A T Y P A  

[I] ABHYANKAR S., Ramification theoretic methods in algebraic geometry, Princeton, 1959. 
[2] AMITSUR S., Generic splitting fields of central simple algebras, Ann. o/Math., 62 (I955) , pp. 8-43. 
[3] ARTm M.,  Some numerical criteria for contractability of curves on algebraic surfaces, Amer. ffournal o] Math., 

84 (1962), pp.  485-496. 
[4] CARTAN H., EILENBI~RG S., Homological algebra, Princeton (1956). 
[5] CARTmR P., Questions de rationalitd des diviseurs en g~om~trie algdbrique, Bull. Soc. math. France, 86 (1958), 

pp. I77-25I. 
[6] COMESSATTI A., Fondament i  per la geometria sopra le superfici razionali dal punto di vista reale, Math. Ann., 

73 (1912), PP- 1-72- 
[7] ENRIQr~SS F., Sulle irrazionalita da cui puo farsi dipendere la resoluzlone d 'un '  equazione algebrica 

f ( x , y , z )  = o  con funzioni razionali di due parametri ,  Math. Annal, vol. 49 (I897), PP. 1-23. 
[8] GROTrIENDmCK A. (avec la collaboration de J .  DmUDONN~), l~l~ments de g~om6trie alg~brique, Publ. Math. 

I .H.E.S.,  4, 8, ... 
[9] IousA J.  I., Fibres ystems of Jacobian Varieties, Amer. ffourn, of Math., 78 (1956), I, I7I-I99;  II, 747-76o. 

[io] HCROBC~nX B . ,  0 6upa~uona~bHbZX gfop~ax pat4uoHaabttbtx noeepxl~ocmefft (neqaTaeTc~  
B I/I3B. A H  C C C P ,  c e p .  MaTeM.). 

[11] LANG S., On  quasi-algebraic closure, Annals oJ Math., 55 (1952), PP. 373-39 ~ 
[12] MaHHH IO., 05  apugS~emu~e patl UOHaabHbZX noeepxHocme~, ~]~oI~J1a;~ A H  C C C P ,  t. 152 (1963) , 

n ~ 1, 46-49 . 
[13] MUMFORD D., The topology of normal singularities of an algebraic surface and a criterion for simplicity, 

Publ. Math. I .H.E.S.,  9. 
[I4] NA{}ATA M., On rational surfaces i~ Mem. Coll. Sci., Univ. I(yoto, sdr. A, X X X I I  (196o), pp.  351-370. 
[15] NtgON A., Mod61es minimaux des varidt{Ss abdliennes sur les corps locaux et globaux, Publ. Math. I .H.E.S.,  21. 
[i6] ONo T., On the Tamagawa number  of algebraic tori, Annals oat Math., vol. 78 (i963) , 47-73. 
[17] SEGm~ B., The rational solutions of homogeneous cubic equations in four variables, Math. Arotae, Universidad 

Rosario, anno II ,  fasc. I-2, pp. 1-68. 
[18] SEGR~ B., The non-singular cubic surfaces, Clarendon Press, :942. 
Ix9] SEP, aE J .-P. ,  Crlt~re de rationalit{~ pour les surfaces algdbriques, Sgm. Bourbaki, fdvr. 1957. 
[20] SERR~ J.-P. ,  Cohomologle galoisienne, Lecture Notes in Math., n ~ 5, Springer, 1964. 
[21] SERRE J.-P. ,  Corps locaux, Act. Sci. Ind., n ~ 1296 , Paris, i962. 
[22] SEm~E J.-P. ,  Morphismes universels et diff6rentielles de troisi~me espece, Sgrn. Chevalley, E.N.S., 1958-59. 
[23] S~LMER E., Sufficient congruence conditions for the existence of rational points on certain cubic surfaces, 

Math. Scand., v. I (I953) , pp.  I13-119. 
[24] W~:L A., Abstract versus classical algebraic geometry, Proc. Int. Congr. oJ mathematicians 1954, v. 3, PP. 55o-558. 
[25] Boc~cpeceuc~ni~  B . ,  0 0 e g a t e p n b : x  aaee6pau~ec~ux mopax ,  H a m  A H  C C C P ,  c e p .  ~aTeM. ,  

t. 29, n ~ I (1965) , 239-244. 

~57 

13 


