PATIMOHAJIbHBIE IIOBEPXHOCTHM HAJ, COBEPINEHHBIMUA
IIoJsaMu

10. 1. MAHVH

Ilycre k-coBepmeHHOe mose, F-anrebpamdeckass MOBEpXHOCTh Hajg k. Ilosepx-
Hocts F HaseiBaerca panuMoHaibHOM, ecim F®, & GUpanuoHaIbHO DKBUBAJIEHTHA
ITOCKOCTH HAJ anre6pandecKnuM 3aMbkanueM & moisa k. IToBOTOM A paccMOTpeHHs
TAKHUX [IOBEPXHOCTEH CIIeKAT NpeKe Bcero TuodaHTOBH 3a1a4n: Heocobasa RyOudecKasn
nosepxHocTh B P? panronannna. Eciu pauuonanbuas moBepxHocTs F GHpannoHaabHO
SKBHUBAJIEHTHA INIOCKOCTH YK€ Hamx A, TO MHOKECTBO ee A-TO4eK IapaMepH3yeTcs
ABYMS HE3aBUCUMBIMH napaMerpamMu < MCKIIOYEHMS JIesKAT HA KOHEYHOM YHCIIe
KpHUBHIX >. B mpoTHBHOM ciIyuyae BOINDOC O CYIIECTBOBAHUN M ONICAHHU MHOKECTBA
Bcex k-Touek <<HAIpUMED, KOTHAA A-4ICIOBOE IOJIe™>, ABIAETCA TPYAHON 3amaueil.

Amnamornusas ogHOMepHas 3ajada Obl1a paccMOTpPeHa B KOHIlE HPOIIIIOro BeKa B
mojyuwmiia mojyinoe peurenue B pabore I'manGepra m I'ypsuna. Hammuue k-Touru m
OupanuoHaIbHAA TPHUBHAIBHOCTh Haf £ [IA HEOCOOLIX KPHUBHIX pPOJa HyIb pPaBHO-
CUJIBHBI; BCAKAA Heoco6as KpuBasg poia Hynb Haj £ craHoBurcA wzoMopuoi P!
Haj k, TO ecTh NPUHAIUIEHKUT K Kiaccy MHOrooGpasmii Cesepum-Bpayspa — Gupery-
IAPHBIX (OpPM IPOEKTHBHBEIX IpocTpaHcTB. Hawxonen, Bompoc o cyIIecTBOBAHUU
TOYKH B YMCIOBOM CIIy4yae pelaeTcd YUCTO JOKAIBHBIMA CpPelCTBAMU.

IIprunna pesKoro yCIo;KHEHNs CUTYANUA [IPU Iepexofe K ABYMEPHOMY CIyYalo
cocTouT B TOM, uTo rpynna Kpemons Cr OHpannoHalbHBEIX aBTOMOP(U3MOB INIOCKOCTH
BHAYUTENBHO (OIbIIe IPOEKTUBHON rpynnsl. Muoskecrso H'(k, Cr) GupanuoHaiIbHBIX
{opM INIOCKOCTHN [ajleKo He McUYepIhIBaeTCA Kitaccamu nosepxnocreit Cesepu-bBpayapa.
B ¢yumamenransuoit pabGore JHpHKBeca [7] kIaccHuecKuil « METOR HPHCOENUHEHHA »
HCIOJb3YyeTCs IJIA HOKA3aTeJbCTBA TOI'0, UTO BCAKAA PAIMOHAIBHAA IOBEPXHOCTD
OupauoOHAILHO HPHUBOXUTCA HAX A& K OJHONl M3 IIOBEPXHOCTEil JOBOJILHO OTpPaHH-
4eHHOro Kijacca. MomepHH3NpPOBAaHHOE W3IIO}KeHNE pe3yIbTaToB JHPUKBECA COHEp-
JKUTCA B NepBoM naparpade nameit paboTsl. I'py6o ropopa, Ha BCAKON panuoHaIbHOM
MOBEPXHOCTH MOKHO HAlTH 1m00 IIYYOK 3JIIUIOTHYECKHX, Ju00 NYYOK PAlHOHANIb-
HBIX KPUBHIX, ITApaMeTPW30BAHHHI KPHUBO# poma Hylb. MHHUMAIbHBIE HEOCOOHIE
OBEPXHOCTU HepBOr0 TUHA uMelT paHr rpynns Ilukapa <10, U TEM caMbIM « 3aBHU-
CAT OT KOHEYHOI'0 4hciIa MapaMerTpoB »; ¥ HOBEPXHOCTEHl BTOPOro THIA PAHT IPYIIIHI
IImrkapa Heorpanudes.

JHDHUKBEC OCTABMII OTKPHITHIM BOIPOC 0 AajbHeiineil Kiaaccu@uranum panmo-
HAJBHEIX ITIOBEpXHOCTell. Jdra sajava ucciegopanachk B paborax Homeccarru [6] u
Cerpe [18] B cayuyae ocHoBHoro moma k=R a rtamme B pabore Cerpe [17] masa
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KyOHUeCKNX IOBEPXHOCTE! HAN IPOM3BONBHBIM TIOJIEM HYJIEBOH XapaKkTepUCTUKU.
B nepaBmeit paGore lckoBckux [10] meron Homeccarrn o6o0maercss Ha HEKOTODBIN
KJIACC PAIMOHAJAbHBIX NIOBEPXHOCTEil Haj NPOU3BOJBLHBIM 10JeM. OCHOBHLIE Pe3Yilb-
TATHL 9TUX paboT 3AKIOYAIOTCA B OTHICKAHMM OGMPAMOHAJILHBIX MHBADUAHTOB PAIHO-
HAJIbHBIX TOBEPXHOCTEil Haj OCHOBHHIM modeM. Bo Bropom maparpage aroit paGoThl
OpemIaraercsa HOBBE MHBAPUHAHTH Takoro poma. Ilycrs F-panunonambuas noBepx-
Hocth, N(F)-rpynna rmaccos GUBH30POB HA F®, k, paccMaTpuBaeMas Kalk MONYIb
Han rpynmnoit Nanya G anreGpandeckoro saMbIKaHHMsA OCHOBHOTO moiis. Ilo usBecTHO#H
nBoiicrBennocrn Taiita, G-mogymio N(F) coorBercTByer HeroTophlit k-Top T. Orassi-
Baercd, 4TO Bece MHBApUaHTHL Topa T, omucamumeie B paGore OHo [16] B wacTHOCTH
i(T), A(T), =(T), Korja OHU ONIpERENeHH, 3aBUCAT UL OT GUPAITMOHAILHOrO Kiacca
noeepxuoct F. Hamommum, uro A(T) ecte mopsamor rpymmet H'(k, N(F)); B meit-
CTBUTEIILHOCTH €aMa 3Ta IPYINa, a He TOJBKO ee HOPAIOK, ABIfeTcA nupapuantom F.
Mb! mONB3yeMcS ITHM JUIA OKasaTedbeTBa TOro, uro Muomecrso H'(k, Cr) 6Gecko-
HEYHO, €CIM A-KOHEYHOe TIojie. JTOT pe3yNbTaT BIEpBHIE OBLI JOKA3aH NPYrUM Me-
TOROM B paGore VICKOBCKMX; OH MOKAa3hBaeT riryfoxoe OTIMYMe rpynnsl KpeMousl
oT ajrefpauyecKUX TPYII.

Tperuit maparpad NOCBAMEH H3YYEHUI0 PAUUOHANBHBLIX IOBEPXHOCTe# elb
Tlenmo, KOTOpHIE 3IeCh ONPENEAITCH KAaK NOBEPXHOCTH ¢ OYEHb OOMIBHEIM aHTH-
KAHOHMYCCKUM KiaaccoM. VCKiImouuTeThbHBIE KPUBBIE HA HUX 00pasyloT KIacCHYeCKHe
KOH(UTypalui, Goratbie CMMMETPHAME ¥ KTpaloliMe CYIIeCTBEHHYIO poib B Oupa-
HUOHAIbHONA KiaaccuuKanuuu. Bce paccMaTpuBaeMble HAMHU MOBEPXHOCTH Haj k
MOTYT OHITh NPENCTABIEHbH KAK peryisapHbie o6passl KyOUYeCKOH IOBEDXHOCTH B
P3; u3 HAWMX Pe3yIbTATOB IOITOMY CiefyloT (MHOTHAa B Gojlee CHIbHOM BapHaHTE)
pax teopem paGorer Cerpe [17], xoTopas B 3HAYNTENHOH CTENEHU CTUMYJIMPOBANA
UHTEepec apTropa K 3TOH Teme.

Haxonreu, B ueTBepTOM naparpade BEICKA3EIBACTCA TUHOTE3A O TOM, YTO Y BCAKOMN
panuonansHoii noepxsoctu Haj C,-momem k umeercss k-Touka, M IIPUBOIATCHA He-
KOTOPEIE apryMeHTH B ee I0Jib3y.

A ray6oro npusnareren V1.P. lllagapesuuy, KOTOpHIH NPUBJIEK MO€ BHUMAaHUE
K paccMaTpMBaeMOMy KpYTy BOIPOCOB M Gecelbl ¢ KOTOPEHIM OBUIN NI MEeHA OYeHb
[0Je3HBl. B 4aCTHOCTH, eMy IPUHAJIeKUT BechMa BajMHOE 3aMeyaHne, 4To H3 Teo-
pembl 2.2 BeTeKaer ciefcTBue B 1. 2.3.

o. IlpejBapuTensHble CBeeHHA

Bewony B pgameHeiimeM A-(uKcHpOBAHHOE COBEPIIEHHOE IOJIE; k-ero amreGpan-
yecroe sampikanme, G =G(k/k)-rpynna I'amya. IToBepXHOCTH-3TO AByMepHAsA reome-
TPUYECKH HENPUBOTUMAsA anre0pauuecKas k-CXema; ecild He OrOBOPEHO HPOTHBHOE,
BCE TOBEPXHOCTU MPEANONATraloTCcs MPUBEXEHHBIMU.

Hmxe copMyInpoBaHE HEOOXOMUMBIE JUIsA NAjlbHEHINEro (PaKTHL.
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o.1. JIEMMA. — (o paspewenuu ocobexnoceit nad k). Ilyemo F-cobcmsennasn
k-nosepxrocms. Cyujecmeyem peeyaspraa cobcmeeHHas k-nogepxHocmd F' u bupa-
yuoHaabHull k-moppusm F —F.

o.2. JIEMMA. — (06 ycmparernuu mouex HeonpedeseHHOCMU PAYUOHAALHOZO
omobpamcenus Had k). Ilycmv F-kak ¢ aemme o.1; f:F-—>X-paquonaavrnoe omobpa-
acenue 8 aneebpauneckymo k-cxemy X. Tozda cyujecmeyem makas cobcmeeHHaA k-nogep-
zHocmb F', makoit 6upayuonaavuoii k-mopgusm g : ¥ —F u maxoii k-mopdusm
h:F —X, umo duazpamma payuoHAAbHLIL 0mMo6padceHul

EOMMYMAmusHa.

(CM. AGbanrap [1], m 6ubnuorpaduio B 3Toil KHUTE).

0.3. Kpusan ma noBepxHocTH — 5T0 >hderTunHEI nTuBN30p Haprhe, a Tarkxe
[IOiCXeMa, COOTBETCTBYWIAs atoMy nuBu3opy (Aprua [3]) I'pynma G =G(k[k)
peitcTByer Ha F®Fk depes BTOpOWl MHOMHUTENDb (3MeCb ¥ B HaJbHeHlIeM MHl MHIIEM
F®% Bmecro F®.k).

JJEMMA . — ITycms F —k-nogepxrocms, X c F® k-nexomopuiii dususop. Jueusop
XcF makoii, umo X —=X®Fk, cywecmeyem 6 mom U MOAbKO 6 MOM cayude, Ko20d
s(X)=X 0aa scex seG.

Cm. Kapree [5] ([eiicreue G na guenaop: ato snement rpynmst H(R(F ®k)/Crer)
U CHOBa JeiicTBHe ONpefesisieTcss 4epe3 MHOkUTens £). [3mecs R(F®K) — mnome
¢ynrmmit Hag F®L].

0.4. k-mosepxnocth F, coGcTBeHHAA M peryiIApPHAA HA3bIBAETCA A-MUHUMAI-
pHOII TIOBEPXHOCTBIO, ecni 00ofi ee OupanMoHANbHBIA A-Mopdusm F—F', rne
F'-peryispsas NOBEepPXHOCTb, ABIAETCA M30MOP(HUIMOM.

Iycre X cF®k-HenpuBoguMas HCKIIOUATENBHAS KPUBAA IEPBOTO POAA, TO-eCTh
takasg, uro p,(X)=o, (X, X)=—1I.

JIEMMA. — Co6cmeennas peeyaspHas k-noseprrocms F aeasemesn k-muHuUMATb-
HOTt 6 MoM U MOAbKO 8 MoM cayuae, kozda k-noseprrocmb F®Fk aubo me codepycum
HenpugedUMbIT UCKAIOUILMEAbHBIL KPUGHLL Nepeozo poda, aubo das awboll makoll kpueoli
X cF®k mnaiidemcs saemenm seG maroii, umo s(X)=+X u kpusas X4s(X) ceasHa.

Jlokasameabcmeo. — a) YciioBue QOCTATOYHO. [{eACTBUTEIHHO, MYCTh 3TO HE TAK U
nycrs f: ¥F—F'-Gupanuonanpunii k-Mmopduam, He apiawomuiics nsomoppusmom. OH
MHAYIUpYeT OMpanuoHalbHb k-Mopdusm f F®k — F'®k; BBUILY reoMerpruecKoit
PeryJIApHOCTH F u F’; cymecrsyer HenpuBOAMMAA HUCKIIOYUTEIbHAS KPUBAs MepBOro
pona XcF®k, maa koropoit f(X) asaserca samimyToii Touxoii. Ho Torna Fs(X)
TAKIKE ABIACTCA B3AMKHYTON TOYKOH; OXHAHO HE CYLIECTBYET TAKOTO k-mopousma,
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58 JU. 1. MANIN

KOTOPHIA CTArMBaj Obl KPUBYIO C HENPHUBOTUMBIMU KoMIoHeHTaMu X, s(X), ..., u60
3To npoTuBOpeunt jeMMe Mamdopaa [13] 06 oTpunatenbHOll OIpeNeIeHHOCTH:

(X +5(X). X +5(X))>o0.

6) YcaoBue HEOGXOZHMMO.

Hycrs X cF®k-RenpuBoauMas HCKITIOUHTENbHAA KPHUBAs NEPBOTO POAA; Ipe-
AIOJIO}KUM, 9TO OHA He IIepeceKaeTcs CO BCeMH CBOMMH CONpPSKeHHEIMU. IIycTh aT0
oymyt X, ..., X5 £(X)=0, (X;.X)=—1, (X;.X;)=0, i%j. B cuiy memmst 0.3
cymecrByeT Takaa KpuBagd XcCF, wuro

a

JorameM, 4TO CyLiecTByeT OupanuoHanbHblil k-Mopdusm f: F—F’, craruBaomuii sty
KpHUBYI0. Jl0Ka3aTeIbCTBO CTAHNAPTHOE, ¥ MBI OrpannyumMcsa HabpockoM (cM. AptuH [3]).

MosxHO cunTaTh, YTO NOBEPXHOCTh F NIpOEKTUBHAA M YTO BHIIOIHEHH! CIELYIONINE
YCIIOBHA:

H!(F, 0(1))=o,
(0(1).0:(X))=ad, acZ.
Torpga wmeer MecTo TOYHAsA MOCIEIOBATEIbHOCTH
0—>0(1) >0x(aX) (1) >0,x—0

(HeitcTBUTenpHO, HY:KEAeTC B IIPOBEPKE JMMIb TOYHOCTH B TpPeThbeM YieHe: OHA
cilelyeT M3 TOTO, 4YTO (PAKTOPOM FABIAETCA IYYOK, JIOKAJIBHO H30MOpPQHEINT O,y M
COOTBETCTBYIONINIT TUBM30pY HAa X CTENEeHU

(0p(aX)(1) . Op(aX)) = —a’d + a®d = o.

Tar kark X®k pachajaercs Ha HeNEPeceKAOMUecs KPUBBE POIA HYIb, HA KAMKIOM
73 KOTOPHIX WHAYHUDYETCHA NUBH30D HYJEBOH CTemeHu, IojyuaeM TpeG yemoe).
Orciona HaXOIMM TOYHYIO IOCIIeTOBATEIbHOCTH

o—H°(F, (9(1))—i>H°(F, Op(aX)(1))—=H(F, 0,)—o.

Ilycrs si-upooGpas 1€H(F, O,%); sy, .. ., 5,-6asuc i-o6pasa mpocrpancrea H'(F, 0(1)).
k-mopdusm f: F—P%, onpepenennmii mygyxkom @p(¢X)(1) m mabopoMm ero ceue-
HH# (5o, ..., $,), OUpanuoHATeH u ABIAeTcA usoMopduamom Ha F\X; mpome Toro,
so(x) =1, 5;(x)=...=1s,(¥) =0 mua a1060ii Touku xcX, TaK 4TO KpHUBaA X CTATUBAETCHA.
Xopoimo u3BecTHO, 4T0 HOBepxHOCTh f(F)®% perynspHa; clemoBaTeIbHO, BBHUIY
coBepIIeHCTBa I0iIA k, noeepxHocTh f(F) Toske perymapHa. Jlemma moxasama.

0.5. JIEMMA. — Hycme xcF zamrnymas mouka Ha npoekmueHoli k-nosepx-
nocmu F, pacemampusaemas kar nodcxema ¢ npueedennoli cmpykmypoii. Ilycme
f: F' > F-monoudaavhoe npeobpasosanue ¢ yenmpos x. Ilyemv x,, . . ., x,cF®k-zeome-
mpuuecklle MOYKL, Aexcaujue HAD x, omoxncdecmeasnemble ¢ 3aMKHYMbLMU moukamu FQk.
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Toz0a mopgusm f:F' ®k ~F®Fk, undyyuposanuviii f, feafsemcs MOHOUOALbHBIM

n

npeo6pazogaruem ¢ YeHMpoMm 6 .ler Touru x; conpaxcensl omuocumensHo G.
i

Hao6opom, nycmy sadan Habop conpsxcentvix moek x;cF®Fk unyems f:F—>TF®k-

n
MOHOUOAIbHOE NpeoGpazoeanue ¢ YeHMpom ,lei. Toe20a cywecmeyem makasa samkHymas
i=

n

mouka x€F, umo x®Fk= ,lei, u f—=f®k, ede f-monoudaavHoe npeobpasosanue ¢
P
YeHmpoM 6 x.

1. Teopema 9upurBeca

1.¥. Bynmem HaseBare k-moBepxHoOCTh F panumoHassHOi, €ciId IIOBEPXHOCTH
F®k O6upannoHANbHO SKBUBAJEHTHA ILIOCKOCTH, TO ecTh moie ¢ynummii R(F®k)
ABISIETCS YHCTHIM PACIIMpEHMeM IOJA k CTelmeHH TpaHCIeHaeHTHOCTH mBa. Horma
MBI rOBOpUM, 9TO A-moBepxHoct: F u F' OGupanmnoHaabHO SKBUBAIIEHTHHI, MBI BCernaa
mofgpaszyMeBaeM OUPAIMOHANBHYIO JKBHUBAJIEHTHOCT, HAA 4. B srom ciyuyae, Kaw
ciIegyer M3 JEeMMBI 0.1, CYLIeCTBYeT A-MoBepxHOcTh I’ m GupammonanbHble £-MOp-
pusmer f: F'—F, g: F'—TI’', Mwm OyaeMm ropopurh, uro mosepxuoctu F u I’ kBa-
3M0NPallMOHAIILHO HKBUBATEHTHHl €CJIM CYIIECTBYeT I10BepxHOcTh F'', m MOpQPU3MBI
Jf» g TpepmonaraeMbie pagUKANbHBIMA U HOMHHHDPYIOIAMH. [JIA OCHOBHOrO IIOJIA
XapaKTepHUCTUKYU HYIb 3TU IOHATHA COBIANAIOT.

xr.2, TEOPEMA. — Ilycmbv F-payuonasvHasa k-noseprrocmbsb. Cyujecmeyem
peeyasapHaa cobemeenHas k-nosepxrHocme F', kKeasubupayuoHaabHo 9K8USAIEHMHAA NOGE-
pxrocmu F, k-kpusas G, u k-mopgusm f: ¥ —C co caedyrowyumu ceolicmeamu:

a) Kpueaa C cobcmeeHHasa, pe2yasapHan, 2eoMmempuyecku Henpugoduma U npu-
sedena; p,(C)=o.

6) Ilycmoe x-06waa moura rpusoil C; obwuil caoll F, mopgusma f seasemca
€oOCMEHHOI], 2eoMemMPUYECKU De2YAAPHOIL, 2eomempudecku Henpusodumoil x(x)-kpueoli;
p.F)=0 uau 1.

JoxaszarenncrBo. [1aa BeAKoi nmosepxuocTu F cMMBOIIOM wp OymeM 0603HaYaTh
KaHOHWYECKHii oGpaTuMeii mydox Ha Heit, n(F)-pamr rpynmsr Num(F®Fk) KIacCOB
YHCIEHHOI 9KBUBAJIECHTHOCTH KPHBEIX HA F®k. IIas BesAKO# coGCTBERHOM peryaapHoi
panuoHanbHO# moepxHocTH F mmeem B cumity gopmynasl Herepa

(0g. og) +n(F)=10;
HO3TOMY C[[eJIaB JOCTATOYHO MHOI'0 MOHOHMTAIBHHIX IIpeoGpasopanuii F ¢ meHTpom
B 3aMKHYTHIX TOYKaX, MBI CMOMEM IOOMTHCA TOr0, 4TO
(oop. wp) <O

Mo#HO cuuMTaTh, 4TO F IPOEKTHBHA; COIJTACHO KIACCHYECKOMY pe3ylbTary, miis
BCEX MOCTATOYHO (OIBINNX 7 MMEeM:

dim HO($*® 0(1))=o.
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(cm., naupumep, Cepp [19]; MaHHOE TaM J0OKA3aTeIbCTBO OTHOCUTCH K aarefpau-
YECKN 3aMKHYTOMY IIOJII0, HO TPUBHMANBHHI ciaydait ¢opmynsl HionHera moxasbiBaer
TO xe Hax k). [losToMy MOKHO BHIGpaThb TAKOE 73> 0, YTO

dim H($"® 0(1))> 2,

(r.2.1) dim H'($"+ 9@ 0(1))< 1.

Brifepem 1B JMHEHHO HE3aBHCHMBIX CeYeHUs s,, s;e H(w@"®(0(1)); omm ompepme-
AT palluoHAJbHOE £-0oToOpaskeHne g:F-»Pl; B CUIIy JIEMMEI 0.2 MOMKHO CUHTATh,
yro 3to MopdusM, npomssead Hajx F HECKOIBKO MOHOMFAIBHBIX NIpeoGpasoBaHMil.
Paccmorpum nemnoe sameikanue C cxemsl Pp B mome R(F); mopdusm g npencrapuasercs
B BHUIE

o

(cm. T'porenpur [8], IV, crp. 119-120). Kpusas G reomeTpuiyecKu HEIPHBONMMA K
reoMeTpHYEeCKH IpuBexeHa, u6o noae £ 3amrEyTo B R(F); ona, oueBngHO, coGcTreHa,
HOPMAaJlIbHA ¥ 3HAYNUT FeoMeTpHYeCKU HOpMalibHA, 60 k-cosepumeHHoe noie; f,(C)=o,
n6o F-panumonansuas nosepxuocts. Hakonen, B gokuage Ceppa [19] nokasano, 4To us
yenoBusa (1.2.1) BHTEKaeT, 4ToO

(1'2‘2) pu((sz(x)®M(x)Ied):O niu I)

rae x-o6mas Tourka Kpupoil C. O6umil caioil F, Bcerna reomMerpuduecKn HeIpUBOTUM.

Ecuu o6muii cioii ¥, reomerpndyeckn npusejieH (B yacTHoctH, ecnu Char £ = o),
Bce pmorasaHo. Vmade BoCcHoOab3yeMcA IpelaosxeHueM 4.6.6 (I'porennmmk, [8], IV,
cTp. 69): CyumecTByeT TaKOe KOHEUHOE pafMKaNbHOe pacmupenue K 1momnsa x(x), 4ro
KpuBas (sz(x)®K)red reoMerpudecku npusenena. llyers C'—C-nenoe saMplKanume
kpuBoit C B noje K; paccmorpuM guarpamMmy

’ pr
(FX¢C)poa — Fx(C' = F.
O6umii ciroil cKBO3HOTO MOpP(U3Ma TreOMeTPHYECKN HENPUBONMM H IpHUBefeH, uG6o
OH n30MopgeH (ka(x)@) K),q- CynepbeRTHBHOCTDL U PajiHKaIbHOCTh ¢ OYeBHIHA. Pery-
JIAPHOCTL OOIIEro CJI0A CIefyeT M3 TeopeMbl LepTuniu.

1.3. B manpHeiimem Mu OyieM paccMaTpuBaTh 6MPALOHAIBLHEIE KIACCH TOILKO
TAKUX PAlMOHAJLHEIX IOBEPXHOCTEH, NMJIA KOTOPBHIX CYLIECTBYeT OTOOpasKeHne Ha
KPUBYI0 C YKA34HHEIMM B TeopeMe 1.2 CBOicTBaMu. B XapaKTepHCTHKE p+0 3TO0
IPHBOJUT K IpeHeOpe;KeHnI0 PAlWKAIBHEIME MOP(H3MaMU.

1.4. Ilycts mmeerca i-mopduam Buma f:F—C c onncanHBEIMHE B TeopeMe I.2
cBoiictBamu. C-cxemy F (oTHOcuTeapHO Mopduama f) HazoBem C-MUHHUMAIBHOMH, €CiIn
BO BCAKOI HOMMYTATHBHOH guarpaMme BHUOa

F -5 ¢

7
gl //h

F/
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rae g, h—k-mopdusmnl, 43 TOro yro g-GUpanuoHaieH, ClIefyeT, 4TO g-u3oMOpduaM.
Ananornuno, s 6yny rosopurb, uto F®k (C®F)-MHHNMAIBHA, €CIIM WMEET MecTO
TO ke ycnosue LA k mopdusmos. [omosmum f=f®F : FOk — COFL.

(C®%)-MUHUMANLHOCTS 03HAYAET, 4TO B CIOAX MOp(u3Ma f HET MCKITIOUHTe-
JBbHHX KpUBHIX HepBoro poxa; C-MHHMMalbHOCTE O3HAYAET, YTO BCAKAA NCKIIOYNTE-
IpHAsA KpuUBasg, JieKamiad B reoMeTpMuecKoM cjoe MopdusMma f, Iepeceraercs ¢
KaKOM-HMOYIb M3 CONMpAIKEHHHIX K Hell (CM. JeMMy 0.4).

1.5. TEOPEMA. — Ecau C-nogepxrocms F C-munumanvna, u obwuil caoii
umeem pod 1, mo F®k (COK)-MUHUMAIHA.
Hokasameavcmeo. — Ilycts 310 He Tak M nycrh XCF® k-uckmouurenbHas

KPUBAA TIEPBOr0 POJia, CTATMBaeMAas GUpaNUOHATbHEM C®k-MopdusmoM g. M3 KoM~
MYTATHBHOCTU AUATPAMMEL cJIefyeT, 4TO XC(F®E)z, rme xeC@F—HeHOTopaﬂ 32MHK-
HyTas Touka KpuBoii C®k (MBI OTOMKINECTBIAEM ITOT CIIOH € €r0 KAHOHUYCCKUM
obpasom B F®%). Mecienyem cTpyKTypy reoMerpmieckux cjioes mopdusma g. Ham
HOHATOOUTCA CIemyIoIaA JjeMMa:

JEMMA. — IHycmb F®F —F'-neomopuiii (C®F)-6upayuoraabubii mopfusm,
I nycmb 04 samkHymoll Mmouku xcC®Fk caoll F, obaadaem caedywouumu 0syma
cgolicmeamu:

a) Jlaa mo6oii e2o0 nenpueodumoii komnorenmsl X unmeem (X.X)<o uau p,(X)=*o.

6) Ecau X;, X;-pasnvie komnorenmsi c0a ¥, , agasouuecs HenpueoduUMbIMUL UCK.1-
0ULMeAbHBIMIL KPUBKIMI Nepeoeo poda, mo kpueas X+ X, HecessHd.

Toeda caoii (F®FK), o6aadaem memu uce ceolicneamu.

Hokrasameabcmeo. — JleMMa JIerko IIPOBEPAETCA B CIIY4Ile, KOTTA g IPEeACTaBIAeT
co6oii MoHOUWAIBHOE IIpeo0pasoBaHue C IEHTPOM B 3AaMKHYTOH TOYKE; HHIYKINA
maer TpefyeMoe B CHIY TOrO, YTO BCAKMI GHpaunioHaJbHBEIA MOpPOUaM pasnaraercd
B Tpou3BeJeHHe TAKUX MOHOMFAILHEIX IPe0o6pa3oBaAHMIL.

[IpomommuM IOKA3ATENBCTBO TEOPEMEl I.5.

Bamerum, uro ecuy k-mopdusm F'—~C®k ¢ ofmum cioem posa 1 onpemenser
(C®F)-MMHMManLHy10 OBEpXHOCTh F', TO ero reoMerpuyYecKue CJOU YIOBJIETBOPANT
YCIOBUAM IIEMMBI. ITO CilelyeT H3 KaacCHUHKAIMU TAKUX CJI0eB, lpuHajIerxamend
Komaupa n Hepony [15]. V3 memMMsl TOT[a BHTeKaeT, 4T0 TeOMETpHYECKME CIIOM
Mopgusma fleOBJIeTBOmeT Tem e ycrnoBuaM. Iloabsysach aeMMoit 0.4 us C-MuHU-
MAJILHOCTH TOBepxHOcTH F 3aKmiouaeM, 4TO B IEOMCTPHYECKMX CIOAX MOppuM3Ma f
HeT HCKIIIOYATEIbHBIX KPHUBBIX IEPBOTO POAA, YTO JOKashiBaeT Tpebyemoe.

1.6. TEOPEMA. — B npexcrux 06osHauenusx ecau noseprocms ¥ C-muru-
MAAbHA, a pod 00We20 CAOA PASEH HYUO, MO cYwjecmeyem maras (C®F)-nogeprHocmb
F’ u makoii 6upayuoHatbHYI (C®k)-moppusm g : F®k —F/, umo

a) Cmpyrmypnsiii mopgpusm F'->C®k npespawaem F' ¢ auneiivamylo nogepx-
HOCIMb €O CA0eM P% (mo ecmb ¢ Kocoe npousgedenue co Ca0em Plyc u npoekmuséHoll cmpy-
kmypHoil epynnoil).
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0) Mopgusm g asazemca aubo usomopgPusmom, aubo MoHOUOAIbHHIM Npeobpa-
306aHUEM € YEHMPOM 8 KOHEUHOM uUCAe 3aMKHYmMyX movek noseprHocmu ' (aexcaujux
HA pasHBIX cg40ax amoli noseprrocmu ). Iycms amu mouku aexncam 6 caosx F ;1, R S
Tozda cymma g-npoobpasos smux caoes Ha nosepxnocmu F®k  G(k/k)-unsapuanmua
u fgasemca Ha6opom KoOHeYHoz20 yucaa opbum, kaxcdas U3 Komopslr umeem euo

(Bce HENPUBONMMEIE KOMIIOHEHTH poma O).

Hlokasameavcmeo. — a) 1A mocTpoeHusa MOpPHU3Ma g CTAHEM BCE HCKIIOYNTEIb-
HEle KpUBBIE, COJep:KAaIlecs B ciosx MoppusmMa F®k — C®k. Jlerko morasarb
Torma, 4to Bce ciom Mopdmsma F'—~C®% OGymyT KDHUBHIMH apUMETHIECKOTO POfa

n
HyJb, NPUBEJEHHEIMI ¥ HeNPUBOXMMEIMU. B camom neie, ecim I, = 2 gX;, a>o0,
_ i=1
xeF®k-3amruyrada Touka, TO

(F;. op g5) = (F;. 0p gz @ O(F,)) = —2,
u6o
p(X)=p (X)) =0,
OTRY#Q

2a,(X;. op o) = 24;(X;. 0p 38 0(X,)) — 2 (X, X;) = —22a,— 2, (X;. X))

Ecin (X,.X;)<S—2 u n>1, OTCIOfA HAXOgUM, YTO OpaBasg CyMMa > O-IIPOTUBO-
peune; smaunt, (X;.X,)=0 ®m n=1, g,=1. (CHOBAa X0pOUIO M3BECTHO, UTO TAKUeE
HOBEPXHOCTU-JINHEeNIaTEe 1 OJHO3HAYHO ONPENEIAITCA HAll k KaKk pacCioeHnsa YUCIOM
UsxeHsa (cM. Hampumep [14]).

6) Mopdusm g: F®k->F’ Bcerma MOKHO NpENCTABUTH B BHJE IPOM3BENEHUS
(C®k)-mMopdhuamoB

FOk > F" —F

rge F” pomyuaerca us F’' MoHOuMJalbHBEIM IIpeo0pasoBaHueM ¢ IEHTpaMH B KoHed-
HOM YHCIIe 3aMKHYTHIX TOYeK Ha F’, jemamux mo ONHON HA Ka;KAOM M3 CJIOEB IIO-
BepxHOCTU F’, B OKPECTHOCTH KOTOpHIX g He ABiAercsa uzomopduamoM. Iloraem,

9TO j ABJAETCA H30MOpPPEaMOM. B mpoTHBHOM cirydae WyCTb j-HE H30MOpQU3M B
okpectHoCcTH ciroA F,'; Torma j MOMKHO NPENCTaBUTHL B BHIE

F®E—>F’"—>F;’,
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rie BTopoil MopdHU3M-MOHOMIANBHOE IIpeo0pasoBaHuE ¢ LIEHTPOM B OFHON TOuKe HA
cxoe F;'; HO Torma, Kak jlerko BugeTh, cioit (F'”’), ymoOBIETBOpAET yCJIOBHIO JIEMMEI
W3 1.5 U, 3HAuNT, cioli (F®E), obmamaer cBoiicTBaMu, ONMCAHHLIMU B 3TOH JeMMe.
1o nporuBopeunt C-MuHUMAaIbHOCTH NoBepxHocTH F B cmiry memmsr o. 4. I'pynna G
Ha nosepxHOCTH F®% mepeBoidT CyMMy BCeX NPUBONUMEIX CI0OeB B ceGs. OueBHHO,
KayKIbIH TAKO# CiI0ii COCTOHT U3 [BYX ONHOKDATHO IEPECeKAMUXCH KPUBHIX pofaa
HyJb; U3 C-MHHUMAJIBHOCTH HOBepxHocTH I M JIeMMEI 0.4 CHOBA cIegyer, YTO JUIA
Ka)K7I0li KOMIOHEHTH HpPUBOJUMOIO CIOA cyliecTByeT asToMopgusm n3 G, mepeso-
mAmmuil ee B ApYryI0 KOMINOHEHTY 3TOTO He CJOA.

1.7. TEOPEMA. — Iycms F®k — C®k-payuonasvras (C®k)-noseprrocmy,
20e C®k= P%, o6wuii caoti poda 1. Toeda n(F®k)=10, u cywecmeyem Gupayuora-
avHelll k-mopgusm FRk — P%. Hasn ecakoii Henpueodumoil uckaouumeabroll kpueoii
nepeozo poda XCF®k umeem (X.F,)=a, 2de uucao a He 3agucum om X u onpede-
gemea yeaosuem  opgs=Opgi(—F,)-

Hokazameavcmeo. — Ilyers g : F®k — F'-GHpaunoHanbHEl MOPPU3M HA HEHO-

TOPYIO A-MUHIMATBLHYIO MOBEPXHOCT. [I0CKOIBKY AIA MI060i HENPUBOXUMO HMpHUBe-
mennoit upusoit XCF®% ¢ p,(X)=o0 umeem:

a(X.X)+2)=(X.F,),

rie XeC@F-mobas TOUKa, ¥ YHCIO @ ONpEEIACTCA N3 YCIOBUA wpas— Upgi(—F.)
HAXOJAMM OTCIofia, 49To HeT Takux KpuenX (X.X)<-—2, Bce kpuBee (X.X)=—2
ABIAIOTCA KOMIOHEHTAMY CIIOfA, & BCE HUCHIIOUATEIbHBIE KPUBHIE IIEPBOrO poxa yno-
BIeTBOPA0OT HepasencrBy (X.F,)=-—a. Orciona BmTexkaer, B uactHoctd, 4ro F’
usomoppua-P' x P!, P? wiun sumueityaroit 1mosepxHocTd F,, mBajgpar CraHZapTHOro
CeueHUA KOTOpPOil paBeH —2.

Ecau F'=F,, 10 Mopdusm F®k—>TF, apiaAercA u30MOPPU3MOM B OKPECTHOCTH
CTAHIAPTHOIO CceveHust JHejiyaToii mopepxHocTH F,; mosroMy ero MOKHO Ipeyt-
craBuThb B Buge F®F — I’ —F,, rae BTopoii MOpdusM-MOHONAaIbHOE TPe06pasoBaHue
c meHTpoM B Touke x Ha F,, mexameil BHe craHmaprTHOro cedemusi. CiegoBaTenbHO,
Ha F' JexuT KOHQUTypaumsa KPUBBIX BHA

Ime JeBasg KpuUBag-oGpas TOUKA x, a HIGKHAA-00pas ee cjosg. MH MOKeM CTAHYTh
06pa3 CiI0f W 3aTEM CTAHAAPTHOE CedeHue; IOJYYNTCA, KAK Jerro suierb P2,
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Ecmn F'=P!'xP!, anajornunoe npencrasienne FOk —F —P'x P!, rme BTopoOit
Mop(uamM-pasgyTue ommoit Touka Ha P'x P!, mpuBomur K KoH$HUrypauun

—1 —1

l — —1

B KOTOPOI NBe KpaliHue KpUBHIE-00pa3bl 00pasyIOINX KBANPUKU Yepe3 3Ty TOUKY;
[O3TOMY MOMKHO CTAHYTH ux a0 P2

Haxonen, u3 Toro, 4ro mfg%:@.®7€(~Fz), HaXOAUM (wp.wp)=0, TaK UTO
n(F)=10, B CcUIy 3aMe4YaHWHA B M. I1.2.

1.8. Crmenyd B ocHOBHOM DHPHMKBECY, Mbl HAINIA [BA CEMEHCTBA NMOBEPXHOCTEH,
CONIEp/HAIMUX IPEACTABUTEIN BCeX KIACCOB (KBA3M)-OMpANMOHANIBHON SKBUBAIEHT-
Hoctu. CeMelcTBO C BINTUNTHYECKUIMH KPHBBHIME HMeeT KOHEYHOMEPHOE IMPOCTPAHCTBO
MOLyJei; ceMeiicTBO C paluMOHAJILHBIMA-HET.

1.9. /31103%MM OCHOBHBEIE CBelleHMsA O JIMHEeHdYaThiX PAalMOHAJIbLHBIX KA-IIOBEPX-
Hoctax. Kamasa Takad NOBepPXHOCTH ABIAeTcA As-opMoil omHOl M3 mOBEpXHOCTEH
F,, n>o0 : F, B o6o3nauenuax I'porennura ([8], ru. II) umeer Bug P(Op(n) ® Op(—n))
TO ecTb ProjS,, rge S,-My40K CUMMETPHYECKHUX airebp, MOPOKIEHHBIA NyYKOM
OUp:(n)® Opi(—n) wa mpsimoii P'; mpu 9ToM B CTPYKTYpYy auHeituaroii mosepxnoctu F,
BXONUT ee KaHOHuueckuii Mopdusm p,: F, — P TIpu n>1 cyumiecTByer KAaHOHIYECKOE
ceuenue s,:P'— F,, o6pas KOTOpOro ABJIAeTCA eNMHCTBEHHON HENPUBOXUMON KPUBOI
na F, ¢ numexcom camomnepegenuss —n. [Ipu stom Pl-cxema F,—g,(P') wusomopdua
Pl-cxeme V(Op(—n)).

Ilycrs F-raras-aubyns k-popma nosepxuoctu F,. Ouesnnno, Fo=P'xP'; nmos-
tomy ¢opmei Fi-aTo mBymepHbie kBagpuku. OrpaHuduMcsA [gajblle pPaccMOTpeHueM
ciIydasa nx1.

1.10. TEOPEMA. —a) Ecau n=1 mod 2, mo awbaa k-gopma nosepxrocmu F,
mpusuaabHa, mo ecmd uzomopgua F,.

6) Ecau n=0mod 2, n>2, mo k-popmvl nosepxrocmu ¥, naxodsames 60 63aumMHO
00HO3HaUHOM coomeemcmeuu ¢ k-gopmamu npoekmusHoii npamoti P'; coomeemcmeue
ycmaHagausaemca conocmagaerHuem F kpueoii ¢ undekcom camonepeceuenHus —n, AeHCad-
weil Ha Hell.

(HanomuuM, 4To A-YOpPMBI IIPOEKTHBHON mpsaMoit P! B cBol0 oYepeah HAXOTUTCA
BO B3aMMHO-OJHO3HAYHOM COOTBETCTBHMM C KBAaTePHUOHHBIMM anrefpamu Ham k
(ecm. Amurcyp [1] mmm Cepp [21]).

3ameuanue. — B samerre [12] omuGoOYHO YTBEP:KIAJIOCH, YTO YTBED:KIEHHE 3.
BE€pHO I BCEeX 7.
Jorasameavermeo. — Ilycts C-mewortopas k-¢opma upsamoit P!, kaHOHWYeCKH

aesxamas Ha gopme F nmosepxnocru F,. Tak kar rpynmna aBroMOp@usMOB MOBEPXHO-
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crn F,®%, Kak JIerko BUIETh, MEPEBONUT CIIOM IPOEKUUM p, B ciom sxe (cM. [12]),
to y F 6yner cymecrBoBaTh npoexuns p: F—>C. IIpu aToM mIy4oK POCTHOB ceueHUil g
9TOi npoexuuu JnokanbHo cBoGomer Ham C, u motomy ecam G memsomopdua P, TO
nydwor g®k Ha C®F =P} uzomopden Opi(—2m), u6O, KAK M3BECTHO, TOMOMOPHU3M
(Pic C)(k) — (Pic C®k)(k) wumeer cBoumM 00pa3OM IOATPYIIY 3JEMEHTOB, KDPATHHIX
IBYM.

CiegoBaTelbHo, eciil n=1 mod 2, TO (JOpPMa COOTBETCTBYIOIIEr0 KAHOHHYECKOTO
ceuenus TpuBmaidbHa. [TokaskeM, YTO eciaum n=o0 mod 2, TO MOKHO HalTH MOBEpX-
nocrpb F, y Kotopoii Gyner B kavecrBe cevenns mobas gopma C npamoii P, Ilpn n=o
BospMeM F=C xP.. Ecnu uckomas gopma F nosepxuoctu F, yie nocrpoena, nocrponm
¢gopmy nosepxuoctu F,  , Tak: BO3bMEM HA KAHOHMYECHOM cedeHud F (upu n=o0 Ha
mo6OM CeueHnH) 3aMKHYTYIO TOURY x cTenmenu 2 (To ecTb [x(x) : k]=12), mpoussenem
MOHOHMJANBHOE ITpeoGpasoBanHne ¢ HEeHTPOM B Hell U 3aTeM CTAHEM IPOXOANuil yepes
3Ty TOYKY CIOii (TO eCTh IpOW3BeNeM IBA « DIEMEHTAPHEIX NPEOGPa3OBAHNA » € IeH-
TPaMH B TOUKAX, JIEKAMUX Haf ¥ Ha F®F : cm. Harara [14]). JleMMst 0.4 1 0.5 rapan-
TUPYIOT, YTO STO MOJKHO CHeJaTh Hal k.

Ocraercs npoBeputh, 4To Bee Popmul F ¢ purncnposannoit C uzomopdunl. Ilycrs
k-omHa TaKas QopMa; MMeeT MeCTO TOYHAA MOCIeNoBaTeabHOCTh G-rpynn

I S Aut(F@E) — Aut(C@?c_) — I

(B ®OTOpO#l »MUMOPHOCTE B TpeThe MUJICHE Jerko mposepsercsa). JloCTaTo4H MOKa-

satb, yro H'(k, [')={1} (310 clemyeT W3 KOTOMOIOrUYECKOR NOCIENOBATENLHOCTH,

160 Hac uHTEpecyeT npoobpas TommecTBeHHOro Komukaa B H'(k, Aut (C®k)). Ho,

ouepuano, I'=HY(F®k, o7f), rme f-my4yok POCTKOB apUHHBIX ABTOMOPPU3MOB
7 1

paccioenns (F\C)®k — P;; uMeeM TOUHYIO HOCIENOBATEIHLHOCTS:

0 = Opgi(—n) - Af — Opgz— 0,

U3K OTOpPOM ciiefyer, 4Yro H(F®Fk, of) wu3oMopdHA HOIYNPAMOMY IPOM3BENCHUIO
(n+41)-#i ammUTHBHON W OFHON MyJNbTHIUIMKATUBHOW ((PaKTOp)-TPyNIE MOIA k, uro
[OKa3BIBaEeT Tpedyemoe.

2. HeKOTOpBIe 6npa1m011am,m;1e HHBAPHAHTBHI

2.1, Ilycrs F-perynsapuas k-nosepxuocts. Cumsomom N(F) Gymem oGosnagarhb
rpymny Num(F®Fk) HIaccoB AMBH30POB HA F®k ¢ TOUHOCTHIO NO YMCIEHHOW DKB-
upajgentnoct. I'pynna N(F) crabikena cleqyomuMu JOIOTHUTEIbHBIMUA CTPYKTY-
pammn:

a) Crpyxrypoii HenpepniBHOTO G-monyna (G-rpynma Tamya kJk); mpu aTOoM
N(F)¥>Num(F). Kax Z-moayan rpynna N(F) He uMMer KpydYeHMA M HUMeEeT KOHe-
YHBIL paHr;
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6) Cnapusammem N(F)xN(F)—Z, xoropoe ompepesfercd NHIEKCOM Iepece-
yeHus. I1o cnapuBanne G-HHBADWAHTHO, TO €CTh A JIOOHX sineMeHToB &, neN(I)
n seG uMmeeM

(s(8).s(n)=(&-m);

¢) BoineaenseM 371eMeHTOM wpeN(F)-KaHOHNUECKHM KiaccoM HoBepxXHOCTH F.
Ha camom mene pame wpeN(F)%.

ITH CTPYKTYPH 06IagaioT ciaenylomuMu QyHKTOpHanbHeIMM cBoiicTBamu. [lia
ao6oro k-woppusma f:F' —F onpeneaserca G-romomopdusm

F* i N(F) - N(F").

Eciin 06e 1OBePXHOCTH COGCTBEHHBIE M Mopfu3aM [ OupanyoHajeH TO f‘-MOHOMOp-
dusm. B sToM cirydae f* coXpaHAeT TaK;Kke MHAEKC Iepecevenus. Ilpm aTtux yemo-
BUAX ONpefeisercd KAaHOHUYECKHI roMoMOpPU3M

[, N(F") - N(F),
rie A snoboro aiaementa £eN(F') osnement f (£)eN(F) ompepenserca yciosueMm

Ef ()= (£(8)-m)

mia Beex neN(F). OroGpamenus f°, f onpenexsior Ha N crpyrrypy ¢ynrropa
Ha rareropnu B(k) COGCTBEHHBIX PeryJfApHHIX A-TIOBEPXHOCTEH ¢ GUpALMOHAIBHBIMU
mopdusmamu. 3Havenns 3Toro GyHKTOpa TpuHagmemxar kareropun €(k) HenpepuBHBIX
Z-cBoGomubx G-mopmynell KOHEYHOro paHra.

DyHKTOpPUAIBHOE TI0BeJieHNe KAHOHMYECKOT0 Kiacca wy Oomee ciosxno. Hazosem
sieMeHTapHLIM MOpQuamoM Takoit Mopdusm f:F'—F B rateropum B(k), KOTOpPBIHA
ABIAETCA MOHOMJAJILHEIM mpeo0pasoBaHueM ¢ HEHTPOM B 3aMKHYTOH TOYKe (CO cTpy-
KTypoii mpusefennoit mop-cxemp) xeF. Ilycrs f~'(x)eN(F’')-rmacc cios f Hag aToi
touroit B rpynme N(F'). Torma

Qp :f*<®F) +f 7 ).

ITockoubKry 060t Mopdusm B kateropum B (k) pasiaraercsa B HpOU3BENeHUE djieMe-
HTapHBIX, 5Ta (POPMysa MO3BOJIAET CBA3ATH wp € wy B OCIIEM Ciayyae.

Haxonern, OTMeTHM, YTO 3aMeHa IIOJid KOHCTAHT £ Ha ero anrefpamuecxoe pa-
cumpesue Kck (1o ecth samena F na F®K) coorBercrsyer (yHKTOpPY Orpanu-
gegua G-momynaeit N(F) Ha nopgrpymmy; BCe OCTAIbHBIE CTPYKTYPBL B OUEBHIHOM-
CMEICIIE COXPAHAITCA.

Ham eme moHAmoGUTCA CIENYOMAA XOPOIIO H3BECTHAs.

JIEMMA. — IIycmb f: F —~F-moppusm 6 kamezopuu B (k). Tozda umeem mecmo
KaHOHUueckoe npamoe pazaoymcerue G-modysei:

N(F)=Imf"+Kerf
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(Cp. nanpumep, Harara [14]). Ecau mopgusm [ saemenmapern u sgisemecss MoHouda-
abHbIM npeobpazosanuem ¢ yenmpom ¢ mouke xeF, mo Ker f nopoucien romnone-
Hmamu zeomempuueckozo ¢a0a f~'(x)®k, mak wmo OHU cOCMAGAAIOM 6bIOEACHHYIO
cucmeMy o6pasyowyur; ux mampuya nepecevenuiti, ouesudno, pasna —L. Ilodzpynnu
Im /" u Ker f, 0pmoeoHa.1bHbl 0MHOCUMEbHO UHOEKCA NepeceweHus .

Haszosem tpnBrnampHbiM BeAruil G-momyas B kateropun C(k), KoTopeiii uzomo-
pen mpsmoli cymme KoneuHoro uucia momyiedl Bupa Z[Glyy®@Z, rtme H mpoGe-
raer OTKpHITHe Iogrpynusl rpynnsl G (Z-rpusuanesbii H-mopyuab). Imeer mecto
ciengyoman.

2.2, TEOPEMA. — JJua mozo, umobul k-noseprrnocmu ¥, ¥’ ¢ kamezopuu B (k)
6vlau GupayuoHaabHo IkeusaleHmHbl Had k, Heobxodumo, wmobsl cyujecmeosaiu makue
mpusuaavmsle G-modyau M u M’, umo

N(F)-+M'~ N(F)+M.

3ameuanue. — B panmpHeiiiieM Mbl 6yieM II0Ib30BaTbCH 3TUM KPHUTEPIEeM, YUHTHI-
Bas TOIbKO cTpyKrypy G-moxymsa. Hak mokaseiBaeT npeasinymee obcysmaenue, 6omee
TOHKYWE WHBAaPUAHTH, BOBMOKHO, MOITIO OBI ATk TpeOOBAHME O CYIIECTBOBAHUU POMIO-
TKEeHHs HHAEKCA [lepecede s 1 KaHOHNYecKoro Kkiacca Ha N(F)-4+-M’, Ho aAxe snaw,
KaK 3TO YYMTHIBATH.

Jlokasameavcmeo. — Ionb3ysach geMMaMn 0.1 1 0.2, U3 OMpauMOHAIbHONED KBU-
BajeHTHOCTH moBepxHocTell F u F' Ham £ MBI MO;KeM B3AKIIOUHTH O CYMECTBOBAHUM
k-nosepxnocru F”’ k-mopdusmos f: F''—+F u g: F'—TF B rareropuu B(k). Mopdusm f
MOKHO Pa3JIOKHUTh B IPOU3BEeHNe dIIeMeHTAPHBIX Mopdusmos. Jlemma u ob6cysigenne
B KOHIe NpPeJBINYINero IIYHKTa IIOKAa3bIBAeT, YTO €CiIM [ dIeMeHTapeH, TOo

N(F")=N(F)+4Ker £,

a Ker f-rpusnanpneit G-monyinb, usomopdusil Z[Glyy®Z, rne H-cranmonapuas
MOATPYIIIa OHON N3 HENPHBOTUMBIX HCKIIOUUTENLHBIX KPUBBIX, CTATUBAEMBIX MODQ-
u3MoM f®Fk. VIHOyRIUA MO YMCIY 3JIEMEHTAPHEIX MOP(M3MOB B KOTOpHIE pasjar-
aecTda f M g, IOKasplBAET, 4TO
N(F")=N(F)+M'=N(F")+M,

rme M u M’ TpuBMAJIBLHHL.

2.3. B paGore Ono [16] onncansl HekoTOphie NHBapUaHTh G-Momyieil u3 xare-
roupu C(k), KOTOpHIE He MEHAIOTCA NIPU NDPHOABJICHAM TPUBUAIBLHOTO MOIYJIA.

[Mycrb NeC®(k) u nyers HCG-OTKPHITHI HOPMANbHELA NeJUTENb, TPUBUAJILHO
neiticrytomnii Ha N. Jlerko mokasatb (cM. OHo [16], § 3), 4TO IpPyNI aKOTOMOJOTHUI
H'(G/H, N) ue sasucur ot BrGopa H u yro H'(G/H, N+M)=H'(G/H, N), ecun
M-rpuBnanbHEl MOLYdb (TIOCIE[Hee BhITEKAeT U3 TOIO, 4TO

HY(G, Z[GlgmxZ)=H'(H, Z)=0).

Mot 6ymem ofosmauats ory rpynmy H'(k, N); reopema 2.2 noKasbiBaer, 4ro uMeeT
MecTo
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CJIIENCTBME. — [Jaa mozo, umo6bt dee noseprrocmu F, F' us ramezopuu B (k)
6viau GupayuoOHAAbHO IKeUeaseHmHB HaO k, Heobxrodumo, umobnl

H'(K, N(F))=H!(K, N(F"))
0n9 gcex KOHeunblr pacwuperuii KDk.

({eiicrBurenvHo, ecau F, F' GupannonansHo sKBHBAJIEHTHH Haf k, To ¥ Hag K
TOKe, IPUBJIeYeHe KOHEYHEIX PACIIHpEHNI Ha caMoM Feie Taer 0ojee TOHKUIl MHBa-
pHaHT, KaK 6yAeT BUXHO N3 pa3bupaeMoro HUMe IpUMepa).

Ipyuna H'(k, N(F)) Bo MHOrMX MHTEpeCHBIX CIydYadX IORRAETCA BHIYUCICHHUIO
¥ JOCTABJfAET NOBOJBHO CHIABHEIH CII0CO0 pasidnyaTh KiIacchl OMpanuOHANLHOW IKBU-
BAJIEHTHOCTH.

2 4. Eme opgHumM MHBapuaHTOM, KOTODHIi mocrabiasger paGora Ono [16], mHe
He YHaJIoch BOCHONIb30BATbCA B KOHKPETHBIX NPMMEPax, HO OH 3aCIyKMBAET yHO-
vunanus. Hareropus €(k)°, neoiicreennas k €(k), skBuBasleHTHA KaTeropun k-Topos.
Ipennosnokum, uro A-1moje anre0pavMyecKuX uucesl KOHEYHOH CTENeHM WIIM Hoje
QYHKIMA OgHOlN NepeMeHHOH HAN KOHeYHHIM IojeM KoHcranT. Ilyers A, k-anreGpa
ageneit nonsa k£, HCG-OTKpPHTHII HOPMaIbHBIL TeIUTENb, TPUBUAIBLHO TEeHCTBYIOMUI
na G-mogyns NeCQ(k), NO—k-rop, coorBeTcTBylommit atomy Moxpyawo. Ilomomum
N°%A) =Hom,(Spec A, N% nmua mwo6Goit k-anre6per A. Ilycrs eme K =%%; rorna,
Kak noraseiBaer OHo, rpymmna

Ker(H'(N°(K)) — H}(N°(A)))

He3 aBucHT oT BhIGopa H. OGoszmauum ee cumsomom Hj(k, N%): ato-rpynma JIOKaibHO
TPHBHAJIBLHEIX [JIABHBIX OXHOPOAHBIX mpocrpancts Hax TopoM N°. Ecau N°=N{-+M,
rme M=Z[Glyy®Z, To Top M’ usomopden Ry, (G,), K =k%, (B ofosHaueHnAx
Ono [16]), n moTomy

H (£, N°) = Hi(k, NY).

B uacraocTH, 0603Hauan smecte ¢ Ono uepes A(N), i(N) mopamku rpymn H'(k, N(F))
u Hi(k, N(F)°) coorBerceenno, a depes t(N)-umcno Tamarase Topa N°, momydaem
U3 OCHOBHOTO pesyibrara paboTel [16].

CIEOCTBUE. — Yucaa i(N(F)) u t(N(F)) sasasomea k-6upayuoHatbHbulmu
uneapuanmamu nogepxrocmu F.

MoO3KHO NpENNoJIO:#UTh, 4TO HHBapuanTHocTh uucia Tamarasum t(N(F)) (mnsa
panmnoHanbHOil moBepxHocTH F), KOTOpas moiydaercsa 3gech (OpMAaibHO, JOJKHA
UMETh HEKOTOpOe apuMeTHuecKOe MCTOJIKOBaHMe: B CaMOM fele, A3eTa-QyHKIuu
topa N(F)° u nosepxuocru F cBszaHsl APYT ¢ IPYTOM TaK ke TECHO, KaK Ji3eTa GyHK-
nUY KpuBOil M ee MHorooGpasue fxo6n.

Teunepb Mi! NpuMeTUM KpHTepuil 1. 2.3 AJA HOKA3aTEJILCTBA CIERAYIOIIETO pesy-
JabTaTa.

2.5. TEOPEMA. — IIpednoaoncum, umo y noaa k ecmv keadpamuuHoe pacuiu-
penue K. Toeda cywecmeyem 6ecKOHEYHO MHO20 DPAYUOHAAbHBIT k-noseprHocmeil F,
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nonapHo He GUPAYUOHAILHO IKEUSANEHMHBIL HAD k, Komopsle CMAHO6AMCA MPUEUA.Ib-
netmu Had K. Huave eoeopa, a0po omobpaxcenus

H'(, Cr) 5 HY(K, Cr)
20e Cr=Aut k(x, y)[k (epynna Kpemona), Geckoreuro.

Yacmmuetii cayuaii. — Muosgkecrso H'(k, Cr) GeckoneuHO A mMo6Oro KOHEYHOro
noua k.
Bamevanue. — Ilycrs m(F)=max(wp.0p), Toe MakcuMyM Geperca IO BCeM

k-nosepxnoctaM F’, GupauvoHanbHo dkBuBajeHTHRM F. Ouesumno, m(F)-Gupauno-
HATILHBI MHBAPUMAHT. /3 NpUBENEHHOr0 HIKE MOKA3aTEILCTBA TeopeMHl Oy/eT BUIHO,
uro m(F) B yCIOBHAX TeOpeMEl MOjKeT NPUHMMATh CTOJIb YrofHO Gombline no aGco-
JIOTHOM BeIWYHHE OTpHUIATEIbHBIE 3HAYEHMS.

JTokazameascineo. — Pacemotpum B nipsaMom npoussefenun P'x, P'x, P! mosepx-
HOCTH
F: fu(205 21) %000 = %1918m(205 21)
rne f,,, g,-B32UMHO TIPOCTHIE (OPMBI CTeNEHH m OT NBYX IepeMeHHbiX 0e3 KpaTHHX
fenvTeneit; (x,, X;)-KOOPMMHATHL iepBoro MHOKUTENH P, (34, 1)-BTOPOTO, (2, 2,)-TPE~
thero. IloBepxuocts F peryunapHa u Henpusojumma. PaceMoTpuM ee IPOEKHUI0
g: F—P!' ma rpernit muourens. B Toukax zeP!, rme f,(z)g,(z)#+0, cmoeMm ABiI-

Agercd KoHUKa Ha P'XxP'; B TOUKAX, rme f,,(2)g.(2)=0, Cl0OeM ABJIAETcA mapa TpaHce-
BEpPCANbHBIX NPAMBIX.

KpoMe Toro, mmeioTca [Ba CTAHAAPTHHIX CEYECHHA BTOH MOBEPXHOCTH: KpPHMBbHIE
Xy Xp=),=0;

X, x =9=0.

Vike orciopa caenyer, uyto F GnpanuoHaidbHO DKBABAJIEHTHA INIOCKOCTH.
Ha F O6uperyuspro pgeiicTByer Z,, ¢ IOMONILI0 NEPECTAHOBKH NEPBHIX ABYX
vuosruTeneir. Jlo6oe KBagpatuunoe pacmupenne KDL onpenenser mosToMy IroMo-

Mopdusm ki : G — Aut;(F®k); oGosnauuM depes F* £-moBepXHOCTb, MOIYYEHHYIO
us F crkpemuBaHWeM ¢ moMomblo aToro Kommwiaa ms ZYG, Aut(F®k)). Buomenne
Aut(F®k)— Cr uugynupyer orobpaikeHue
H'(G, Aut(F®k)) - HY(G, Cr),

06pa3 KOTOPOro, OYEBHIHO, COCTOMT U3 KOUMKIOB, pacnagaomuxcs Haj K. Temeps
setyncaum rpynmy HU(k, N(F%)).

3ameTuM, Ipesxe Beero, 4To Kanonmueckoe cnapusanue N(F)<N(F)—~Z ompe-
penseT cnapuBadue (rpynn romosoruii Teiira)

HP(G/H, N(F))x H™?(G/H, N(F)) -~ H(G/H, Z)

A m060T0 OTKPHTOro HopmansHoro peiurend HcG, TpusnmanbHo fAeicTBYOIIEro
na N(F). Jlerko moxasarp, 4TO 3TO CIIAPWBAHME HEBHLIPOMKIEHO ¥ ONPENENACT ABOM-
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c¢TBeHHOCTD rpynn H? u H™?. Mur KonupyeM HOKasaTeabcTBO TeopeMsl 6.6 raassr X1I
KHHUTH [4]: HMeeM TOYHYI0 TOCIefoBaTenbHOCTh G-momydmeit

o0 — N(F) > Hom(N(F), Q) - Hom(N(F), Q/Z) — o,

rune N(F) orosknecriaerca ¢ Hom(N(F), Z) ¢ nomMonisio ciapnBaHusA U ePBOe BIIOKe-
HHE HHAYIMPOBAaHO BioeHneM Z->{). ITa TOUYHAA MOCIENOBATEILHOCTD ONpefesaeT
130MOPHU3MBL

5 : H?(G/H, Hom(N(F), Q/Z)) — H?+1(G/H, N(F)).

PaccmaTpuBasg KOMNOSHIHWIO 3TOro H3oMopu3Ma ¢ HM30MOpPU3MOM cAefcTBuA 6.5
raaBer X1I wkuurn [4], maxomuMm msoMopusM

Hom(H?(G/H, N(F)), Q/Z) - H*(G/H, N(F)).

IIposepKy TOro, YTO OH COOTBETCTBYET CIIAPHBAHUIO, MBI OILyCKacM.

Mmu Gymem teneps suiumenatrs H™'(G/H, N(F)) smectro H'(k, N(F)). C oroit
LETBI0 HCIOIB3YeM CIEHYIOMYIO IIEeMMY.

2.9. JIEMMA. — IHycms {XJCF@?-—G-uHeapuaHmezﬁ Habop Henpusodu-
MBI KpUGHLL, Kaacchl komopulx nopoxcoaiom 2pynny N(F). IIyecme S-2pynna dususopos,
noposxcdennaa {X;}, S,CS-nodepynna dueusopos uucaenno skeusasenmuuir o, HcG-
HOpMAAbHYI Oeaumend KOHEYH020 UHOekcd, mpueuaabHo Oelicmeyrwwuil Ha éce X,

N= eEG‘;/ngZ[G/H]. Toeda umeen:
H'(k, N(F))= H=*(G/H, N(F))= (NS nS,) /NS,.

Jlokazameasvcmeo. — PaccmoTpuM TOYHYIO nociegosaTenbHocTh G/H-momysiei

0—>S,—>S—N(F)-»>o0

Ot BriGopa rpynnsl H auuero He 3aBucur; kpome roro, H™'(G/H, S)=o0, u6o S-tpu-
BHAJIBHLI MORYID.
OTciofa HaXOQuM TOYHYIO IIOCIIEIOBATEIBHOCTD

o - H~Y(G/H, N(F)) - H(G/H, S;) - H(G/H, 8).
TeMm caMpIM
H~{(G/H, N(F))=Ker (S§/NG — S%/NS)=(NSnS,)/NS,.

2.10. IlpuMenum jemmy 2.9 k Hawmeil nogepxuoctu F*. ITycrs Lo K-nose pas-
aoxenusn gopMmu f,¢,]K. Ha F®L pacemorpum xpusbie Y,, Y;-KOMIOHEHTHI IIPABO-
AVMEBIX CJIO€B, W OIpeleleHHbIe BHIe cedenud X,, X,. 9roT Habop Kkpusbix G-mnBa-
puanten, a ux waaccsl Ha F®F moposxmaior N(F); X,+ X, -onma opbura; ocranbHse
opGuTnl cocroAaT u3 map Y;+Y,, eciu moie pasioseHud f, g, Hax k MuHEHO cBO6GO-
o cK, uro npegnomaraercsa; Torga rpynna amya nons L/k umeer Bux Z, < H, rue Z,
nepecrapnaer X, ¢ X, u nagop (Y,) ¢ (Y{), a H neiicreyer na (Y;) u (Y;) xak Ha
KOpHH £, g,,). f1 yTBep:kpaw, Torma uro
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-2 T
(ZZ)M , €CIIH y.ﬁngm €CTh JCJAUTEJIb HEYETHOHU CTEIICHHN

(Z,)*~' B OCTAJBHBIX CIyYafdX

Ii€ %x-4UCII0 HEPUBONUMBIX MHOKMTENel v f,g, Hanm k.
B camom pmeme, MaTpula IepecedeHUil uMeeT BUN

Y, ... Y, (X Xo)=(X;. X)) = —m, (Y. Y)=(Y;.Y})=—1,
X, —\
(Xo.Xy) =0, (Xp. Y9 =(%,.Y) =0,
(Y. Y)=(Y;. ) =(Y,. Y))=(Y;.Y)) =0, i%j;
Xo
Y, ... Y, (X,.Y)=(X,.Y))=1.
Ilyers eme M-mopapox rpynnsl I'anya L/K, Z;, i=1, ... x, CyMMa KPUBHIX B {—U

opbure ci0eB, m;-uucio KommoHeHT Z,. Ecuu Y,, Y, npunagiesRmr i-it opbure, TO

M
NY,=NY,=—7Z,. Ilonesysace eme TeM, YTO IIaBHHE IMBH30PHl YNCICHHO YKBHBa-
)
JEHTHBl HYII0, HaXOIHM

® M P4
NSnSy={Z 27| 2, 2 z=0)

C npyroii cTOpOHBI, JErKHil HOJCUET IOKA3HIBAET, UTO

2m

2m 2m
Sp = {xo(Xo—X4) + i§1)’i(Y¢ +Y;) —“xoizllyz{ | %> 2;€Z, i§1)’i = miy}

OTciofa Jerko ciaegyeT Halle yTBep:KAeHUe.

Teneprp Ierko gokasarh TeopeMy. EciaM noje £ 6eCKOHEYHO, pACCMOTPUM NOBe-
pxuoctu F*, rie f, g, pasmaraercs Ha 2m JIMHEHHBIX MHOMKATENEN HAML k; x=2m MOMKHO
coenaTh KaK YTOGHO GONBHIMM, ¥ 3TO YUCIIO ABIAETCA A-OHParIOHAILHRM HHBa-
puantoM mosepxuoctu F*.

Ecmu jxe %t KOHEYHO, BO3BMEM IIOCJIEJOBATCIBHOCTL HEIIPHBONMMEIX MHOIOY-
nenos f,, g, (f,+8, HEUETHHIX HONAPHO B3AUMHO IPOCTHIX cTeNenei; nycrs F™-nope-
pxHocTh coorBercTBywomas F*, a k,-mone pasmomenus f,. Ham k, nmeem:

H'(k,, F"®k,) = (Z,)*"*
H(k,, F"®k,)={o}, n+m,

tak uyro F™ u F™ GupanuonanbrO HesKBUBAJEHTHHI Hal £, W TeM Ooiee Hajg k.
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3. IloBepxnoern mexs Iemio

3.1. ONPENEJIEHUE. — Peeyaapuas payuoHaabHaa k-nosepxrocme F Has-
bleaemcs nogeprHocmoio deav ITeyyo, ecau nyuok op' oueHb 06uieH, @ AHMUKAHOHU-
yeckan cucmemda He UMeEem HenodeUuUMNCHHIX KOMMNOHEHM.

3.2. JIEMMA. — IIycmo F-peeyaspras payuonaabHas k-noseprrocmbs, 044
komopoll (wp.wp)=1, X CF-nenpueodumas kpusaa ¢ (X.X)<o. Toz0a umeemn mecmo
00Ha U3 mpex 603MOMCHOCMEL.

a) X-uckaouumeabHas kpueas nepgozo poda, u (X.wpl)=r1;

6) X-komnonenma HenodeUMCHOU Kpueoli aHMUKAMOHUNECKOT cucmemsl;

B) (X.X)=—2 u p(X)=0, (X.05')=0;

Hokrazameavemeo. — Ilpumensas teopemy Pumana-Poxa k nosepxuoctu F,
HAXOIUM

dim HYF, o5 !) = (0. 0p) +14+dim HY(F, o5 )

(u60, no Teopeme xBoiicrBennocru Ceppa, dim H*(F, w;')=dim H(F, o®%) =0). Ciue-
moBarenbHo, B yeaoBusax jdemmul dim HO(F, op!)>2 m op'=0(—K), rne K Heko-
topaa kpusad. Ilycrs teneps (X.X)<o, X-Henpusomumas Kpusad. lmeem

2, (X)—2=(X.X) —(X.05)).

Orciona cunemyer, uro ecau X He ABIAETCA HENONBUIKHOH KOMIIOHEHTOH aHTHKAaHO-
HU4ecKOW cucrembl, TO, HOcKOIbKY (X.wp')>o0, umeem (X.X)=—1, p,(X)=o0
1 (X.opl)=1, mu6o (X.X)=—2, p(X)=0 u (X.w5')=o0. Jlemma mokasaHna.

3.3. CJIEICTBUE. — Ecau F—k-nosepzHocmos deav ITeyyo, mo ao6aa Henp-
ugoduMan Kpueas ¢ ompuyamenbHbM UHOEKCOM camonepeceveHus Hda Hell Asagemca
uckawouumeabHoii kpueoii nepgozo poda. Baoncenue F-—>P*, n=(wg.w;), onpedeieHHoe
AHMUKAHOHUYECKUM NYUKOM, onpedensem 63qQUMHO 00HO3HAYHOe coomeemcemeue mencoy
npamulmu, aexcaujumu Ha F, u HenpusodumblMu UCKAIOUUIMEAbHBIMU KPUGLIMU NEPEo2o
poda Ha F.

3.4. TEOPEMA. — ITycmsF —k-nosepxrocms deav Ileyyo, n=(wy.wp). Toz0a
g=n>3. Hmeiom mecmo caedyrowue darmol.

a) IIpu n=g F usomopgna P2

6) IIpu n=8  F usomoppna aubo P'xP', aubo o6pasy P?> npu monoudas-
bHOM Npeo6pazosanll ¢ YeHmpom 8 60HOLl 3amMKkHYmMOIl mouke.

B) Ilpu 3<n<y F usomopgna o6pasy P? npu monoudaavrnom npeobpasosaHuul
¢ YeHmpoM 8 9—n saMkHymulx moukar Ha P?, us Komopwix Hukakue mpu He aexncam
Ha 00HOll npamoli U Hukakue wecmb-HA 00HOIl KOHUKe.

r) Beakasa uckatouumenvHas kpusas Ha F seasemcea aubo o6pasom mouru-kom-
noHeHmbl YeHMpPa MoHoudaabHo2o npeobpasosanus P?, auGo o6pasom npamoii, npo-
xodaweil uepes dee makur mouku, aubo o06pasoMm KOHUKU, Npoxodsueil uepes nambv
Makuxr Mmovex.
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Horasameascmeo. — Ilycts p: F—F’ Gupannonanbueiii Mopdusm nosepxaoctu F
Ha MUHHMaJIbHYI0 Mofels. B cuay 3.3 Ha F' HeT KpUBEIX ¢ OTpULATENBHBIM HHIEKCOM
camonepeceueHns; mosromy F’ msomopgua mubo P?, mmGo P'xP!. OueBummo, nmpu
(wp. wp)=0Q HMeET MECTO IEepBH ciayd4ail, u p-uzoMopduaMm; npu (wy.wy)=38 nmeer
MecTo nuGo mepBHIil ciyuail, ¥ p-MOHOHMAANBHOE Npeofpa3oBaHue ¢ IEHTPOM B OTHOMN
TouKe, NGO BTOpOI cayuail, n p-uzomopdusm. Ilpn (wy.wp)<7 U3 CylIECTBOBAHUA
mopdpusma F—P'xP! cuexyer cymecroanue mopdusma F—>P? (cp. 1.7). VrBe-
pIeHNe B. ciefyer u3 opmyasl Herepa 1 U3 oTCyTCTBIA KPHBHIX C OTPHLATEIBHBIM
kBagparom Ha F. Ilpu »<g anTHKaHOHWYeCKas CHCTeMa HE MOKeT ObITh OYeHbL OOMII-
bHOIl, U60 06pas ee Ha INIOCKOCTH COCTOUT M3 KPHUBHIX CTelleHH 3, MPOXONANIMX
yepe3 9—n TOUEK HA INIOCKOCTU « B 00INeM IOJIOKEHWUM »: y:Ke NpH n=2 orobpa-
JKEHNE, COOTBETCTBYIOIee 3TO! INHEeIHO! cucTeMe, NMeeT CTelleHb IBa, IPU 1= I-CTe-
HeHb HYIb.

Haxonen, nociegHee yTBepIeHIe CIIELyeT U3 TOr0, YTO 06pa3 HCKIIOYNTENbHO
kpuBoii Ha P2, ecnu OH He ABJAETCA TOYKON, UMeET PEryJApHbIE TOYKH B KOMIIO-
HEHTaX IIeHTPA COOTBETCTBYIOLIEr0 MOHOMIAIILHOIO npeolpasoBaHud (B caMoM fele,
IO CIeCTBHIO 3.3, ABE HCKIIOYNTENbHBIE KPUBHIE II€PECEKAIOTCA TPaHCBEPCAIBHO
rak npameie B P”). Torma mpoctoii mojcuer MHIEKCOB, OCHOBAHHHI HA 3aMedaHUHU
K JeMMe I. 1.1, KOKasnBaeT TpeGyemoe (cM. tarke Harara [14]).

CJIIEOCTBUE. — HckaouumenbHble kpugsle nepsozo poda Ha noseprHocmu deadb
Ieyyo F nopomcdarom epynny N(F).

3.5. OcraTok aToro naparpaga Gyger NocBsIleH N3Y4YeHHUI0 (opM NpocTeRmux
nosepxHocreil nenb Ilemmo cremenu g>n>4 Hajg He3aMKHYTHIM nojeM k. IIpensa-
PUTEILHO celaeM HEeCKONbKO OOMUX 3aMeyaHuil 0 IOBEPXHOCTAX 3TOT0 Kiaccea.

ITIycre FcP™mnosepxHocts feab Ilenno ¢ (wp.wp)=n. Ilepecekas F ¢ mocra-
TOYHO ofmeli rumepniockocTei0o P*~2 B P" i mpousBenda MOHOMAAnbHOe npeoGpa-
sopanue ¢ ueHTpoM FAP"~? pa F, M nonyuyum moBepxuocts F' ¢ OyYROM 3IIIaHmTH-
4eCKUX KPHMBHRIX HAJ IPOEKTHBHOH mnpsamoii B-6asoit myura runepmiockocreii B P,
npoxopamux dvepes P"~2, npuuem F’' OGymer B-muuumanenoit. Tem cambiM, Gupa-
muoHaNbHBE A-QOpMEL moBepxHOCTeil mean Ilemmo aro wyacTHble ciaydau £-popm moBe-
PXHOCTE C 9IIMITAYECKUM IYYKOM: OHM NIOIYYalOTCA DY CTATUBAHNU TAKOH A-KpUBOH
KOTOpaA HAal k pacnamaercs B OGBeAMHEHME n HeNepeceKalomUXCs HenpHBOMMMBIX
KPUBHIX NEePBOI'0 PONA-CEeYeHUI 3IMIUITHYECKOTO MYYKa.

Ilpu ¢urcupoBanHoM n3>5, n+8 mosepxHocTH geib Ilenno crenenu z Bce cTaHo-
BATCA k-W30MOP(HHIME M TIPH 7=28 CYIMECTBYIOT TOJILKO 2 KJIacca; 3TO HO3BOJIHET
KaaccupuIupoBath ux Guperyiapuse k-Qopmel. Ilocie sToro momoJHUTENIBHBIE COO6-
pakeHnd, crnenM@uyecKne IS KaKIOr0 n, IO3BOJIAIOT YCTAHOBUTh, YTO HAJIHYUe
k-panuMoHabHOM TOYKM pABHOCIUIBHO OGHPAIHOHAILHON TPHUBHAIBHOCTH IBODEX-
Hoctu F. Bompoc ske o cyumecTBOBaHHN TOYKHM HiA Hauboidee MHATEPECHOrO Ciaydasd

YHCJIOBBIX IOJell Mpu n>6 OKa3bIBaeTCA YHUCTO JIOKAJIBHBIM: CIIPABEIJIMB IPHHIIAL
Xacce.
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Canyuan n=g, 4 (U teMm Goiee n=2, 1,0) ropasno Gojiee TPYIHBL: KPUTepHii
. 2.3 N03BOJIsAET YCTAHOBUTH CyllecTBOBaHNE GHPaAlOHATBHO HETPUBHATLHEIX k-HOpPM
majke HaJ KOHEYHBIM IOjIeM £ mam Hax +i=R, mnpuueM Ha COOTBETCTBYIOLIMX IIOBe-
PXHOCTAX €CTh PAlMOHAIbHBIE TOYKU. 3€Chb MBI OTPAaHMYMMCH NETAJIBHBHIM Pas3bopoM
cayyasa n=4. [lomcuer Koromomoruii B 061ieM ciydae 3jiech CTAHOBUTCA 04E€HL IPOMO-
3OKNM: OBITHL MOJKET, CIIefyeT WCIIOIL30BATh CBA3H DTOTO KIACCa IIOBEPXHOCTEH ¢
rpynnamu Beiiira MCKI0YATENRHBIX OpocThIX rpynn Jlu. Mel HameeMcsas BEpHYTLCA
K 9TOMY BOIPOCY IIO3IKE.

Haxomnen, nociegHee. VICKiIIOYNTENbHBEE KpPHBHE IIEPBOr0 pOOa HA BCAKOM
moBepXHOCTU feib [lelio IOpOMKAAIT ee TPYNNy KiaaccoB AMBH30poB. IlosTomy
maa perumerenns rpymusr H'(k, N(F)) (cM. 1. 2.3) mocTaToynHo 3HATh, KaKk rpynna
lamya neiicrByeT Ha MHOKECTBO MCKIIOYMTENIbHBIX KpPUBHIX. OYE€BMAEHO, OHA COXpa-
HAET VHIEKC IepecedyeHt s, KOTOPLI MOMKeT OBITh TOIBKO HYyJIeM MM eIuHHIeil (cien-
cTBHUE 3.3).

Ilyers &, (6>n>3g)-napa, cocTosAmas M3 (KOHEYHOTO) MHOKECTBA NPAMBIX HA
KaKoi-HIOYIbh NOBepXHOCTH fAeinb Ilenuo crenenu n, 1 GHHAPHOrO OTHOINEHUA « MHII-
€KC TepeceueHus IPAMBIX PaBeH eJMHHUIE » HA 3TOM MHOmKecTBe. M3 TeopeMml 3.4
JIETKO YCMOTPETD, YTO 0OBEKT &, KaK MHOKECTBO ¢ GMHAPHEIM OTHOUIEHWEM OIpefelneB
YUCJIOM N € TOYHOCTHIO K0 n3oMopduama. ITycrs I' -rpynna aBTomopdusmos o6beKTa &,.

Caegyiommye yYTBePHACHUA ABIAITCA KIACCHYECKHMM, WM MBI NPUBOAMM C Ha-
GpPOCKOM JIOKA3aTeJIbCTBA MX JIMINL M3-32 OTCYTCTBHA YHOOHBIX CCBUIOK.

3.6. TIPEIJIOKEHUE. — a) Cywecmeyem ecmecmeenHtoe 6aomcenue &,C6, 4,
npu komopom &, 0moxcOecmensemes ¢ MHOMCECMEOM IAEMEHINO8, He NePeceRAWULCA ¢
PUKCUPOGAHHBIM IAEMEHINOM MHOMCECNBA &, _; (3MO 8.4001CEHUe MHOMCECNE ¢ GUHAPHbLM
omHoweHUl ).

6) I'pynna T, mpansumugHo Oeiicmeyem Ha &,, a cmayuoHApHAsL nodepynna
awbozo saemenma usomopgHa I, _ .

B) Yucao anemenmoe &,, T', & 3asucumocmu om n sadaemca caedyiowell mabauyeil

n \ 6 5 4 l 3
— |
[&,] ‘ 6 10 6 | o2y
(L] { 23 | 2235 ] 2.35 2.3.5
Jokasameascmeo. — Ilpu n==06 yTBepskeHHU:A 0) N B) NIPOBEPAIOTCA HEIOCPENCT-

BEHHO: WHCHIIIOUUTEIHLHBIE KPUBEIE-3TO 00pashl Tpex TOYeK Ha MIIOCKOCTH U TpeX
HPSAMBIX [POXONAINX 4epe3 3TH Toukd; rpynmna [y AajsercA TPynnoi cuMMmerpuii
IeCTHYTONLHUKA .

Ilpn n>6 yrBep:kAeHHe a) CIELyeT M3 TOro, YTO €CJIM CTAHYTh OFHY NPAMYIO
HA [OBEPXHOCTH Heib [lenio cremeHu n, TO MOJIYYUTCs HOBEPXHOCTL menb Ileuo
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crerieHd n—1 (JTO JIETKO CjegyeT U3 TEODEMH 3.4). YTBep:AeHue 0) noixyuaercd
TOrNXA MO0 MHAYKIuU: rpymna I', _, TpaH3uTuBHO AeiicTByer HA &,_ a 06pasH &, _, HpH
PA3HBIX BJIOMKEHHUAX B &, NMOKPHIBAIOT BCE MHOMKECTBO &,, IOTOMY 4UTO NIA J000H
upsamoit na F wHaiinercs npsamas, ¢ Heil He NepeceKaloUiascsA: WHAYE ee CTATHBAHME
npuBeso GBI K MIHHMAJBHONH MOJIEJH.

Yucsio asieMeHToB [ &,] DOIyuaeTcs HEIOCPENCTBEHHBIM NOACYETOM C HOMOIILIO
TeopeMHl §.4 r. Hakorern, [I',] monygaerca uapyruueii no popmyne [I,]=[&,]. [T, _].

Sameuanua. — a) Yiwe gaa n=19 OO0BEKT &; HEHOCTATOYHO IOJIHO OTPAKaAET
€BOICTBA MHIMIEHTHOCTH TPAMBIX HA KYyGHYECKOH IIOBEPHOCTU: MOTYT CYHIECTBOBATH
TPOMKA NPAMBIX, Hepecexalolinecs B ONHOM TOouKe (TOUKM OKKapATa), 4TO HaAKJAa-
IbIBAET MOMONHUTENbHbIE OTpaHMYeHNd Ha o6pas rpynnel I'anya B I';. Jlaua n=2, 1
[OJIO}KEHNE CTAHOBUTCH ellle (ojiee CJIOKHBIM: B O0LIEM CJIydYae MCKIIOYUTEIbHEIE
KpUBble MOTYT MMETh HHJEKC IlepecedeHus OOliblle eIUHMIBI, a BHIPOKIEHUA Iepe-
ceyeHuit oyeHb pasHooGpasHbl. TeM He MeHee, MOKHO BBECTH AHAJIOr o0beKra &, U
HOKa3aTh YTBEDP}KIEHWA, AHAJIOTMYHBIE HPEMIOHeHMIo 3.6, A n=2, 1.

6) MoOKHO IIOCTaBUTH BOIPOC, peajmayeTca iU HojHad rpymna I', xax oGpas
rpynnsl amya, meiicrByroumit Ha npsMble DOBepXHOCTH nedb Ilenuo z-if cremenu
HAJl HAKNM-HHOYODL IIOJIeM.

IIycre U-OTKPHTOE MHOMECTBO HeOCOOBIX KyGudYecKMx ImoBepxHocTeit B P° :
IOMONHenne K MTUCKPUMUHAHTHON THIIEPIIOBEDXHOCTH B MPOCTPAHCTBE KO2(P(YUINEHTOB
Ky6Guueckux (popM OT yeTslpexX mepeMeHHbIX. I'pymna =, (U, #) oueBugno, meiictyer
HA MHOMECTBE NPAMBIX KyOHYeCcKOll IOBEPXHOCTH, COOTBETCTBYIomeil Touke ucU.
Cerpe [18] yrsepsxmaer, uro ob6pas rpynnsl =;(U, ) ABIAeTcA MIOIHOA TrPYNmoi
apromopdusmos I'; 06berTa &, (0 KpaitHeil Mepe, HaJl KOMINIEKCHBIM nojem). Ortcona
CllelyeT YTBEPIUTENbHBIA OTBeT Ha Bompoc 0) mia Bcex n=6, 5, 4, 3.

3.7. TEOPEMA. — IIycmbs F —F-noseprrocmse deav Ileyyo cmenenu n. Vmeem
Mecmo caedyrowjie ymeepHcoeHua:

a) Ilpu n=9 F k-usomopgra Herkomopoli nogepxrocmu Cesepu-Bpayapa.

6) lIpu n=8 F k-usomopgna aubo mHekomopoil Popme PLxP., aubo
06pasy P2 npu monoudaibHOM npeobpazosanul ¢ YeHMPOM 6 HeKomopoll k-mouke.

B) llpu n=y F k-usomopgua o6pasy P* npu monoudaabHom npeobpaso-

eanuu ¢ yeHmpom ¢ 08yx k-moukaxr, aubo ¢ yeHmpom 6 samkHymotii mouke xcP?, 0aa
rkomopoii [x(x) : k]=2.

CJIIEOCTBUE 1. — Ilosepxrocms Oeav Ileyyo cmenenu 7 6ce2da umeem k-moury.

CJIELCTBUE 2. — Iycmbo k-noae aqzebpauieckux uucea KOHeuHoU cmenelu uau
noae aazebpauveckux @yHryuil o0HOI nepemeHHOl HA OKOHEUHBIM NoJem KOHCIMAHM.
Ecau nosepxrocms deav Ileyyo F cmenenu 8 uau 9 umeem payuonatbHyIo moury Had
gcemul NONOAHEHUAMU k,, N0AA k, MO OHA UMeem DAYUOHAIbHYI MOYKY U Had k.

CIIEOCTBUE 3. — Huaa mozo, umo6ut k-noseprrocms Oeasv Ileyyo cmenenu 7, 8
uau 9 6olaa k-6uUpayuoHAIbHO IKEUBAACHMHA NAOCKOCMU, HeoOTodumo 11 0ocmamoyHo,
ymo6sl Ha Hell cywjecmeosasda k-moura. ’
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(JloKkazaTenbCcTBO BCEX 3TUX YTBEPHKIEHUN HeMeJIeHHO CIELYeT U3 TEOPEMEH §.4,
JIEMMBI 0.4 B 0.5 ¥ XOPOUIO 3BECTHLIX Pe3yJIbTaTOB; B YaCTHOCTH, YTBEPIKACHHE 3.7 B
ciegyeT U3 TOTO, YTO KOHPUrypalus HNCKIIOYATEIbHBIX KPUBHX HA NOBEPXHOCTH
nens Ilenno cremeHu 7 uMeeT BHL

—I |

—1 —1

TAK YTO BCE KpailHWe nmpAMEe Iu60 HemoABMKHBI, JU6GO0 IepecTaBiIATCA TpYyNNoi
Tanya G, Tar 4r0o MX BMECTO MOMKHO CTAHYTHL Ham k. JlambHeiimine nogpoGHOCTH MBI
OIyCKaeM).

3.8. Tlepeiinem Teneps K U3y4eHUIO NoBepxHOcTel nens Ilenmo crenennu 6. Ipu-
MCHAEMBIi METO[ OUMpaeTC HA BO3MOMKHOCTb OTOGPAKATL HEKOTOPHIE OTKPHITHIE
MHOM{ECTBA ajrefpamyecKuX k-cxeM B OXHOPOJHBEIE NPOCTPAHCTBA HAN K-TOpaMu, U
MBI ONMINEM CHAayaja 3To oTobpaskeHume B obmeilt curyanui. OHO moayvaerca ciy-
cxom Tamya w3z xoHcrpykimuu, BeefeHHoit Ceppom [22] Ham aare6paMdecku 3aMK-
HYTHIM ItosieM (B pokiuane Ceppa CONEpMHUTCA TAKKe ONpE/leIeHNe 9TOH KOHCTPYKIIMA
¢ TIOMOIILI0 HEKOTOPOr0 YHUBEPCAJIbLHOTO CBOMCTBA).

Ilycrs V-coGcTBeHHAs HENIPUBONMMAdA U NpUBEleHHAs anrebpamyeckas k-cxema,
{X,}cV@Z-HOHeque MHOKECTBO, TUBU30POB, KAKIHIM U3 KOTOPHX ABJIACTCA HENp-
UBOAMMON M mnpuBeeHHON momexemoifi V®k. Ilycrh Sy-rpynna riaBHBIX JMBU-
30poB, mopomaenusx {X;} u mycrs RcR(V®k)'-rpynna panmoHaJbHHX (yHKIHT
Ha V®}Ek, mUBM30PH KOTOPHIX NpMHAmIExAT S,. OueBUIHO, RcT(VOR\UX;, 0y).
PaccMOTpIM TOYHYIO IOCIENOBATENLHOCTD. '

(3-8.1) o—k">R—>S;,—0
JliGoe ee ceuenne ¢ :S,—~R omnpepeaser Z-MopqmgM OTKPBITOI'0 MHOMKECTBA B TOD
T®%, rme T=Spec k[S,l:

f: VoOR\UX; — Spec k[S,],

KOTOPBI MHAYIMPOBAH FOMOMODP(QHU3MOM HKOIIEI]
F[Sol = £[R] > T(VOR\UX,, 0,57)
(uepBblit M3 HUX OIIPENeNeH 4epe3 ¢, BTOPOMH-BIIO;KEHME).

IIpenmnosoKuM Temepb, 4To MuBM30p 2 X, G-mnsapuanten. Tak Kak mociuemo-
J

BATEILHOCTL (3.8.1) pacmemuserca Hag Z, uUMeeM TOYHYI0 IIOCIEN0OBATEILHOCTDL
G-monyueit

0 — Homy(S,, £7) = Homy(S,, R) — Homy(S,, S,) — o.
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Vurem, uto Homy,(S,, £*)= T(k)-rpynna reomerpudeckux Touex Topa T= Spec £[S,];
TOYHAA MOCIeN0BaTeNbHOCTh KOTOMOJIOTHII JaeT roMoMopguam

5 : Homg (S, So) — HY(G, T(k)).

Ilyers heH'(G, T(k))-06pas id mpu aToM romMoMopguame. ITO-XapaKTEPHCTHYECKUI
knacc G-pacmmpenus (3.8.1), KOTODHEII B TO ke BpeMdA OHpPeNelsAeT IIaBHOE OXHO-
poxuoe mpocrpancTso Topa T Ham £. Ilyets X CV Tanoit nuBusop, 4ro Xok=UX,
na VO®Ek.
3.9. IIPEJIOYKEHUNE. — Onpedeaum k-mopgusm
g:V\X—>T*
yepes 2omomopgusm Koaey
(7;[30])(} g (Z[RDG > FG(V®—E\liJ Xp Oyer)= F(V\X; @),

20e Oeiicmeue epynnvt G Ha k[S,] onpedeasemcs uepes koyuka h, max umo
T =Spec(k[S,])°.

Toeda g®k=f npu nadaemcaujem omoxncdecmeaenuu T®k ¢ T'®k, u mopdusm g
He 3asucum om evlbopa cexeHus ®.

Horazameabcmeo. — Bce caeyer u3 ABHOIO OIMUCAHUA MPEXCTABUTEIA KOLUKIA
{h,} : mycTh %z mua zeS,-06pa3 oTHOCUTENbHO MeficTBUA geG; aieMeHT k,eT(k)
ompenenseTcA 3HAUEHUAMH Ha HeM QyHKNmit z, n6o k£,eHomy(S,, k"); Torma umeem

(u3 SIBHOTO ONMCAHUA J§):
z(h,) =9("z)o (g (2)) .
eiicrsue rpynnst G ma k[S,] ompenemserca Torma:
8(2) =z(hy) %, 2€83,,

TO ecTh OHO COTIIAacoBaHO c fAeiicremem G Ha k[R].
Ecian saMeHuTb ceueHyne ¢ Ha ¢ :S,->R, TO mpemcTraBUTENh KOUMKIA h M3Me-
HUTCHA HA TOMOJIOTHYHLBIH €MYy.
g3.10. TEOPEMA. — IIycmv F—k-nosepxrrnocms deav Ileyyo cmenenu wecms,
X, ..., X,cF®k-6ce nenpusodumble uckaouumeabtvle Kpussle nepsozo poda Ha F®Fk,
6
X CF-markoii dueusop, umo X®?:iZIX£. Ioaomcum U=F\X. Toeda mop

T = Spec £[S,]

dsymepen, u omobpancenue cxemst U 6 enagHoe 00HOpoOHOE NpoCMPAHCmeo HAad
9MUM MOpPOM, ONUCAHHOE 8 NpedioxceHUU 3.9, A8ALemMCA UIOMOPPUIMOM.
IIpessae yeM MOKA3HIBATH STOT Pe3YJbTAT, YCTAHOBMM HEKOTODBIE CIENCTBUA.
CIIEOCTBUE 1. — J[Jaa mozo, umobsl k-nogeprHocms Jdeav Ileyyo cmenenu
6 Gvlia 6UpAyUOHAABLHO KEUBAAEHMHA naockocmu Had k Heobxodumo u docmamouno,
4mobOsl Ha Hell clujecmneosana payuoHAAbHAA K-Moukd.
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Hokxazameavcmeo. — HeoGxognMoCcTh YCIOBUSA TPUBUAILHA; ITOKAMKEM TOCTATOY-
HocTh. MOKHO cumTarb, 4TO IIOBEPXHOCTH F  f-MUHUMAILHA: MHAYE €0 CBONHUTCA
K moBepxHocTH #enb Ileuno Gonbmieii cTenenu, Oiad KOTOPHIX BCE TOKA3aHO (CaeACTBME
3 TeopemsI 3.7).

‘W3 muammansHocTu F cregyer, uto HUKakasa ee k-Touka He jesxur Ha X. Jleii-
CTBUTEJIBHO, IO jeMMe 0.4 rpymna Iarrya G peitcrByer Ha X,,i=1, ..., 6 Tai, 4To0
HNKAKasA OpOHUTA HE COCTOUT W3 ONHON HPAMOIl M HE CONEePHHUT NApH Hemepecexalo-
muxca npAMbX. IlockombKy KpuBbie X, ofpasyor Ha F®FK « IecTHYroJLHHK »,
OTCIOZIA JIETKO CJIeyeT, YTO HAa HeM He Moker je:kaTh G-MHBapUAHTHAA HMOYKA.

BoassmeM Tenephb £-TOury xcF M nmpomsBemeM MOHOMAAIBbHOE IpeoGpasoBaHue
F'->F c unenrpom B #. Ilycte X cF’-o6pas x ma F’'. Tar kak x€X, mosepxuocth F’
ABIIAETCA IOBepXHOCTHbI0 Menb Ilenuo crenenn naTte (treopema 3.4). Ilompsysch yr-
Bep:KIEHHEM T. TEOPEMH! 3. 4, JI€TKO YCTAHOBHTD, YTO HA MOBepXHOCTH F'®k uMeercs
POBHO TpPH HENPUBOJAMMEE HCKIIOYNTEIbHBIE KpuBHe Y,, Y,, Y., IepeceKawlinecd
¢ X; RaJKOadA W3 ITUX KPHUBHEIX IIEPECEKAeT [BE IPOTHBOIIOIOMKHBIC CTOPOHEI HIECTH-
VTONBHEKA HCKITIOUNMTENLHEIX KDPHUBBIX, NepeHeceHHoro ¢ F®k ma F'®k. [laee,
wpusaa Y,+Y,+Y,-G-unsapnantoa u, nawxonen, (Y; Y,)=o mpu ¢+j. Ilycrs
Y CF'-trakoit muBuzop, uto Y®k=Y,+Y,+Y,. Ilo memme 0.4, TuBU30pP Y MOMHO
CTAHYTH HAQN k; OycThb F -momyumBmiasgca NOBepXHOCTb. Jlerxo Bupmerb, uro F,®%
MUHHMAIBHA U usomoppua P'xP!'; cuemosarembHo, F, k-msomopdHa KBajgpuke,
HO TakK Kak Ha F; ectb £-Toura, F, OMpauMoHAIbHO 9KBUBAIICHTHA ILIOCKOCTH Haj £.

CJIENCTBUE 2. — Iloseprrocmb deav Ileyyo F, cmenenu 6, onpedeaennas Hao
qUCA06HIM UAU PYHKYUOHAAbHbIM NOAeM k UMmeemn k-MOUKY 6 MoM, U MOAbKO 6 MOM
cayuae, ecau 0aa ecex nonoaeHuil k, nosepxHocmd F®k, umeem k,-moury.

Hokazameavcmeo. — PesynbpTaT HEMeIJIeHHO CJefyeT K3 TeopeMbl 3.10 H 3aMe-
yaunsa Bockpecencroro [25], corilacHo KoTropoMy AnA Jio6oro neyMepHoro Topa T
Hay &k uMeer mecTro mpuHIMI Xacce, TO €CTh AXPO romoMopguaMa

H'(k, T(k)) - IIH(k,, T(k,))

TPUBHAIBHO.
Ws sroro cmemcTBus, B UACTHOCTH, BHiTeKaer pesyabrar (enmepa [23] o Tom,
YTO [IOBEPXHOCTH HAJ YHCIOBBHIMU IOJAMU BHIA

P+ @y =b(2+ at®)

YIOBIETBOPSIOT NpUHINIY Xacce, n6o kak sameruin Cerpe [17], Ha 3Toli KyOuueckoi
noBepxuoctn F mmeerca Tpoiika IPAMBIX CTATMBAEMBIX HAJ OCHOBHEIM nojeMm. To
JKe CJIEOBATENLHO, BEPHO A M000ff KyOMuecKoll IOBEpPXHOCTH € TaKoii TPOUKOIl.

3.1x. Jlokasameavcmeo meopemst 3.10. — Kax MBI y:xe oTMeuanH, Bce IOBe-
pxuoctu meinb [lenmo cremenn mecTh ABXATCA JopMaMu OXHOM M3 HUX, HOO NpOEK-
THBHAA IPYINA TPAH3UTHBHO AeliCTBYeT Ha TPOHKAX HEKOJIUHEAPHEIX TOYEK HA ILJIO-
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crocti. Y00HO B KauecTBe OCHOBHOII A-opmsbl BEGpaTh nosepxuocTs FCP < P! x P!,
3alaHHYI0 ypaBHEHMeM

%0 Yoo %1012, =0
rne  (xq, x1), (Jo>91)s (Zo> 21)-OMHOPONHEIE KOODAUHATH COMHOKuTeneit. Mopguam
pryp: F—P'x P!
ecTh MOHOUAANLHOE npeobpasopanne KBagpukn P'xP' ¢ nenTpoM B TOUKAX
({0, 1), (1,0)) u  ((1,0}, (0,1)).

O6pazs 31ux TOYeK HA F ABIAIOTCA UPOTHBOIOIOHHEIMY CTOPOHAMM IIECTHYTOIbHIKA
HCKIIOUNTEIbHEX KPUBHX Ha F. AgajornuHo o6CTOHUT [eJI0 ¢ MPOeKUHAME HA Apyrue
Tapsl MHOMKUTEJIEN .

B oGoznauenusx . 3.8 B xagecrse ¢(S;))CR momuo BaATs rpynny ¢yHKmi,
Yo Do g
noposennyio -0,2° u 2.
X
KaK W Ha S, TPUBUAILHO, W OYEBUJHO, UTO COOTBETCTBYIOWMH MOpHM3M

F\X — Spec [@ B Jo )ﬁ]

Jra rpynma csoGomgHa panra 2, G pgeiicTByeT Ha Hee,

S 3 b
X10 Xo 1 Do

saBaAerca usomopgusmom. Tem cameiM, naa moboit k-nosepxuoctu pmeab Ilenuo F
CTeNeHd MIECTh LMKIA HNCKIIOYNTEILHBX KpuBBHIX X MopJuaM IpeNIoKeHUd 3.9
g:F\X > T" oGnamaer TeMm cBoficTBOM, 4T0 g®k-m3oMoppusm. OTCIONA BHTEKAET,
4TO g-U30MOPPU3M.

3.-12. TEOPEMA. — IIycmb F-—#k-noeepxrHocmd deav Ileyyo cmeneHu n.

a) B cayuae 6eckoHeUH020 1noaa k npednoaomcum 0onoAHUMe bHO, ¥Mo cyujecmeyem
makoii saemenm zeN(F), 0daa romopoeo uucao (z.wg') e3aumHo npocmo ¢ n.
Toeda na F cywecmsyem k-mouka. Ecau, kpome mozo, na F®Ek nem G-unsa-
PUGHMHOI UCKAIoulMeabHoll Kpueoil nepeozo poda (Hanpumep koeda F k-munu-
MAABHA ), MO MOMCHO Halimu k-mouky Ha F, He aedmcauyio HA UCKAI0MUMENbHbIY KPUBHIT .

6) Ecau noae k KoreuHo, mo HA 6CAKOU pAUUOHAAbHOLL k noseprHocmU cywecmeyem
k-mouxa. Ha nosepxrocmu Oeav Ileyuo F cmenenu n aagedomo modMcHO Halimu makywo
MOYKY, He JAeMCAWYI HA UCKAOYUMEAbHbIX KDPUSHIT, eCAll YLUCA0 ¢ IAEMEHINO8 NOJf
k ydossemeopsem HepaseHcmey

g>10+4¢,—n

20e ¢,-MUCA0 HENPUBOGUMBIX UCKAIOUUMEAbHBLL KpUSHI nepgozo poda Ha FOEk.

Husa porasarenbcrBa HaM HOHAROOUTEA CIIENYIOIAs JIEMMA.

3.13. JIEMMA. — IIpednoaoncun, 1mo noae k 6eckoHeuHo, 1 nycmov F-pezyas-
pHaa npoekmusHan k-noseprHocmb cmenenu n. Toe2da cywjecmeyem makoil k-mopdusm
fiF' —=F, umo mopfusm f@k sseagemca moHoudAIbHBIM NPe06az0saHlieM ¢ YeHMPOM
6 3aMEHYMHIT moukar nosepxiocmu F®Fk, u makoii k-mopgpusm p: F' P!, wumo:

£ (On(1)) =" (0p(1)) ® Op.(—X)
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ed0e X-0ueusop na ¥’', cmazueaemviii mopgusmonm f. Kpome mozo, moxmcHo cuumamo,
umo éce caou mopdusma p zeomempureckl HenpugooOUMBbL.

(/lorasaTebCcTBO 3TOr0 pe3yibTaTa CYIIeCTBEHHO COMEP:KUTCA B cTaThe Vryssl
[9]: ms woncTpykumu p 1 F'3 HymHO paccMoTpeTh IyYOK THIIEPIUIOCKOCTH ceueHnii F
MOCTATOYHO OOLIMM IyYKOM TFHIEPINIOCKOCTell NIPOCTpPaHCTBa, comepskamero F, u
NpPOM3BECTY MOHOMJANbHOE HpeoGpazsoBaHMe ¢ IEHTPOM B A-TIOICXeMe OGA3MCHBLIX
TOYEK 3TOr0 IMy4YKa).

3.14. [lorasameavcmeo meopemst 3. 12, — Haunem ¢ paccMorpeHns 6eCKOHEYHOTO
ocHoBoro moid k. Ilyers p: F' — P'—k-Mopdusm, cymecTBOBaHUE KOTOPOTO YTBEP:H-
maercA B jemMme 3.13. ME Mo;ceM cuuTaTh, 4T0 Ha F®F Her G-UHBAapMAHTHOH He-
IpUBOIUMOli MCKIOYMTENnbHON KpuBoit. Torma mopdusm p: F'—P! ompemenser Ha
F’ crpykrypy P!-MuHNManbHOII HOBEPXHOCTH, PACCIOEHHON HA KpUBHE poxa I:
B camom feme, HM KOMIIOHEHTH JuBM30pa X®k, HM f-mpoo6passl MCKIIOUHTETHHBIX
xpuBHX Ha F®K He MOTYT JemaTh B cloax MopdusMa pOk.

Tax xak musa moboit k-rourn xeP' umeem O (F.)=cwp' (n1emma 3.13 # 1. 2.1),
M3 TEOpeMHl 1.7 CJIeNyeT, UTO HEIPHUBONUMbIE MCHIIOUATEIbHbE KpuBhle Ha F'®F
HAXONATCA BO B3AUMHO-OJHO3HAYHOM COOTBETCTBHH ¢ cevenmsmu s : P; - F'®k mop-
¢usma p®k, a G-MHBAPUAHTHHE HEMPMBOMMMbIC HCKIIOUUTENLHBIE KPHUBHE C ceue-
Huamu s : P'—F’ mopdusma p. OueBHMIHO, AOCTATOUHO AOKA3aTh Hammuue G-mHBap-
MAaHTHOTO CEYeHUd.

Pacemorpum romomopdusm ¢ : N(F’) >Z, onpepeienHHli 1aa moboro zeN(F)
dopmynoit

9(2)= (2. oF gx)-

Iycts N=Ker ¢. OueBuIHO, oy gzeN; momomum N =N/(op g7). HssecTso, uTo
Riaaccu Pl-moBepxHocredl €O clloeM poma I, KOTOpHIE HAJ k CTAHOBATCH M30MOP(HEH
F'®%, HaXOmATCA BO B3aMMHO OJHO3HAYHOM COOTBETCTBMH C 3JEMEHTAMH TPYIIIH
H!(k, N(F)) (crpykrypa G-moayas ¢ N(F)), oueunno, nepenocurca na rpynnst N, N,
6o 2TEMEHT o 3 G-nuBapuanten. (Camoit noeepxnHocru F’ cooTBercrByer B
rpynne H!(k, N) ee xapaxrepucrnuecknit kinacc ¢(F’), KOTODHIA ABIAETCA KIaccoM
KOTOMOJIOrH# KOIMKIA

s—>s(X)—X, seG
rie XeF'®k-mobas HempmBoguMAadA MCKIKOUMTEeNbHAA Kpusasd. (OueBmiHo,
5(X) —XeN;
IJil KPaTKOCTM MH 0003HayaeM KIACC 3TOro NUBHM30pa B rpymnme N TeM ke CHMBO-
amom), Jlerko mposeputh, uro OT BEGOpa X 3TOT KiIacc KOroMOJIOTHil He 3aBUCHUT.

Jorakem, uTo nmpu BeIMOJIHeHuu ycuosuii TeopeMu c¢(F')=o. Ilpempme Bcero,
G-monyas N pasmaraercs B IpAMYIO CyMMY

N:N—-{—Zo)p, ®F>
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rie N BriapgsiBaerca B N Kak HOATPYNNA, NOPOMKIEHHAA CEYEHUAMU (3TO CIIEHyeT
H3 TeopeMBl 1.7 W U3 reoMeTPUYecKoil HeIpUBOZUMOCTH ciioeB p). Tem cambivM, mmeeT
mecto uaomopduam H'(k, N)=H!(k, N), mocpemcTBOM KOTOPOTO MEI OTOKIECTBUM
3TH rpynns. PaccmoTpnM TOYHYI0 HOCIEN0BATENLHOCTL G-MOmyieit:

0o>N>NF)SZ>o
H COOTBETCTBYWINYIO €il KOrOMOJIOTHYECKYI0 IOCIEX0BATEIbHOCTD

N(F)¢ %z S m, N).
Jlerxo nposepsercda, 9to ¢(F’) =3(1). ITosTomMy pocTatouno mposeputb, 4TO @ -3MU-
MopdusmM.

ITyers ze(N(F))%-ranoit amemeHt, 4T0 CremeHb (Z.wp) B3aMMHO IPOCTAa C 7.

IIycrs f: ¥’ —F-mopdusm, onucanusii B JeMMme 3.13 U IyCTh

E=/f"(wrgr) —orpreN(F");
TOTHA ¥MMeeM:

€.8)=—n, (& oFgr)=m
u (£.f7(z))=o0 nua scex zeN(F) (cm. m. 2.1) TTosromy

(/@) - 0meR) =(f(2) .f (0Fgr) —(f(2) . &)= (& i gn);

(f (orgn) - orgr) = (& orgr) =2
U3 B3aMHOIi TPOCTOTEL 3THX ABYX YUCEJ CIERYET, UTO ¢, -dnuMopdhuaM, uGo, 09€BUIHO,
S (2) 1 f(wFd3) npunammeskar rpynme N(F')¢. CremoBarennrno, ¢(F')=o.

Ho u3 oGpamenus B Hynb ¢(F’) cuemyer, uro F’ mmeer ceyeHue ymxe Han £.
JlaAa monmHOTH mamuM HAGpPOCOK IOKasaTeldbCTBA 3TOro mu3secTHOro ¢akra. Ilycrs
xePi-o0masa TouKa, i: F;®_E—+ F'®%-inomenne oGEro Ciof, XCF'®-/;-H8ROTOPOC
k-ceuenne, i(X®%)=Et-mususop na F.®%. Ilockombry ¢(F')=o0, nmeeMm muA BCex

5(€) —E&=s(n)—m,
e 7-HeKOTOpH# nuBM30p (HA k(x)-xpuBoil F) cremens Hyab. ITostoMy nuBu3Op
£— G-uHBapHaHTEH, a cTemeHb &-—v pasBHa 1. M3 Teopembl Pumana-Poxa mis
KPUBOH pOja eXMHMIA CIefyeT cyliecTBOBaHHe Ha obmewm ciroe F,®k G-unBapuan-
THOTO 3QeKTUBHOr0 AUBHU30pA CTENEHH 1; €ro 3aMBIKAHWE HA F'®% nmaer G-unsa-
PHAHTHOE k-CedeHHe.

OGpas sroro cedennsa Ha F apnserca A-kpuBoit poja Hyab (C k-pauvoHaIbHON
TOUKOI1), KOTOpas He COBNAJAeT HU C OTHON M3 HCKIIOYHTENbHBX KpnBHX. Ilepsas
9acTh TEOPEMH 3.12 MOKA3aHA.

ITyers Tenepnb k-xKoHeuHOl moste ¢ 4MciIoM dieMeHTOB ¢. Hak morasam A. Beitan
[24] umciO k-TOUEK HA PALMOHAILHOHN A-IOBEPXHOCTH PaBHO

¢ —(Be)g+1,
Iile ¢;-XapaKTepUCTHYECKNe KOPHM HpefcTaBiennsa mopdusma Opobennmyca na N(F).
IosromMy 5T0 uneao =1 mod ¢ ¥, 3HAYUT, OTIWYHO oT Hyua. Ecau F-nosepxunoctsb
nensb Tlewuo cremenu n, To panr rpynnsl N(F) pasen 10—n, a uucio k-ToYeK, noma-
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JaIUX HA HCHKIKYMTENILHBEIE KpPHBHE, HE IIpeBocXomuT ¢, (¢+1). IlosTtomy mua

CYHIECTBOBAHUA /C-TO‘IKI/I, He Jemameid Ha WCKIIIYUTEIBHBIX HKPpUBBIX, HOCTAaro4do,
yToOBl BEINOJTHAIOCH HEPABEHCTBO

¢—(10—n)g—e, (g-+1)-+1>0,

KOTOpOe, KaK JEeTrKO BHUIeThb, CIefyeT M3 HEPAaBEHCTBA TEOPEeMB ¢>10—n-te,.

Sameuanue 1. — Bojee peranbHO paccMaTpuBasi NUBH30D MCKIOYHTEILHBIX
KPUBBIX, MOKHO YJIYYIIUTH OHEHKY, HO JJIA BCEX ¢ pe3ylbTaT He MO:KeT OBITh BepeH:
IpPOM3BEeNs MOHOMAAIbHOE mpeofpasoBaHue Hax P; Hax mosieM £ U3 ABYX DIIEMEHTOB
¢ LEHTPOM B 4YeTHIpeX A-TOYKAX, Mbl IIOJNYYUM IOBEPXHOCTH Aedb Ilemmo cremeHm
NATb, Y KOTODO#l BCe A-TOYKM JIeKaT HA MHCKIIOYUTEIBHBIX KPHBHIX.

3ameuanue 2. — B cayuae GeCROHEYHOTO HOIA &k KPUTEPU TEOPEMH 3.12 NI
NOBEpXHOCTEll cTeneHn g, 8, OYEBMIHO, HENPUMEHHM, 60 B MEPBOM ciydae (z.wy')
BCerjga JeidTcA Ha 3, a BO BropoM-Ha 2. IlIa cremeHu 7 pesynbTaT TPUBHAIICH
(cegcrBue 1 w3 Teopemsl 3.7). C mpyroi cropoHsl, mia mopepxnocreidl F ¢ anTuKa-
HOHHYECKON cucTeMOil 6€3 HENOABHIKHBIX KOMIIOHEHT CTEIIeHH 2 pPesyibTaT BepeH.
i moKasarenbcTBA HYMKHO JIMING YOEMUTHCA, 4TO BepeH aHaimor jemms 3.13. Ho
AHTMKAHOHMYECKMII IIy4OK [laeT paloHAJIbHOEe OTOOpasKeHue CTENeH:d 2, U MJIA I0-
CTPOeHMsI HYIKHO IIPOM3BECTH MOHOMZAJbHOE IIpeofpasoBaHme ¢ LEHTPOM B mape
COLIPAMEHHBIX OTHOCUTEJbHO 3TOr0o OTOOpaXKeHUA TOYeK.

3.15. TEOPEMA. — IIycmbv F —k-nosepxrocms Oeavb Ileyyo cmeneHu namo,
K-Hopmaabroe pacwupenue noas k cmenenu d u (d, 5)=1. Ecau Ha FO®K ecmb
K-mouka, mo F 6upayuonaabto sxeugasenmua Py .

Jorasameavcmeo. — Ilycrh cHavana d=1 M IIyCTb CYHIECTBYET A-TOYKA X, HE JIe-
FHAMAA HA MCKIOYNTEIbHBIX KpuBHIX. ClreaeM MOHOUJAJIbHOE NpeofpasoBaHue C
wentpom x. IloayuuBmasca nosepxuoctb F’, obiamaer TeM cBOHCTBOM, yTo o0pa3s
Toukn ¥ ma F’'®F mepecekaer HATh NOMADHO HENEPECEKAIOIUXCA HENPHBOXAMBIX
HCHIIIOYUTEIbHBIX KPUBBIX, CYMMa KOTOPHIX MHBADMAHTHA. 9TO CIIERYeT M3 TeOpeMbl
3.4 T: ectu F®k sApmaerca o6pazoMm ng npu MOHOMJAILHOM mnpeobpasoBaHuu €

5 -
LHEHTPOM B TOYKAX X, ..., x, W xcP;-o06pas Touxm x®k, TO MHTEpecylomas HAcC
HATEPKA NCKIIOYUTEIbHBIX KPUBLIX COCTOUT M3 006pa3oB HPAMBIX, HIPOXONAIIMX Yepes
TOYKH Xy, X;, 1 KOHUKH, TPOXONAINeil uepes TOUKU Xy, X1, - . ., X4

CTAHYB 3Ty NATEPKY MCKIIOUATENBHBIX KPHBHIX HAT £, MBI MONYYHM Oupanuo-
HANBHBLA A-MoppuaM mosepxmoctn F’ Ha TpuBHambHyl0 mnosepxHocTb Cesepu-
Bpayspa, notoMy uTo Ha Heil ecTb TOYKA.

ITycts d=1 W pauuoHANBHAA TOYKA xcF IIeRUT HA eqUHCTBEHHOH HENpPUBO-
AUMOli WMCHiIOUuTenbHOM KpuBoit. Torma sTa KpuBas ompefenena Hag k. B cuiy
TEOpeMHI 3.4 T, ee epecexaet Ha FOk Tpoilka NONApHO HEMEPECeKAIUMXC HePHBO-
MUMBIX NCKIIOUATENLHLX KPUBHIX. CTAHYB 8Ty TPOWMKY Ha £, MBI MOJYYHM Gupaiuo-
HANBHEIA £-Mopdusm nosepxHoctn F Ha KBajpuky, Ha KOTOpOil €CTh PalMOHANbLHAA
TOYKa (HanpuMep, o6pas TOUKH X).
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Ilycrs, HaKoHeN, d=1 U k-TOuka xcF J&HUT HA NepecedeHNN ABYX HePHBO-
MUMBIX MCKITIOUNTEIBHEIX KPUBLX Ha F®k. DTy mapy B CHITy TeOpeMH 3.4 T) Iepece-
KaeT 4YeTBEpKA HCKIOYNUTENbHBIX KPUBBIX, CTArMBaeMas HAX £, 4YTO CHOBa Haer
TpeGyemoe. B yacTHOCTH, B CUIIy TeopeMsl 3.12 0) Bce JOKa3aHO B Ciyd4ae KOHEYHOrO
NOJIA.

Paccmorpum reneps caydait d>1. Ilosepxuocrs FOK GupanuoHalsHO 5KBUBA-
aentHa P;. Jlerxo Bumers, uto Ha F®K cymecrsyer Takasa kpusaa X, uto (X.wp)
B3auMHO npocto ¢ 5. Hampumep, ecimm K-rouka xeF®K He memur Ha ucKmioun-
TENBbHEIX KPHBBIX, JOCTATOYHO B3ATH B KayectBe X 06pas MOoCTAaTOYHO obmIelt pamoi
Ha P2 oTHOCMTENFHO OMMCAHHOIO BHINIe OGHPAIMOHAILHOTO COOTBETCTBHA (TOYHee,
HY3KHO, YTOGBl 3T NIpsAMasd Hell pPOXofguia depes TOYKH %, ..., X,). AHAJIOrHYHO
pasbupatores Apyrue JBa ciaydasd.

Ilycre Temeph Z—k-puBmaop Ha F Takoit, uyro Z®K na F®K sasudgercsa
cymmoit X u Bcex k-compsuxeHHBHIX K X. Torma, ouesnnmHo, (Z.wp)s%=o0mod 5, Tak
9TO MOKHO IIPUMEHHTH Teopemy 3.12 a), KOTOpas CTONMT Bce y:e Da3o6paHHOMY
ciydaw d=1.

3ameuanue. — B pabore JHpUKBeca [7] yTBep:KAA€TCA, UTO IOBEPXHOCTH Helb
Ilewimo cremeHM 5 BCeria COAEP:RUT A-pAlOHAIBHYI0 TOYKY, HO MHE HE YIAlIOoCh
3TO IOKAa3arh.

3.16. HKpurepuii n. 2.3 B IpUMeHEHUH K TOBEPXHOCTAM Jeib [lenuno crenenu
n>5, KAk HETPYIHO NPOBEPUTH, HE JaeT HETPUBUAILHBIX pPesyabTatoB. Ilpm n<4
CYLIECTBOBAHME PANMOHAIBHBIX TOYEK IepecTaeT OLTh PAaBHOCHIILHBEIM GHPANHOHAID-
HOH TPUBUANBLHOCTH MOBepXHOCTH Henb llenuo. B wacrrocrn, b. Cerpe [17] morasain,
YTO MUHHMALHAs KyOuU4ecKas IOBEPXHOCTh OGUPalMOHAIILHO HETPHBUAIBHA, XOTH
JIEFTKO IOCTPOWUTHL NPUMEPHI TAHUX HOBerHOCTef/'I, HMCIONINX PAalMOHAJBHYIO TOYKY.

Huxe mpr Berancnaem rpyuny HU(k, N(F)) maa MUHEMAnAbHBIX NOBEpXHOCTEN
nens Ilenmo F cremenu 4. [IpexsapuTenbHO ONUCHIBAETCS BCEBO3MOKHEIE pa3fueHMs
MHOKECTBA NPAMBIX Ha F®Z Ha opOUTE OTHOCUTENLHO JelicTBusA Tpynns Mamya; nis
KaKIOT0 TAKOTO pazbueHus rpynna H! Beluucaserca ¢ MOMOHIBIO JIEMMHB 2.9. Pesy-
nbTar, mopobHbi Teopeme (erpe, HepepeH. XorTa mnA 6onbmmecrBa <12 nz 19>
pasbueHnii rpynmna qu60 HeTPUBHUAILHA, T1M060 CTAHOBUTCA HETPUBUAIIBHON HA pacmIu-
peHneM OCHOBHOI'O IIOJIf, 3TO MOKET GLITh HEBEPHO IO KpaiiHeil Mepe IJIA OJHOro M3
pasbueHuit, 1 He [IPOBEPEHO A OCTANbHLIX JleMU. B aTuX ciayyasx BONpPOC OTKPEIT.
Hamyu pesynbpTaThl HENOJIHEL, U 3a7a4a 3acIYKHBaeT NajbHeilmero msydeHusa, ubo
OHA OTHOCHUTCA K OTHOW U3 MpocTeiiuX TUOGaHTOBEIX CHUCTEM YPABHEHNI: ABE KBagpa-
TUYHBE YOPMBI OT IATH NEePeMeHHBIX <CM. HUKe, . > 4. MIHTepecHo GbI10 Gbl pelnTh
IUIsL Hee BOHpOC O cipaseminBocTH npuHnunoa Xacce. Kybudeckue moBepxXHOCTH C
ONHOI panuOHAIBHOM HPAMOH, BOIPOC ¢ OMPANMOHAILHON HETPUBUAIBLHOCTH KOTOPHIX
ocraBieH OTKPHITHIM B craThe B. Cerpe [17], Tak:Ke CBONATCA K DTOMY CAy4aro; Hall

HpI/ITepI/Iﬁ Jaer 4yacTuyHoe €ro pemreHue: NJid ABEHaauaTu TUIIOB N3 JNEeBATHAXNATN
BO3MOHHBIX.
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Yurarenb, WHTEPECYOINWHACA INIIb Pe3yIbTaTOM, MOKET OTPAHHYUTHCH NPO-
cMoTpoM mm. 3.18, .21, 3.22 ¥ TAGIHIEL §.27.

3.x7. Ilycre F—/-nmoBepxnocTs meas Ilenmo crenenu 4. B nm.o. 3.5-3.6 ompe-
memena rpynmna asromopdusmoB I', « koHdurypauumsa npamex » &, Ha F®k. Ieii-
creue rpymns Tanya G ma F®Fk ompenenser romomoppusm G—I', (uanm, TouHee,
RIACC TAKUX rOMOMOP(U3MOB C TOYHOCTBIO JI0 CONPSMHEHUA), 06pa3 KOTOPOro onpepe-
asger H. I[TosroMy nosHas nHopManusa o BO3MOKHEIX THIIAX MoBepxHocreit F cocroana
65l B onncanuy Beex noprpynn I', n erancnennn H! gy xasknoit ns Hux. Ho moprpynn
cinmkoM MHoro, a H! Ha caMoM fene onmpeenseTcs JIMib pasdueHneM &, Ha OpOUTHI,
KOTOPHIX Tropasmo Menbine. OmnmcaHmeM Takux pasbueHuil Mbl cefidac 3aliMeMcH.

B naapneiimem ygpoGHO Gymer msobpaskars &, B BUAe rpada BepIIMHEL KOTOPOTO
COOTBETCTBYIOT IIPAMBIM, 2 /B¢ BEPIIHHE COESVHEHB! CHUMILUIEKCAMM TOTHA M TOIBKO
TOTJIa, KOTJ[a COOTBETCTBYIOINE IPAMEIEe IepecekaloTca. Beakaa nmopgrpynna rpynnst Iy
[eficTBYeT HA BEpPIUMHBI; OPONTE COOTBETCTBYET IOATpad, COCTOAIME U3 BEPILUH
aTO#l OpOUTHI ¥ COCNMHAKINNX MX CUMILIEKCOB.

Paccmorpum crenylomuii rpag ¢ 10-10 BepmmHaMu, NpOHyMepPOBAHHHIMH, Kak
MOKA3aHO Ha YepTeiKe.

4 4 8 8
3 3|7 7
(3.17.1) .- . - -
2 2|6 6
I 1|5 5

Ha arom uepre:xe He yKRa3aHbl CUMILICKCH, COCIMHHAIOIIUEC BEPIIMHBI JIEH{aINye
JieBee BEPTUKAIbHOI 4epPTH ¢ BepIIMHAMHE JIe:KAINNMU IIpaBee ee. ByneM cunmrars, 4To
KKIas BepIINHA, JIeMKAIAA 110 ONHY CTOPOHY 4YepThl, COCIWHEHA Clie POBHO C OJHOM’
U3 BepIIMH KajKmoil mapsl, Jeskameil mo ApyTylo CTOpoHy u4epThl. IIpm aTtom Bep-
UIMHBI, JIEBBIE (COOTBETCTBEHHO IIpaBhle) B CBOEil Ilape, COENWHAIOTCA € BepHUIMHAMH
IpaBBIMH (COOTBETCTBEHHO JIEBBIMHU) B CBOCH 11ape, eciIy OHU JICKAT HA Pa3HBIX FOpH-
S0HTANILHEIX YPOBHAX (CTPOKAX) U C JIEBLIMU (COOTBETCTBEHHO IIPABHIMU), €CIM OHH
JeHAT B OHOH CTpOKe.

Hanpumep, Bepuimea 1, KpoMe T, COeIWHEHA eme c 5, 6, 7, 8.

3.18. JIEMMA. — Onucannwiii epag usomopden &,.

Horasameabcmeo. — CoriacHo teopeMe 3.4, &, COCTOUT U3 06pa3oB HA MOBEPX-~
Hoct F®Fk maru Toder ma P2, mecATum MpAMBIX, TPOXONAIINX Yepes NAPHl THX TOYEK,
7 OFHOH KOHUKH, Npoxopjsameif depes Bce Tourd. Ilycrs %, ..., x,-00pasel TOYEK,
L; (i%j;1,j=0, ..., 4)-06pas npsamoii uepes -0 U j-10 TOUKY, Q-06pas rounru. Ciue-
ayomas Tabiaula yCTaHABIWBAET B3ANMHO OJHO3HAYHOE COOTBETCTBHE MEMKIY Bepil-
HHAMH ONMCAHHOTO rpaja W STUMU KPHBHIMH.
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Loy | % X3 Xy % | Log | Log | Loa | %0 | Lug | Lyg | Lig | Q | Ly | Loy | Lag

To, 4TO HpH 3TOM COOTBETCBUU COXpaHAeTcsi GUHAPHOE OTHOUICHME, IIpelIaraercd
IPOBEPUTh YHTATEIIO.

I'pad, onucannsii B 1. .19 6yneM Ha3bBaTh KAHOHHYIECKUM Ipadom obpexTa &, .
Hoprpynny I'cT', GymeM HaseBaTh ZOILyCTHMOi, eciy oxrpadsl ee opouT HE COCTOAT
M3 M30IMPOBAHHEIX BEPIINH: JOIYCTHMEIE MOATPYINHI ABIATCA o0pasamMy IPYNIH
lanya, pmeiicTByoonieii Ha MUHHUMAIBHBIE NOBEPXHOCTH.

CJIEOCTBUE. — TI'pynna T, mpausumuena Ha nodzpagax euda e
epaga &,.

(910 He cOBCeM OYEBHOHO JWIIb AJIA TAKUX IOArpaoB, BepIINHH KOTOPBIX
Je;xaT [0 pasHbe CTOPOHK OT BEPTHKANBHOIM depTsl. Ho u3 1. 3. 19 Ierko ycMoTpers,
3TO IS KAJKIOTO TAKOro IOATpada BEpIIMHHI, HEe COeTNHEHHEIE ¢ HUM, 00BbEeIMHAIOTCA
B TPU IIaphl BHIA e———e, OCTABIINECHA BEPIIUHHE O0BETUHAKTCA B YeTHIpE MApHl, U
OTHOLIEHNE MEKAY 2JIeMEeHTaMM 3THX BOCHMM IIap COBIANAIOT C ONMCAHHBIMHM).

3.19 JIEMMA. — IIycmv Z,, ..., Z, -6ce nodzpagpe opbum Hexomopoii 2pynnwl,
Oeticmeyrowyeii Ha &, . ITycmb a,~uucao epwiun 6 Z,, | ~4UCA0 CUMNAEKCO8, 6bILOAUWUL U3
00Holi eepwiuHbl 6 opbume, Z, u koHuwawwurca 6 opbume Z,. Yucaa [, He 3agucam om
gplbopa eepwuHbl U J0061emeopaom CaAeOYIOWUM COOMHOWEHUAM:

n

(3'19'1) 211‘8:5’ 1.:1""’”;

s=1

(3.19.2) aly=al,; rs=1,...,n

Kpome moeo,
(3.19.3) 2 a,=16,

u epynna donycmuma ¢ mom U MoabKO mom cayuae, kozda l,>1 Jaa ecex r; 6 uacm-
Hocmu, a,.>2.

JHorazamenscmeo. — Hesasucumocts [, OT BHI0Opa BePINUHHE B Z, CIIEIyeT U3
TPAH3WTUBHOCTH Tpynnsl Ha opbure. CooTHomenme (§.19.1) BHTEKAeT U3 TOTO, YTO
B &, u3 mo6oii BepIIMHB BRIXOTMT 5 cummiercoB. CooTHomenue (3.19.2) IPH r=s
TPUBUANIBHO, & DU r<s MOJydYaeTcAd M3 IocyeTa JBYMA DAsHBIMU CIoco0aMu yucjia
CHMILIIEKCOB, COEMUHAIINX IBe NaHHbEe opOuTH. PaBeHCTBO (3.19.3) 03HAYaeT, 4TO
Bcero BepmuH 16; mociemHee yTBep:xAeHME CIETyeT U3 OIPeIeIeHUs.

3.20 JIEMMA. — IIyems T'cT',-0onycmumaa nodepynna. Tozda kamcdaa ee
op6uma cocmoum aubo uz 6, aubo us 12, aubo us 2%, 1<a<4, 6ePWUH.

Horasameasemeo. — Ilopsapox rpynust Iy, pasen 2°.3.5 (memma 3.6 B)). I'pad

OpOuTH M3 TPEX BePUIZH B CHILy JIEMMHl $.1Q NOIKEH ObIM Obl MMETH BUJI ¢——e HO,
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HKaK JeTKo y0eduTnbcsA, B KaHOHWYecKOM rpade Her taxux noprpados. OpOutet w3
15 snemeHTOB He MOjKeT ObITh, MO0 HONONIHeHWeM ee Obula OB Op6UTA M3 OXHOTO
9I€MEHTA, UTO NPOTHBOPEUHT JAOMYCTHMOCTH.

Iloramem Temeps, YTO He MOKeT OBITH OpOUT moIycTuMoi rpymnst us 5 u 10 sie-
MEHTOR.

Ilyers Z,-raras opbura; Tak Kak [,,>1, u3 (3.21.1) cienyer, 4To [, ;<4 0pm
s+1, aus (3.19.2) TOTAA BHTEKAET, 4TO Npu ¢, =0 mod 5 Iu60 a,=0 mod 5, nubo
l,=1,=0. Va3 (3.22.3) cuegyer, 4To Bce a, HE MOIYT REIUTHCA HA D, NODTOMY
MOJKHO CUHTATh, 4TO [, =0.

C mo6oli BepmMHO# KaHOHMYECKOro rpada, B YaCTHOCTH, OPOUTH Z,, He Ccoefy-
genbl 10 BepiunH- 9 PasHBIX BEpPUIMH 3TH NECATKU HE COBIANAIOT; CIIENOBATEIBHO,
TAK KaK a,>2, M3 [,=0 ciegyer, 4T0 a,<10.

Jlonyernm, uto a; = 5. [ToKameM Mpe:xye BCero, 4ro [, =2 ¥ Z, UMeeT TaKoi BUIL:

:
3.// \. A

\

P Py

a b

IleitcTBUTENbHO, [;;=1 HEBO3MOKHO, MGO TOIJA BEPIIMHBEI COCTUHAIOTCA MONAPHO.
Ilpu ;=2 crposa opGuTy NOCIeA0BATENBHO N YUUTHIBASA OTCYTCTBUE TPEYTOIBLHIKOB,

d
nomyyuM Tpebyemstii Bun. Ilycrs [, =g; opbura comep:ut moarpad a ¢;dne

b
MOKEeT COeNMHATHLCH ¢ b WIM ¢; TOITOMY UMeeTcss MOArpad , YTO paer

Goupiie, yeM Hamo, BepumH. Ciyuam />4 HeBO3MO;kHB. B cuiy cieacrtBua K
neMMe 3. 18 MO}KHO HAliTH TaKoi H30MOPHU3M &, C KAHOHUYECKUM rpaioM, IpK KOTOPOM
a—>1, b—>1; Torna d Homajfaer B jeBYI0 BOCbMEPKY BEPIIHH; B CHIY TOrO, uTo [ =0,
ecmd a+0 mod 5, opbuta Z, CONEPHUTCA B MHOMKECTBE YeTHIPEX BEPINNH, He COenu-
HAIMUXCA ¢ a, b U d ¥ cocraBudlOWMX JIBe mapH g . CiegoBaTenbHO, ecin
Z,, ..., Z,~Bce OpOUTH U3 D IIEMEHTOB, UMeeM

Gt TS 4

Otciona cienyer, yuuThBad (3.19.3), 40 & @, (--...+4, =1, a 3TO NPOTHBOPEYUT
NOIYCTUMOCTH I'DYIUIEL.
Tem cambiM, OPGUTEL MOFYT COCTOATH JIMIIb U3 6,12 Wian 2% 1<a<4 IIE€MEHTOB.
3.2x. JIEMMA. — IIycms I'cT',-donycmumas nodepynna U nycms cyujecmeyem
opbuma T, uwucao eepwuin komopoii Oeaumca Ha mpu. Toz0a moxcHo ralimu makoil
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usomopusm &, ¢ KaHOHUYeckUm 2pagioM, npu Komopom pasfueHue Ha op6umbl
gbleaadum O0HUM U3 caedyrouuxr cnocobog:

Zz *——e | —s Z2 e ~——o Z4 Zz *——e *—e
(3'21‘1) *—e | ——0pn *>—e > ~—e >~——u
7, L= l—] 7z, =] 7. 7 =iy
I 11 I

Hokrasameascmeso. — Ilyerb a4, = 0 mod g. Torga a,= 12 uau 6. Ilycrs a,= 12,
Vmeem 12[,,=a/l,, npuuem /[, ,[l,+0, unb0 ¢ KaKmoil BepmMHOi He coelH-
HAWTCA UMb 10 BepunH. Ecau 1<a,<2, To [,>6l, , 4TO HCBO3MOMKHO, 60 [ ,<4.
Tak Kak a@,—¢9 TOKE HEBO3MOKHO, UMeeM da,=4, [,=3l,. Tem cammM, n=2,
lyy=1, [;;=3, ¢,=4, OTKyIa U3 yCIOBUA [,,+/, =5 Haxomum [, =2. CaegoBa-

c
* —@

TeALHO opbura Z, MMeeT BUJ . OroGpasum &, B KaHoHuuecKuil rpad, Tax,

5
a
9T06Bl (a, b) — (1, T) JIETKO BURETb, YTO TOINA MOKHO XOOUTLCA, YTOOH (¢, d) — (5, 5),

OTKy[a clleflyeT ONHCAHHHIH BHUJI pasOueHusd.

JonycTum Tenepsb, UTO ecTh [Be OPOUTH U3 6 371eMeHTOB: a4, = a,=6. Iloraenm,
4r0 ciayuait n=3, a;=4 HeBo3MoKeH. [leficTBUTENBbHO, UMeeM 6/,3==4/;;, OTKynma
mu6o [g=2, 3 =9, aubo I[y=I[;,=o0. AnHaroruyno, au6o Ily=1I,=3, aubo
lys=1;,=0. Op@HOBpEMEHHOE HEDABEHCTBO HYJI0 He MO;KeT HMeTh MecTa: HHaue
Iy + 135+ 153> 5. TloaTOMy MOMKHO CUMTATh, 4TO l3=I; =o0. Ho ¢ mapoii e e HE
coeguHsAeTcA 6 BepIINH, M TaKHUe LIeCTePKH A PA3HHEIX Map He COBHANAIOT; HOATOMY
npu a,=4 U a,=06 YycaoBue [,;=0 HEBO3MOKHO.

3HaUUT, €CAU g =ay =06, TO n=4 U ay=a,=2. Tar BHIE, U3 paBeHCTBA
6l;=12l;; maxomuMm [;;=1, l;;=9 Wn [;=1I; =0; AHATOINYHO, [,;=1, l;,=9 WU
lys =13, =0. OEHOBpeMEHHOE HEPABEHCTBO WM PABEHCTBO HYII0 HEBO3MOKHO: B
NEPBOM ciayyae Iy -+l + l33>>5, BO BTOPOM [;;=5, YTO IPOTHBOPEUYUT dy=2. [loa-
TOMY MOKHO CUHUTATh, 9TO [3=I[;=o0. Oro6pasuMm ¢, Ha KaHOHWYECKHil rpad, Tax,
uroGel op6ura Z, monana Ha (5, 5). Torga Z,, oueBunHO, GYIET COCTOATH U3 BEPIIMH
6,6, 7,7, 8, 8. Opbura Z, nonagaer Ha OAHY M3 MAp B JIEBOM CTOIOLE; JTETKO BHUIETH,
YTO MOKHO CUMTATH ee Iapoif 1, I.

PasGepem Tenephb ciydail, Korga ecrb Juiib ogHa opOura u3 6 BepmuH. IlycTh
a, =6, a,=2%, s>2. VImeem npesxpne scero 6/, =2%/,,s+1. Ecimm [0, TO [,=3,

- I
l,,=2%"1'; ecmu Bce [ ,+0, TO § b= 2 a,=5, YTO HEBO3MOMHO, MO0 [, >o0.
§=2 5§22

3HAUNAT, IA HEKOTOPRIX s mMeeM [/,,=o0. Tak Kak ¢ =6, Kak GBUIO 3aMeYeHO
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BpllI€, TAKOE § MOKeT OHITh TOJIbKO ONHO, CKazKeM, s=g2, WU LA HEro d,=2.
Opbursr Z, m Z, Kak BHIIE, MOKHO CUHTATh HCUYEPHBIBAIOIIMMHM HpaBHil CTOI-
Oer;. Pas6nenue neoro croybia Ha OpOUTHL, eciil OH He Bechb ABJIAeTcA OpOUTOIi,
MO;KeT ObIThH TOMLKO BuUOA 4-+4 uin 6-2. Bropoit cayyaiil yixe pasobpan. Ilokamen,
4TO MEPBHIl HeBO3MOKEH . JleiCTBUTEIBHO, IYCTh a3 = 4. OueBugHO, [;=1. Bocmons-
3yeMCA B 5TOM MecTe TeM, 4uTO Hamie pasfueHue ompeneieHo rpynmnoii. Tak rak y
Hee ecTh opOura m3 6 5IeMeHTOB, ee NMOPAAOK HAeJIUTCA HAa 3; IOTOMY OHA CONEDHHUT
HUKIMYECKY0 MOArpYyNNy IOpANKA 3, M BCe OHW CONpsKeHnl. Takasa rpynna pei-
CTByeT Ha KAHOHWYECKHiIl rpaf, HampuMep, TaK: HUKINYECKHM IEPEeCTaBIAET TPHU
BepxHUEe cTpOouKM. (CleoBaTeInHO, Y Hee ecTb 4 OpOUTH 0 3 HECOeTUHEHHBIX Bep-
wrHH 4 4 op6uts 10 oguoit Bepumue. Jlio6as op6uta rpynnsl I' gomxHa GHTE 00Be-
AUHEHNEM TAKWX OpPOWT: HO JIeTKO BUIETH, YTO OpOHTA ¢ a=4, [=1 3TOMY YCIOBUIO
HE yIOBIETBOPAET.

Bamevanue. — B ycmoBuax uneMMbl 3.21 Trpymna I’ oGasaTenpbHo MMeeT mop-
AMOK 3.2% B camom geme, uHaye ee opGUTH ObLIN GBI OOBEIMHEHHEM OPOHUT IUKIIN-
qeckoil H-Ioarpynisl, HO IOCIENHNe, KAK HEeTPYMHO BHAETb, CORep:Kar 9, o, d u 1
BepIINHY, TAaK YTO MOJIYYUTh OOBeIMHEHHEM OpPOUTY M3 YeTHpeX WM JBYX BepIUINH
HEBO3MOKHO.

3.22. JIEMMA. — IIyems I'-donycmumasa zpynna, opbumsl komopoii Ha &,
cocmoam Kamcdasa us 2% saemenmos. Tozda cywecmeyem usomopgusm &, Ha KAHOH-
uueckull epag, npu komopom pasbuenue Ha op6umbsl évleagdum o0OHUM U3 caedyHowWUL
cnoco6os:

(3.22.1)
Z, |Z Za Z, Z, Z,
Zs Z, 7z, |7, Z, Zg Z, | Z Z, |z, Z, Z, Z Z,
[—l|[s=] [=l|[s—=] ===l {|*>— [{le—] == —]l—=f—=] o
Z Z, Zy  |Z, Z, Z, | Z, Z, Z, Z,
—l|[=] [=l|[=—] == [—l| [ =] [ [—l—] [—
Z, |7, Zy | Zs Ze  |Z, Z, |z, Zy Z, Z, Z, Z, Z,
v v VI VII VIII IX X 2
Z2
I.—-—.I L e >—e [ [ e d AR L I e 3 O | Grmee Pl | Gy L e 2
Z4
r;;o_j >~ >~— *—e | | o——s >— - >——s
Za Zs Zz 23 22
== ot
Gy >~ >-—— >r—e >—s -
Z. |z,  z, 7 A Z, Z, Z, Z, Z,
X11 XIII XIv XV XVI XVII XVIII X
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Hokazameabcmeo. — Coxpansem o0o3HaveHua jeMMH 3.21. Eciiu Bce g, =2,
0T0Gpa3uB ogHy M3 OpOUT B I, I, MoxyuuM pasGuenne IV.

IIycts max g;=4. IloramkeMm, uyro ecmm ectb opbura Z, ¢ [,=2, TO n=¢,
ay=...=a=4 U [,—2 nmna Bcex r=1,...,4. (Ecmu [,=1 nans Bcex r, TO
KaK JIeTKO BUAerb, noxyuaeM ciaywyau V-IX; [ >>2-HeB03MOKHO).

Ilyers max q;=4. Otobpaskasa Z, B (1, 1, 5, 5), y6emnaemcs, uro nobas Bep-
mmHa coeguHena ¢ Z, . Ilosromy [, >1 mmA Bcex s>1; HO 51118:5—— 11 =3; 3HAYUT,

OpOUT <4; B COCUHEHNM C max ¢;=4 1 Xg=16 3TO NAET @ =...=a,=4.
TlorasxeMm, uro ly,==2 (1 aHAIOrW4HO, [, =2 p;udA Bcex rz2). MHaue /[,,=1; 0T06-
pasum Z, B KaHOHMYecKHii rpad Tak, 4robsl Z, momana B (1 1 2 2). Torma y Z, nse
BepIUUHEI GYYT cieBa OF 4EPTHl, & IBe-CNPABA; BEPIUMHEI ClieBa HE COENHEHH ¢ Z,,
a crpaBa-COeIUHEeHHI; II03TOMY TaKoe pas0HeHHe He COOTBETCTBYeT HUKAKOW rpynme.
Tem cammM, [, =2 pua Bcex r,[,=1 Opu r#s.

B sTOM cimyYae MOTrYT IOJIYYUThCA [BA CYLIECTBEHHO pasHBIX pasbuenusa. Tak
Kak [ =1, ompepgeneHo orobpaskenue Z, —Z7,. Hasosem aTu gBe OpOUTEI IPABMIILHO
COeUHEHHBRIMU, €CTH 3TO OTOGpaKeHHe MEePEeBONUT COeNMHEHHLIE BEDIIMHBI B COCNM-
HEHHEIE.

Ecin Bce opOuTH MONApHO HNPABUIBHO COETMHEHHI, OTOOpaXKasd ONHY M3 HHX
B (1, 1, 5, 5), HaliieM, 4TO y OCTAIBHHIX TPEX OPOUT IO KAKIYI0 CTOPOHY OT BEPTH-
KaJbHOM YepTHl MO/IKHA JIeKaTh Iapa COefMHeHHbIX BepmuH. IlonydyuM kongury-
paumio X.

Ilpenmomo:xuM Teneps, uTo Z; U Zp cOequHEHH HenpasmibHo. OTo0pasum Z; Ha
(1,1, 5,5); TorAa y o6pasa Z, GyAyT ABe HECOETMHEHHbIC BEPIUIHLL CJIEBA U [Be-CIPaBa;
MOMKHO CYMTATh, 4TO 3TO GyAYT (2, 3, 6, 7). EXuHCTBeHHAA MOATpYINa CUMMETpHii
rpaja, HATAHYTOrO HA BepUHB Z, M Z,, IIA KOTOpOi Z, u Z, ABIAKLTCA opGuramu,
nzomoppua Z,xZ, U IOPOKAEHA CHeTyOIUMHA MOXCTAHOBHAMMU:

a:(11)(55) (23) (67),

B:(13) (5) (27) (36).
3 paccMoTpeHHs KaHOHIMIECKOro rpada Jerko yBuaers, 4To otrobpaxenne I'>Z, xXZ,
(rne T-moprpynma, ocyiuecTBIAOMAA AaHHOEe pasbuenue Ha OPOMTHI) HE MMeeT Axpa
(To ecTh aBTOMOp(U3M rpada, OCTABIAIMWMIT HA MeCTe BEPIIMHH I, 1, 5, 5, 2, 3, 6, 7,
tTpuBuajen). [TosTomy, ecnm « ¥ 8 IPOROIHKAITCA A0 AaBTOMOP(PUZMOB KAHOHUYECKOTO

rpaq)a, TO ogHOo3HAuHO. Ha camoMm mene Takoe 0T06pameﬂme CYILIECTBYET U 3aJaeTcs
TakK:

) (88),
(48)

7) (4
6) (4

Lol )

L))

«:(23) (6
B:(27) (3

910 MpPUBOTUT K pasbuenmio XI.
B ciyuae, worma a, =8 u [, =1, nomyuaem pasbuenua XII-XV, orobpamasn
OmHY U3 map opOouTH Z, HA 5, 5 B Pe3yIbTaTe 4ero BCA Z; NONagaeT HanpaBo OT YePTHI.
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Cnyuaii a,=8, [,,=2 HeBosmo:eH. B camom pene, crpos rpa¢ Taxoii opOUTHL
[OCIIeI0OBATENLHO, JIETKO VOEOUTHCH, YTO OHA NOMKHA HMETh BHX NGO JIBYX HeCo-
eIMHCHHEIX KBAaApaToB, JUG0 BOCLMUYTrodabHMKA. ( HKBAaApaToM B KAHOHHYECKOM
rpade coemuHeHa mo6ag BepUINHA, NO3TOMY NepBoe HeBo3MO:KHO. Ilyerh opOuta

d e
¢ S
ABJIAACTCA BOCBMUYTOILHUKOM . Oro6pasum (a, b) B (1, 1). C TOYHOCTBIO
b g
a h
110 TIepeHyMEPOBKM MOMKHO CUMTaTh, 4TO (d, ) — (2, 2), ¢—>3. OOCpaswl Bepmus f, A
MOIFKHBI OTHOKPATHO COENUHATHCA € 3 U OFHOKPATHO-C CHCTeMOit (1, 1, 2, 2), HO TAKNX
BepUIMH B KAHOHHUYECKOM Tpade, O4EBUIHO, HET.
Cnyuait @, =38, [;;>4 HEBO3MOMeH: CTPOH OPOHUTY IOCIEIOBATENbBHO H YUUTHIBASA

OTCYTCTBHE TPEyTOIbHUKOB, NMPUXOAUM K HEBO3MOMKHOMY HOArpagy -B HeM
yire 9 BepIINH.

Ocraerca pasobparp cay4ait a,=8, l;;,=3. Ilpemne Bcero, [ ,+o0 mnpu s>1.
HeilcTBUTENBHO, B Z, CONEPKUTCA COEINHEHHAA 11apa, a ¢ Heil He COeNMHEHHI TOIbKO
6 sepmun. [losToMy, yunTeBasg, 4r0 2 [, =2, uMeeM: IH60 n=3, ay=a;=4, I160
n=2, a,==2. =2

IIycte n=3, ay=ay=4. Torma l,=1{3=1; l,,=I5;=2. Ilokamem, 4yro ciy4ait
;=1 HeBoaMOikeH. VIHa4e [y +lpy+lg=75 = lyg=1lgs=2; Iy + 3+ l33=5 = lz3=1.
OtoGpasuMm Z, Ha (1,1, 2,2); TaK KaKk 5, =2, 1100aA BEpIIMHA Zg JEHKNAT CIpaBa OT
YepTHI; TAK KaK l33=1, MOMKHO CUMTaTh, 4TO Zz OToGpamaerca Ha (5 5 6 6). Ocranbuuie
BepIIMHBL COCTABIAKNT Z;; HO 3TO HEBO3MOMKHO, M0G0, CKameM, 3 COEOMHEHA C Zj,,
a 7-Her.

CaepoBaTenbHO, IpM a a, =8, [, =3, U ay=a3=4 HMeeM [y, =ly3=12; 0TcCIOfA
lys =13 = 1. TloKasteM, 4TO KBagpaTel Z, U Z; IPABUIbLHO COENMHEHHI; TOrAa, 0TOG-
pamaa Z, ma (1,1,5,5), a Z, Ha (2,2, 6,6), noryanm pasbuenne XVI. B camom
nene, ecinu Z, U Z, coefHHEHB HEPABUIBHO, TO MOKHO CYHMTAThL, YTO

Z2=(I:_I-> 5 5)> Z3=(2’ g: 6, i)a

BCE OCTAIIbHbIE BEPIIMHH HOIKHEI 06pa3oBaTh Z,, 4YTO HEBO3MOMKHO, M60 KaK IOKA3aHO
npu pasGope pasbmenna XI, rpymna ¢ opOutamn Z, U Zg; pasOuBaer NOMOIHEHHE
TAK/Ke HA J[B€ YETBEPKM, a HE TPAH3NTHUBHA HA HEM.

Haxromen, nocnemumit ciayuaii (3a mcriiodeHmeM TpuBHanbHoro XIX): n=z2,
a,=a,=8, l,=1,=15. IIpesrne Bcero, B Z, ecth kBagpar. (Inaue, crpoa Z, nocie-

[0BATENbHO M YYUTHIBAs OTCYTCTBHE TPEYTOJbHUKOB, HaiimeM Hoarpag a
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H a He ¢ ueM coeguHATbCA). OroGpasmm »TOT KBampar B (1, I, 5, 5). Jliobaa npyrasa
BepIINHA COEINHAETCH € 3TUM KBAJIpPATOM; HBAKIBI COCTMHATHCA HE MO KeT, n6o B Z,;
eme 4 BepUINHB, U A [;; =9 5TOr0 Majo. 3HAYNUT, U3 BCEX OCTAJbHBIX BEPUINH
KQKIas COeMHeHa ¢ OHOI 13 BepuiuH (1, 1, 5, 5), ¥ CAMI OHUM OYEBHIHO, 00beNHEHEI
B KBajgpar. Ecianm OH NpaBUIBbHO COeJHHEH C IEPBHIM KBAaJparoM, IMOJyvYaeM pas-
ouenne XVII.

TlycTh Teneph OH HANPABUIILHO COENMHEH C IEPBHIM KBamparoM. Torma moiydum
pasbuenue XVIII. IlokakeM OTHOCHTEIBLHO HErO CJIENYIOINHHA pe3yibTar.

3.23. JIEMMA. — ITycms TI'-epynna asmomop@usmos kaHoHUdeckozo epagda,
ocyuwecmeaaujan paséuenue XVIII. Toz0a T' codepmcum yukauveckyio nodepynny
6mopoz20 nopadka, pasbuerue 0as komopol usomopPHo pasbuenur IV.

Horasameavemeo. — Pacemorpum opbury Z,=(1,1,5,5,2,6,3,7). Ona asi-
SIeTCA « KOCHIM KYOOM »: IBA OCHOBAHUA €ro-KBaJpaTh-COeINHeHbl HenpaBuiabHo. [lom-
rpad Kocoro kyGa, HATAHYTOr0 Ha 4 BeDINUHBI, HEe COeIMHEHHBIE ¢ I000# TaHHOH, umeeT
BULl «—e——e——e. [J03TOMY cTanuoHapHAasA INOATPYINA BEPIUMHEl uzoMoppHa Z,;
TaK KaK Ipynna arToMopdusMOB KOCOro Ky6a TPaH3UTHMBHA HA BEPIINHAX, €€ MOPSTOK
paBsen 16. O6pa3 orpanuueHuss rpynnsl I Ha mepByio opOUTy MMeeT NOPAAOK jubo 8,
au6o 16. Bo BTOpOM ciydae OH ABJIAETCHA IHMOJTHONH I'PYNIIOA aBTOMODYHM3MOB KOCOTO
Ky0a W TOTOMY COJEP/HUT IMKIMYECKYI0 IOATPYINY, IOPOKACHHYI0 3IEMEHTOM
(1 5) (26) (37) (1 5). [Ipoo6pas sroit mogrpynnsl B I' mopo:xaed snementoM (1 5) (2 6)
(37) (48) (15) (26) (37%) (24 8) u, Kar Jerxko BUAETH, Aaer pasbuenue Buga IV.

IIpenmoiokuM Temepb, 4To o6pas I' mmeer mopamox 8. B Tarom ciaydae oH He
CONEPyKUT CTAMOHAPHO} MONrPYNNH HA ONHOII M3 BEPIIMH KOCOTO Ky6a. JTH Bep-
IMHB pasbuBalTCA Ha 4eThipe maps (1, 5), (2, 6), (3, 7), (1, 5); dIEMEHTH KaKIOi
napsl ¥ TOJABKO OHM MMEIT OGIYI0 CTAaloHapHYyo noarpynny. CiemnosareiibHO, aBTO-
mMopdusM B, mepeBOAsAUMIi I B 5, IEPEBOANT 5 B I, U00 OH HEe MOKET pasbuBaTh 9TH
napsl. Kpome Toro, on He ocrapisieT Ha MecTe HH OJHY U3 BepmuH. MHomecTBa (2 6)
n (1735) ABIANTCA OGBe[MHEHHEM OpPOMT Ipu NEHCTBUH IMKJIMYECKOH TpYyNIH,
nOpoKIAeHHOH B, NGO MEepBOe MHOMKECTBO COCTOMT M3 BEPIIMH, COSIMHEHHBIX C (I, 5), &
BTOpOi-He coenuHeHHBIX. [lanee, B mHomxen mepeponuTb 2 B 6 m 6 B 2. Ecan § K
KOMY 3Ke IIEPEBOINT B ce6dA Kamaylo us nap (1, 5), (3, 7), TO OH COBIAJIaeT C o ¥ MOTOMY
noposkpaer pasbuenue 1V,

B npoTuBHOM cirydae OH HOIEH MEHATh MecTaMu 1apsl (1, 5) u (3, 7). [loxrasen,
YTO 3TO HEBO3MOKHO. B caMoM Jiesie, BepIINHA 3 coefuHeHa ¢ 5 1 6. 3HauuT, NIpooGpas
IOIeH GBITH COETMHEH ¢ I M 2 U ObITH T MIIN 5, YTO IPOTHBOPEYMBO. JIeMMa loKazaHa.

3.24. JIEMMA. — ITycms T'-epynna asmomopgusmos kaHoHuueckozo zpaga,
daiowan pasbuenue XII. Tozda T' codepacum donycmumyio nodzpynny, darowyio aubo
pas6uenue IV, aubo pasbuenue, usomopgroe VI.

Jlokasameavcmeo. — Ilpesune Bcero, I' ABngerca 2-rpynmnoii. [leiicTBUTENRHO, e
3-moxgrpynna u 5-moprpynna OCTaBIAT BCE BEPUIMHBI ClleBa OT YepPThl HA MecTe U
noroMy TpuBuasbHel. Ianee, mycts Bel’. Ecam § ToMmecTBeHHO ciieBa OT YepTHI,

451



92 JU. I. MANIN

TO 3 TpUBMANLHO. JIerko BUEETH, YTO B IPOTUBHOM CiIy4ae B HETPUBUAIBHO HefiCTBYET
nubo Ha Beex 4YeTnpex, anGo Ha BYX Hapax JjieBee uepTH. B mepBoM ciywae rpymma,
nopomkaeHHaa B, gaer pasbuenume 1V. Bo BropoM ciryuae ua TpamsmtupHocTd ' HA
op6uTax JIeTKO CIIefyeT CyHecTBOBaHME 3JIeMeHTOB [,  P,el’, Kaskmbiil M3 KOTOpHIX
IeiicTByeT HeTPHUBUANIBHO Ha OBYX IIapaxX CieBa, a UX IPON3BeNeHHe-Ha BCEX Iapax
ciesa. IIpamMoii nmoxcyer NoOKaspiBaeT, 9YTO €CJN  HETPUBHAJIEH HA IBYX Iapax ciiesa,
TO OH IlepecTaBifeT « 0e3 NepeKpydYNBaHWA » [Be COCEXHUE Maphl COpaBa U mepe-
CTaBIACT € IepeKpydYuBaHUeM HBe Apyrue napel cnpasa. [lostomy noprpymma T,
nopomaeHnan B, u B,, naer pasbuenne thna VI.

3.25. JIEMMA. — ITocmasum ¢ coomeemcmaue ecakomy nodepagdy kaHoHU eCKo20
epaga yuka us nosepxrocmu F®FE, seasiowulica cymmoii npamuir, coomeemcmsyro-
wuxr e20 eepwuHam. Toz0a epynna 2aasHblry 0UEU30P0OE, HAMAHYMBIT HA npamble,

nopoxcO0eHd nNONAPHHIMU PAZHOCMAMU YUKA08, Coomeemcmeylowux nodzpagam-kea-
[ { ] :

dpamam

*—®
Jokazameabcmeo. — Bcee THIBI KBapaToB B KAHOHUYECKOM rpade ImepeducieHbl
HIIKE:

I

B )y 1< 4, 5<j<8;

*

Iy 12,]1+4:]2+4) (ib i2:jl:j2) :(I, 2, 39 4);

N

Oy

6. (iy, g, i+ 4, ta+4), 154 +1,<4;
- (@
. (4

15 12’J1+47]2+4') (il) i27j17j2) = (I’ 2, 3 4)

Herpynno yGenmurbesi, YTO HHAEKC IepecedeHHs 1000 mpsAMoill ¢ IuKIOM I06oro
KBagparta paBeH 1. 13 ciaencTBua K TeopeMe 3.4 BRITCKAET TOTAA, YTO PA3HOCTH IUKIIOB
KBajgpaToB fABIANTCA TJIABHEIMH JUBH30DaMH.

Tloxaskem o6paTHoe. CTAHYB NMATEpKY NpAMBX HA F®K B NATH TOYeK, OTo-
6pasum F®k ma PZ. Pacemorpum Ha P% AMBYU30PH], ABIAILIMECA INONAPHBIMH
Pa3HOCTAMM NPAMBIX Yepe3 IapH TAKMX TOYEK MM PA3HOCTHIO KOHMKH (Yepes3 D Touek)
M CYMMH JABYX NpAMHX. /I3 TreoOMeTpPMUECKUX COOOparkeHMil ACHO, u4T0 O0paTHHE
06passl TUX NMBH30POB HA F®k MOPOKOAIT BCIO IPYNIY [IABHHIX AMBH30DPOB,
HATAHYTYI0 Ha nupamele. Ho, B ofGosnadenuax nemmel 3.18, atm obpaTselie 00passl
PaBHEI

Q4 x5+ 23— (Lgg + Lgg + %) = (Q A x5+ 24+ Ligg) — (Ligy + Lig + Ly + x),
Lij A2 42— (Lgy + %o+ 1) = (Q+ Lyj -+ %+ %) — (Q A+ Ly -+ x5+ 2y),

¥, 3HAYUT, SABJIAIOTCA PA3SHOCTAMH ILIMKJIOB KBaJapaToB.
n
3.26. Ilycrs mano pas6menme D : |J Z, kaHOHHYecKoro rpada Ha noprpagsi
t=1

op6ur. Ilycrs g-uncno Bepunn Z,, d=H.0.x (q;). O603naunum yepe3 C° rpyniy HYIb-
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MepHHIX ueneit rpada &, u nycrs Ny : C’-—>Cl-romomopdusm, ompemereHHH yciI0-
BUEM: Nszgygz;y’ rae x-sepumna Z;. Ha rpynne C° ompepeneno cunapusauue
B Z, COOTBeTC';‘y}OH.Iee uHnekrcy nepecedenusa. Ilyere P-ampo aToro cnapusaHud.
W3 jemmnl 2.9 IIerko ciaemyer.

3.27. JIEMMA. — ITycmbv D-pasbuenue kanonuueckozo 2paga na opbumel,
coomseemcmeyioujee k-noseprHocmu Oeav Ileyyo F cmenenu 4. Toz0a, ¢ 0603Ha4eHUAT
n. g.26.

H'(k, N(F)) =N, C°nP/N, P,

Teneps Mu npusefem TaGuuny ssauennii NyC°nP/N,P mna onmicaHHHX BbIiie

nesaTHanuary pas6uenuit D. OGpasyomue rpymnsl N,C’nP npusenenst B Tabuuue

(MBI mumeM 7, BMECTO 2 x: CM. JIEMMBL 3.21 W 3.22); mourpyuna NpP sierxo Beium-
zEZi

CIACTCA IIIA KA3KIOro pasGueHus ¢ moMoumpio ademms! 3.25. B mocaepueil rpade rta-
GIMIBI YKA3aHO, SABIAETCA M IOBEPXHOCTb GHPAIMOHAILHO HETPUBHAJIBHON, eciu
MBI MOKEM 5TO YCTAHOBUTH. B mnpuMeuaHuM K Tabiuie yKasaH OpHUMep TpPYINH,
naiomeii pasonenne Tuna II, y kotopoii mob6aa coGcTBEHHAA NOATPYNNA HE ABJIAETCA
monycrumoii. [aAa COOTBETCTBYIONEN MMHMMAILHOR NOBEPXHOCTH, CIENOBATEINBHO,
rOMOJIOTMYECKUI KpHUTepuil He MO3BOJAET PEMHTh BOIPOCA 0 OMpalMOHAIBHONE HeTpH-

BUANBHOCTH.
3.28. Ta6muua rpymn H'(k, N(F))
Tun CsoGopHbIE oﬁpaiyloume N, COnP/N, P BupanuonanbHslt THI
pasbuenus rpynist NpC°nP MOBEPXHOCTH
I Z,—37Z, 0 ?
1 Z,—3Z, .
0 ;
Z2,—3Z,
111 Z,—3Z, o ?
Z,—Z,, 1=2 ..., 4
v 7.7, j=6,...,8 Z,+Z, HeTpUBHAILHA
Q(Ziw—zl)a =2, 1
A% Z,—2L; Z, HETpHUBMAJIbHA
2(Zg—1Z;)
2(Z;—7,), 1=2,...,4
VI 7 7 z, HeTPUBMAIbHA
6 L5
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3.28. TaGumna rpymn H'(k, N(F)) (suite)
Tun CsoGonuple ofpasyiomue 0 BupanunonanbpHBIH THI
pasbuenns rpynns N, C°nP NpCin P/N, P HOBEPXHOCTH
2(Zy—Z,)
Z,—27,
VII 2(Z—Z,) Z, HETPUBHAJILHA
5~ &4
Zi—27Z,
2(Zy—1Z,)
VIII Zi—27, Z, HETPHBHAIBHA
25—'24
Z2HZI
IX Z HeTpUBHAILHA
Z4¥Z3 2 p
X Z,—7Z,, i=2,...,4 Z,+Z, HEeTPUBHAIBHA
Z,—7,
XI im2,3 4 Z, HeTpUBHAJIbHA
4(Z;,—Z,) HETPMBMAILHA B CHIIY
XII P
1=2,3, 4 ° JeMMBL .24
2(Zy—22Z,)
XIII 0 ?
4(2y—1Z,)
XIvV 2(Zy—2Z,) o ?
XV 0 0 ?
XVI 2(Zy—1y) 7z
eTpPUBHAIIbHA
Zy—2Z, 2 HeTp
XVII Zy,—Z, Zz, HETPUBUAILHA
XVIIL 7 _ 7 HETPUBUAIBHA B CHIIY
2 M ° NeMMEL 3.23
XIX 0 o ?
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Hpumevanue. — Paccmorpum rpynny asromopdusmos I' kaHoHMYecKoro rpada,
MOPOKIEHHYIO CIEIYIONMME II€PECTAHOBKAMM BEpIIMH:

a:(17)(23)(23) (44) (55) (67) (67) (88)
B:(234)(232)(567) (567)

Ona paer pas6uenue nHa opoutst Tuna II, Tak uTo @A cOOTBETCTBYIOMIEH TOBEPXHOCTH
H'(k, N(F))=o0. Hamee, oPa~'=g% Tax uro mopsmox I' pamem 6; moGaa ee
HeTPMBHMAIILHAA COOCTBEHHAA NMOArpynma conpsskeHa («) win (B) M HNOTOMY He sB-
aserca gomyctumoii. Cregosatensdo, H'(K, N(F)) =o Tamme misa moboro paciu-
peuna Kok.

4. 3ameqanue o PAlHOHAJIBHBIX TOYIRAX

4.1. Ilycth k-wBasmanrefpandecKd 3aMKHYTOe Ione (HAOMHHMM, 4TO, IO
onpejelleHNI0, 9TO O3HA4YaeT CYNIECTBOBAaHHE A-TOYKM HA BCAKOH A-rumeproBepx-
HoctH B P}, cremeHp Koropoii <n: cM. Jlenr [11]). Hak moKaspBaloT pe3yabTaThl
. 2, 3TOro cpojicTBa ABHO HE NOCTATOYHO I TOro, 4TOOH BCAKAA PalMOHANLHAA
k-moBepXHOCTH OBLIA TPHBHAIbHA, Jajke Korxa ki KoHeuno. C gpyroit cTOpoHbl, MHE
Ka;KeTCA IPaBHONONO0HON ciemyiomas.

T'NIIOTE3A. — Beakaa payuoHaabhas k-nogepxHocms F umeem k-mouky, ecau
noae k keasuanzebpauvecku 3aMKHYmo.

B cuiy TeopeMsl 3.12 3Ta rHIOTe3a BepHA AIA KOHeUHHIX moiefi. HesaBucumo
OT TPEeNNoJIOKeHNA KOHEYHOCTH MBI MOKEeM JO0Ka3aTh CIERYIOLUil YaCTHYHBIA pe3yib-
TaT:

4.2 TEOPEMA. — IIycmb k-6eckoneyHoe kéasuanzebpauuecku 3aMEHYMOE
nose. I'unomesa 4.1 cnpagedausa 844 payuoHAAbHBIT NOGEPTHOCMeELl ¢ NYUKOM KDUBHIT
poda HYyab, 0as gopm abcoaomHO MUHUMAALHLIX MoOeqell u 04 noeeprHocmell Oeadb
Ileyyo cmenenu n=+5.

Hokazameavcmeo. — Ecnnm Ha pannoHallbHON A-110BepxHOCTH F ecTh Iy4oK
KPUBBIX POJa HYJb, TO §asa 3TOro myuxka GUPaMOHAILHO SKBUBANeHTHA P, u To e
OTHOCHTCA K Ka/KOOMY CJHOI0 HaJ A-TOUKaMH 6Gasu: 3TO CIERYeT U3 TPUBMAJIBLHOCTH
rpynnsl Bpayspa moua k. Orclofa ciexyer, 4r0 MHOMECTBO £-TOUEK BCIORY ILIOTHO
na F. Ecan nosepxmocte F®% k-vunumansna, To F sBnserca 6uperyaspHoii
popmoit P2, qu6o P'x P!, amuGo snuueityartoit mosepxHocTH. B mepBoM ciyuae pesy-
JBTAT CHOBA cjeqyeT W3 TPUBHAILHOCTH rpynnsl Bpayspa. Bo Bropom ciyuae F
BKJIageiBaeTcA Kak keagpuxa B P2, Tlocmepmmii coryuait y:e pasoGpad.

IIyery Tenmepr F-moBepxHocTh fenb llenuo cremenu n. B cnay Teopemsl 3.7
ciayyait n=9 u 8 cBomATCA K pa3oOpaHHBIM, a ciyyait n==7 TtpuBuayxeH. Ilpy n=06
TeopeMa 3.10 IOKA3kBaeT, 4T0 F CONEep:HUT OTKPHITOE A-MHOMECTBO, M30MOP(HOE
IJI2BHOMY OTHOPOTHOMY IIPOCTPAHCTBY Hal HEKOTOPHIM HBYMEDHBIM TOPOM; HO BCe
TaKue INPOCTPAHCTBA HAj KBaspairebpauyecKuM 3aMKHYTHIM [OJ€M TPHBHATLHBI
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(Cepp [20]). IIpu n=43 F sBaserca kyOudeckoii mosepxHoctbio B P3, u tpeGyemoe
clIefyeT U3 ONpefeleHH.

Haxouneu, npu n=4 MOKaKeM, 4TO NIPH AHTHKAHOHMYECKOM Bioenuu F B P!
MOBEPXHOCTh F ABIIAETCA NOJNHHIM IlepeceueHMeM ABYX KBaxpuk. V3 teopemsr Jlenra
[11] (u samewanna HaraTsl, cHUMAKOImMero NOHNOJHHMTENLHEIE OIPAHMYEHNA HA Ioje k)
Oymer caemoBarhk Tpebyemoe.

Tark Kak (wp.wy) =4, HOCTATOYHO HOKA3aTh CYLIECTBOBAHNE MIBYX pPa3HHIX
TANepKBagpuK, comep:xamux F. PaamepHOCTP NpPOEKTHBHOI'O IPOCTPAHCTBA BCeX
runepxsagpuk B P* pasua 14. Ilokaskem, uro dim H(F, o %)= 13. 910 zerko ciemery

W3 TIpeNcTaBlIeHusA F®k B Buge 06pasa IIOCKOCTH P% Np¥ MOHOMAAILHOM Ipeolpa-
30BAHUM C LEHTPOM B IATH TOYKAX B AOCTATOYHO OGLIEM NOJIOKEHUM: CHCTEMA |owf 2|
npeBpamaercss B JNHEHHYI0 CHCTeMy KpPHUBBIX INECTOH CTeleHH, JBYKPATHO IIpO-
XONAIUX Yepe3 KAKAYI0O U3 IATH TOYEK.

B cayuae xapaKTepuCTHKHM HYIb MOKHO BOCIIOIB30OBAThbCA TeopeMoii Pumana
Poxa u wpurepnem HKopmampn mia mokasarenbcrBa Toro, uro dim HY(F, wg?) =o,
OTKYZIA TaKke clegyer TpyGyemoe.
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