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Abstract--Knowledge of the electric field that is induced in the 
brain or the limbs is of importance in magnetic stimulation of the 
nervous system. Here, an analytical model based on the reci- 
procity theorem is used to compare the induced electric field in 
unbounded, semi-infinite, spherical, and cylinder-like volume 
conductors. Typical stimulation coil arrangements are consid- 
ered, including the double coil and various orientations of the 
single coil. The results can be used to determine when the in- 
fluence of the boundaries is negligible enough to allow the use of 
more simplified geometries. 

Keywords--Reciprocity theorem, Cortical and peripheral mag- 
netic stimulation, Boundary effects, Medium geometry, Electric 
field 

INTRODUCTION 

Following the initial demonstration of human cortical 
stimulation in 1985 (1), the technique of clinical magnetic 
stimulation has become widely used for the investigation 
of the central and the peripheral nervous system in hu- 
mans. Neural stimulation is achieved only if the target 
(brain tissues, limbs, thorax) is exposed to a suitable elec- 
tric field, and hence the amount and distribution of the 
electric field E are of great consequence. The question has 
already been treated by means of either geometrically ap- 
proximated models (2,5,7,10,12,23) or accurate mathe- 
matical methods (4,6,8,15,16,24,25) to predict the in- 
duced electric field and the subsequent current flow. Irre- 
spective of the differences between the mathematical and 
physical approaches, the two groups of models differ 
mainly in the geometrical approximation, that is whether 
or not they take into account the influence of the medium 
boundaries. Despite the crucial importance of this point in 
the interpretation of the modeling outcomes, there are no 
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studies that focus on quantification of the relative degree 
of approximation attributed to geometrical factors. In this 
study this problem has been approached by means of a 
flexible model based on the reciprocity theorem, proposed 
in most recent years by several authors (11,13,18,19,26) 
to compute the induced electric field in realistically shaped 
media. After a short introduction of the model and a dis- 
cussion of some approximation in the results due to the 
finite dimension of the coil surface, this paper addresses 
the effects of the medium geometry on the induced electric 
fields, considering both cortical and peripheral nerve stim- 
ulation. The results can be useful in determining the cases 
in which the influence of the boundaries is negligible 
enough to allow the use of the most simplified geometries. 

THE MODEl. 

Theoretical Considerations 

An analytical model based on the reciprocity theorem 
was first mentioned by Yonokuchi et al. (26) and by Co- 
hen and Cuffin (2). They limited their discussion to un- 
bounded and semi-infinite media. Later, Heller and van 
Hulsteyn (1 I) gave the explicit equations for spherical 
media, in the study of cortical stimulation, and more re- 
cently Grandori and coworkers (13,18,19) have extended 
the model to a cylindrical medium, mimicking peripheral 
nerve stimulation. On practical grounds, the induced elec- 
tric field E in a point P inside any reciprocal medium is 
estimated by means of the magnetic induction B produced 
outside the medium by a current dipole Q located at the 
point P. Thus, the estimation of E is reduced to the com- 
putation of the magnetic induction B, i .e.,  to the solution 
of the so-called biomagnetic forward problem. This prob- 
lem is well discussed in literature, at least for the geom- 
etries usually considered in modeling of magnetic stimu- 
lation, that is, unbounded and semi-infinite medium, 
sphere and cylinder (3,22). 

Here, in short, one can find the main steps of the math- 
ematical approach. Let us consider a current loop C in 
which a sinusoidal current i of angular frequency co flows, 
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FIGURE 1. Magni tude of the induced electric field computed wi th  the reciprocity model  along a line parallel to the coil plane at 
different depths. The coil area is divided into n = 70, 300, or 700 subareas. At  the top left is an exact closed-form solution to E 
(adapted from Grandori and Ravazzani (10)). The field point is at distance d from the coil axis and at depth z be low the  coil plane; 
both ere normalized to the  coil radius: F = d/r  and G = z/r, respectively, di /dt  = 1 A/s. 

with magnetic moment rn at r m outside the medium and an 
infinitesimal current dipole Q at rQ inside the volume 
conductor V. The current density JPm in the coil causes the 
electric field Em, and the current dipole Q causes the 
electric field EQ, Applying the reciprocity theorem and 
Faraday's law, one can obtain 

Q �9 Em(rQ) = j i ~ ( S ) ,  (1) 
where i is the current in the coil loop, and cI)(S) is the 
magnetic flux linking the circuit C, i.e., the flux ~(S) 
through the coil surface S produced by the current dipole 
Q. The imaginary unit j represents the phase difference 
between the coil current and the induced electric field. 



608 P. RAVAZZANI et al. 

FIGURE 2. Pictorial representation of the location of the 12 
points r k. The values of r k and da, for the optimized 12-point 
integration are given in Table 1. 

The coil surface S is divided in to  subsurfaces dS  suf- 
ficiently small so that B can be considered constant on 
each of them (discretization of the flux integral is dis- 
cussed further in the next section). Recalling that n is the 
unitary vector normal to dS  and m = iSn ,  one can obtain 

Q . Em(rQ) = jtom �9 BQ(rm). (2) 

TABLE 1. Parameters for the 12-point integration formula. 

Ok r k da k k 

( k -  �89 w~ 0.45667c 0.12321wc 2 k =  1 , . . . , 4  

k~  0.86603c 0.074074wc 2 k = 5 . . . . .  8 

( k -  ~) ~ 0.91100c 0.052715~c2 k = 9, . . . .  12 

From Ref. 17. 

By vectorial algebra it is easy to show that Em(rQ) can 
be expressed by 

m �9 BQ(rm) 
Em(rQ) = flo Q .Q Q. (3) 

More accurate details on the model and the complete 
solutions for unbounded, semi-infinite, spherical, and cyl- 
inder-like media can be found in the literature (11,13, 
18,19). 

Discretization o f  the Flux Integral 

In magnetic stimulation, coils usually have an outer 
radius greater than 5 cm, and therefore B cannot be as- 
sumed to be constant on their whole surface S. Thus, in 
previous discussions, ~(S) should be computed from its 
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FIGURE 3. Typical coil arrangements 
for cortical and peripheral magnetic 
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ulation the nerve is directed along the 
z axis. 
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classical complete formulation, in such a way that the 
advantages of  that approach are at least partially lost. Ac- 
tually, the flux caused by a current source should be com- 
puted by numerical integration of  B or the vector poten- 
tial, but this can be time consuming. Usually the coil area 
is discretized into n points and the flux is computed from 

n 

�9 * = ~ B(rk) �9 n(rk)dak, (4) 
k=l 

where qb* ---> ~ ,  when n ---> co in every subregion n(rk). 
The weighting factor of  point r k is dak. Practically, the 
coil area is divided into n small current loops with a mag- 
netic moment m , ,  each carrying the same current i(t) as 
the coil. The induced electric field Em(rQ) is then evalu- 
ated by linear superposition. The sum is truncated for a 
sufficiently great value of  n, which can be estimated by 
testing Eq. 4 with different coil configurations. In Fig. 1 
the induced E is computed along a line parallel to the coil 
plane in unbounded space as a function of  n and compared 
with an exact closed-form solution (10). A small n results 
in an apparent error (top right of  Fig. 1), which decreases 
with increasing n. When n = 300, the error is insignifi- 
cant. In addition, the greater the distance is from the coil 
plane, the lower becomes the error. The relative error in E 

in spherical volume as a function of  n can be estimated, 
taking the E computed with n = 2000 as the reference 
value. In simulations, a coil with a radius from 4 to 10 cm 
was placed tangential to the sphere, with its axis pointing 
to the sphere center. The electric field was computed 
along a line parallel to the coil plane, starting from the coil 
axis. The line was 1.2 cm from the coil plane, correspond- 
ing approximately to the distance between the cerebral 
tissue and the scalp (21). For any coil radius the error was 
smaller than 1% when n exceeded 300 and vanished with 
greater values. Interestingly, the error did not decrease 
monotonically with n, probably because of  unoptimally 
chosen r k. For other coil orientations the convergence was 
found to be more rapid. 

An optimization procedure that allows the magnetic 
field to be quickly integrated over the coil area has been 
proposed by Roth and Sato (17). They assumed that a 
circular coil of  radius c lies in the polar r0 plane. The flux 
through the coil is approximated by the weighted sum in 
Eq. 4. In this approach, the coil area is divided into 12 
optimally chosen sections da k, and B is computed in the 
12 points r k, as shown in Fig. 2. The 12-point integration 
gives accurate values of  E (relative error < 1%) when the 
coil is farther than 2 cm from the computation points, 
whereas at shorter distances the error increases by up to 
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FIGURE 4. Comparison between the 
magnitude of E inside unbounded 
(top) and spherical (bottom) medium. 
The OL orientation is considered. The 
field is computed along lines parallel 
to the x axis at depths d = 1.5, 1.8, 2.1, 
2.4, and 2.7 cm (the arrows point to- 
ward deeper lines). The lines are per- 
pendicular to the coil plane, and the 
edge of the coil is at x = 0 cm. The coil 
radius is 5 cm, and the rate of change 
of the current is 1 A/s. 
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20-30%.  If the distance is shorter than 1 cm (down to 0.5 
cm),  computat ion of  E with an error of  3% is still obtained 
when the coil surface is normal to the surface of  the me- 
dium (OL, orthogonal-longitudinal  arrangement; see also 
below).  

COIL ARRANGEMENTS AND ORIENTATIONS 

In the comparison of  the effects of  the medium bound- 
aries on the induced electric field, different coil arrange- 
ments and orientations that are common in the clinical use 
of  magnetic st imulation have to be taken into account. 

Adapting the terminology of  Evans (9), we call the 
different arrangements of  the single coil in peripheral  

nerve stimulation the edge-tangential  (ET) arrangement 
and the orthogonal-longitudinal  (OL) arrangement.  The 
ET arrangement refers to the case with the coil plane par- 
allel to the skin surface and one edge along the nerve; the 
OL arrangement refers to the case with the coil plane 
perpendicular to the tissue surface and one edge along the 
nerve. These definitions are also valid in motor  cortex 
magnetic stimulation. 

When the double coil (or butterfly (BF),  as in the rest 
of  the paper) is used, its orientation is s imply defined by 
the relative position of  the overlapping edges of  the coils 
(that is, o f  the stimulator handle) with respect to either the 
nerve or the cortical target area. Figure 3 illustrates these 
typical coil arrangements for both cortical and peripheral  
magnetic stimulation. 
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FIGURE 5. Comparison between the magnitude of E induced by different coil orientations (ET, OL, BF). The brain is modeled as a 
semi-infinite medium (left) and as an 8-cm-radius sphere (right). E is computed along x-axial lines parallel to the coil plane for the 
ET and BF arrangements and perpendicular for the OL arrangement. Other details are as in Fig. 4. 
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TABLE 2. Focusing length, 

ET OL BF 

Depth Semi- Semi- Semi- 
(cm) Sphere inf. Sphere inf. Sphere inf. 

1.5 2,9 2.3 2.4 2.2 2.4 2.4 
1.8 3.2 2.5 2.4 2.4 2.6 2.4 
2.1 3.3 2.6 2.6 2.5 2.6 2.4 
2.4 3.3 2.7 2.6 2.5 2.7 2.6 
2.7 3.3 2.8 2.6 2.6 2.7 2.6 

Data are in centimeters. 

Here, all computer simulations consider exclusively the 
spatial rather than temporal characteristics of the induced 
electric field. Hence, the rate of change of the current in 
the stimulating coil is assumed to be 1 A/s for brain stim- 
ulation and 100 A/l~s for peripheral nerve stimulation. In 
all cases circular 5-cm-radius coils are considered; the 

magnetic flux through the coil area is integrated with dis- 
cretizing the coil into 300 subareas; in peripheral nerve 
stimulation, the optimized 12-point routine is used. 

BRAIN STIMULATION 

It is well known that surface charges, which contribute 
to the induced electric field, are less important when the 
coil plane is tangential rather than perpendicular to the 
volume-conductor boundary near the coil. In other terms, 
one can expect that the greatest differences between sim- 
plified and more realistic geometries occur when the coil 
plane is not tangentially oriented to the surface. Figure 4 
shows the magnitude of the induced electric field E along 
lines perpendicular to the plane of the OL coil, for the 
unbounded and spherical media. The electric fields behave 
similarly, but because of the charges on the sphere sur- 
face, the maximum of E in the sphere is only about 30-  

FIGURE 6. Isolevel maps of the mag- 
nitude of E on spherical surfaces for 
the semi-infinite (left) and spherical 
(right) medium. In the sphere, the 
spherical surface is concentric with 
the sphere. The radii of the coil are 5 
cm and the rate of change of the cur- 
rent is 1 A/s. Maximum of the field is 
given at the bottom of each map. 
Dashed areas indicate the regions 
where the magnitude of E exceeds the 
half-maximum value. The depth of the 
spherical surface from the scalp is 1.2 
cm, Contour step is given at top right 
of each pair of maps. 
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40% of the corresponding unbounded value, depending on 
the target depth. 

In Fig. 5 the magnitude of E in the semi-infinite and 
spherical media is computed for different coil arrange- 
ments. As previously, the maximum of E is again mark- 
edly less in the sphere than in the semi-infinite medium; in 
the sphere E is only about 50-65% of the corresponding 
semi-infinite value, depending on the target depth and on 
the coil arrangement. 

We define the focusing length as the length of the seg- 
ment of an x-axial line over which E is over its half- 
maximum value. Focusing length gives a quantitative 
measure of the capability of focusing the field, a small 
value indicating a good focality. 

Table 2 shows the focusing length in the sphere and in 
the semi-infinite medium as a function of depth for the 
three arrangements (ET, OL, BF). As one may expect, 
whichever geometry is used for the model, the focusing 

length decreases with decreasing depth; in other words, 
focusing is better near the coil. The semi-infinite model 
underestimates the focusing length. The focusing capabil- 
ity is best for the OL arrangement and worst for the ET 
arrangement. Focality of the BF arrangement is slightly 
worse than that of the OL arrangement. 

The spatial behavior of the induced E in the motor 
cortex can be more effectively analyzed when E is com- 
puted and visualized on spherical surfaces instead of on 
planes or along straight lines. Figure 6 shows the magni- 
tude of E on a spherical surface inside a semi-infinite and 
a spherical medium for different coil arrangements. The 
fields are shown as isolevel contours projected on the 
plane defined by the nasion and the ear canals. The dashed 
areas represent the regions of the cortex where the mag- 
nitude of E exceeds its half-maximum value. Apart from 
the lower magnitudes in the sphere (about 67% of the 
unbounded case), the isolevel maps have considerably dif- 

FIGURE 7. Isolevel maps of the mag- 
nitude of E on spherical surfaces for 
ET coils of different radii, for the semi- 
infinite (left) and spherical (right) me- 
dium. The coil radii f rom top to bot- 
tom are �9 = 2.5, 5, and 7.5 cm. Isolevel 
spacing is 0.02 ixV/m. Other  details 
are as in Fig. 6. 
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ferent pattern. For all arrangements, the shape and the 
dimension of the dashed area in the sphere differ strongly 
from the corresponding area in the semi-infinite medium. 

In Fig. 7 are shown the effects of changing the coil 
radius. The isolevel maps show a decrease in magnitude 
with decreasing coil radius, but also a different pattern. In 
particular, the largest coil (radius of 7.5 cm) induces a 
markedly more focused E in the sphere than in the semi- 
infinite medium. 

P E R I P H E R A L  N E R V E  S T I M U L A T I O N  

The aim of neural stimulation is to depolarize the cell 
membrane in such a way that the membrane potential ex- 
ceeds a threshold value and the neuron generates a prop- 
agating depolarization front or an action potential. Among 
others, Roth and Basser (14) have predicted that a z-axial 
axon is depolarized where the z-axial gradient E' z of the 
z-component of E is most negative. In other words, the 
magnitude, sign, and time course of the spatial derivative 
of the component of E along the axon should determine 
whether and where the excitation occurs. Actually, this 
view is only in partial agreement with experiments; re- 
cently, strong evidence of excitation of a peripheral nerve 

with such coil locations and orientations that do not pro- 
duce E'+ within the nerve has been demonstrated by Ruo- 
honen and colleagues (20). By comparing the theory with 
experimental data, they concluded that the component of 
E transverse to the nerve also produces excitation. How- 
ever, the discussion will be limited here to the consider- 
ation of only such situations in which the mechanism of 
excitation is thought to depend solely on E' .  

Figures 8, 9, and 10 show E+ in unbounded, semi- 
infinite, and cylindrical media for the ET, OL, and BF 
arrangements, respectively. The cylindrical medium is a 
50-cm-long and 8-cm-thick prolate spheroid. The magni- 
tude of E has been computed both on a longitudinal plane 
as isolevel lines and along straight lines that are parallel to 
the axon at different depths from the coil plane. For the ET 
and BF arrangements, in all geometries the pattern and the 
maximum value of the fields are similar. Only in the case 
of the OL arrangement (Fig. 10) is remarkable variation in 
E '  z with the volume-conductor shape observed; both the 
pattern of E~ on longitudinal planes and its absolute values 
along the axon vary with the geometry. 

In peripheral nerve stimulation it is useful to refer to the 
site where maximum membrane depolarization occurs as 
the virtual cathode and the site of maximum hyperpolar- 
ization as the virtual anode. The virtual cathode corre- 
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FIGURE 9. E" for the BF arrangement in the unbounded, semi-infinite, and cylindrical medium. Details are as in Fig. 8. 

sponds to the negative maximum of E~, the virtual anode 
to the positive maximum of E'.. The distance between the 
virtual anode and cathode along the axon can be easily 
estimated experimentally (19). Theoretical values of  the 
anode-cathode separation have been computed for the ET, 

OL, and BF arrangements and are given in Table 3. The 
anode-cathode separation depends on the selected geom- 
etry only in the case of  the OL arrangement; in the cylin- 
drical approximation, the anode-cathode separation is 1-2 
cm shorter than in other conductors. For the ET and BF 
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arrangements, practically no differences were found, sug- 
gesting that the volume conductor shape has only a small 
influence on the site of excitation, if any. 

DISCUSSION 

So far, many analytical models have been developed 
and used to compute the electric field induced by magnetic 
stimulation of the nervous system. Because of their intrin- 
sic simplicity, in most applications unbounded and semi- 
infinite models have been used to obtain approximate re- 
sults (2,5,7,10,12,23). However, these models have been 
used somewhat blindly, without any a posteriori  valida- 
tion of their reliability. A comparison of approximated and 
more realistically shaped models becomes crucial to better 
interpretation and understanding of the outcome of exper- 
imental magnetic stimulation; in addition, it is useful to 
know the cases in which the influence of conductor bound- 
aries is small enough to allow the use of more simplified 
models. 

For what concerns motor cortex magnetic stimulation, 
the magnitude of the electric field may be greatly overes- 
timated by the use of the unbounded or semi-infinite me- 
dium instead of the sphere. This can result in erroneous 
interpretations when the models are used to study the 
mechanism and site of activation in brain stimulation or to 
compare the relative merits of different stimulation proce- 
dures. 

In this study the focusing length was introduced to 
evaluate the focality of different coils and their orienta- 
tions. The capability of focusing the stimuli appears to be 
worse in the sphere than in the more simplified models; 
the focusing length in the sphere is greater by up to 10% 
for the OL and BF arrangements and by about 20% for the 
ET arrangement. For the ET arrangement the result is due 

TABLE 3. Anode-cathode separation. 

Depth [cm] Unbounded Semi-infinite Cylinder a 

ETarrangement 
0.8 4.8 4.8 4.8 
1.1 5.8 5.8 5.6 
1.4 6.4 6.4 6.0 
1.7 7.0 7.0 6.8 

BFarrangement 
0.8 4.8 4.8 4.8 
1.1 5.8 5.8 5.6 
1.4 6.4 6.4 6.0 
1.7 7.0 7.0 7.2 

OLarrangement  
0.8 4.4 4.8 3.2 
1.1 4.8 5.2 3.2 
1.4 5.2 5.4 4.0 
1.7 5.4 6.0 4.0 

alOO-cm-long and 8-cm-thick prolate spheroid. 
Values are in centimeters. 

to asymmetry in E along the target line in the spherical 
medium (top right panel in Fig. 5). Furthermore, the anal- 
ysis of the topographic distribution of the induced electric 
field leads to a similar conclusion. Importantly, the pattern 
of E is extremely different for the ET arrangement in the 
spherical medium: E is less focused and a larger area is 
involved in stimulation. This explains the well-known re- 
sult from clinical practice that the ET configuration is the 
easiest way to obtain motor cortex magnetic stimulation 
without any a priori  knowledge of the location of the 
target area. 

The influence of the coil radius is higher when a more 
realistic geometry is considered. A small coil is able to 
excite smaller cortical structures than a larger coil, but 
with marked changes in the shape of the stimulated areas 
when the spherical conductor shape is assumed; in Fig. 7 
a 7.5-cm-radius coil induces an E about twice as high as 
that of a 2.5-cm-radius coil, together with great changes in 
the pattern. In the semi-infinite medium only the magni- 
tude, and not the pattern, changes as a function of the coil 
radius. 

For what concerns peripheral nerve stimulation, the 
conductor geometry has no significant influence for the 
ET and BF arrangements. Only the OL configuration is 
sensitive to geometrical simplification of the conductor 
geometry, causing significant changes in the field pattern, 
magnitude, and anode-cathode separation. In clinical 
practice, however, with the OL configuration it is difficult 
or even impossible to attain nervous excitation, because of 
the limited output power of the currently available stimu- 
lators. 

To summarize, for magnetic stimulation of the cortical 
structures the use of highly simplified volume-conductor 
models is not advisable. Nothing is gained in computation 
time, and all models that we presented for cortical stim- 
ulation typically take just seconds in a personal computer. 
For peripheral nerve stimulation the use of the unbounded 
or semi-infinite medium is advantageous for coil configura- 
tions typically used in clinical practice. Actually one has to 
take into account that the estimation of E by means of the 
cylindrical model is costly in terms of computation time. 

The same considerations of computation time hold also 
for what concerns the discetization of the flux integral 
computed on the surface S of the coil. When unbounded, 
semi-infinite, and spherical media are considered, one can 
rely upon the conventional unoptimized procedure, since 
in these cases the computation of B over 300 points takes 
just seconds for any coil arrangement. In contrast, when 
the cylindrical medium is considered, the computation 
over 300 coils may be time consuming, and hence the use 
of the optimized 12-point integration procedure would be 
advisable, at least when the coil plane is not closer than 15 
mm to the field point and the coil radius is not greater than 
about 3 cm. 
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