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Abstract

Merit functions such as the gap function, the regularized gap function, the implicit
Lagrangian, and the norm squared of the Fischer-Burmeister function have played an important
role in the solution of complementarity problems defined over the cone of nonnegative real
vectors. We study the extension of these merit functions to complementarity problems defined
over the cone of block-diagonal symmetric positive semi-definite real matrices. The extension
suggests new solution methods for the latter problems. © 1998 The Mathematical Program-
ming Society, Inc. Published by Elsevier Science B.V.
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1. Introduction

There recently has been very active research on semi-definite linear programs
(SDLP) and, more generally, semi-definite linear complementarity problems
(SDLCP), which are extensions of LP and LCP, respectively, whereby the cone of
nonnegative real vectors is replaced by the cone of symmetric positive semi-definite
real matrices. These problems have important applications in engineering [5] and in
combinatorial optimization [1,23,25], where the SDLP relaxation can yield a much
better approximation of the original problem than does the LP relaxation [23]. Al-
though SDLP are special cases of convex programs, difficulties with representing
the positive semi-definiteness constraint algebraically and with the possible presence
of a duality gap have thus far rendered conventional solution methods for convex
programs ineffective for SDLP. Instead, research efforts have focussed on interior-
point methods, for SDLP (see [1,2,27,35,46,47,54,62] and references therein) and,
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to a lesser extent, for SDLCP [35,60] and for semi-definite (nonlinear) complemen-
tarity problems (SDCP) [57]. There have also been preliminary efforts to develop
simplex type methods for SDLP [51]. While interior-point methods have been suc-
cessful at solving SDLP, it is worthwhile to explore other solution approaches for
SDLP and for the more general problems of SDLCP and SDCP. In particular, there
recently has been active research on the use of merit functions to solve LCP and NCP
[8,10,13-16,18,20,29,30,32,44,50] and the solution methods thus developed, such as
the Newton-type methods based on the Fischer—Burmeister function, appear to be
more effective than interior-point methods. Motivated by these developments, we
study in this paper the extension of merit functions for LCP/NCP to its semi-definite
counterpart, SDCP. As we shall see, this extension is easy for some merit functions,
namely the gap function, the regularized gap function, and the implicit Lagrangian,
but is highly nontrivial for other merit functions, namely those based on the Fischer—
Burmeister function (see Sections 6 and 7).

We formally describe the semi-definite complementarity problem (SDCP) below.
Let & denote the space of n x n block-diagonal real matrices with m blocks of sizes
ni,...,n,, respectively (the blocks are fixed). Thus, & is closed under matrix addition
x + y, multiplication xy, transposition xT, and inversion x~!, where x,y € 2. We en-
dow & with the inner product and norm.

(ry)y=tllyl, = Vi),
where x,y € Z and tr[-] denotes the matrix trace (i.e., trfx] = > _, x;). (||x|| is the Fro-
benius-norm of x and := means “define”.) Let % denote the subspace comprising
those x € & that are symmetric, i.e., x = x. Let 2 denote the closed convex cone
comprising those elements of & that are positive semi-definite (abbreviated as
“psd”). Our problem is to find, for given mappings F: ¥ — & and G: ¥ — &,
an x € & satisfying

Fxyex, G)ed, (F),Gkx)=0. (1)

This problem contains as special cases the SDLP (for whichny =---=n,=1,G=1
and F is affine and skew-symmetric in the sense that (x — x’, F(x) — F(x’)) = O for all
x,x¥ € &) and LCP/NCP (for which ny =---=mn, =1 and G =1I). Notice that
(&, (), - ) forms a Hilbert space. In fact, each matrix x € & may be associated
with the vector £ := (-, x, - ')ing € R, where v:= >, nm(n; + 1)/2. According-
ly, the inner product on & is associated with the weighted Euclidean inner product
on R (£, Mg = Dt Lovmoime a1 Fidii + 2o 2xy¥y), and A corresponds
to a certain closed convex cone in R’. While 4" has a complicated geometrical struc-
ture compared to the nonnegative orthant in R', it does share the property that
H°=—A,where #° :={ye L (x,y) <O Vx € A}

We say that a function f: € — [0, 00) is a merit function (for the SDCP) on a set
% C & (typically € = & or € = G™!(A")), provided that x satisfies Eq. (1) if and
only if f(x) = 0. Then we may reformulate the SDCP as the following minimization

problem:
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minimize f(x) subjecttox € ¥,

and apply a feasible descent method to solve this minimization problem. There are
many choices for a merit function. The earliest choices is the gap function

fx) = max{(F(x), G(x) — O)} 2

proposed by Auslender [4] and Hearn [24], which is a merit function on G™1(#") (see
Proposition 3.1). There is also a “dual” version of this gap function, given by

fx) = Iggz({(F(G‘l(C)), G(x) -0}, (3)

which is a merit function on G~}{#") provided that F and G are relatively pseudo-
monotone on G~'(¢") and F is continuous on G~'(#") and G~! is defined and con-
tinuous on %~ (see Proposition 3.2). A second choice is the regularized gap function,
parameterized by a scalar « > 0,

J2ts)+= max{ (), 6) = 0~ 5,109 - ) @

proposed independently by Fukushima [20] and Auchmuty [3], which is a merit func-
tion on G~' (") (see Proposition 4.1). (See [21,36] and references therein for surveys
and extensions of gap and regularized gap functions.) A third choice is the implicit
Lagrangian function, parameterized by a scalar o > 1,

7266) = max{ (09,6 = 0 = (6,606) = 5517 ) = &7 + 1) — €1}
| )

proposed by Mangasarian and Solodov [44] in the context of NCP and further stud-
ied in [11,28,38,52,53,61,64,65], which is a merit function on . (see Proposition 5.1).
A fourth choice is the function

S (%) = 1G(x) = [6(x) = F)], | (6)

studied in [7,37,39,41,45,48,50], which is a merit function on & (see Proposition 2.1).
(Here [], denotes orthogonal projection onto J": [x], = arg ming . |lx — £]|.) A fifth
choice is

f) = 36F ), GEDI?, (7
where ¢: & x & — & is the function

d(a,b) = (@ + ") — (a+b) ()

attributed by Fischer to Burmeister (see [15,17,18]). This choice of f, which is a merit
function on & (see Proposition 6.1), has been much studied in the context of NCP
(see [8,12-14,19,22,28,29,31-34,59]; also see [16] for a survey). In the case of NCP,
other choices of the function ¢ in Eq. (7) have been proposed, with the earliest
one given by Mangasarian [43], followed by other proposals [9,30-32,59]. However,
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it is unclear whether these other choices can be extended to SDCP (see the discussion
following Lemma 2.1). A sixth choice is

&) = ((F(x), G(x))) + ¥ (F(x), G(x)), ©)

where ¥,: R — [0, 00) satisfies y,(¢#) = 0 if and only if <O and ¢: ¥ X & ~ [0, 0)
satisfies

Wla,b) =0, (a,b)<0 ifandonlyif (a,b) € A x A, {(a,b)=0. (10)

This function, studied by Luo and the author [42] in the context of NCP, is a merit
function on & (see Proposition 7.1). For each of the above six choices of f, we will
derive conditions for f to be convex and/or differentiable, and for the stationary
point of f to be a solution of SDCP. We will also study, to a lesser extent, growth
properties of f and the generation of feasible descent directions for f.

In what follows, we denote by ¢ the set of orthogonal p € & (i.e., p' = p~!). We
say that F and G are relatively pseudo-monotone on 4 C & if

(F(x),G(x) - G(X)) <0 = (F(x),G(x) -G(x'))<0 Vx,xX €¥.
More restrictively, F and G are relatively monotone on € if
(F(x) = F(x),G(x) —G(x)) 20 Vx,xX €%

and F and G are relatively strongly monotone on % if there exists a y € (0, o0) such
that

(Fx) = F(),G(x) - G&) = y|lx = x| ¥x,x € %.

(In the case where G =/, the above three conditions reduce to F being, respectively,
pseudo-monotone, monotone, and strongly monotone.) When F is differentiable (in
the Fréchet sense) on €, we denote by VF(x) the Jacobian of F at each x € €, viewed
as a linear mapping from % to . When a function f': € — R is differentiable (in the
Fréchet sense) on ¥, we denote by V/ the gradient of f, viewed as a mapping from ¢
to &. We say that a linear mapping M : & +— & is positive semi-definite (respective-
ly, positive definite) if (x, Mx) > O (respectively, (x,Mx) > 0) for allx € & withx # 0,
and we denote the adjoint of M by M* (i.e., {y,Mx) = (M*y,x) for all x,y € &). For
any x € &, we denote by x;; the (i, /)th entry of x and, for any I,J C {I,...,n}, we
denote by x;; the submatrix of x with rows i € I and columns j ¢ J removed. For any

Aly.. ., An € R, we denote by diag[4,, ..., 4,] the n x n diagonal matrix with diagonal
entries Ay,...,4,. We will freely use the following facts about trace [26]: For any
x,y€X and any p€ 0, trlx] = trx"] = tr[pxp"], trlxy] =trpx], and trlx+y] =
trix] + trfy]. Also, || -] is a norm on Z and, in particular, the triangle inequality
and the Cauchy-Schwarz inequality hold for | -|. Lastly, we have from
A° = —HA that, for any a € &,

ac A <= {(a,b)20 VbeX (11)

and (see Lemma 2.1(a) and [66], Lemma 2.2)
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a=[a, +la_, ld;fd.=0, [a.=~[~d.,

ala], = la],a = ([d],)’, (12)
where [-|_ denotes the orthogonal projection on to 4.

2. Projection residual function

In this section, we study the merit function f given by Eq. (6), which has a rela-
tively simple structure and is related to the growth rate of many other merit func-
tions. We begin with the following lemma, part (a) of which gives 4 way to
compute the projection {a], via the spectral decomposition of a.

Lemma 2.1. (a) For any a € &, we have [a], = p" diag[max{0, 1, },...,max{0, 1,}p,
where p € O and 1,,. .., ., € R satisfy a = p*diag[hy, ..., L]p.
(b) For any (a,b) € & x ¥, we have a,b € A", (a,b) =0 ifandonly ifa =[a — b] .

Proof. (a). We have, for any ¢ € & that
lla = clf* = lpap" — pep"||* = ||diaglh, ..., 4] — pep" |

= Z ((;t, - [pCPT]ii)Z + 2(&70}71-]1‘])2)’
i=1 JE

where the third equality also uses the symmetry of pcp'. Since pcp’ € A" so that
[pcp']; >0 for all i, the right-hand side is minimized by the ¢ with
[pep]; = max{0, 4} and [pcp"],; =0 for all i # j, ie., ¢ = p' diaglmax{0, 4,},...,
max{0, 1, }|p.

(b). This result is well known [66] and the proof is included for completeness. Con-
sider any (a,b) € A" x A satisfying (a,b) = 0. For any ¢ € X,

ita— &) —clf* = la —cll” +2(c = a,b) + 181" = lla — clI* + 2(c, ) + [}6]".
Since b € A so, by Eq. (11), (¢, b) = 0, the right-hand side attains its minimum at

c=a so a=[a—-b],. Conversely, consider any (2,b)€ ¥ x¥ satisfying
a=[a—b],. Thena € X and

0< l(a—b) —c|f’ = |b]I* = lla —c|* + 2{c —a,b) Vce L. (13)
For any z € & and any t € (0,00), we have ¢ :=a +#z € A and so Eq. (13) yields
0 < 2||z|f* + 2t(z, b). Dividing both sides by ¢ and letting t — 0 yields 0< (z,5) for
all zex. By Eq.(I11), b€ . Similarly, for any ¢€{0,1], we have
c:=(1-1fae A and so Eq. (13) yields 0< #||a||® — 2¢(a, b). Dividing both sides
by ¢ and letting ¢ — 0 yields 0< - (a,b). Since a,b € A so (a,b) = 0 by Eq. (11),
this implies {a,5) = 0. [J

Just as in the NCP case, the residual [@ — b], — @ may be written equivalently in
Mangasarian’s framework [43] as 1(la —b] —a —b), where [x] := (xz)!f % for any
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x€ . This is because |a—b|=p'diag[ldi|,...,|4|lp, where pe ¢ and
My An € R satisfy a — b = pTdiag[Ay, ..., 4,]p, so that
la—b|—a—~b=l|a~b|+(a—b)~2a=p diag[|[h] + iy,..., Al + L]

p — 2a = 2p" diagimax{0, 4;},...,max{0, A, }|p — 2a = 2[a — b], — 2a,
where the last equality uses Lemma 2.1(a). Thus, there is some hope that perhaps
Mangasarian’s general formula of 6(la — b|) — 6(a) — 6(b) can also be extended to
SDCP (assuming 8: & — & is strictly monotone and satisfies 6(0) = 07)

It follows from Lemma 2.1(b) that an x € & satisfies Eq. (1) if and only if
G(x) — [G(x) = F(x)], = 0.
The left-hand side, which, by Eq. (12), is equal to F(x) — [F(x) — G(x)],, is some-
times called the “projection residual”’. Thus f given by Eq. (6) is a merit function
on %, which we state formally in the following proposition along with a condition
for f to have a quadratic growth rate.

Proposition 2.1. Let f: ¥ — R be given by Eq. (6). Then the following hold: (a)
f(x) = 0forallx € &, and f(x) = 0 if and only if x satisfies Eq. (1). (b) If F and G are
Lipschitz continuous and relatively strongly monotone on &, then there exists a
constant ¢ > 0 such that f(x) > cllx — x*||* for all x € &, where x* denotes the unique
solution to Egq. (1).

Proof. (a) follows from Lemma 2.1(b). (b) follows from an argument similar to the
proof of [48], Theorem. 3.1. []

A drawback of f given by Eq. (6), due in part to its nondifferentiability, is the dif-
ficulty of finding descent directions for it. In the case of NCP, the NE/SQP approach
of Pang and Gabriel [50] finds descent directions, but this approach does not appear
to extend to SDCP since the computation of each direction uses the Cartesian pro-
duct structure of the nonnegative orthant as well as the solution of a certain convex
quadratic program. Nonetheless, the projection residual motivates iterative methods
of the form

GO™*) ~ [G(x) — aF (2)]..

where a € (0,00) is some suitably chosen stepsize. Although such methods are not
descent methods for f given by Eq. (6), in the case where G = I and F is continuous
and monotone, it has been shown that these methods are convergent (see [58] and
references therein) and, in particular, are descent methods for the square of the dis-
tance (measured in the norm || - ||) to the solution set. However, these methods are
first-order methods and, as such, are better suited for large-scale problems where sec-
ond-order methods have difficulty.

3. Gap functions

In this section, we study the merit function /" given by Eq. (2) and Eq. (3). Due to
the correspondence between (&, (-,-)) and (R’, (-, -)g) With v:= 57 m(n +1)/2
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(see the discussion in Section 1), most of the results are easy extensions of known re-
sults [4,24]. For completeness, we have included the proofs, which are short.

Proposition 3.1. Let f: G™1() — RU {0} be given by Eq. (2). Then the following
hold:

(a) For any x € GY(A"), we have f(x) = 0 with f(x) = 0 if and only if x satisfies
Eq. (1).

(b) If F and G are affine and relatively monotone on G~ (A"), then f is convex on
G ).

Proof. (a). Fix any x € G™'(X'). By Eq. (11), if F(x) € A, then (F(x),{) >0 for all
(e, implying f(x)=(F(x),G(x)}) >0 (the nonnegativity follows from
F(x),G(x) € X); otherwise, there exists a { € o with (F(x),{) <0, implying
f(x) = oco. Thus, f(x) = 0and f(x) = 0if and only if F(x) € A# and (F(x), G(x)) = 0.

(b). Consider any { € #" and let f;(x) := (F(x), G(x) — {). For any x,x' € G~ (X))
and any 7€ [0,1], by using the affine property of F and G, we obtain
Silx+ {1 = 0xX) =¢f:(x) + (1 — ) fX)y + {1 — t}{F(x) — F{x'}, G{x'}) — G{x)). Then
the relative monotonicity of F and G yields that f; is convex on G~' (), so f, being
the pointwise maximum of f;, { € 2, is also convex on G™'(¢"). O

Proposition 3.2. Assume F and G are relatively pseudo-monotone on G~ (A, F is
continuous on G NA), and G~' is* defined and continuous on A'. Let
f:GHH) — RU {oo} be given by Eq. (3). Then the following hold:

(a) For any x € GTH{A}, we have f(x) = 0 with f(x) =0 if and only if x satisfies
Eq. ().

(b) If in addition G is affine on G™'(X), then f is convex on G™1(A').

Proof. (). Fix any x € G~1(¢"). Then, { = G(x) is included in the max of Eq. (3), so
f(x) 2 0. If F(x) € & and (F(x),G(x)) = 0 so, by Eq. (11), (F(x),G(x) — {) <0 for
all (€, the relative pseudo-monotonicity of F and G would imply
(F(G™Y(1), G(x) —C}<0 for all {€ A4 and hence f{x)=0. Conversely, if
f(x) =0 so that (F(G™1({)), () {) <0 for all { € A, then, for any { € A, we
would have, upon letting x(¢) := G~ (¢ + (1 — t)G(x)) for all ¢ € (0, 1), that

(F(x()), G(x) = U') =5 (F(x(0), G(x) — (' + (1 - )G(x))) <O

and, upon letting t+— 0 and using the continuity of F and G~!, that
(F(x),G(x) = {'Yy<0. Then, Eq.(11) would imply that F(x)e 4 and
(F(x), G(x)) = 0.

(b). Since G is affine on G '(X), then, for each (€ ., the function
fi(x) == (F(G™Y(0)), G(x) — ) is affine on G~!(X"), so f, being the pointwise maxi-
mum of f;, { € A, is convex on G (#). O

NI'—' =

Under the hypothesis of Proposition 3.2, the SDCP is equivalent to the variational
inequality problem of finding an z* € X satisfying
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(F(G'(2*),z-2)=0 Vze X,
and, moreover, F o G™! is pseudo-monotone and continuous on %". Accordingly,
Proposition 3.2 may alternatively be proven by suitably applying the results in [4],
p. 121 or [24]. It should be noted that the two gap functions Eq. (2) and Eq. (3)
are mainly of theoretical interest since, due in part to their nondifferentiability, there
is no efficient method for minimizing them. For further discussions of these func-
tions, see [21,36].

4. Regularized gap function

In this section, we study the merit function f, given by Eq. (4). As with the gap
functions of Section 3, most of the results are easy extensions of known results
[3,20,61]. We begin with the following lemma based on [61], Proposition 2.1.

Lemma 4.1. For any o € (0,00), define the function ,: & x & — R by

bula) = max{ (a0 - 1 Ib - .

Then the following hold:
(a) For all (a,b) € ¥ x A", we have

1 2
lpa(avb) 2 'é‘_x'“b - [b - oca]+|| )

and y,(a,b) = 0 if and only if in addition a € A" and (a,b) = 0.
(b) ¥, is differentiable at every (a,b) € & x &, with

Va,(a,b) =b—[b—ad], Vo, (a,b) =a —é(b —[b~ad].).

Proof. This can be seen by following the proof of [61], Proposition 2.1, with
u = b,v = —a and with « replaced by 1/a. Also, we use the correspondence between
(Z,{(,)) and (R, (,)g) with v:=3>7 m(m+1)/2, as discussed in
Section 1. [J

Following [61], we will relate f, to the norm of the projection residual functions
Ry: & — & (o € (0,00)) defined by
Ra(x) = G(x) - [G(x) - OCF(X)]+.
By Lemma 2.1(b), we have that x satisfies Eq. (1) if and only if R,(x) = 0. By using
Lemma 4.1, we obtain the following proposition which estimates the growth rate of
f in terms of {|R,||, and gives formulas for V£, and a certain descent direction for f,

at any nonglobal minimum x € G~'(#") with VG(x) ' VF(x) positive definite. These
results are similar to [61], Theorem 3.1, and [20], Theorem 3.2, Proposition 4.1.

Proposition 4.1. Fix any a € (0,00) and let fy,: G™1(A") — R be given by Eq. (4). Then
the following hold:
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(a) For all x € G™'(A"), we have

£:) > IR,

and f,(x) = 0 if and only if x satisfies Eq. (1).
(b) If F and G are differentiable on G='(A"), then so is f, and

Vfilx) = VF()R,(x) + VG(x) <F<x> - gw)

Jor all x € G™1(X).

(c) Assume F and G are differentiable on G='(A"). Then, for every x € G~ (")
where VG(x) is invertible and VG(x)"'VF(x) is positive definite, either (i) f(x) = 0
or (if) V[ (x) # 0 with {d(x), Vf,(x)) < 0, where

d(x) := —(VG(x) ") R.(x).

Proof. (a) and (b) follow from Lemma 4.1 (also see [61], Theorem. 3.1 for essentially
the same result). The proof of (c) is similar that of [20], Proposition 4.1, for the case
G=1I: Fix any x € G"'(&) with VG(x) invertible and VG(x)"'VF(x) positive
definite. Then

(@d(x), V12(x)) = =(Ra(x), VG(x) " VF (x)Ra(x) + F(x) ~ iRz(XD

< - <Ra(x)’VG(X)_IVF(X)RG:(X»’
where the inequality follows from the fact that ({ —[a],,a —[a],) <Oforallae &
and (€ (and, in particularly, for a = G(x) — aF(x) and { = G{x)). Since
VG(x)"'VF(x) is positive definite, then either R,(x) =0 or (d(x), V/f,(x)) < 0. The
former is equivalent to f,(x) =0. O

In the further special case where G is affine, it can be seen that x + d(x) € G7'(X")
so that, by Proposition 4.1(c), d(x) is a feasible descent direction for f; over G™1(X)
at x (cf. [20], Proposition 4.1) whenever £,(x) > 0 and VG(x)™' VF(x) is positive defi-
nite. In general, we can use a gradient projection method

¥V x x -V (x),
with ¢ € (0,00) a stepsize, to minimize f,. A drawback of f, is that, without an as-
sumption such as VG(x)™'VF(x) be positive definite for all x € G (), finding a
global minimum of £, is difficult. Additional growth properties of f, are discussed
in [63], Lemma 4.1.

5. Implicit Lagrangian function

In this section, we study the merit function f, given by Eq. (5). As with the gap
functions and the regularized gap function of Sections 3 and 4, most of the results
are easy extensions of known results, particularly [61,64]. We begin with the follow-
ing lemma based on [61], Proposition 2.2.
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Lemma 5.1. For any a € (0,00), define the function y,: & x & — R by

o) = max {ab -0 = €8) - o (la— 2+ lo- )}

EeX lex

Then the following hold:
(@) Fix any o € (1,00). For all (a,b) € & x &, we have

2

(= Dlib=b-all* > v,(ab)=~¥,(a,b) > (1-1/a)fb—[b-a],|

and Y ,{a,b) = 0 if and only if in addition a,b € A and {(a,b) = 0.
(b) Fix any a € (0,00). ¥, is differentiable at every (a,b) € & x &, with

Va,(a,b) =b—[b—oa], —i—(a —[la—ab],),

Vi, (a,b) =a—[a—ab], — é(b —[b—aa],).
Proof. Apply [61], Proposition 2.2 with the correspondence # = —\/,, u = a, v = —b,
and use the fact 2#° = —# and the third identity in Eq. (12). Also, we use the
correspondence between (&, (-,-)) and (R, (-, -)g) With v:=>""  me(ne + 1)/2, as
discussed in Section 1. (Correction Note: The term 1/(x — 1) appearing in [61]
Eq. (5) should be 1/(x—1). O

Following [61], we define the projection residual function S,: & +— % (z € (0, 00))

by
S,(x) = F(x) — [F(x) — aG(x)], .

Since, by -the first and the third identity in Eq. (12), we have b~[b —q], =
a—[a—b], forany (a,b) € ¥ x &, it follows that Ry = §; on . However, in gen-
eral R, #§, for o # 1. By using Lemma 5.1, we obtain the following proposition
which estimates the growth rate of f, in terms of ||R||, and gives formulas for Vf,
and a certain descent direction for f, at any nonglobal minimum x with
VG(x)™'VF(x) positive definite. These results are based on [61], Theorem. 3.2 and
[64], Theorem. 2.2 and Lemma 3.1.

Proposition 5.1. Fix any « € (1,00) and let f,: & — R be given by Eq. (5). Then the
Sfollowing hold.
(a) For all x € &, we have

(@ = DIR @] 2 £lx) = —fialx) = (1 = /o) | Ry (%))
and f,(x) = 0 if and only if x satisfies Eq. (1).
(b) If F is differentiable on &, then so is f, and

Vi) = VF) (R = 15,09 + 966) (8:65) - L)

forallxe &.

(c) Assume F and G are differentiable on & . Then, for every x € & where VG(x) is
invertible and VG(x) ™' VF(x) is positive definite, either (i) Sfa2(x) =0 or (it) Vfu(x) #0
with (d(x), Vfu(x)) < — (d(x), VG(x) "' VF(x)d(x)), where
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oy I
d(x) := —(VG(x)™") (R,(x) —&Sz(x))

Proof. (a) and (b) follow from Lemma 5.1 (also see [61], Theorem. 3.2). The proof of
(c) is somewhat different than that given in [64] for the NCP case: Fix any x € & with
VG(x) invertible and VG(x) ' VF(x) positive definite. (We will drop (x) for simpli-
city.) By the first identity in Eq. (12), we have R, — (1/2)S; = G — [G — aF], — 1/a
(F—[F—-0aGl,)=—[G—-aF] + (1/a)[F —aG]_ and, similarly, S§,—(1/a)R,

= —[F —aG]_+ (1/a)[G — aF]_. Thus
<Ra —ési,sa —§R1> _ <—[G— oF]., +é[F— 4G)_, —[F — 2G|, +-§[G— ocF]_>

= ([G—aF],,[F —2G]) +%([F —aG)_,[G—aF]_) 20,

where the second equality uses the second identity in Eq. (12) and the inequality uses
Eq. (11) and the third identity in Eq. (12). Thus,

(d,Vf) = —<R, s VG-'VF<R, - 151> v, - le>
[ 4 o o

1
< - <R1 —éSz.VG‘IVF(Ra — Z.ZS“>> = —<d,VG—1\7Fd>.

If Vf,(x) = 0, then d(x) = 0 or, equivalently, R,(x) — iSa (x) = 0, which together with
V/f:(x) = 0 and the formula for Vf,(x) in (b) and the nonsingularity of VG(x) would
imply S,(x) — (1/a)R,(x) = 0. Since « 3# 1, the latter two equations would yield
R,(x) = S,(x} = 0 or, equivalently, f,(x) =0. O

The implicit Lagrangian £, given by Eq. (5), in contrast to the gap functions and
the regularized gap function, is a merit function on all of % and has nice differentia-
bility properties. However, it suffers the same drawback as the regularized gap func-
tion in that, without an assumption such as VG(x) ™' VF(x) be positive definite for all
x € G71(X), finding a global minimum of £, is difficult.

6. Norm squared of the Fischer—Burmeister function

In this section, we study the merit function f given by Eq. (6), with ¢ given by
Eq. (8). In contrast to the merit function of Sections 3-5, it is not easy to extend
the analysis of this merit function from the NCP case [8,14,16,22,29,32,33,59] to
SDCP. In particular, ¢ involves taking the square root of the sum of two symmetric
psd matrices, which significantly complicates the analysis and necessitates the deve-
lopment of new arguments. In fact, it is surprising that many properties of f in the
NCP case do indeed extend to SDCP. We begin with the following lemma stating
some key properties of ¢ and of matrix square root.
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Lemma 6.1. (a) For any (a,b) € A" x A", {(a,b) =0 if and only if, for p€ O and
Moy e vy dm € (0,00) satisfying pap® = diag[0,...,0, A, ..., 4,), we have [ppr]‘-j =0
forallizkorj=k

(b) For ¢ given by Eq. (8) and any (a,b) € & x &, we have ¢(a,b) = 0 if and only
ifa,b€ A and {a,b) =0.

(c)Foranyae X andbe &, ifd> - € A, thena—-be XA

Proof. (a). Fix any (a,b) € #" x A and let p€ O and A,..., 4, € (0,00) satisfy
pap" = diag0,...,0,4,...,4,]. Then

(a, by = tr[ab] = tr[pap" pbp"]

= tr[diag(0, ..., 0, A, ..., A.lpbp"] = > Alpbp'],.

i=k

Since pbp" € A so [pbp'], =0 for i=k,...,n, then {(a,b) =0 if and only if
[pbpT], = 0 for all i > k. Since pbp" is symmetric and psd, the latter holds if and only
if [pbp"], =0fori>korj>k

(b). Fix any (a,b) € & x &.1f a,b € A and (a,b) = 0, then, by part (a), forp € ©
and  Ag,...,4n € (0,00) satisfying pap” = diag[0,...,0,4,...,4,), we have
lpbp"],; =0 for i>k or j=k. Thus, pabp’ = pap pbp =diagf0,...,0, Ae,..., 4]
pbpT = 0, implying ab = 0. Similarly, ba = 0. Hence a® + b* = (a +b) or, equiva-
lently, (a®+5))"? =a+b, ie, ¢(a,b)="0. Conversely, if ¢(a,b) =0, then
a+b=(a>+b)" €A and (a+b)’ = a® + b? or, equivalently, ab + ba = 0. For
pe0and A,...,4 € R (ordered so A,..., 4 are zero, A, ..., A are positive,
and 4;,...,4, are negative for some 1<k<I<n+1) satisfying pap" =
diag[ii,..., 4., we have O =p(ab+ ba)p" = pap'pbp" + pbp" pap’ = diag
[A1, .-+, Adlpbp™ + pbpTdiaglls, ..., 4,], implying (4 + 4;)[pbp"], = 0 for all i and ;.
Thus, [pbp"],; = 0 except possibly when % = 4; = 0 or ;4; < 0, so that

lpbp* )i 0 0
pla+ b)pT = papT +ppr = 0 diag[lk, e 11_1] [pbp ]kl<><’l
0 (pbp" ];>: diag[s, .. ., A

ki<
Since this matrix is in " so its diagonal entries are all nonnegative we must have
! =n+1 and the submatrix [ppr].« must be psd. Hence, pap” and pbp" are both
in &, implying a and b are both in . Moreover, a and b satisfy the condition fol-
lowing “if and only if” in (a), so, by part (a), (a,b) = 0.

(c). Fix any a € & and b € & with a? — b* € A". We will show that a — |b| is psd
(recall |b] := (bz)l/ 2, which would imply a — b is psd (since |bl — b is psd). Suppose
a—|b| is not psd so there exists nonzero v € R and A€ (—00,0) with
(a — |b])v = Av. Since a € A, then

+ fan 0
pap_[o 0}
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for some p € @, some I C {1,...,n}, and some positive definite (abbreviated as pd)
submatrix d;. Since a*> — b? is psd, we must also have

Pblp" = {"5’ g}
for some psd submatrix by. Thus,
(@r — bu)[pvl,
0
implying [pv], # 0. Since {(a + |b]){(a — |b]) + (a — |b]}{a+ |b]) =22 - 267 € A, we
obtain
0< o™ ((a+[b])(a — 1B]) + (a — [b])(a + [B]))v = 240 (a + [B])v
= 22(pv)"p(a + |b)p" v = 24[pv]} (@n + bu)[pv], < O,

where the last inequality follows from ay + by being pd, [pv]; # 0 and A < 0. This is
clearly a contradiction. [J

} = p(a — |b|)p"pv = p(a — |b|)v = Apv

For any ¢ € A, let &, denote the subspace of & comprising those x € & whose
nullspace contains the nullspace of ¢. It is readily seen that

g .
0 0} for some submatrix Sc,,} (14)

S = {x €S pxp’ = {xg

forany pe 0 and I C {1,...,n} such that

&y O
PCPT=[(;I 0} (15)

for some pd submatrix &;. Define the linear mapping L.: . — %, by
L.[x] = ex + xc.

It can be seen that L, is positive definite (i.e., (x,L[x]} = 2tr[¢,%;] > 0 whenever
%y # 0) and so has an inverse L], i.e., for any x € &,, L7}[x] is the unique d € &,
satisfying cd + dc = x. [L]! can be obtained in closed form by choosing p so & is dia-
gonal, so that

%/ (Ga + E)ler, O
L' =pf[[x el O}p,

where X, is given by Eq. (14).] Moreover, for any x,y € &,, we have
B,Lb) = Lbl, L =L e =x/2,
xL7'x] =0 = x=0. (16)

By replacing x and y in the first identity of Eg. (16) with L7'[x] and L;![y] respective-
ly, we see that this identity also holds when L. is replaced with L1,
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Lemma 6.2 derives a formula for the first-order term in perturbing ¢ € 4" to
(¢ +w)'"?. A key part of the formula involves the mapping L' In what follows,
we will use “O(¢)” (respectively, “o(¢)”’) as a shorthand to denote an element of &
that depends on ¢ and whose norm tends to 0 at least as fast as (respectively, faster
than) ¢, i.e., lim sup,_,||O(r)||/¢t < oc (respectively, lim sup,_g|lo{¢)||/t = 0).

Lemma 6.2. Fix any c€ A and any p € O such that Eq. (15) holds for some
Ic{l,...,n} and some pd submatrix &;. For each w € & with ¢ +w € A, upon

letting z := (c* + w)'* — ¢ and
_ Wi Wi - Zy Iy
w = [ ~T - } = prT’ z= l:..T ~ } = psz: (17)
Wy Wu Zy oz
where J = {1,...,.n}\ I, we have |z,||<nV*|Wull'?, Zu = &'y + o(wl|]), and

Zy = L wul + o(||wl)).

(974

Proof. Squaring both sides of (c? + w)l/ 2 = ¢ + z and multiplying left and right by p

and pT (also using Eqs. (15) and (17)) gives

U -
cyt+wnr wy

.-T —
2y Zj)

2
cyptzir zZy
~T ~
Wi Wir

=p( +whpT =ple +2)’p" = l

or, equivalently:

Wi = Zyén + CuZu + 5 + 3,2},

Wy = CuZy + ZnZy + ZuZu,

Vo = 2,3y + 2. (18)
The last equation in Eq. (18) yields ||z, ||* + |Zu|° = triwy] < valbvyll [26], p. 43.
We claim that, as |wy|| — 0 and ||w,|| — 0, we must have ||Zy|| — 0. If not, then
the first equation in Eq. (18) together with ||Z;|] — 0 would yield in the limit (and
using the continuity of matrix multiplication) that 0 = z,¢é; + ¢,z + Ef, has a non-
zero solution Z;. Adding &3 to both sides gives ¢ = (¢y +%,)" and, since &; and
&y + z;; are both psd, this implies Z, = 0, a contradiction. Now, the second equation
in Eq. (18) yields

Wy = (g + Zn)Zy + 2,0([wy |72,

and since ¢y is pd and ||Z;)| — 0 as |jw|| — 0, the implicit function theorem yields
that 7;; = ¢;'wy + o(||w||). Then the first equation yields

Wy = Lo, (2] + 25 + O(Ilwll*).

Since ¢y is pd so that L;, is an invertible linear mapping and ||Z;|| — 0 as [|w| — 0,
we obtain from the implicit function theorem that

Zy = Lz [wu] + o(fiwll) + OCliwl®) = Lol + o(lwl). O

< <n
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By using Lemmas 6.1 and 6.2, we obtain the following lemma which extends some
results of Kanzow [32] and Geiger and Kanzow [22] for the NCP case and is the key
to analyzing f given by Eq. (6), with ¢ given by Eq. (8). In what follows, we define,
foranyx € &,

sym[x] :=x + x.

Lemma 6.3. Let ¢ be given by Eq. (8) and define the function y: & x & — R by

V(a,b) :=13ll$(a, )]
Then the following hold.
(@) For all (a,b) € & x &. we have Y(a,b) =0 and y(a,b) =0 if and only if in
addition a,b € A" and {a,b) = 0.
(b) ¢ is differentiable at every (a,b) € & x ¥, with
Va(a,b) =sym[L '[c —a - bl(a—c)],
Voy(a,b) =sym[L]'[c —a~ b|(b-c)],
where ¢ := (a® + b%)'/2.
(c) For every (a,b) € ¥ x &, we have (VN \(a,b),Ve(a,b)) = |i(c —a— b)gll’,
where ¢ := (a®> + b*)"* and g := L>'[c — a — b].

| 2

Proof. (a) follows from Lemma 6.1(b). To show (b), we note that

Wla,b) =4(@® + )" —a— bl = ltr [((az )P g b) 2]

=tr[a2+ab+ bz-(a2+b2)‘/2(a+b)]. (19)
Fix any (a,b) € & x & and let ¢ := (a® + b2)"/%. Since ¢ € A", we have that Eq. (15)
holds for some p € @, some / C {1,...,n} and some pd submatrix ¢;. Then

. [2 o
(pap")* + (pbp")’ = pc’p" = [c” } :

0 0
Since both (pap”)? and (pbp")’ are psd, it is readily seen that
T 511 0 T l~711 0
= , bp' = 20
pap { 0 0} pbp { 0 0} (20)

for some submatrices d; and y. Thus, a,b € &, (see Eq. (14)). Fix any u € & and
let w:=au+ua+u® and z:= (* + w)l/2 — c. By Lemma 6.2, we have z; = L7 [Wy]
+o(||wl}), where wy and Zj (as well as Z;; and Z;;) are given by Eq. (17). Thus,

(¢ + ) = )a+8)] = tr[p((2+w)""* = )pT (pap" + pp")]

211 ZIJ d][ + l;]] 0
=tr||_; .
Z[J Zjy 0 0
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=tr|Z(ay + 511)} =1r [(LE,,‘ W + olliwl))a@n + 511)]
tr (L5 [Ip(au + ua)p™), ] (@n + B)| + o)

=tr {L*l [an + bul|p(au + ua)pT]”} + o(||u]])

i

oy

[
=tr

0 0
= tr[L; '[a + b)(au + ua)] + o(|ju||), (21)

where the sixth equality uses the first identity in Eq. (16) (see the remark below it),
the seventh and eighth equalities follow from letting

plau + ua)pT} +o(llufl) = trld(au +ua)| + o(|lul))

- - d
dy = Lgul [@y +by] and d:= PT[ (;1 g}[’ SR

the last equality follows from 5,,3,1 +dyéy = ay + by or, equivalently,

cd+dc=p" [Cg g}pzf {ag, g}pwﬁf [d(;’ ngpT {Cg g}p
=t [all gbu g}p —a+b
so d = L7'[a + b]. Thus, Eq. (19) and Eq. (21) yield
Y(a+u,b) —y(a,b)
= tr[(a +u)lt@+uwb+b - (@a+u)f +6)" a+b+ u)
~a® —ab—-b* +cla+ b)]
= tr[Zau +ub ~cu— ((02 +w)'/? c) (a+b+ u)]
= tr[2au + ub ~ cu — L '{a + b](au + ua)] + o(|ju]))
= (2a+b—c— L' {a+bla—aL '{a+b],u) + o(||u|),
where the first and second equalities also use a* + b = ¢2, so that
Vu(a,b)=2a+b—c~—L ' {a+bla—al '[a+ b
=(L'e]- L la+ b)) (@a—c)+ (a—c) (L[] — L '[a + b))
=LY c~a—blla—c)+(a-c)L ' c—a—b],
where the second equality uses the fact x = L [x]c + ¢L;![x] with x = a + b and the
fact x/2 = L '[c]x = xL'[c] (see Eq. (16)) with x = a — ¢; the last equality uses the
linearity of L;!. A similar argument gives the formula for V,y(a,b). For any

u,v € ¥, a similar argument as the one above (with w:=au+ua+ 2+ by
+vb + v* instead, etc.) yields

'ﬁ(a + uyb + D) - !//(ay b) = (Valﬁ(% b)7u> + (vbl[/(av b)’ U> + 0(”“”) + O(HUH)7
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so ¥ is differentiable at (a, b).
(). Fix any (aq,b)e ¥ x&. Upon letting x:=c—a, yi=c-b, g:=
L7'[c — a — b], we have
(Va(a,b), Vei(a,b))
= tr(gx +xg)(gy +8)] = 2tr[xgyg + gxyg]
= 2tr[x"2gy! 2! 2gx'/? + g(c — a)(c — b)g]
= 2[|y"?gx'2|* + tr[g(2ab — 2ac — 2cb + ¢* + a* + b*)g]
= 2|y 2ex 2| + tr[g(ab +ba—ac—ca—chb— bc+c* +a*+ bz)g]

= 2y + tr{glc - a = b)'g| = 2y g + (e —a — gl

where the third equality uses the fact ¢ — a? and ¢® — b* and c are all in ¢ so that,
by Lemma 6.1(c), x = c — a and y = ¢ — b are both in J; the fourth equality uses
¢ = a® + b?; the fifth equality uses tr[w] = trjw'] foranywe Z. 0O

The function ¥ defined in Lemma 6.3 is not twice differentiable everywhere on
S x & but, analogous to the NCP case, y is twice differentiable at every
(a,b) € & x & with a® + b* pd. Moreover, we can compute the Hessian explicitly:
For any (4,v) € & x &, we have

vaa‘l’ a,bju = Sym[ < H(Zafu) — u = Z[u]g — gZ[u]

( (a—c) — g(Zlu] - )],
Veol(a, byu = sym[L7'[Z,Ju) — u — Z,[ulg — gZa[u])(

]
[1(b—¢) — gZalu]],
Via (a,b)o = sym[L]'(Zy[v] — v — Zs[v]g — gZs[0]](a —¢) - ga vl
VisW(a, b)o = sym[L;'(Z,[v] — v — Z,[vlg — gZs[v]}(b — ¢) — g(Zs[v] — v)], (22)
L7

where ¢ = (a> +1?)"?, g:=L-'[c —a—b] and Z,[u] := L] [au+ ua], Zy[v] := L]
[bv + vb]. To see this, note that when we perturb a by some u€e & toa+u, both
c and g are perturbed accordingly by some z, 2 € & to ¢ + z and g + h, respectively.
Since c¢ is pd, Lemma 6.2 with w := au + ua + * yields

z = L7 lau + ua) + o||ull) = Zu[u] + o(|ul]).
Also, g and h satisfy the equations cg + gc =c—a—band (c+z)(g+h) + (g + h))
(c+2z)=(c+2z)— (a+u) — bwhichtogetheryieldch+ hc +zh + hz=z—u—zg — gz
SO

h=L7"[z~u—zg - gz] + o(|lz])).
Using the above two equations for z and 4 and the formula for ¥,y given in Lemma
6.3(b), we find

Vo{a+u,b) — V,b(a,b) = sym [LC_l [Z,[u] — u — Z,[u|g — gZ,{u]](a - ¢)

~8(Zafu] ~ u)] + o([lul),

and the first formula in Eq. (22) follows. The other formulas follow by similar argu-

ments. In the case when ¢ is not pd, the formulas (22) still hold, provided that
u,v € &,
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By using Lemma 6.3, we readily obtain the following proposition which shows f
given by Egs. (7) and (8) to be a merit function on &, and gives formulas for Vf and
a certain descent direction for f at any nonglobal minimum x with VG(x)™'VF(x)
positive semi-definite. This proposition is motivated by analogous results for the
NCP case obtained by Geiger and Kanzow [22], Theorem 2.5, Lemma 4.1 and others
[8,14,29].

Proposition 6.1. Let f: & — R be given by Eq. (7) with ¢ given by Eq. (8). Then the
Jfollowing hold:

(a) For all x € &, we have f(x) = 0 and f(x) = 0 if and only if x satisfies Eq. (1).

(b) If F and G are differentiable on &, then so is f and

Vf(x) = VFx)Vap(F(x), G(x)) + VG(x) Vs (F(x), G(x))

for all x € &, where \ is defined as in Lemma 6.3.

(¢) Assume F and G are differentiable on &. Then, for every x € & where VG(x) is
invertible and VG(x)"'VF(x) is positive semi-definite, either (i) f(x) =0 or (ii)
Vf(x) # 0 with (d(x), Vf(x)) <0, where

d(x) := =(VG()™") Vay (F(x), G(x)).

Proof. (a) and (b) follow from Lemma 6.3(a) and (b). To see (¢), fix any x € & with
VG(x) invertible and VG(x)"'VF(x) positive semi-definite. We have, upon using
Lemma 6.3(c) (and dropping (x) for simplicity),

<d7 vf> = _<valp(F7 G)1 VG—IVFvaw(Fa G) + Vb‘ﬁ(ﬂ G))
< = (e —a-bgl’,
where a := F(x),b := G(x), ¢ := (a® + b*)"/?, g := L-'[c — a — b]. Thus, {d(x), V£ (x))
< 0 unless (c —a—b)L '[c—a—b] =0 or, by (6.3), c—a—b=0. The latter, by
Lemma 6.1(b), implies x satisfies Eq. (1) or, equivalently, f(x) =0. [J

By using the chain rule, we can find explicit formula for the Hessian V2f(x) at
every x € & with F (x)2 + G(x)* pd. For example (and simplicity), suppose F and
G are affine so that F(x) = 4x + a and G(x) = Bx + b for some linear mappings A4
and B from & to & and some a,b € ¥ (so VF(x)=4*, VG(x)=B* for all
x € &). Then straightforward calculation yields that, for any d € &,

Vf(x+d) - V(x) = 4" (VLU(F(), Gx))Ad + V2U(F(x), G(x))Bd)
+ B (VoW (F(x), G(x))dd + Vi, (F(x), G(x))Bd) + of||d]))
= V2 (x)d + o(|ld)),
where V2 ..., Viy are given by Eq. (22). To solve an equation of the form
V2f(x)d = r, with r € & given, as is needed by Newton-type methods for minimizing
f (see, e.g., [14,16,29,30}), we can either seek to develop special factorization schemes

or, more directly, express 4 as a linear combination of some basis vectors for & and
solve for the coefficients in the combination. If F(x)2 + G(x)* is not pd, then we can
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replace V2f(x) in the Newton-type methods by either a generalized Hessian or a
positive definite linear mapping.

7. A function of Luo and Tseng

In this section, we study the merit function f given by Eq. (9) with y, satisfying
Wo(t) = 0 if and only if ¢ < 0 and ¢ satisfying Eq. {10). For much of our analysis, we
will further restrict the choice of . Let ¥, denote the collection of
W: S x ¥ — [0,00) satisfying Eq. (10) that are differentiable and satisfy the follow-
ing conditions:

(Va(a, 8), Vsi(a, b)) 2 0, (@, Vo(a, b)) + (b, Viibla, b)) = 0

Y(a,b) € ¥ x &. (23)
(See [42], Eq. (13) for related conditions in the context of NCP.) The lemma below
provides one choice of § belonging to ¥,. Moreover, this choice of ¢ is convex.

Lemma 7.1. Let : ¥ x & — [0,00) be given by

W(a,b) =3(ll[a]_II” + I[E)_11)- (24)

Then the following hold.

(a) Y satisfies Eq. (10).

(b) Y is convex and differentiable at every (a,b) € & x & withVay(a,b) = [a]_ and
Vbl,b(a,b) [ }—'

(¢) For every (a,b) € ¥ x &, we have (Vay(a,b), Veil(a, b)) = 0.

(d) For every (a,6) € & x &, we have (a,V(a,b)) + (b, Voi(a.b)) = ||[a]_|*
11

Proof. (a) and (b). By the decomposition a = [a]_ + [a], (see Eq. (12)), we have
al_ I = lla — la], || = min,ey|a — w))* which is differentiable convex in a wnh
Va(a,b) = a]_ [56], p. 255 and equals 0 if and only if a € #". Similarly for ||[]_||*
Thus, y(a, ) is differentiable convex in {a,b) and equals 0 if and only if a,b € % .
Since a,b € A implies {a,b) = 0, it follows that Eq. (10) holds.

(c) and (d). We have from (b) that (V,y(a,b), Vs (a, b)) = ([a]_, [b]_) = 0, where
the inequality uses Eq. (11) and the third 1dentity in Eq. (12). Also, we have
(a,Vayla,b)) = (a,[a]_) = tr[ala]_] = tr]([a]_)*] = |l[a]_|I*, where the third equality
uses Eq. (12). A similar argument shows (b, V,,lp(a b)) = [I[bl_I°. O

Next, we consider a further restriction on ¢. Let ¥, denote the collection of
Y € ¥, satisfying the following condition:
Y(a,b) =0 V(a,b) € ¥ x & with (V,y(a,b), Vsii(a,d)) =0. (25)

(See [42], Eqg. (14) for a related condition in the context of NCP.) The lemma below
provides one choice of a , based on the Fischer-Burmeister function Eq. (8), be-
longing to ¥, .. Note that the choice (24) does not belong to ..



178 P. Tseng | Mathematical Programming 83 (1998) 159-185

Lemma 7.2. Let  be given by

¥(a,b) =3ll[¢(a, )L, (26)
with ¢ given by Eq. (8). Then the following hold.
(a) ¥ satisfies Eq. (10).
(b) ¥ is differentiable at every (a,b) € & x &, with
Va¥(a,b) = sym[L ' [[c — a — b], [{a — )],
Vabla,) = sym[L; fe — a—b],] (b — )],
where ¢ := (a® + b2)'/%.
(¢) For every (a,b) € & x &, we have (Vy(a,b), Vsy(a,b)) = ||(c — a — b)gl|%,
where ¢ := (a* +b%)"* and g:=L]'[[c —a - b],]. Consequently,  satisfies
Eq. (25).
(d) For every (a,b)e S xS, we have (a,Vy(a,b))+ (b, Ve(a,b))=
llc —a — b],|I%, where ¢ := (a® + B2)2,

Proof. (a). Fix any (a,b6) € & x & with y{a,b) =0 and {a,5) < 0. Let z := —¢(a, b}.
Then [~z], = [¢(a,b)], =0,s0z € K. Since a + b = {a* + bz)l/2 + z, squaring both
sides and simplifying yields

ab+ba=(a*+ b))z 42+ )P+ 2
Taking the trace of both sides gives

2(a,b) =2t (@ + 1) 2] + ).
Since z!/2(a® + b2)"/%21/2 is in o so its trace is nonnegative, the right-hand side is
nonnegative, which together with (a,b) <0 implies z=0. Then ¢(a,6) =0 and
Lemma 6.1(b) yields a,b € A", {a,b) = 0. Conversely, if a,b € A and {(a,b) =0,
then Lemma 6.1(b) yields ¢(a,b) =0, so Y(a,b) = 0 and (a,b) <0.

(b). Fix any (a,b) € & x & and let ¢ := (a® + b*)"* and r :== ¢ — a — . For any

u € &, we have upon letting w := au +ua +u? and ¥ := (? + w)l/2 —a — b — u that

Wlatw8) —d(a8) = (I = )] = S IPLIE =3I = (o =)

= |([r”]+ - [r]+>r, _r>|

<1 = Al =1

<7 =P, (27)
where 7' = (1 — f)r + t for some ¢ € [0, 1] and the second equality follows from the
differentiability of |)[] +”2 and the mean-value theorem; the last inequality uses the
nonexpansive property of [-], (66]. We now bound the right-hand side. We have that
Eq. (15) holds for some p € @, some I C {1,...,n} and some pd submatrix &, which
implies that Eq. (20) holds for some submatrices 4, and by;. Then

ot = én—ay—by 0
0 0
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and it is readily seen that

éy —ay — by, 0
A pf = [Cn —ay i _
plrl,p [ 0 0

Thus, [r], € . (see Eq. (14)). Also, upon defining w and Z by Eq. (17), with
. 2 1/2 ;
z:=(c* + w) — ¢, Lemma 6.2 yields

(., = ([lyoz—u) = tr[p[r]. P pzp" — I, 4]
= tr[[cu ~ ay — byl 2y ~ [, u ]
tr[ Gy — @ — byl L5 [[plau +ua +w2)pT),) — [rha] + o(|ju]))
tf[ [Cu — dy — by ]@(au +ua)p'l, — [rhu} +o(lul))

= tr[LC [[ ]+] (au + ua) — [r]+u] + o(Jlu|), (28)
where the fourth equality uses w = pwp” = p(au + ua + u?)p'; the last two equalities
follow by the same argument as in the proof of Eq. (21). Also, by letting @ := pup?,
we have from Egs. (17) and (20) that

wll le T T
[-T _ } =pwp' = plau+ua+u?)p
Wy, Wi

agy Oy uy uy’ + g uy|j{agp O + it
o o|la, ay|  |d awilo of ¥
dgiy + ugdy  aguy 2T
= T +
U ay 0

where J := {1,...,n}\I. Thus, wy = O(||ull), wu =O(lu|)), W =O(lul*), so
Lemma 6.2 yields that z;,7;, and z;, are all O(]|¢]]) or, equivalently, z = O(||u|]).
This implies

¥ —r=z-u=0{u|). (29)
(This fact can alternatively be shown by using Lemma 6.3(b).) Using Eqgs. (28) and
{29) to bound the right-hand side of Eq. (27) yields

Yla+ub) —yla,b) = (L[, )a+aL' [[P],] = [rl,, u) + o(|lul))
implying

Vay(a, b) LM, )a+alM (] - [,

LM Ja+ el L] = (€0 [ e + el (L))
= Lc [ ](@=0) + (@~ )L [, ],

where the second equality uses the definition of L,; the last equality uses the linearity
of L7!. An analogous argument yields the formula for V,(a,b) and shows that

Yla+u,b+v) —¥(a,b) = (Vap(a,b),u) + (Vs (a,b),v) + o(jjul]) + o(||v]]) for any
u,v € &, so y is differentiable at (a, b).
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(c). The proof of the first part is identical to that of Lemma 6.3(c) but with
g:=L7'[c—a—0b]] instead. To see that  satisfies Eq.(25), suppose
(Vayi(a,b), Viyy(a, b)) = 0. Then the first part implies (c —a — b)g = 0 or, equiva-
lently, rL7'[[r],] = 0, where  := ¢ —a — b. Thus,

0 = e[ [Ptz 1,1 = i L 6, P ]
= Il[r]+Lc_l Hr]+] ”’

where the second equality uses the fourth identity in Eq. (12). Thus, [r] L7'[[#],] =0
which, by the third identity in Eq.(16), implies [r], =0 and hence

W(a,b) =11 =0.
(d). By (b), we have

(@,Vaih(a, b)) + (b, Viih(a, b))
=tr[L]' [[c—a—b].]((a—c)a+ala—c)+ (b—c)b+bb—c))]
=tr[L]'[[c — a—b],]Lc[c —a — b]]
=trlc—a-b],(c—a-b)]
=lllc —a—8LIP,

where the second equality uses a® + b* = ¢?; the third equality uses the first identity
in Eq. (16); and the last equality uses the fourth identity in Eq. (12). O

The following proposition, patterned after [42], Theorem 2.3 for the NCP case,
shows f given by Eqgs. (9) and (10) to be a merit function on %, and gives formulas
for Vf and, assuming i € ¥, (respectively, ¥ € ¥, .), a certain descent direction for
f at any non global minimum x with VG(x) ' VF(x) positive definite (respectively,
positive semi-definite).

Proposition 7.1. Let f: & — R be given by Eq. (9) with yy: R — [0, 00) satisfying
Vo) =0 if and only if t<0 and  : ¥ x & — [0,00) satisfying Eq. (10). Then the
Jfollowing hold:
(a) For all x € &, we have f(x) 2 0 and f(x) = 0 if and only if x satisfies Eq. (1).
(b) If o, and F, G are differentiable, then so is f and

Vf(x) =V ((F(x), GE)N)(VF(x)G(x) + VG(x)F (x))
+ VF@x) Vo (F(x), G(x)) + VG(x) Vo (F(x), G(x))
Jorallxe &.

(© If Yy, ¥ are convex and F and G are affine and relatively monotone, then f is
convex.

(d) Assume F and G are differentiable on & and \y belongs to ¥, (respectively, ¥..)
and \, is differentiable and strictly increasing on [0, 00). Then, for every x € & where
VG(x) is invertible and V G(x)™'VF(x) is positive definite (respectively, positive semi-
definite), either (i) f(x) = 0 or (ii) Vf(x) # 0 with (d(x), Vf(x)) < 0, where



P. Tseng | Mathematical Programming 83 (1998) 159-185 181
d(x) := =(VG(x)™") (Vo ((F(x), Gx)G() + V¥ (F(x), G(x))).

Proof. (a) follows from the Eq. (9) and the assumptions on ¥, . (b) follows from
the chain rule. (c) follows from the observations that, under the given hypothesis,
x+— (F(x),G(x)) is convex (see the proof of Proposition 3.1(b)) and , is convex
nondecreasing, so their composition is convex. Also, x — Y(F(x), G(x)), being the
composition of the affine mapping x — (F(x), G(x)) with the convex function v, is
convex. To prove (d), consider the case ¥ € ¥, and fix any x € & with VG(x)
invertible and VG(x)"'VF(x) positive semi-definite. We have upon letting
o= Vi ((F(x), G(x))) (and dropping {x) for simplicity) that

d,Vf) = —(0G+ VY (F,G), VG 'VF(aG + VY(F,G)) + aF + Vi (F,G))
< — (aG + VY (F, G),aF + Vo (F, G))
= —o*(F,G) — 2((G, V¥ (F, G)) + (F, VoY (F, G)))
— (V¥ (F.G), Vo¥(F,G))
< — o F,G) — (VY(F,G), Vs (F, G)),

where the last inequality follows from « > 0 (since ¥, is increasing) and Eq. (23).
Since ¥, is strictly increasing on [0,00) so that rVy,(¢) > 0 if and only if ¢ > 0,
the first term on the right-hand side is nonpositive and equals zero only if
(F,G)<0. By Egs. (23) and (25), the second term on the right-hand side is nonpos-
itive and equals zero only if Y(F,G)=0. Thus, (d(x),Vf(x)) <0 unless
(F(x),G(x)) <0 and y(F(x),G(x)) =0, in which case Eq. (10) implies x satisfies
Eq. (1) or, equivalently, f(x) = 0. The case of ¥ € ¥, and VG(x)"'VF(x) being
positive definite may be treated similarly. [

As in the case of the merit function Egs. (7) and (8), f given by Eqgs. (9) and (10) is
typically not twice differentiable everywhere on . Still, in the case where  is given
by either Eq. (24) or Eq. (26) and V?y° is known, we can find explicit formula for
V2f(x) at every x € & where f is twice differentiable, and use this formula to develop
Newton-type methods for minimizing f.

8. Topics for future research

The results of the previous sections in a sense only begin the study of merit func-
tions for SDCP, with many topics remaining to be studied. On the numerical side,
one major topic is the implementation and testing of merit-function-based methods
for solving SDLP and SDCP. On the theoretical side, some specific open questions
are:

Q1: In the NCP case, it is known that VG(x)™' VF (x) being a P-matrix (respective-
ly, Py,-matrix) is sufficient to ensure that a stationary point x of f given by Eq. (5)
(respectively, Eqs. (7) and (8)) satisfies Eq. (1) [8,14,28]. For SDCP, we have shown
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analogous results with VG(x)™' VF(x) being positive definite (respectively, positive
semi-definite). Can this be extended to involve some notion of P-matrix and P;-ma-
trix in the semi-definite setting? (Although " does not have a Cartesian product
structure, it may still be possible to work with the eigenvalues.)

Q2: In the NCP case, it is known that f(x) given by Eqs. (7) and (8), like the im-
plicit Lagrangian (5), is bounded above and below by a constant multiple of ||R, (x)||?
[59], Lemma 3.2. Also, Vf is 1-order semi-smooth {14,29]. Are these still true for
SDCP?

Q3: In the NCP case, it is known that s given by Eq. (26) is convex [42]. Is this
still true for SDCP?

(A recent work by Qi and Chen [55] answers Q1 in the positive and Q3 in the nega-
tive.) There are also issues such as the boundedness of level sets for a merit function
f and regularity conditions that characterize when a stationary point of f is a solu-
tion of the SDCP, etc. For some of these issues, the analysis readily extend from the
NCP case while, for others, the extension appears to be more difficult. Lastly, we
note that, in addition to the interior-point and the merit-function approach, there
exist other approaches such as those based on the generalized-equation formulation,
as studied by Robinson and others (see [49] for a survey), and that based on smooth-
ing the complementarity conditions, as studied by Chen and Mangasarian [6]. Can
these approaches be extended to SDCP?
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