Vol.16 No.3 ACTA MATHEMATICAE APPLICATAE SINICA July, 2000

A NEW DESCENT ALGORITHM
FOR SOLVING QUADRATIC BILEVEL

PROGRAMMING PROBLEMS®

HAN JivE ($h4k )

(Institute of Applied Mathematics, the Academy of Mathematics and Systems Sciences,
the Chinese Academy of Sciences, Beijing 100080, China)

LIU GUOSHAN (x| E.L)

(School of Business Administration, Renmin University of China, Beijing 100872, China)

WANG SHOUYANG ({£#4f8)

(Institute of Systemns Science, the Academy of Mathematics and Systems Science,
the Chinese Academy of Sciences, Beijing 100080, China)

Abstract

In this paper, we give a descent algorithm for solving quadratic bilevel programming prob-
lems. It is proved that the descent algorithm finds a locally optimal solution to a quadratic
bilevel programming problem in a finite number of iterations. Two numerical examples are given
to illustrate this algorithm.
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1. Introduction

A bilevel programming problem (BLPP) involves two sequential optimization prob-
lems where the constraint region of the upper one is implicitly determined by the solution
of the lower. It is proved in [1] that even to find an approximate solution of a linear
BLPP is strongly NP-hard. A number of algorithms have been proposed to solve BLPPs.
Among them, the descent algorithms constitute an important class of algorithms for nonlin-
ear BLPPs. However, it is assumed for almost all those descent algorithms that the solution
set of the lower level problem is a singleton for any given value of the upper level variables.
Under this assumption, a BLPP can be transformed into a single level optimization problem
where the lower level variables are taken as a function of the upper level variables. Those
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descent algorithms heavily depend on the information about this implicit function. On
the basis of the gradient information generated from the lower level optimization problem,
Kolstad and Lasdon!?! proposed a heuristic descent algorithm for BLPPs. Friesz et al.l®l an-
alyzed some heuristic algorithms based on sensitivity analysis and suggested some rules to
determine the step length along the descent directions. The computational results showed
that the heuristic algorithms are quite efficient in computing an approximate solution of
BLPPs, especially for nonlinear BLPPs. Unfortunately these algorithms do not necessarily
converge, even to a locally optimal solution of a BLPP. Under some other assumptions,
Dempel¥l, Outrata, Zowel®!, and Falk, Liul® proposed three different methods to compute
a subgradient of the implicit function determined by the lower level optimization problem
respectively. Hence, the bundle method can be applied to compute a locally optimal solution
of a BLPP. Pang et al.l”! proposed a method with a linear search scheme to solve nonsmooth
unconstrained optimization problems and also applied it to solve BLPPs. It was mentioned
in (8] that this method requires that the objective function of the problem is pseudo-regular.
However, the objective function of the nonsmooth optimization problem converted from a
nonlinear BLPP is generally not pseudo-regular. A few descent methods have been recently
developed for some particular cases of BLPPs. Chen!® designed a descent method to solve a
BLPP appearing in transportation networks. Vicente et al.[!® presented a descent method
for solving quadratic BLPPs. The descent direction is computed by solving a sequence
of linear complementary problems, and an interesting technique was also introduced for
determining the exact search.step size along the descent direction in the induced region.
Unfortunately, this method also lacks any convergence.

In this paper, we propose a new descent method for quadratic BLPPs. This method is
finitely convergent and can be also applied to solve a BLPP where the upper level constraints
is linear and the lower level programming problem is quadratic. The paper is organized as
follows. Some preliminaries are introduced in Section 2. In Section 3, we discuss convergence
of the steepest descent algorithm for quadratic BLPPs and explain why most of the descent
algorithms appearing in the literature can not be applied to solve a quadratic BLPP, even for
finding a locally optimal solution. A new descent algorithm for solving quadratic BLPPs is
presented in Section 4. The convergence of this algorithm is analyzed in Sections 5. Finally,
we give a few conclusions in Section 6.

2. Preliminaries
In this paper, we consider the following quadratic bilevel programming problem (QBP):
T T
. _ l T C, Cs| |z c1 z
m ren=3 o) & &I+ [a] ]
st. Aiz+ By < by,

where ¥y is a solution of

gl(i)ﬁ f(z,y) = 3vTQy + ¥y Sz +dTy
y_ T
sit. Asx + Boy < b,
where ¢; € R, c;,d € R™, b, € RP, by € R?, C; € R**", Q,C; € R™*™ S,CT ¢

R™*» A, € RP*™ A, € R%", B, € RP*™ B, € R¥*™. “|z” stands for “when z is
fixed”.



No.3 A Descent Algorithm for Solving Quadratic BLPPs 237

The above (QBP) can be reformulated as the following single level programming prob-
lem (NP):
mm F(z,y)

St Az + By < by,
y € R(z), >0,

where
R(z) = arg min{f(z,y) | Aoz + Bzy < by, y 2 0}.

Denote
¥ = {(z,y)| A1z + B1y < b1, y € R(z), = > 0}.

On the basis of this reformulation, we can introduce the concept of an optimal solution to
(BLPP).

Definition 2.1. ¥ is called the induced region of (BLPP). (%,7) € ¥ is called an
optimal solution to (BLPP) if F(Z,7) < F(x,y) for any (z,y) € ¥. (Z 17) € ¥ is called
a locally optimal solution to (BLPP) if there is a neighborhood N(Z,7) of (Z,§) such that
F(z,9) < F(z,y) for any (z,y) € ¥ N N(Z, 7).

Denote

A _ | Bs 1 C, G |k _|a
A—[Az]’ B‘[Bz.]’ C‘[cg", Gl el el
In the sequel, we assume that both C and @ are symmetric and positive semi-definite.
For simplicity, we also assume that the set

{(z,y)| Az + By <b, >0, y >0}

is compact. Replacing the lower level optimization problem in (QBP) by the K-K-T opti-
mality condition, we have the following equivalent single level programming problem (SLP):

T
. _1] =z T T T
Zyu F(x’y)_z[y]yc[y]+c [y]
s.t. Qy+Scr+d+ Byu; —uz =0,
Az + By < b, r20,y20,
Uf(bz—Asz—Bﬂl):O, u >0,
ug'y=0, uz >0,

where T = (u] ,u]). Denote by D the feasible set of (SLP). An interesting property of D
can be given if we denote the relaxed feasible set of (SLP) by D, i.e.,

D ={(z,9,%)|Qy+ Sz +d+ Bl u-Lu=0, Ac+By<b >0, y>0, u>0}

where I; = (I1,0), I; = (0,1}), I and I} being the ¢ X ¢ unit matrix and the m X m unit
matrix respectively.

Theorem 2.1. The feasible set D of (SLP) is the union of some faces of D.

Proof. 1Tt is obvious that D C D and D is a polyhedral set in R*+2™+4, For any fixed
(%,9,4) € D, there is a smallest face F of D satisfying (%, §,%) € F. We are only required
to show that F C D. Let the set of all the vertices of F be {(z!,y*,u!),---, (=¥, y*,u*)},

k

where k > 1. There are \; > 0,1 =1,---,k satisfying }_ A; =1 such that
=1

k
(z,7,8) = Z ,yu
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Because (Z,§,4) € D, we have

Z)\ (ul)T(bz —A2Z’\ - BQZ/\,y ) = ul (52 —A227 - Bzy)
i=1 i=]1

Since (z*,y,u’) € D, for i = 1,-- -, k, by the definition of D,
(u{)T(b2_A2xi_B2yi)201 j=1""7k7 ’L=1,,k

Hence,
k
Z/\ ()T (52 —Azz/\ z —Bz}:)\,y)
=1 =1
k k o . » -
=33 A (ud)T (b2 — Aza? — Byy') 2 Z A2(ui)T (by — Asz’ — Bay') > 0.
i=1j=1 i=1
Therefore,

(ui)T(bz — Agzt — Bzyi) =0, for i=1,--,k.

By a similar analysis, we can prove
(u.;)Tyi =0, for i=1,---,k.

SO . . I3
(=*,y',u*) € D, fori=1,---,k.

This implies that F C D. The proof is completed.

Before ending this section, we introduce the definition of two adjacent vertices of a
polyhedral set.

Definition 2.2. Assume z; and z; are vertices of a polyhedral set F'. If the convex
hull conv{z;, 23} of the set {z1, 22} is a face of F, then we call z; and z; the two adjacent
vertices of F.

3. An Observation

In this section, we give a numerical example to illustrate that the steepest descent
method is not necessarily convergent when it is applied to find a local minimum of a quadratic
function on the union of some polyhedral sets. This observation can explain why some
descent algorithms for BLPPs may not converge, even to a local minimum of a bilevel
programming problem.

Consider applying the steepest-descent method to solve the following unconstrained
quadratic programming problem (QP):

min z% + ay?,

where ¢ € R, y € R! and a is a parameter satisfying a > 1. First we prove a lemma as
follows.

Lemma 3.1. For any given initial point (zo,yo) satisfying zo # 0 and yo # O,
the steepest descent method with the exact linear search generates a sequence of infinite
iteration points {(zx,yx)} satisfying

Tp+1Zx > 0, Yk+1 7 0, for any k >0,
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if it is applied to solve (QP).

Proof. We show this lemma by the induction. Without loss of generality, we suppose
that zo > 0 and yo # 0. Assume that ; > 0 and y; # 0 for all j =0,1,---,k, where k is a
nonnegative integer. It suffices to verify that zx+1 > 0 and yzy1 # 0. The steepest descent
direction of the function z? + ay? at (zx,yk) is (—2zk, —2ayx). The linear search generates
the next iteration point (zx(1 — 2¢), yx(1 — 2at)), where

_ _Thtd’y
2(} + a’y})
Because a > 1 and y; # 0, we get that 1 — 2¢ > 0. Hence, x4+, > 0.

It is obvious that 2at # 1. So yx+1 # 0. The proof is completed.
Example 3.1. Consider the following quadratic bilevel programming problem:
min 2% + 4z + (y - 1)?
T
s.t. -2<z <2, -1z, <1,
where y is a solution of
min  y?
yllz
s.t. y—x, >0, y<2
It is not hard to show that the induced region of the above bilevel programming problem is
the union of the following two polyhedral sets:

Q ={(z1,22,9)| —2< 21 €0, -1 <z, <1, y=0}

and
QZ = {(thz,y) lo _<_ Il S 2y -1 S T2 S 17 y= xl}'

Let the initial iteration point be (—2,—1,0). The first iteration point generated by the
steepest descent algorithm in [10] is (-2, 2,0). The objective function value at this iter-
ation point is (22)? + 4 x ()%. By Lemma 3.1, this steepest descent algorithm generates
a sequence of infinite iteration points in the relatively interior set ri2; of ;. It is not
difficult to show that this sequence converges to (0,0,0). However, we can easily show that
(0,0,0) € Q5 is not any local minimum of the bilevel programming problem.

This example reveals that any method based on the technique of the steepest descent
algorithm is not convergent when it is applied to solve quadratic bilevel programming prob-
lems.

4. A New Descent Algorithm

As mentioned in [10], at least one local minimum of (QBP) is an extreme point of
the induced region if the objective function F of the upper level is concave and thus their
descent algorithm terminates finitely at a local minimum of (QBP) under a nondegeneracy
assumption about the induced region. Unfortunately, the conclusion is not true when F
is not concave because the iteration points generated by the descent algorithms for (QBP)
are often not any extreme points of the induced region. In this section, we propose a new
descent algorithm to solve (QBP). Our new algorithm utilizes a particular property of an
extreme point related to the iteration point at each iteration.

Denote

H(w7y9u) = (m,y), for any (iE,y, u) € —D—7

(D) = {(z,y) | (z,y,u) € D},
Az, y) = {u](z,y,u) € D}, for any (z,y) € II(D).
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Let H be a polyhedral set in R"t2™+4 and z be a vertex of D. We denote by E(H) the set
of all the vertices of H, and by A(z) the set of all the vertices adjacent to z in D. If z € D
and G is a nonempty convex subset of D, we denote the smallest face of D including z and
G respectively by S(z) and S(G).

Denote by h'(z;d) the directional derivative of h at z in the direction d. Now we can
state our new descent algorithm as follows.

Algorithm 4.1.

Step 0. Find an initial feasible solution (zg,yo) of (QBP) and let k = 0.

Step 1. Set Vi = ¢.

Step 2. If E(A(xk,yk)) = Vi then stop, and (zk,yk) is a locally optimal solution to
(QBP); otherwise, proceed.

Step 3. Take a @ € E(A(zk,yx)) \ V.

Step 4. Take a zx € E(S(zk,yx, 7)) and let Ax = ¢.

Step 5. If A(zx) N D = Ag, then set Vi =V, U {@} and go to Step 2; otherwise, proceed.
Step 6. Takea z € A(zx)N D\ Ag.

Step 7. If F(z) < F(xk,yk), then set (zry1,yr+1) = II(2), k = k + 1 and go to Step 1;
otherwise, proceed.

Step 8. If F'((zk,yx); I1(Z) — (&, yk)) > O, then set Ax = Ax U {2} and go to Step 5;
otherwise, proceed.

Step 9. If %((wk,yk,ﬁ) + %) & D, then set Ax = A, U {Z} and go to Step 5; otherwise,
proceed. :

Step 10. Choose a maximal face T of D satisfying {(xk,yx, @), 2} C T C D and solve the
following quadratic programming problem (QP)r

min  F(z,y)
z’y’u

st. (z,y,u) €T.

Let (T+1,Yk+1) € II(arg min{F(z,y)|(z,y,u) € T}), k=k+1 and go to Step 1.

Before discussing the finite convergence of the algorithm, we illustrate this algorithm
via a numerical example.

Example 4.1. Consider the following quadratic bilevel programming problem:

2ne 1 4\2
. - - 2 = - _ =
iy (“" )*+ ( T2 5) +2(y 5)

1
s.t. yea.rgm’fn{ y —y—x1y+3x2y|0<y<1}
z1 <1, z2<1.

Take (1,0,1) as the initial iteration point. It is easy to verify that A(1,0,1) = {(0,1)}
and that (1,0,1,0,1) is a vertex of D. In the first iteration, we get a descent vertex
( , 3,1 0, 0) of D and then the first iteration point (1, 3,1) with A(l, 3,1) = {0,0}. In
the second iteration, the vertex ( s 3,0 0, 0) of D is found to get a descent direction. We
choose T' = {(z,y,u) |[y—21+3z2 =1, uy =0, up =0,0<7; <1,0<22 <1, 0<y < 1}
T is a maximal face of D satisfying {(1, £0,0, 0) (1, é,l 0, 0)} C T C D. Solving the
corresponding quadratic programming problem (QP)r:

2 2 1 4 2
1 e EACINE YO
(e9u)20 (xl )"+ (xz 5) *3 (y 5)

s.t. —(E1+3.'L'2—1, 'L£1=0, 'U.2=0,
0593131, OS$2S17 OSySL
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we get the second iteration point (1,2, %). It is easy to show that A(1, %, 2) = {(0,0)}. In
the third iteration, no extreme descent direction can be found and the algorithm terminates
at the local minimum (1,2, %). In fact, (1,2, %) is also a global minimum of the problem
discussed in this example.

At the k-th iteration of the above descent algorithm, we implicitly enumerate the ver-
tices of A(z*,y*). For each vertex u of A(z*,y*), we check whether or not (z*,v*,u) is
a local minimum of (SLP). If not, a new face of D is found to generate a new iteration
point. The objective value of the upper level decreases as the algorithm is iterated. The
crucial step in the algorithm is to choose a vertex z* of the smallest face T of D satisfying
(z*,y*,u) € T and to check all the vertices in D which are adjacent to z*. If a feasible
descent vertex or a feasible descent vertex direction is found, then the required face can be
easily constructed. Otherwise, we can conclude that (z*,y*,u) is a local minimum of (SLP).
If (z*,y*,u) is a local minimum of (SLP) for each vertex u of A(z*,y*), then (z*,4*) is a
local minimum of (QBP). When a descent direction is found, we solve a convex quadratic
programming problem instead of a linear search. This can avoid searching repeatedly in one
face of D and guarantee the finite convergence of the algorithm.

Now we apply the new descent algorithm to solve the quadratic bilevel programming
problem given in Example 3.1. We denote by D g the relaxed feasible solution set of the single
level programming problem converted by replacing the lower level programming problem
with the K-K-T optimality condition, i.e.,

Dg = {(z1,z2,y,u1,u2) | —2<2, <2, —-1<22<1, y—21 >0, y <2, uy >0, up >0}.

Taking (—2,—1,0) as the initial point, we have that A(z,y) = {(0,0)}. It is easy to verify
that (=2, —1,0,0,0) is a vertex of Dg. At the first iteration, (0, —1,0,0,0) is found which is
a feasible descent vertex of Dg and is also a point in D adjacent to (-2, —1,0,0,0). Thus,
we get the first iteration point (0,—1,0). At the second iteration, the vertex (0,1,0,0,0)
provides a feasible descent direction. We construct a maximal face Ty of Dg satisfying
{(0,-1,0,0,0), (0,1,0,0,0)} C T; C D as follows:

Ty = {(z1, 22,9, u1,u2) | —2< 21 <0, -1 <22<1, y=0, u; =0, up =0}.
Solving the corresponding subproblem (QP)7:

min  F(z,y) = z? + 422 + (y — 1)?
s.t. (z1,22,¥,u1,u2) € T3,

we get an optimal solution (0,0,0,0,0). Thus, the second iteration point is (0,0,0). It is
obvious that

S(0,0,0,0,0) = {(171,132,’!],11:1,“2)' -1 S T2 S 1, T = 07 y= 07 Uy = 07 Ug = 0}'
The point (0, 1,0,0,0) is a vertex of S(0,0,0,0,0) and the vertex (2, 1,2,4,0) of Dg provides
a feasible descent direction. The maximal face T3 of D satisfying {(0, 0,0,0,0), (2,1,2,4, 0)}
C T3 C D can be constructed as follows:
T3 = {(z1,22,9,u1,u2) |[0< 21 £ 2, =1 <22 £ 1, y =21, wg =2y, uz =0}

Solving the following quadratic programming problem (QP)p:

min  F(z,y) = 2% +423 + (y — 1)?
s.t. (:L'1,$2,y7 u17u2) € T3’



242 ACTA MATHEMATICAE APPLICATAE SINICA Vol. 16

we get an optimal solution (4,0,%,1,0). Hence, the third iteration point is (3,0,2). Itis
not hard to show that among all the faces of Dg, T is also the smallest face of Dz which
includes (%, 0, %, 1, 0) . We can not find any feasible descent direction at this iteration point.
Because A(%,O, -é-) = {(1,0)}, we can conclude that (%,0, %) is a locally optimal solution
of the quadratic programming problem in Example 3.1. In fact, it is a globally optimal
solution to this bilevel programming problem.

5. Finite Convergence

First we prove three lemmas.

Lemma 5.1. Let (£,7) be a feasible solution of (QBP). If (£, 7, @) is a locally optimal
solution of (SLP) for any vertex @ of A(Z,7), then (Z,7) is a locally optimal solution of
(QBP).

Proof. Suppose that (Z,7,%) is a locally optimal solution of (SLP) for any vertex @ of
A(Z,9). If (,7) was not a locally optimal solution of (QBP), there would be a sequence of
feasible points {(z;,:)} of (QBP) converging to (£,7) and satisfying

F(ziayi)<F(frg)r fOl"l:=1,2,"'.

Choose a vertex u; of A(xz;,y;) for i =1,2,---. There must be a subsequence {ui;} of {u;}
which converges to @. It can be verified that @ is a vertex of A(Z,7). This contradicts the
assumption that (Z,%,4) is a locally optimal solution of (SLP). Hence, (Z,7) is a locally
optimal solution of (QBP). The proof is completed.

Lemma 5.2. Let (Z,4,4) € D. If F(,7,4) < F(z) for any face T of D satisfying
(%,5,8) € T C D and any z € T, then (Z,7, @) is a locally optimal solution of (SLP).

Proof. Suppose that F(Z,7,a) < F(z) for any face T of D satisfying (z,5,8) € T C D
and any z € T. If (Z,7,4) was not a locally optimal solution of (SLP), there would be a
sequence of points {(z;,¥:,u;)} in D converging to (Z,, %) and satisfying

F(z;,y:,w) < F(&,9,8), for i=1,2,---.

Because there are only finite faces of D, there are a subsequence {(z:, , ¥i,, i, )} of {(z:, %i,u;)}
and a face T of D such that

S{zs,, Vi, i) =T, for k=1,2,---.

Therefore, (Z,7,4) € T and S(Z,7,4) C T. From Theorem 2.1, we have T € D.
This contradicts the assumption that F(Z,§,%@) < F(z) for any face T of D satisfying
(%,9,8) € T C D and any z € T. So (%,7,%) is a locally optimal solution of (SLP).

Lemma 5.3. Let (%,7,%) € D and z € E(S(z,9,4)) with F(2) > F(z,5,a). If
F'((z,9,8); z - (7, @)) > 0 for any z € A(2) N D satisfying %(z +Z) € D, then (Z,7,4) is
a locally optimal solution of (SLP).

Proof. It suffices to verify that the condition of Lemma 5.2 is satisfied if F’ ((Z, §, @); z—
(2,9,1)) > 0 for any z € A(Z) N D satisfying 1(z + 2) € D. Let T be a face of D satisfying
(%,9,8) € T C D and z be a point of T. Thus there are a positive integer ¢, ¢ numbers
A; > 0 and ¢t points z; € A(Z)NT,i=1,...,t such that

Z=2—|—ZA;(Z§—2). (1)

=1

K i
IFY A< let Ap=1~ 3 A and 25 = Z. Note that

=1 =1



No.3 A Descent Algorithm for Solving Quadratic BLPPs 243

t
F'((2,9,3); - (8,5,9) = »_ NF'((&,9,8); % - (2,5,8)) 2 0.
By the convexity of F', we have
F(2) > F(z,9,1).

t
Now we suppose »_ A; > 1. We have

=1
(2,9,4) = poZ + Z Hiz; + z Kizi ()

where pg > 0, u; > 0 and z; € E(S(i',y,ﬁ)) NA(Z) for i = 1,2,---,t1, p; > 0 and

ty t
z; € E(S(ﬁ,ﬂ,ﬁ)) \VA(Z) fori =t +1,---,ty and > p; + 22: p; = 1. Without loss of
i=0 i=t+1

t

generality, we can assume t; <t Let M = Y A;, gy =0fori=1¢,+1,---,£and A; =0 for
i=1

i=t+1,---,t5. By (2), we can replace Z in (1) by (,#, @). Therefore,

t2
1
T > (podi + (M ~ i) (2 - (2,5, @) + (2,9, 9)-
=0
Similarly, we can also get
F(z) 2 F(2,5,%)-

This completes the proof.

Now we can state our main result as follows.

Theorem 5.1. Algorithm 4.1 finds a locally optimal solution of (QBP) in a finite
number of iterations.

Proof. The algorithm generates a new iteration point which is a globally optimal
solution of the objective function F(z,y) of the upper level on a face of D at each iteration.
Because D has only a finite faces and any face of D is at most checked once, the algorithm
is determinate after a finite number of iterations. By Lemmas 5.1, 5.2 and 5.3, the final
iteration point generated by the algorithm is a locally optimal solution of (QBP).

6. Conclusions

We have presented a new descent algorithm for selving quadratic bilevel programming
problems. The algorithm finds a locally optimal solution to a quadratic bilevel programming
problem in a finite number of iterations. No assumption of any strict convexity is made to the
lower level optimization problem when applying the new descent algorithm to solve QBPPs.
But such an assumption is necessary for the other algorithms applied to solve quadratic
bilevel programming problems. From the proofs of Theorem 5.1 and Lemmas 5.1, 5.2 and
5.3, we observe that Algorithm 4.1 can also be applied to solve the bilevel programming
problems in which the upper level objective function is convex but not necessarily quadratic
and that the algorithm terminates at a locally optimal solution of the problem in a finite
number of iterations in this situation. When the upper level objective function is not convex,
the algorithm can still be applied without any modification and the algorithm terminates in
a finite number of iterations as well. In this case, however, the final iteration point is not
necessarily a locally optimal solution of the bilevel programming problem.

The main feature of the new descent algorithm is its finite convergence. The maximal
number of iterations is not more than the number of the faces H of D satisfying H C D.
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If the set of all the optimal solutions of the lower level optimization problem in a
general quadratic bilevel programming problem is not a singleton, most of the methods
based on sensitivity analysis can not be applied to solve the bilevel problem because no
descent direction can be found at an iteration point in this situation. In Algorithm 4.1,
the extreme point algorithm for linear-quadratic bilevel programming problems proposed in
[10] is applied, with some modifications, to find a descent direction for a convex quadratic
bilevel programming problem. Hence, the algorithm proposed in this paper possesses the
main advantage of the extreme point algorithm even when the iteration point is not an
extreme point of the induced region.

Finally, we would like to mention that computational experiments are required to be
made to test this new descent algorithm. We will report the numerical results in a separate

paper.
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