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Dynamical Sources in Information Theory:
Fundamental Intervals and Word Prefixes

B. Vallée!

Abstract. A quite general model of source that comes from dynamical systems theory is introduced. Within
this model, some basic problems of algorithmic information theory contexts are analysed. The main tool is a
new object, the generalized Ruelle operator, which can be viewed as a “generating” operator for fundamental
intervals (associated to information sharing common prefixes). Its dominant spectral objects are linked with
important parameters of the source, such as the entropy, and play a central rdle in all the results.
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1. Introduction. Ininformation theory contexts, dataitems are (infinite) words that are
produced by a common mechanism, called a source. Real-life sources are often complex
objects. We introduce here a general framework of sources related to dynamical systems
theory which goes beyond the cases of memoryless and Markov sources. This model can
describe non-Markovian processes, where the dependency on past history is unbounded,
and as such, they attain a high level of generality.

A probabilistic dynamical source is defined by two objects: a symbolic mechanism
and a density. The mechanism is related to symbolic dynamics and associates an infinite
word M (x) to areal number x of the [0, 1] interval. It can be viewed as a generalization of
numeration systems, the binary expansion of areal x, or the continued fraction expansion
of the real x being well-known instances. Once the mechanism has been fixed, the density
f on the [0, 1] interval can vary. This then induces different probabilistic behaviours for
source words: for instance, the distribution of the binary expansions of reais depends on
the distribution of the reals themselves. The dependence on the initial input distribution
has already been considered by Devroye [8] when he studies digital trees associated to
the simplest source, the Bernoulli source. We treat here a more general model defined
from a general dynamical source and a general initial input distribution, which we call
a probabilistic dynamic source.

In probabilistic dynamic contexts, an important tool is the Ruelle transfer operator:
it is classically used as a “generating operator” since it can easily generate objects that
are essential in the analysis. Here, we are interested in problems which come from
computational information theory. Most of the problems in this area deal with prefixes of
words. All the source words which begin with the same prefix “come from” an interval
of [0, 1] that is called a fundamental interval. However, the classical Ruelle operator
cannot generate both ends of these intervals at the same time, so that it is not adequate in
information theory contexts. We thus devise a new tool, the generalized Ruelle operator,
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that acts on functions of two variables and relates to an earlier generalization of [39]. Like
inits classical version, the generalized Ruelle operator depends on a complex parameter s.
The operator is now a “generating” operator for fundamental intervals; more precisely,
it makes it possible to express the Dirichlet series of fundamental intervals that plays a
central rle in all the analyses of the paper.

Furthermore, positivity properties of the (generalized) Ruelle operator (for real values
of parameter s) entail the existence of dominant spectral objects. In particular, we prove
the existence of the dominant eigenvalue function A(s) defined in the neighbourhood of
the real axis. This function intervenes everywhere in the analysis of the source. First,
the main intrinsic parameters of the source, like the entropy h(S) and the coincidence
probability c(S), are proven to be independent of the initial density f on the unit interval;
they depend only on the mechanism of the source and they satisfy

rS) = —2'(), c(S) = 1 (2).

More generally, the dominant eigenvalue function intervenes in all the results of the
paper.

(i) The number B(x) of finite prefixes whose occurrence probability is at least equal
to x (for x — 0) is analysed. It satisfies, for “most” of the sources,

-1 1
B(x) ~ ) x for x — 0.

(ii) The distribution of the prefixes of length k is shown to follow asymptotically a log-
normal law, for “most” of the sources. This proves a strong *“equipartition property”,
in the flavour of the Shannon-MacMillan-Breimann Theorem. The dominant be-
haviours of the mean and the variance involve the first two derivatives of the function
logi(s) ats = 1.

(iii) The coincidence between two source words, i.e., the length of their longest common
prefix, is shown to follow a geometric law asymptotically. The ratio of the geometric
law depends on the drawing of the words. If the two words are independently drawn,
then the ratio equals A(2). More generally, the ratio equals A(2 4-r) where r > —1
is a parameter which is linked to the drawing of the words.

REMARK. In the first two results, we use the informal term “most of the sources”. The
exceptions correspond to very particular cases that will be precisely characterized.

The two simpler models of sources are memoryless sources, where symbols in words
are each emitted independently of the previous ones, and Markov chains, where the
probability of emitting a symbol depends solely on a bounded part of the past history.
Other common instances of sources studied in the literature are only that of stationary
ergodic sources, which possess good “mixing” properties, see for instance the work of
Szpankowski et al. [36}, [37]. To the best of our knowledge, the only instance of an
explicit source with unbounded history dependency considered in the literature is that
of continued fraction representations [13]. Our probabilistic dynamical source model
encompasses all the usual models previously studied so that our approach both unifies
previous analyses in a powerful way and extends previous results.
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Plan of the paper. Section 2 describes the general framework of dynamical sources,
and defines fundamental intervals, as well as two basic parameters of the source, the
entropy and the coincidence probability. Section 3 is devoted to the description of the
main questions. It is shown that all of them involve the Dirichlet series of fundamental
measures. In Section 4 we introduce the generalized Ruelle operator, and show how
it generates the fundamental measures. In Section 5 we then transfer the properties of
the operator on the Dirichlet series of fundamental intervals, and we relate dominant
spectral objects of the Ruelle operator to basic parameters of the source, like the entropy
and the coincidence probability. In Section 6 we study more precisely some important
properties of the dominant eigenvalue. We obtain classification results that will help
to characterize the exceptions. With the results obtained in Sections 5 and 6, we can
return to our questions and solve them in Sections 7-9. We conclude with an example
in Section 10.

We focus here on the application of this model to problems which involve words, and
more precisely word prefixes. A companion paper (a joint work with Julien Clément
and Philippe Flajolet) deals with further analyses on an important class of trees used in
information theory: the digital trees (or tries). The main tools that we introduce here,
as the generalized Ruelle operator, or the Dirichlet series of fundamental intervals, also
play a central r6le there. Thus, the companion paper will make great use of Sections 2
and 4-6 of this paper.

2. Probabilistic Dynamical Sources. Here, we describe the general framework of
probabilistic dynamical sources. First, we introduce symbolic dynamical sources, with
two different possible mechanisms—basic, Markovian. These mechanisms are associ-
ated to dynamical systems defined from expanding analytical maps of the interval. Then,
when endowing the unit interval with some (analytical) density, we define the concept
of probabilistic dynamical sources. Finaily, we present the notion of fundamental inter-
vals, fundamental measures, and two basic parameters of the source, the entropy and the
coincidence probability.

2.1. Basic Symbolic Dynamical Sources. In information theory contexts, a source is
a mechanism which produces infinite words written on an alphabet M. We are first
interested here in sources that are associated to basic dynamical systems, where the
mechanism is the same at each step.

DEFINITION 2.1 (Basic Symbolic Dynamical Source). A basic dynamical source is de-
fined by four elements:

(a) An alphabet M included in N, finite or denumerable.

(®) A topological partition of Z := ]0, 1{ with disjoint open intervals Z,,, m € M, i.e.,
I= UmeM In.

(c) A mapping o which is constant and equal to m on each Z,,.

(d) A mapping T whose restriction to each Z,,, is areal analytic bijection from Z,, to Z. Let
h,, be the local inverse of T restricted to Z,, and let H be the set H := {h,,, m € M}.
There exists a common complex neighbourhood V of T on which the set  satisfies
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the following:

(d1) The mappings h,, extend to holomorphic maps on V, mapping V strictly inside
V@e, h, (V) C V). -

(d2) The mappings |h,,| extend to holomorphic maps h,, on V and there exists
8» < 1forwhichO < |Ap,(2)| <8, forz € V.

(d3) There exists y < 1 for which the series Y, .1, 85, converges on R(s) > y.

REMARKS. We call such a dynamical source basic because of the equalities T{(Z,,) = Z.
Elsewhere in the literature, it is only asked of a dynamical system that the image T (Tn)
is a union of some elements Z; of the partition. Conditions (d1) and (d2) express that
the inverse branches 4, are contractions, or that T is expansive. Condition (d3) always
holds for a finite alphabet (with y = —00); it is only useful for infinite alphabets.

It is sufficient that an iterate of T satisfies conditions (d). For instance, the mapping T
associated to a continued fraction source does not fulfil conditions (d1) and (d2) but the
iterate T2 does.

The words emitted by the source are then produced as follows: The mapping T: 7 —
7 (almost everywhere defined) is used for iterating the process, as a shift mapping; the
mapping o: I — M is used for coding. The word M (x) of A associated to a real x
of 7 is then formed with the symbols

ey M(x) == (My(x), Ma(x), ..., My(x),...),

where the kth component My (x) of M(x) is equal to o(T*~'x), while the kth prefix
Pr(x) of M(x) is equal to

)] Pi(x) := (M (x), Ma(x), ..., My (x)).

The number of branches of T equals the cardinality of the alphabet, and the alphabet is
used for coding the distinct branches of T, or the distinct inverse branches of T which
are denoted h,,. Here, h,, is a bijection from Z to Z,,, which coincides with the inverse
of the restriction of T to Z,,,.

Memoryless sources. All the memoryless sources can be described in the basic dynam-
ical framework. A source is said to be memoryless when the random variables M are
independent and follow the same law. The Bernoulli source associated to a probability
system P = (pm)mem (finite or denumerable) is the source where all the components
M, are independent and follow a Bernoulli law of parameters (p,)me m. The topological
partition of Z is then defined by

T = Mm qmail,  where gm =Y pj;
j<m

the restriction of T to 7, is the affine mapping defined by 7'(g,,) = O and T (gm+1) = 1.
Special cases of importance are the b-ary expansion transformations that are defined

by
(3) T(x) = {bx}, o(x) = [bx],
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where [u] is the integer part of u and {#} = u mod 1 = u — [u] is the fractional part of u.
These transformations give rise to the b-ary expansions of x in base b and are associated
to symmetric Bernoulli sources (i.e., Bernoulli sources where all p;’s are equal).

Continued fraction expansion. This general framework may also create quite different
sources, with memory. It is sufficient to use a mapping T with at least one non-affine
branch. In a sense, it is the derivative T’(x) that keeps memory of previous history. The
continued fraction transformation is an example of this situation. The alphabet is N, the
topological partition of 7 is defined by Z,, := ]1/(m + 1), 1/m[, and the restriction of
T to Z,, is the decreasing function T'(x) := (1/x) — m,

1 1
4 Ter(x) = [;] , ocr(x) = [;] ,

where [u] is the integer part of u and {#} = u mod 1 = u — [u] is the fractional part of
u. This transformation gives rise to the continued fraction expansion of x.

The inverse branches are all the linear fractional transformations (LFTs) 4,, defined
by A (x) := 1/(x + m). The first branch #; does not satisfy (d1) and (d2), but the set of
the LFTs h,, o h, satisfies conditions (d).

2.2. Markov Symbolic Dynamical Sources. Until now, the shift T used at each stage
is always defined in the same way. Very often, the modelling of more realistic sources
leads to the use of a shift that depends on the last emitted symbol. This gives rise to
so-called Markov sources.

DEFINITION 2.2 (Markov Symbolic Dynamical Sources). Let M be a finite alphabet
of cardinality r, and let S = (Sp, Sy, 53, ..., Si, ..., S;) beaset of r + 1 different basic
dynamical systems, all defined on the same alphabet M. A Markov dynamical source
is then defined as follows: the basic dynamical system Sy is used to begin with, and the
dynamical system S; is chosen when the previously emitted symbol is j.

We describe more precisely the mechanism of the source. One thus associates to a
real x of Z an infinite word M (x) on alphabet M, as in (1),

) M(x) = (Mi(x), ..., My(x),...),
together with the sequence of the iterates of the real x,
(6) TV, T? ), ... TR ), ..,

that are now defined by the initial conditions M, (x) := og(x), TV (x) := To(x), and
the recurrence relations

) if Mi(x) =, then T%+V(x):= TH(T* (x))
and M1 (x) := oy (T (x)).

Like previously in the case of a basic source (2), the kth prefix Py (x) of M(x) is equal to

6y Pe(x) := (My(x), Ma(x), ..., Mi(x)).
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Each shift T} is associated to a topological partition (Z;);) (1 < i < r) of the unit interval
Z, and satisfies hypotheses (d) of Definition 2.1. We denote by (T;;) (1 < i < r) the
branches of T}, so that T;y; is a real analytic bijection from Z;); to Z, that is required to be
expansive. The inverse branches of T; are denoted by h;j;, so that h;;; is a real analytic
bijection from Z to Z;); that extends to a holomorphic map on V, mapping V strictly
inside V (i.e., hyj(V) CVforl <i<r,0<j<r).

The usual model of Markov chains of order 1 is then relative to the case when all
the S;’s are Bernoulli systems. More precisely, if the system S; is a Bernoulli system of
parameters I1; := (pij;)i<, the transition matrix IT of the Markov chain is the square
matrix r X r,

IT:= (py;), 1<i,j=<r
and the initial probability system is the vector ITg.

Relation between Markov sources and general dynamical systems. Any Markovian
source can be associated to a (general) dynamical system (see Figure 1). We take r + 1
copies of Z, for instance Zy := Z = 10, 1{ and Z; := ], j + 1{. Denoting by &, the
translation ¢, (x) := x + m, we then define, for1 <i <rand0<j <r,

T, ;= 9;(Zy) ), T = d’iOTin(bj_l,

so that T;, ; is now a bijection from Z; ; on Z;. The system S associated to quasi-partition
T;,; of 10, r + 1[ and to branches T; ; is a dynamical system (that is no longer basic).
One can use both interpretations of a Markovian source, but, here, we prefer stay in
the unit interval and we adopt the first formalism which is closer to the intuition behind
Markov chains. This is the point of view that has been adopted by Ruelle himself [29].

. : . s
1 2 E]

o 1/ [ 178 1
! 51 83 Ti0 Ia,0 I1a I2,1 i3 I3,2

Fig. 1. Relation between a Markov source (defined by three basic sources S, S1, S7) and the corresponding
general dynamical system.
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2.3. Fundamental Intervals and Prefixes. We consider now the kth iterate of the shift.
In the case of a basic source, this is the true kth iterate of 7. In the case of a Markovian
source, this is the shift 7 defined in (7). Each branch (or each inverse branch) of the
kth iterate of the shift is called a branch (or an inverse branch) of depth k. The depth of
the inverse branch 4 is denoted by |k|. An inverse branch & of depth % is then associated
in a unique way to a finite word W (k) = (m;, ma, ..., mi) of length k which keeps the
memory of the choices. In the basic case, each inverse branch of depth k associated to
(my, ma, ..., mg) is of the form

(9) h=hml0h,n20"'0hmk,
where h; denotes the ith branch of T. In the Markov case, it is of the form
(10) h = Rm 10 0 Pmyim, © - © Pyl -

For a finite alphabet of cardinality r, there are r* branches of depth k. We denote by H
the set of branches of depth k. Cyclic branches, i.e., branches for which the associated
word begins and finishes with the same symbol, play an important role in the case of
Markov sources. We denote by C and C[i] the set of cyclic branches and the set of cyclic
branches that begin and finish with symbol ;. In the same vein, Ci, C¢[i] denote the same
objects of fixed depth k.

We now present one of the main objects of the paper.

DEFINITION 2.3 (Fundamental Intervals). The fundamental interval relative to the in-
verse branch A is the transform Z, := h(Z) of the unit interval Z by the inverse branch
h. Its depth is the depth 4| of A. The fundamental intervals of depth 1 are thus exactly
the intervals of the initial partition. A fundamental interval Z;, of depth k is formed with
all the real numbers x of Z which produce a word M (x) whose prefix Py (x) of length k
is exactly the finite word associated to A.

2.4. Probabilistic Dynamical Sources. In what follows, we are interested in proba-
bilistic dynamical sources, where the words are emitted by the mechanism of the source,
but also with a prescribed distribution which depends on a density on the unit interval.

DEFINITION 2.4 (Probabilistic Dynamical Sources). Let S be a dynamical source (ba-
sic or Markovian) and let f be a real analytic density on interval 7 that extends to an
analytical function on V. Let F be the associated distribution function. The pair (S, F)
is called a probabilistic dynamical source. The set M* of the words produced by the
dynamical probabilistic source (S, F) is the set M(T) endowed with the probability
induced from f by M.

In this context, the measure u,, of the fundamental interval 7,
1) uy = |F(h(0)) — F(h(1)}|,

associated to an inverse branch & defined in (9) or (10), plays an important réle, since it
equals the probability that a source word begins with the prefix of M* relative to h. It is
called the fundamental measure relative to h.
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More generally, when studying two source words M (x) and M(y) independently
drawn from the same probabilistic dynamical source (S, f), the square 7 x T is endowed
with continuous density g(x,y) = f(x)f(y), and 1 denotes the associated measure
on the square 7 x 7. In this context, the measure (Cj) of the fundamental square
Cyp = Iy x I is equal to uﬁ and it plays an important role, since it represents the
probability that two source words both begin with the same prefix relative to 4.

2.5. Dirichlet Series of Fundamental Intervals. Entropy, Coincidence Probability. The
entropy h(S, F) relative to probabilistic dynamical source (S, F) is defined as the limit,
if it exists, of a quantity that involves the fundamental measures uy,

-1
h(S, F) := lim — )
(12) (8, F) = Jim — ,;#uhloguh

In the same vein, the probability that two independent words have the same prefix of
length k equals Zl hi=k u?. Since this quantity generally appears to decrease exponentially
with k, it is natural to define the coincidence probability c(S, F) as the following limit,
if it exists,

1/k
(13) (S, Fy = klﬁ(Z u,3> .
|h|=k

More generally, for an integer b > 2, the b-coincidence probability c,(S, F), defined as
1/k
NIRRT b
(14) c(S, F) := lim (lgz:k uh> :

is related to the probability that b independent words have the same prefix of length k.
The previous three definitions involve the series of fundamental measures of depth k,

(15) Ae(F, )=y ui =Y |F(h(O) — Fh(D)F,
|h|=k |hi=k

since

16 1S, F) = lim =L Au(F

( ) ( s )—kLngOTd_s k( 9s)|s=11

7D oS, F):= lim [A(F, Wk, (S, F) = Jlim [Ax(F, )

We show in what follow that the quantities Az(F,s) defined in (15) asymptotically
behave as the kth power of a certain function A(s) that is well defined and analytic near
the real axis. The three objects defined in (12)—(14) depend only on the mechanism S.
They are independent of the distribution F and can only be expressed with the function
A(s) as

n(S) = - (1), c(S) = A(2), cp(S) = A(b).
They play an important r6le in all our analyses.
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2.6. Comparing with Other Models of Sources. First, our model encompasses the
most usual sources, like memoryless sources, or Markov chains, but also most of the
main numeration systems such as those associated to base b or to continued fraction
expansion. Since the model is not only symbolic, but also probabilistic, it is possible
to examine properties of the expansions (for instance dyadic expansions or continued
fraction expansions) of numbers that are not uniformly distributed on the unit interval.

More generally, the sources studied in information theory are essentially ergodic and
stationary, We show in what follows that our sources are all ergodic, but not necessarily
stationary. Moreover, the proposed framework encompasses essentially all the instances
of sources that satisfy some “easy” sufficient conditions of ergodicity (for instance,
unicity of the invariant measure and mixing).

3. Distribution of Prefixes Source Words

3.1. Three Questions about Prefixes. Generally, in information theory contexts, we are
interested in three basic questions about the probability that given source words appear.
All these questions concern prefixes of words and can be easily translated into questions
about fundamental measures.

(i) Evaluate the number B(p) of finite prefixes whose probability is at least equal
to p (for p — 0). The number B(p) is alternatively defined as the number of
fundamental measures at least equal to p.

(ii) Describe the distribution of the prefixes of the same fixed length k. Alternatively,
describe the distribution of the fundamental measures of depth k. More precisely,
we let £;(x) = u;, when x belongs to the fundamental interval £ (Z) of depth k.
Since the fundamental intervals of depth & form a quasi-partition of Z, the random
variable £, is almost everywhere defined on Z and we examine characteristics of
its distribution when x is distributed over the interval 7 according density f.

(iii) Describe the coincidence between two source words, i.e., the length of their longest
common prefix. For two words M(x) and M(y), one defines C(x, y) to be the
length of the longest common prefix of M (x) and M(y),

C(x, y) = Max{k € N; P(x) = P (y)}.

Then C is a random variable almost everywhere defined on the square Z x Z and we
examine characteristics of its distribution when (x, y) is distributed over the square
7Z x T according density g(x, y).

3.2. The Main Results. Our main results all involve the dominant eigenvalue A(s)
of the Ruelle operator; they are the following: For all the dynamical sources, but the
exceptional ones:

(i) The number B(p) of fundamental intervals whose measure is at least equal to p
satisfies

B >~ for — 0.
(o) 7 p o

This result is true provided that the function s — A(s) is not periodic (Theorem 2).
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(ii) The variable log £; follows asymptotically a normal law (for ¥ — 00), provided
that log A(s) is strictly concave; the mean is asymptotically equivalent to kA'(1);
the variance is asymptotically equivalent to k[A”(1) — A’(1)?] (Theorem 1).

(iii) The variable C follows asymptotically a geometric law. The ratio of the geometric
law depends only on the behaviour of the initial density g near the diagonal x = y
of the unit square. If g has valuation r near the diagonal, i.e.,

(18) glx,y) =lx —yl"lx,y)

with £ defined in the square and strictly positive in the unit square, and r > —1,
then the ratio is of the form A(2 + r) (Theorem 3).

Furthermore, we give a precise characterization of exceptional dynamical sources (Propo-
sition 11). There are two kinds of exceptional sources, both related to exceptional prop-
erties of the dominant eigenvalue A(s). The first one is relative to the case when the
dominant eigenvalue A(s) is periodic and intervenes as an exception for the first result.
The second one is relative to the case when the dominant eigenvalue A(s) is log-affine
(i.e., log A(s) affine) and intervenes as an exception for the second result. We prove that
exceptional sources are quite similar to the two simpler sources, memoryless sources
or Markov chains, where all branches are affine and we conjecture that exceptional
sources can only belong to one of these simpler models: a “complex” source cannot be
exceptional.

3.3. Asymptotic Normality of the Variable log £;. We describe now how the quantity
Ay (F, 5) plays a central rdle in this question. The random variable £ is a step function
that is constant on any fundamental interval h(Z) of depth k (and equal to u;). For
studying the distribution of the random variable log £, we use its moment generating
function,

M, (s) := E[exp(s log £,)] = E[£;],

which satisfies

(19) Mi(s) =) ujun= ) upt = Ay(F, 1 +5).
Vh)=k {h)=k

We will prove that A;(F, 1 + s) behaves nearly like the kth power of a fixed analytic
function A(1 4+ 5). The central limit theorem of probability theory asserts that exact large
powers induce Gaussian laws in the asymptotic limit. Here, we use an extension of the
central limit theorem to “quasi-powers” which has been developed in a general setting
by Hwang [16]. This extension is valid provided that the function log A(s) is strictly
concave at s = 1. We show that this is the case for most of the sources, but not for those
that behave like an unbiaised Bernoulli source.

3.4. Longest Common Prefix of Two Words. For two words M(x) and M(y), one
defines C(x, y) to be the length of their longest common prefix,

C(x,y) = Max{k € N; Pc(x) = B(0)}.
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Then C is is a random variable almost everywhere defined on the square Z x Z. The
event C(x,y) > k is formed with all the points (x, y) such that prefixes Py(x) and
P(y) are the same. Then x and y belong to the same fundamental interval of depth %,
and

[C=kl={]ZxT
hl=k
In the case when the two words are independently drawn from the same probabilistic

dynamical source (S, f), the measure on the square is defined as the product of the two
measures associated to the initial distribution F, so that

Pr(C > kl= ) u} = Au(F,2).

lhl=k

Again, the Dirichlet series of fundamental measures appear, now at s = 2; we shall
prove that more general probabilistic settings involve the Dirichlet series Ag(F, s) for
other real values of s that are related to the choice of words distribution.

3.5. Asymptotic Behaviour of the Number of the Most Probable Prefixes. We recall
that we wish to describe the asymptotic behaviour of function B defined as

B(x) = }:‘ 1

hup>x

when x tends to 0. Here, the central rle is played by the Dirichlet series of all fundamental
measures (of any depth)

200 A(F.5) =Y uh =Y |F(©0) — F(D) =Y Ac(F,s).
h h

k>0

This function A(F, s) intervenes because of the relations

21 A(F,s)=s / B(x)x*'dx,
0
22) A(F,5) = sf A(y)e ¥ dy with  A(y) = B(e™?),
0

that show that A(F, s) has two integral forms that are related to function B: the first
integral form (21) defines A(F, s) to be the Mellin transform of function B, and the
second one (22) defines A(F, s) to be the Laplace transform of function A. So, it is
a well-known fact that the location of poles of A(F, s) gives some knowledge on the
asymptotics of B near 0, and we shall prove the following facts:

The function s — A(F, s) is analytic in the plane R(s) > 1, and it has a simple pole
at s = 1. Near the line R(s) = 1, there are only two possible cases:

(a) The periodic case: A(F,s) has other poles on the line, and they are regularly
distributed on the line. There is a strip & < R(s) < 1 that is free of poles.
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(b) The aperiodic case: A(F, s) has no other poles on the line, but there is possibly an
accumulation of poles on the left of the line.

So, we proceed as follows:

(a) In the periodic case we can use the first integral form and Mellin analysis [12],
because of the pole-free region. For reasons which will be explained later (essentially
convergence problems), it seems that this Mellin analysis cannot be conducted on the
function B itself which is too highly discontinuous in this case. We instead consider the
integral D of B, defined as D(x) := f; B(y)dy.

(b) In the aperiodic case it is not always possible to locate precisely the singularities of
A(F, s) on the left of the line R(s) = 1. An alternative method uses the second integral
form and Tauberian theorems [7], [38].

4. Introduction of Generalized Ruelle Operators. Here, we define the generalized
Ruelle operator, and show how it generates the fundamental intervals, as well as the
Dirichet series of fundamental measures.

4.1. Density Transformers. There is a direct relationship between the dynamics of
source S, the answers to the main three problems, and spectral properties of an operator
closely related to the way the shift T transforms probability distributions. The basic
ingredient, well-developed in dynamical systems theory, is the class of transfer operators
[21, [30], [29]. In its simplest form, the transfer operator associated to a basic dynamical
system is the “density transformer”,

(23) GLAG) = Y 1A )] f o hi(x).
ieM

If f is the initial density on Z, then the density on Z after one iteration of the process, i.e.,
the density function of the iterate T (x), is precisely G[ f](x). The component operator
given by the ith term is denoted by Gy;y; it is defined by

(24) Gl f1(x) = A () f o hi(x),
so that
25) G=) Gu

ieM

In the same way, one can define a “density transformer” associated to a Markov dy-
namical system. There are now r different densities ( f1, f2, ..., fr) that correspond to
“conditional densities”: f;(x) is the density at the point x when the last emitted symbol
equals j. One begins with density f, and, after one iteration of the shift associated to
the initial system Sp, one has

1) = ()| f o hjp(x).

More generally, the sequence of “conditional densities” ( fi, fa, ..., f:) at one iteration,
and the sequence of “conditional densities” (g;, g2, . - . , &) at the following iteration, are
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related by an operator matrix G that is built from the density transformers G; associated
to each dynamical system S;. The density transformer G; associated to S; acts on f;:

GiLA1) =D [ry; 1S 0 huyy (x).
ieM
Each term of the previous sum defines an operator which will be denoted by Gy;) 1,

(26) G [f10x) = kg ;N f 0 by (x),

and each term Gy;;)[ f;] represents the “part” of the new density g; that “comes from”
the density f;. We now consider the (r x r)-matrix G whose general coefficient is Gy; 3,

@n G = (Giij) =i, j<r

(i is the index for lines, and j the index for columns). This matrix G is itself the density
transformer, since it transforms the sequence of “conditional densities” (fi, f2, ..., f+)
at one iteration, into the sequence of “conditional densities” (g1, g2, . . . » &) at the fol-
lowing iteration:

&1 h
& f2
| =G

8r )

4.2. Classical Ruelle Operators. 1In fact, in each case (basic dynamical system or
Markovian one) it proves highly useful to work with more general operators, called the
Ruelle operators. Each component operator in (24) or (26) depends now on a complex
parameter s and is defined with the analytic extension & of |4’|. The new component
operators are respectively denoted by G; i) or Gs (51

(28) Gl f1@) = k(@) f o hi(2),
(29) GotitL£1(2) = B, f 0 by (2).

As in (25) or in (27), the Ruelle operators are now respectively defined by
r
(30) Go=) G G = (Gmnisijzr»
i=}

in the basic case and in the Markovian case. The dynamics of the process is a priori
described by s = 1 (i.e., G = G), but many other properties appear to be dependent
upon complex values of s other than 1.

4.3, Generalized Ruelle Operators. We introduce here a new tool: the generalized
operators of Ruelle that involve secants of inverse branches,

h(w) — h(v)

31) H@u,v) =
u-—v

’
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instead of tangents |h’(z)| of inverse branches. Each component operator in (28) or (29) is
now defined with the analytic extension H of the secant H relative to branch A. The new
component operators are respectively denoted by Gy ;) or Gy ;. They act on functions
F of two (complex) variables in the following way:

(32) Gy [Fl(u, v) := HE (u, v) F (hi (), h; (1))
or
33) Gy 1)l F 1, v) 1= Hjj (u, v)F (hij; (), hiyj ).

As previously in (30), the generalized Ruelle operators themselves are respectively de-
fined by

(34) Gs:=) G, Gsi= (Gopuij),
i=1

in the basic case and in the Markovian case.

The generalized Ruelle operator “extends” the (usual) Ruelle operator as follows: if
f denotes the diagonal mapping of F that is defined by f(u) := F(u, 1), one obtains
on the diagonal u = v the relations

(35) Hw,u) =k,  G,[Flu,u) = GLfIw).

4.4. Pseudo-Powers of Ruelle Operators. We now show how the operators §; or G,
generate all the branches 2 of any depth. We first consider the case of a basic dynamical
system. By the chain rule, the kth iterates of G; and G; involve inverse branches h of
depth &,

(36) GHF1R) =D k@ foh@),  G:FIw,v) =Y H(u, v)Fh(), k),

\r|=k {rl=k

where the functions % and H are the extensions of the derivative and the secant of
branches 4, and the sum now ranges over all branches of depth k.

In the Markovian case, the coefficient (i, j) of the kth iterate of matrix G; or G;
involves all the branches # relative to a word (m,, .. . m;) which begins with j (m; = j)
and finishes with i (m; = i). We wish to generate all the inverse branches of depth k
(i.e., all the inverse branches of 7)), and, for this purpose, we define pseudo-powers

s(k) , Gﬁk) of the Ruelle operators. We first let Qs(o) =1, Gﬁo) ;= I. Then we consider
the operators M; and M; relative to the initial dynamical system Sp:

Gs.1110] G 11101
Gs. 12101 G; 2101
37) Milfl=| oo |1 MIFl=| o | IF)
s5,{#10]

Gs. [0

gs,[rlO] Gs,[r’O]
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If U denotes the unit rth dimensional vector, ie., ‘U = (1,1,..., 1) (r times), then
'U M denotes the Ruelle operator associated to Sg and ‘UM its generalized version.
We let

GV i='UM,,  G":="'UM,.
For k > 2, the pseudo-powers are defined by

(38) G¥ = 'UGk-I M, GY = 'UG'M,.

Now, the pseudo-iterate of order k generates all the inverse branches of depth k and we
obtain the analog of (36):

(39) GPIfl2) = Y R’ F(r@2),
|h|=k
GHFI,v) = > Hu, v)* F(h(w), h(v)).
{h|=k

In order to unify our notations, we extend the notion of pseudo-powers to the case of a
basic dynamical system, and we let, in this case,

(40) gh=gfy, GV .=GL

s

4.5. The Dirichlet Series of Fundamental Measures. Symbolically, in both cases, the
kth pseudo-powers of the operators represent k iterations of shift T. Then the series of
fundamental intervals of depth k defined in (15) can be easily expressed in terms of the
pseudo-powers of the operator Gy,

(41) Ak(F, sy = Y |F((0)) — F(R()F = GP[L*O, 1),
thi=k

where L is defined as the analytic extension of the secant of the distribution F,

F(x) — F(y)
x—y

(42) Lix,y)=

Note that the diagonal application of L is exactly the extension of the density f := F’.
In the same vein, the quasi-inverses (I — G5)™0, (I — G;)™Y, respectively being

the formal sum of all the pseudo-powers of the operators, then represent all the possible

iterations. An important case is the series of all the fundamental measures (20),

Y IF(r(©0)) — F(r(O)F
h

(43) A(F,s) :
= Y GP[L)0, 1) = (I - G)TIL*]©, 1)
k>0

In both cases, the series A (F, s) of fundamental measures of depth k is also expressible
in terms of true powers G, in the basic case,

(44) A(F,s) = GEL’1(0, 1),
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or in the Markovian case, fork > 1,
(45) Aw(F,5) = GPL10, D) =" UG ML), 1).

Asymptotic properties of such powers are thus needed and they are closely related to
spectral properties, especially dominant and subdominant eigenvalues of the transfer
operator G;.

Inthe same vein, the series A (F, s) of fundamental intervals of all depths is expressible
in terms of the true quasi-inverse (1 — G,) ™, in the basic case,

(46) A(F,s) =1 -Gy '[L°10, 1),
or, in the Markovian case,

47) A(F,8) = Aw(F. ) =1+ U — G 'MLL)(0, 1).
k

Asymptotic analysis of coefficients of this series is dependent on the location of its poles.
Such poles arise from values of s where (I — G,)~! is singular, that is, values s for which
1 is an eigenvalue of G;. In this way, the poles also relate to the spectral properties of
the transfer operator.

In the quite particular case when the two following conditions are fulfilled, (i) all the
branches of T are linear fractional transformations, (ii) the initial distribution is uniform
F(x) := x, then the series of fundamental intervals can be solely expressed with the
usual Ruelle operator [13]. However, in the general case it appears that the generalized
Ruelle operator must be introduced. We now show that the generalized operator shares
its main spectral properties with the classical operator which it extends.

5. First Spectral Properties of Generalized Ruelle Operators. We now state the
main properties of the generalized Ruelle operator: we prove it to be nuclear, we describe
its spectrum, and we exhibit strong positivity properties (for real values of parameter s)
that entail the existence of dominant (positive) spectral objects. We then transfer all these
properties to the Dirichlet series of fundamental intervals, and we relate the dominant
spectral objects of the operator to the basic parameters of the source, the entropy and the
coincidence probability.

5.1. Nuclearity, Trace Formula, and Fredholm Determinant. We first recall the notion
of nuclearity introduced by Grothendieck [14], [15]. Let B be a Banach space and B*
its dual space. An operator £: B — B is nuclear of order 0 if it admits a representation

LIf1=) wel(fle  forall feB,
iel

with ¢; € B, ef € B* such that {le;[| = lle;[| = 1 and, for all real p > 0, the u; are
p-summable (i.e., 3 |u;|P < +00). Most of matrix algebra can be extended to such
operators; in particular, one can define their trace,

48) TrL = Z uier(e;), alsoequalto Tr L= Z Ais

iel iel
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where the A;’s are the eigenvalues of £, counted with their algebraic multiplicities.
The traces of the iterates of £ are also well defined, together with the analogue of the
characteristic polynomial known as the Fredholm determinant,

(49) F(L,u) = det(I — ul) = [ J(1 — ram),
iel
where the A;’s are the eigenvalues of £, counted with their algebraic multiplicities.

There exists an important relation between the Fredholm determinant and the traces of
the iterates,

0k
(50) det(I — uLl) = exp[Trlog(l — uL)] = exp [— Z L—;;—Tr Ek:l .

k=1

In this way, it is easy to deal with spectral properties of nuclear operators of order 0.

5.2. Composition Operators. Each component operator Gs,n s known as a composition
operator, defined by G; y[ f1:= h* f o h. We recall that each branch A satisfies “contract-
ing” properties (d1) and (d2) of Definition 2.1: there exists a suitable neighbourhood V
of Z such that the following holds: % and |h'| extend to analytics map on V; h maps the
closure V of the disk V inside V, and there existsé < 1 for which 0 < Ih(z)l < § forall
z€V.

Then the operator G 5 acts on the space A (V) formed with all functions f that are
holomorphic in the domain V and are continuous on the closure V. Endowed with the
sup-norm,

I £Il = sup{| f(w)]; u €V},

Aoo(V) is a Banach space. Such operators are studied in an extensive way by several
authors (Schwartz [31], Shapiro and Taylor [35], Shapiro [34]), and their results are well
summarized in [33]. They prove the following:

The operator Gs j: Aco(V) = A (V) is compact; it is moreover nuclear of order 0. Its
spectrum consists of a geometric progression which involves the value a(h) := h(h*) of

% at the unique fixed point h* of the branch h inside V,
(5D SpGs.p = {un = a(h)’ [e(Ma()]", n € N}

(here € (h) denotes the sign of the function h’ on I). In particular, the trace of G j, is well
defined and satisfies

a(h)’
1 —eh)ah)
Moreover, the eigenfunction ¥, relative to eigenvalue v, has all its derivatives of order
j < n that are zero at the fixed point h* and its derivative of order n is non-zero at h*.
The eigenfunction v is non-zero on V.

(52) TrGsn =

Since each branch h satisfies hypotheses (d1) and (d2) of Definition 2.1, the gener-
alized component operator Gy, acts on the space B, (V) formed with all functions F
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that are holomorphic in the domain V x V and are continuous on the closure Vx V.
Endowed with the sup-norm,

|Fll = sup{|F(u, v)|; (4, v) € V x V},

Bo (V) is a Banach space. A theorem due to Mayer [22] can be used in order to determine
the spectrum of G; . Mayer’s theorem shows that, for any inverse branch &, the spectrum
of Gq ; has the same elements as the spectrum of G ;. However, the eigenvalue 1., appears
in the spectrum of G, ; with an algebraic multiplicity exactly equal to n+ 1. We introduce

the signed operator G; 4,
(53) Gon = e(M)Gsp,  with e(h) := Sign(h’) on T.

Thus, the spectrum of G, 4 can be alternatively defined as a union of spectra,

(54) Sp Gy = (U Sp gm,h) u (U Sp giw,) :

Leven £odd

where the union is taken in the sense of multi-sets, and this entails a trace formula
for GS ha

a(h)®

O T = Tz matr

= ZE(’!)[TT Goter = ZTF Goiren + ZTY §s+e.h~

£>0 £even £odd

5.3. Functional Spaces and Spectra of Transfer Operators. One first makes precise
the functional spaces to which the G, operators are applied. In the Markovian case, we
restrict ourselves to finite alphabets. However, in the basic case, we can consider infinite
(denumerable) alphabets. In this case, the fact that one can choose the same open set
V for all branches k, and the convergence condition (d3), entail “good” properties for
the Ruelle operator G, when s belongs to the plane R(s) > y. We denote by J the
intersection of V with the real axis. The secant mapping H (u, v) defined in (31) has a
strictly positive real part on V x V, and the operator G, is well defined for any complex
s in the plane R(s) > y.

In the basic case, the G, operators (resp. the G; operators) are then taken to act on the
space Ao (V) (resp. B (V)) defined previously. In the Markovian case, the G; operators
(resp. the G, operators) are taken to act on the space A (V)" (resp. Boo(V)"). Since the
component operators Gs 5, Gy 5 are nuclear of order 0, the operators G, G, are nuclear
of order 0. » -

The signed operator G, is now defined from the signed component operators G
defined in (53); in the two respective cases,

(56) Geo=> Gn  Go:=Gsn)

|h1=1

and the multiplicativity of & entails similar equalities for the powers of G.. Then trace
formulae for G, involve both families G, ¢, Gs+¢. In the Markovian case, the trace of the
kth iterate of G, (resp. G;) equals the sum of the trace of the diagonal elements of the
matrix G¥ (resp. GY); such diagonal elements only involve inverse branches 4 that are
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cyclic: these are branches whose associated word begins and ends with the same symbol.
Finally, in both cases, the trace formulae involve the set Cy; it is the set of all the inverse
branches of depth £ (in the basic case) or the set of the cyclic inverse branches of depth &
(in the Markov case); one obtains

S 1- e(Ma(h)’

P a(h)’ . k =13
TG = ) T st = S TG, + ) Tr il

heCy Leven £odd

PROPOSITION 1 (Spectrum).  For R(s) > v, the operators G, as, G; are bounded, and
compact, even more nuclear. Their spectra are discrete with only an accumulation point
at 0. Moreover, the spectrum of G; is determined by the spectra of Gs and G,

8 SpG, = <U Sp gm) u (U Sp 5s+e> ,

feven £odd

where the union is taken in the sense of multi-sets. The Fredholm determinant F (s, u)
of Gs and the Fredholm determinant F(s, u) of G are expressible with the quantities

a(h) = h{h"),
u* a(h)®
& 2 1 — s(h)a(h)] ’

gk

(59) F(s,u) = det(I —uG,) = exp li—

k=1 heCy

o0 uk (x(h)J
60)  Fis,u) = det —uGy) =exp|— ) = ) T sy |
(60) (s, u) et(/ — uGy) CXP[ —k ,;Ck[l—s(h)a(h)]zjl

where the set Cy contains all the inverse branches of depth k (in the basic case) or only
the cyclic inverse branches of depth k (in the Markov case).

5.4, Dominant Spectral Properties for Reals. Whens = o isreal, the operators G;, G,
satisfy strong positivity properties related to the Perron—Frobenius theory [19].

PROPOSITION 2 (Dominant Eigenvalue). For real s > y, the operators G; and G, have
a unique dominant eigenvalue (of largest modulus). It is positive and has multiplicity 1.

PROOF. We follow the lines of Mayer’s work [22] that we adapt in our context. Mayer
himself uses a result due to Krasnoselskii [19].

A subset K of areal Banach space B is called a proper coneif (i) p K C K forp > 0
and (ii) K N —K = {0}. A proper cone is called reproducing if B = K — K, i.e., every
element g of B is a difference of two elements of K. A linear operator £L: B — B is
positive with respect to K if LK C K. A positive operator £L: B — B is ug-positive,
for some some ug in the interior K* of K, if there exist, for every non-zero f € K, an
integer p and strictly positive reals o, 8 for which

(61) aug < LP[f] < Bu,

where the order is defined with respect to K. Here is the result that we shall use.
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PoSITIVITY THEOREM [19].  Any compact ug-positive operator L: B — B satisfies a
Perron—Frobenius property: it has a unique eigenvector in K* and the relative eigenvalue
is simple, positive, and in absolute value strictly larger than the other eigenvalues of L.

We first apply Krasnoselskii’s result to the operator G; in the basic case. For real s,
G, acts on the real Banach space Aogr(V) formed with elements f of A (V) which
are real on the real segment 7. We denote by A, the subset of A,r()) formed with
elements f which are positive on the real segment 7. Forreal s, Gs actson A, ,and A
is a cone, proper and reproducing. The interior of the cone, denoted by A%, is formed
with elements f of As (V) which are strictly positive on the real segment J. We define
the function uq to be equal to the constant function 1, and we show now that the operator
G is ug-positive with respect to the cone A.: The upper bound of (61) is clear. For the
lower bound, consider an element f € A, and suppose that, for each integer p, there
exists x in J for which GZ[f1(x) = 0. Then f is zero at each point #(x) associated to
an inverse branch & of depth p. Since f is analytic, then f is zero.

Then we apply Krasnoselskii’s theorem: since G;: Acor(V) = Aor(V) is a compact
1q-positive operator with respect to the proper and reproducing cone A, the restriction
of G, to the real Banach space A,r(V) has a unique positive dominant eigenvalue
A(s) strictly positive. One can choose the dominant eigenvector ¥, in the cone A%,
which means that ¥, is strictly positive on J. Moreover, a direct calculus using the
nuclearity (and the trace formula) shows that the spectra of the two operators, the operator
Gs: Ae(V) = Ax(V) and its restriction to Asr (V) are the same. Finally, the operator
s 1 Ac(V) = Ax (V) has itself dominant spectral properties.

This ends the proof for the operator G; in the basic case. This proof can be easily
generalized to the other cases: the Markov case and/or the case of the operator G;. The
real Banach spaces are then respectively Acor(V)", Boor(V), Boor(V)", Where Boor(V)
is the subspace of functions F whose restriction to J x J is real. The associated cones
are (A,), By, (By)", where B™ is the set formed with the zero function together with
functions whose restriction to J x J is positive and not identically zero. O

We have shown the existence of dominant eigenvalues, A(s) for G;, A1 (s) for G,. We
now prove the equality A(s) = Ay(s). Since the spectrum of the operators is discrete,
this makes it possible to separate the dominant eigenvalues from the remainder of the
spectra; there is a “spectral gap”, and G;, G; decompose as [20]

gs = Av(~9)7>.v +M, G; = M ()P + N;.

Here, P, P, are the projections over the dominant eigenspace, and N, N; are relative
to the remainder of the spectrum, so that their spectral radius is strictly smaller than the
dominant eigenvalue. More generally G¥, G¥ decomposes as

(62) Gk =) P+ N*,  G¥=2A1(s)* Py + NL.

The previous relations, together with positive properties of the dominant eigensubspace
projections, entail the equalities

As) = Jim (GFIO)Y*, M) = Jim (GE(110,0)) 7"
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Since G, extends G, in the sense of (35), one deduces the equality A1(s) = A(s). The
dominant projections P, P, can be written as

Pslf1w) = e[ f1¥s (), P [Fl(u, v) = E;[F1¥(u, v),

where ,, W are the dominant eigenfunctions, and ¢;, E; some linear forms. From (35),
one deduces the equalities

W (u, u) = (), E;[F]=es[f] if f is the diagonal of F.

So, we have shown:

PROPOSITION 3 (Dominant Spectral Objects). Dominant spectral objects of G and G
are closely linked. Both operators have the same dominant eigenvalue A(s), and the
other dominant spectral objects (dominant eigenvectors and dominant projectors) are
related:

Yo (u, u) = ¥, (u), E;[Fl=es[f1 if f isthe diagonal of F.

5.5. Quasi-Power Property for Ay (F,s). By the classical theory of analytic pertur-
bation [17], for s in a sufficiently small neighbourhood of any point o of the real axis,
unicity of the dominant eigenvalue is preserved, so that the mappings s — A(s),s — ¥,
s — E; define analytic functions in a neighbourhood of any point where A(s) is well
defined. Then the decompasitions (62) extend to a neighbourhood of the real axis. Since
the Dirichlet series of fundamental measures of depth k are expressed in terms of the
kth iterate of G, as in (41) or in (44), these decompositions can be applied to these
Dirichlet series that behave in fact as a kth power of the dominant eigenvalue A(s), with
an exponential remainder term.

PROPOSITION 4 (Quasi-Power Property). Let o be real. Denote by A(s) the dominant
eigenvalue (defined in a neighbourhood of o) and by n(o) a subdominant eigenvalue
of the operator G,. For any distribution F associated to a density [ € A (V) strictly
positive on J, and any constant p satisfying |pu(o)l/A(oc) < p < 1, there exist a
neighbourhood W of o and a function u strictly positive on W, for which one has, for
anyk > landanysin W,

(63) Ak(F,s) = M) up(s)[1 + OF (0],
5.6. Special Values of the Spectral Objects; Entropy and Coincidence Probabilities.
For s = 1, the Ruelle operator is a density transformer, and this property entails explicit

values of some spectral objects.

PROPOSITION 5 (Special Values). The dominant eigenvalue at s = 1 equals 1, the dom-
inant eigenvector satisfies W (0, 1) = 1, and the dominant projector E| satisfies

1
(64) _EI[F]=/ F(x,x)dx.
0
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PROOF. Since fundamental intervals of depth k& form a quasi-partition of unit interval
Z, there results the equality A,(F, 1) = 1 for any distribution function F, and thus
A(1) = 1. Moreover, the operator G, is a density transformer: for f(x) > 0 when x is
real,

1 1 1
L g’f[f](t)dt=fo f(t)dt=61[f]f0 Y1) dt + 0(0%),

from which e[ f]is obtained, provided that ¥, is defined as a density function with the
normalization condition fol Y¥r1(t) dt = 1. One deduces the expression of projector E;
by the extension property (35), and, when coming back to the relation Ag(F, 1) = 1,
the equality ¥, (0, 1) = 1. 0O

We recall that entropy and coincidence probabilities, defined in (12)—(14), admit
expressions (16) and (17) in terms of a Dirichlet series of fixed depth. Then the asymptotic
behaviour described in (63) provides expressions of entropy and coincidence probability
that involve spectrat objects for s = 1, s = 2, or more generally s = b.

PROPOSITION 6 (Entropy and Coincidence Probabilities). The entropy of the source is
equal to the opposite of the derivative of s — A(s) at s = 1, while the coincidence prob-
ability is equal to X(2). More generally, the b-coincidence probability is equal to A(b).

5.7. Two Particular Cases: Bernoulli Sources or Markov Chains. 'We recall that Ber-
noulli sources are memoryless sources on an alphabet (finite or infinite) M where symbol
m arises with probability p,,. The standard Ruelle operator associated to the system is

Glf1@) = Pof@n+pn2),  With gm:=) pi.
meM i<m

The dominant eigenfunction is the same for each component operator G; , and equals
the constant function, for all values of s, R(s) > o; then the constant function is also
the dominant eigenfunction of G; itself, for all values of s, and A(s) = Y. Pp, IS

the dominant eigenvalue. The dominant projector ;[ f} is the integral fo1 f(@)dt. More
generally, the spectrum of ; is

SpGs = {}»e(s) = it ez o],

meM
so that the Fredholm determinant is
F(s,u) = I—[ [1 —-u Z p,,,“”] .
>0 meM

The eigenvector relative to the £th eigenvalue A, (s) is a polynomial of degree £. For sym-
metric Bernoulli sources, it is independent of s. For the symmetric Bernoulli source with
two symbols, the family of eigenfunctions coincides exactly with Bernoulli polynomials
[5], defined by

Be(x) := £! [t

Zez'
et—1"
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We consider now the particular case of Markov chains. Here, the alphabet M is finite,
of cardinality r, and the matrix IT; whose general term is pj); plays a central r6le. For
s = 1, it is the transition matrix of the Markov chain.

The spectrum of the matrix operator G; is exactly the union of the spectra of the
matrices I, for all integers £ > 0, so that

SpGe = SpMsse,  Fls,uy =[] detd —uTl,ip).

€20 £>0
If the eigenvalues of matrix IT, are denoted by A“’(s) for 1 <i <r, then
SpG, =(AOGs+0 |1 <i<r, £20}

and the eigenvector relative to eigenvatue A (s + £) has all its components that are
polynomials of degree £. Finally, the dominant eigenvalue of the operator g, is exactly
the dominant eigenvalue of the matrix I1,, and the associated eigenfunction has all its
components that are constants.

The two particular previous cases are characterized by the fact that all the branches are
affine; we call these sources ABS (Affine Branches Sources). Then, for such sources, all
the component operators share the same dominant eigenfunction which is the constant
function. In what follows, we are led to study instances of sources where the components
of the Ruelle operator have strongly correlated dominant spectral objects. More precisely,
we give the following definition.

DEFINITION 5.1. A source S is said to be similar to a source with affine branches (SABS
in shorthand) if:

() In the basic case, there exist a function v € Ax(V), strictly positive on J and
non-zero on V, and a system of positive numbers (p,, # € H) for which, for each
inverse branch A, and all s, one has

gs,h[vs] = Pf. Ve

(ii) In the Markovian case of an alphabet of cardinality r, there exist r functions
Vi, Vg, ..., U in A (W), strictly positive on J, and non-zero on V, and a matrix
Q = (gie;7), 1 < £, j < r,such that one has

Gsnlvil = 9y v
for each inverse branch hp ;.

The following result shows that these sources actually behave as sources whose
branches are all affine, since their Ruelle operator has exactly the same spectrum as the
Ruelle operator associated to a source with affine branches.

PROPOSITION 7. Let S be a source similar to a source with affine branches. Then the
Ruelle operator Gs has exactly the same spectrum as the Ruelle operator associated to
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a source with affine branches. More precisely:

(1) In the basic case, the system of reals py, is a system of probabilities, and the Ruelle
operator has the same spectrum as the Bernoulli source of probabilities py,.

(ii) In the Markovian case, there exist r positive reals (by, by, ..., b,) such that the
matrix with coefficients pyjy = (be/bj)qyej) is the transition matrix of a Markov
chain, and the Ruelle operator has the same spectrum as the Markov chain with
transition matrix pyj).

PROOF. In the basic case, the positivity of v on [0, 1] proves that a(h) = ij=l Dh,
for all k of the form h = h; o hy o --- o hj. Then the trace formula shows that the
Fredholm determinant (s, ) is the same as the Fredholm determinant associated to
the Bernoulli source of probabilities p4. In particular, the dominant eigenvalue A(s) of
Gs equals Y, ,, p; and satisfies A(s) = 1. Then pj is a system of probabilities.

In the Markovian case, the positivity of v, on [0, 1] proves that

k k
a) = [[quni-a  forall heGlel oftheform k=[],
i=1 i=1

with jo = ji = L.

Denote by Q; the matrix of general coefficient gy ;). Then the trace formula shows that
the Fredholm determinant F (s, u) satisfies

Fs,u) =[] dett — uQsxo).

€0

Since the dominant eigenvalue A(s) of G satisfies A(s) = 1, the matrix Q has an
eigenvalue equal to 1, and there exist r positive reals (by, b2, ... b,) such that

Y brquj = b;.
£=1

Then pe ;) :== (be/bj)qye);) is the coefficient of the transition matrix of a Markov chain
which has the same spectrum as the Ruelle operator. O

Such sources actually have properties that are very similar to sources with affine
branches, with respect of both eigenvalues or eigenfunctions. Moreover, the fact that all
component operators share the same (dominant) eigenfunction seems to be a quite strong
constraint which entails in both cases a multiplicative property for the quantities «, and
a very special form for the spectrum. The author does not know other sources where all
component operators share the same (dominant) eigenfunction. Since the eigenfunction
of G, » is closely related to branch h, it seems unlikely that all component operators
may have the same eigenfunction, unless these branches # are all affine. So, we state the
following conjecture:

CONJECTURE 1. The sources that are similar to sources with affine branches can only
be sources with affine branches.
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5.8. Comparing with Other Models: Stationary, Ergodicity, and Strong Mixing. Inthe
framework of our dynamical sources, the dominant eigenvector ;, with normalizing
condition fol Y1(x)dx = 1, is the density of the unique invariant probability under
shift 7. Then classical results prove that the dynamical source is ergodic. Note that it is
not stationary, unless the initial density is exactly equal to v,. Strong mixing properties
are easily deduced from the quasi-power property.

6. Further Spectral Properties of Generalized Ruelle Operators. Because of the
quasi-paower property (Proposition 4), the dominant eigenvalue function s — A(s) plays
a central rOle in our analyses. Here, we establish some important properties of this
function. More generally, we study the spectral radius R(s) of the operator Gy, and the
poles of the quasi-inverse (I — G,)~!. We obtain two results of classification which
characterize possible exceptions for our further results.

6.1. Maximum Properties on the Half-Planes. At a point s in the half-plane R(s) > o,
we compare the spectral radius R(s) of G, and the spectral radius R(g) = A(0') of G,.

PROPOSITION 8 (Maximum Properties).

(i) The function s — A(s) is strictly decreasing along the real axis s > y.
(ii) On each vertical line R(s) = o, the inequality R(s) < A(c) holds.
(iit) Ifthe equality R(s) = A(0) holds for s = o +it,t # 0, then G, has an eigenvalue
X = €'A(0) that belongs to the spectrum of G for some real a.
(iv) In the half-plane R(s) > o, the strict inequality R(s) < i(a) holds.

PROOF. (i) From relation (63) of Proposition 4, the dominant eigenvalue A(s) is alter-
natively defined by

A(s) = lim Ax(Id, sV,

From properties (d2) and (d3) of dynamical sources, there exists § < 1 for which
|k’ (x)] < & for any inverse branch of depth 1, and any x in the unit interval. One deduces
the inequalities [#(0) — h(1}| < 8% valid for all inverse branch of depth &, and then

A(s +u) < 8% A(s),

so that the function A(s) strictly decreases along the real axis.

We now consider vertical lines, and we prove (ii). The description of the spectrum
given in Proposition 1 shows that this spectral radius depends on both of the spectral
radii R(s +£) and R(s + £) of operators g, and g: We begin to study the spectral radii
of operators G, and G, on vertical lines, and we prove the following fact:

On the line R(s) = o, the spectral radius R (s) of the operator 55 and the spectral radius
R(s) of the operator G, both satisfy

(65) R(s) <A(0),  R(s) < Mo).
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We consider first the operator G; in the basic case. Let A be an eigenvalue of G and let f
denote an eigenvector relative to A. In the same way, the vector f, denotes a dominant
eigenvector relative to A(o). This function is strictly positive on the segment 7, non-zero
on V and normalized by the condition f;(0) = 1. Moreover, one can suppose that the
function p

fx)
66 =
(66) u(x) )

is of modulus at most 1 on {0, 1] and attains modulus 1 at point xg. One always has

67) A Fxo)l = 1G:[£1xo)l = | h(xo)' f o hlxo)| < ) R(x0)° | f © h(x0)|
|h|=1 lh|=1
(68) < Y h(x0)° fo 0 h(x0) = A(0) fo (%0),
|hl=1

and the definition of xo proves the inequality [A| < A(o).

For the operator G; in the Markovian case, we consider the same objects: A is an
eigenvalue of G; and f = (f1, f2, ... f;) denotes an eigenvector relative to A. In the
same way, the vector f; = (f5.1, f5,2, - - +» fo.r) denotes a dominant eigenvector relative
to A(o). This function has all its components strictly positive on the segment 7, non-zero
on V. Moreover, one can suppose that all the functions u;,

filx)
fo,i(x) '

are of modulus at most 1 on {0, 1], and one function w, attains modulus 1 at point xo.
One always has

(69) wi(x) =

(70) 1A fe(xo)l

ZE” (x0) fj o hgj(xp)| < Zzeu(xo)alfj 0 hgjj(xo0)l
i i

an

IA

Z ﬁeu (x0)? fo,j © hepj(xa) = A(0) fo,e(x0),
J

and the definition of point xo and index £ proves the inequality |A| < A(0).

The property (65) is proven for the operator G, itis clear that it can be easily adapted
to the operator G;. We return now to operator G, with the spectrum formula (58) together
with the strict decreasing of A along the real axis, and we easily prove (iii) and (iv). O

6.2. Singularities of the Quasi-Inverse (I — G5)™".  We have explained in Section 3
why it is necessary to locate the poles of the series A(F,s) precisely. We recall that
A(1) = 1 (Proposition 5). Then, from Proposition 8, the operator I — G; is invertible in
the plane R(s) > 1. Thus, the series A(F, s) is analytic there and it has a simple pole
at s = 1. We focus on what may take place near the line f(s) = 1 and we consider
so-called particular points: they are points s = 14-it, with ¢ # 0 for which the spectrum
of G, contains an eigenvalue equal to 1. The following result, which extends results of
[101, [28], and [40], gives a characterization of particular points and describes the only
two possible types of behaviour.
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PROPOSITION 9 (Periodicity and Aperiodicity). The operator G; may only behave in
two different ways on the line R(s) = 1:

(1) The aperiodic case. There are no particular points, and the operator I — G; is
invertible in the punctured plane R(s) = 1,5 # 1.

(ii) The periodic case. There are particular points, and they are regularly spaced on the
line. They form a sequence of the form sy .= 1 + kit, k € Z, for some t > 0. The
operator (I — G;)™! has simple poles at these points, and there is a strip on the
left of the line R(s) = 1 that is free of poles. In this case, the source is similar to a
source with affine branches (SABS) and the Fredholm determinant F (s, u) of G; is
periodic of period it, i.e., F(s + it,u) = F(s, u).

We shall see in what follows that these two cases may occur, mainly for simple sources,
as Bernoulli sources or Markov chains. However, we conjecture that “correlated” sources
whose branches are not all affine will always be aperiodic.

PROOF. Assertion (iii) of Proposition 8 shows that it is sufficient to work with the G
operator. We prove the previous statement in the two main cases: the basic case and the
Markov case.

Basic case. 'We keep the notations of Section 6.1. We consider the point xy where the
function u attains its maximum. From the equalities A = A(o) and |u(xp)] = 1, we
deduce that the sequence of inequalities (67), (68) becomes a sequence of equalities
at xp,

(72) M) = | Y B0 foh(xo)| = D h(xo)°|f o h(xo)]

[k]=1 (k=1

(73) = ) h(x0)° fo 0 h(xo) = A(0) f5 (x0).

|h|=1
For any A of depth 1, the equality
|f o h(x0)| = fo oh(xo)

holds, and an inductive argument proves that the function u defined in (66) satisfies
|p o h(xg)| = 1 for any inverse branch & of any depth. Since any real x in [0, 1] is the
limit of a sequence & (xp), one gets

inx)) =1 for any x in [0, 1].

Then the sequence of equalities (72), (73), now valid for any x in {0, 1], entails the
relation

Y R If ok =Y R H foh(x)|.
lhl=1 lhl=1

The sequence ap(x) 1= R(x)?* f o h(x) satisfies the equality | )~ ap(x)| = Y_ |an(x)].
Then there exists 8 (x) (of modulus 1) such that a, (x) = 6(x)|ay (x)| for any h of depth 1.
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When returning to our problem, we note that (x) = u(x), and we deduce the equality
(74) R(x)"pwoh(x) = p(x)  forany h of depth 1,

and, more generally,

(75) h(x)“woh(x) = pu(x)  forany h of any depth.

The equality extends (by analytic continuation) to V. Since u is of modulus 1 on {0, 1],
Section 5.2 and (75) show that x is a dominant eigenfunction of all the component
operators G;, j, so that we deduce the relations

a(h)* =1  forany k of any depth,

which involve the quantity o defined in Section 5.2. Then the Fredholm determinant
satisfies, from (60), the relation

F(s +it,u) = F(s,u).

Moreover, the function u is non-zero on V and it can be written as u := exp(itL) with
some analytic function L. Since u is of modulus 1 on [0, 1], the function L is real on
[0, 1], so that the function v := exp L is strictly positive on [0, 1], and v* is a dominant
eigenfunction of all the component operators G; ;. The source is thus similar to a source
with affine branches.

Markov case. Again, we keep the notations of Section 6.1. The equality |A| = A(o)
transforms the sequence of inequalities (70), (71) into a sequence of equalities:

T6) A felxo) = |Y_ ey (xa)’ f; 0 heyj(x0)| = D B (x0)° | f; 0 ey (xo)
j J

(77) > ke (x0)° fo.j 0 hetj(0) = M) fo,e(x0)-
J

In particular, for any symbol j, we deduce the equality
| f; 0 hej(x0)| = fo,j 0 hej(xo).

Then p;, defined in (69), has modulus 1 at the point x; := kg ;(xo); when writing the
sequence of equalities similar to (76), (77) but due to the relation |u;(x;)| = 1, we obtain

| fe o hjle(xp)| = fo.e 0 hjje(x;),

and, finally, an inductive argument proves that all the z;’s have modulus 1 on [0, 1].
Then the sequence of equalities (76), (77), now valid for any x in J and any symbol ¢,
proves the relation

hoj(x)"1j o hy;(x) = pe(x)  for any symbol £, j.
The equality extends (by analytic continuation) to V. In particular,

(78) h(x)"w; o h(x) = pj(x)  forany h €C[j].
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Since w; is not zero on [0, 1], Section 5.2 and (78) prove that u; is a dominant eigenvector
of all the component operators G, 4, for any £ € C[j]. In particular, u; is non-zero on
V. Then we deduce the relations

am) =1 for heC,

which involve the quantity o defined in Section 5.2. Then the Fredholm determinant
satisfies, from relation (60), the equality

F(s +it,u) = F(s, u).

Moreover, the functions u; are non-zero on V and can be written as u; = exp(itL;) with
some analytic functions L;. Since y;’s are of modulus 1 on [0, 1], the functions L; are
real on [0, 1], so that the functions v; := exp L; are strictly positive on [0, 1]. Then the
functions v; satisfy, for any h = hyy;),

(79) E(x)’v; o h(x) = gpy ;3 Ve (), with positive gpe| ;) such that q[‘}m =1,

and the source is similar to a source with affine branches. This concludes the proof for
the Markov case. O

6.3. Log-Concavity of the Dominant Eigenvalue. This property intervenes mainly in
the study of the variance of the random variable log ¢;. It will play an important réle in
the height of tries in a companion paper. Again, as in Section 6.2, the function A(s) may
have only two different behaviours with respect to concavity.

PROPOSITION 10 (Log-Concavity). For real s > y, the function log A(s) is always
concave. There are only two different possible behaviours:

(i) The function log A(s) is strictly concave.
(ii) The function log A(s) is affine. Then the alphabet M is finite, of cardinality r, and
the source is similar to a symmetric Bernoulli source.

In both cases, and for any positive reals s, t suchthats > t > y,one has A(s)" < A(t)".
PROOF. We shall prove the following inequality:

(80) A + B) < A(28)' 21 (28)'7,

for any real pair (8, 8). If equality holds for § # B, then the function log A(s) is affine,
and we prove that the operator has exactly the same spectrum as the Bernoulli operator.

Basic case. The function
(81) Y(x) 1= fip () (F2s ()2 fop(x)) 7172,
defined with the dominant eigenvectors f,, of G,, can be normalized by the condition

Sup{¥(x); x € [0,1]} = L.
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We denote by xo a point where 1 (xp) = 1. One always has

(82) AG+B)firpx0) = D h(x0)**® foyp 0 h(x0)

{hi{=1

< Y h(x0)® (fas 0 h(x0)) '/ h(x0)P (fap o h(x0))"/*

jhi=1

1/2 1/2
<Z h(x0)? fas 0 h(xo)> <Z Z(xo)zﬂfzﬂ o h(x0)>

Jhl=1 lh|=1
1/2

(83)

IA

= (A(28) fas(x0)) /2 (A(2B) fop(x0))

(Inequality (83) is due to the Cauchy-Schwarz property.) The definition of xo now proves
inequality (80). If now equality holds in (80), then (82) becomes an equality, and then
the function ¥ satisfies ¥ (h(xp)) = 1 for any inverse branch % of depth 1. Now, an
inductive argument proves that the function ¥ satisfies ¥ (h(xg)) = 1 for any inverse
branch & of any depth. Since any real x in [0, 1] is the limit of a sequence h(xg), one gets

Yyx)=1 for any x in [0, 1].

Then the sequence of inequalities (82), (83) are now equalities for any x in [0, 1] and the
Cauchy—Schwarz inequality becomes an equality. Thus, there exists ¥ *(x) such that,
for every h of depth &,

R(x)% fas o h(x)
R(x)? fap o h(x)

Let y := 2(8 — B) (y is supposed to be non-zero) and ¥y(x) = fo5(x)/f25(x). Then
the first member of (84) involves the component operator G, 4, and

(85) v =G, 4 [¥ol.

Consider the particular case when % is of the form A%, with kg of depth p. Then (85) can

be written as ¥ %P (x) = Qf,, o [¥0)(x). Since v is strictly positive on 7, the sequence

¥ ®) has a quasi-power property and satisfies

(84) =y ®(x).

Jim (% @) = lim (G4, [Y0l(0) """ = a(ho)”.

We deduce that all the (%) relative to any branch 4 of depth p are equal, and equal to
o”, for some constant . Returning to (84), we then deduce that

&)
(86) 6(x) = lim vy

— 00 dyz

exists, is strictly positive on [0, 1], and is a common eigenfunction for all the component
operators G, 5. Then we let v := /7, and v* is a common eigenfunction for all the
component operators G; . The source is similar to a Bernoulli source with all probabilities
equal to . Then the alphabet is finite, of cardinality r, and the source is similar to a
symmetric Bernoulli source.
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Markovian case. The functions

Ve(x) := forp,e () (fa5.e V2 (fape(x)™V2,

defined with the components f, ; of dominant eigenvectors f; of G,, can be normalized
by the condition

Sup{yr(x); x € [0, 1; £ e [l.rl]} =1,

We consider a point xo and a symbol £ for which yr,(x¢) = 1. One always has

(87) A8+ B) fs+p.e(x0)
= Z’Tuj (x0)** fr4p.5 © hyyj(x0)
J

IA

Zztij (o)’ (fas,j 0 hqj(xo))l/2 hyj(x0)” (f2p,j 0 hayj (xo))l/2
J

12
(88)

1A

172
(Z ;{le (x0)® f25.j 0 hy); (xo)> (Z ;;tlj (x0)* fap,j © hey; (x0)>
j J

(A25) f2s.0(x0))' " (2B fap.e (X)) 2.

I

(Inequality (88) is due to the Cauchy-Schwarz property.) The definition of xo implies
inequality (80). If now the equality holds in (80), we have a sequence of equalities in
(87) and (88), and an inductive argument proves that all the ; are equal to 1 on [0, 1].
Then the sequence of equalities in (87) and (88) is now valid for any x in [0, 1] and the
Cauchy-Schwarz inequality becomes an equality. Thus, there exists ¢ék) (x) such that,
for every h of depth k& which begins with symbol j and ends with symbol £,

R(x)% fos,; © h(x)
R(x)* fop.; 0 h(x)

Let y := 2(8 — B) (y is supposed to be non-zero) and @; (x) := fas,j(x)/f2p,j(x). Then
the first member of (89) involves the component operator G, 1, and

(89) = ¢ (x).

(90) o x) = G, 4lgel.

Consider the particular case when 4 is of the form h¥, with kg € C,[€]. Then the first
member of (89) can be written as ¢§k” ) (x) = G*, [¢¢](x). Since ¢y is strictly positive

v.ho
on [0, 1], the sequence ¢§k” ! satisfies a quasi-power property so that

Jim @ 00)'* = a(ho)”,

and then all the a(h) relative to elements k € C,[£€] are equal to «(£)”. Moreover, by
another application of the quasi-power property, the limit

(k)
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defines a common eigenfunction for all the component operators G, ; relative to branches
h € C[£]. Furthermore, relation (89) proves that the functions kg ;(x)?6; o hej;(x) and
8¢ (x) are proportional, i.e.,

hyj (x)6) 0 hyyj(x) = qy;6e(x).

Since the functions 6; are strictly positive on [0, 1], and non-zeroon V, welet v; := 91.” Y,
and the functions v satisfy

Roj(X) VS © hyj(x) = gf,vi(x).
Now, the equalities
09 = @(8)’ = a(j)?
prove that all the a(£) are equal (to o), and the trace formula proves that the Ruelle
operator has the same spectrum as a Bernoulli symmetric operator 3, ;. This ends the
proof of the two first assertions.

We now prove the third assertion. If log A(s) is affine, it is of the form log A(s) =
(1 — s)log r with an integer ¥ > 1. Then

tlogi(s) =t(1 —s)logr < s(1 —t)logr = slogA(?).

In the other case, log A(s) is strictly concave. Consider an integer & such that s belongs
to the interval [¢, k¢], then the strict concavity of log A(s) proves the inequality:

AGs) < A@AGKDYP,  with a+8=1, ; = a +kB.

On the other hand, for any integer &,

1/¢ k/t
— 1 kt . t — k
AMke) = lim [Z u,,:l < Jim [Z u,,] = A(1)*.

lh|=£ Jh|=¢
Finally,
Ms) < M) PR = A()".
This ends the proof of Proposition 10. a

6.4. Exceptional Cases. The proofs of Propositions 9 and 10 are quite similar. When
studying periodicity, we use triangular inequality, whereas the study about log-concavity
uses Cauchy-Schwartz inequality. In our proofs, we have exhibited strong properties of
eigenfunctions and eigenvalues. In exceptional cases, all the sources are similar to sources
with affine branches, and the systems of the «’s are highly correlated.

So, we obtain characterizations of exceptional cases from both points of view, log-
affinity and periodicity.

PROPOSITION 11. The following two conditions are equivalent:

(a) The dominant eigenvalue A(s) of the operator G; is log-affine.
(b) The alphabet M is finite, of cardinality r and the source is similar to a symmetric
Bernoulli source.
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Let t > 0 be a real number and denote by a the real number a = exp(—2n/t). The
following two conditions are equivalent:

(c) The dominant eigenvalue A(s) of the operator G is periodic of period it.

(d) The source is similar to a source with affine branches. In the basic case, all the
quantities a’s are positive powers of the real a. In the Markovian case, all the
quantities gy ;) are positive powers of the real a.

PROOE. It is clear from Propositions 7, 9, and 10. O
We now describe the exceptional sources with affine branches:

COROLLARY. The only Bernoulli sources that are log-affine are exactly symmetric
Bernoulli sources. In particular, their alphabet is finite. A Bernoulli source is peri-
odic if and only if there exists a real number a < 1 such that all the probabilities p,
belong to the semi-group (a) generated by a.

The only cases of Markov chains that are log-affine correspond to degenerate cases,
where each Bernoulli source S; is symmetric. A Markov chain is periodic if and only if
there exist a real number a < 1 and a sequence of real numbers (b,, by, ..., b;) such
that all the quantities p; ;(b; /b;) belong to the semi-group {a) generated by a.

Here are some examples of periodic Bernoulli sources:

G LY, (ppH  with p=i(2-D,
(Pm)mzl with Pm = (%)m
The case when the Fredholm determinant is pseudo-periodic, i.e.,
F(s +it,u) = F(s,e%u)  with a # 2kn,

is also interesting. A Bernoulli source is pseudo-periodic if and only if there exist two
real numbers a and b such that b does not belong to the cyclic group (a) generated by a
and all the numbers p,,/b belong to this cyclic group {a). An instance of this situation
is (%, 2, 1). As Pollicott [28] and Fayolle et al. [11] remark, there is an accumulation of
s for which A{s) = 1 on the left of the line R(s) = 1. Our Tauberian argument directly
shows that the total contribution of these poles gives a term o(1/x) in the asymptotic
expansion of B(x).
Non-degenerate instances of transition matrices of periodic Markov chains are

L1 1
(4 i 2
el 1 1
n.= 7 3 3 or
\1 11
2 4 14
1 c
me=| ,© ¢! ith f S—20—¢ 0
=1s_1 I with ¢>1 rootof ¢ —2¢c—c*+1=0.
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We recall that our Conjecture 1 states that any source similar to a source with affine
branches has actually all its branches affine. Thus, we restate it in a weaker form:

CONJECTURE 2. The exceptional sources can only be Bernoulli sources or Markov
chains described in the previous corollary.

Now, in the following three sections, we return to the three main problems, and solve
them using the tools and the results previously described.

7. The Strong Equipartition Property of the Prefixes of Fixed Length. Our ap-
proach has been first described in Section 3.3: our study of the distribution of the random
variable log £, uses its moment generating function,

Mi(s) := E[exp(s log £)] = E[£;],
which satisfies

Mi(s) = Z Uy up = Z u,lf’ = Ay (F, 1 +5).
{h|=k |A]=k

Now, the quasi-power property of Section 5.6 proves that M (s) behaves nearly like a
“large power” of the fixed function A. More precisely, there exists a sufficiently small
complex neighbourhood of s = 1 where

92) Mi(s) = explklogA(1 +5) + V(5)) - (1 + 0(p")).

Here,
V(s) = log(E14+s[L° ] W145(0, 1))

is analytic near s = 1, and p is any number satisfying | (1)| < p < 1, where u(1) is a
subdominant eigenvalue of G;.

The central limit theorem of probability theory asserts that large powers—in the “pure”
case V = ¢ = 0 at least—induce Gaussian laws in the asymptotic limit. There are two
differences here: one is the analytic factor e¥); the other corresponds to the error term
0 (p*) which is negligible in the scale of the problem. The extension of the central limit
theorem to “quasi-powers” of the form (92) has been developed in a general setting by
Hwang [16]. Hwang’s technology is based on the Berry—Esseen inequality that relates
the Lo distance between distribution functions to a distance between characteristic
functions.

THEOREM (Hwang’s Quasipower Theorem). Let Z; be a sequence of random variables
whose moment generating functions admit the asymptotic estimate

M (s) := E[exp(s Z)] = exp(kU(s) + V(s)) (1 + 0 (—;}—)) , W — 00,
k

the error term being uniform for s in a disk |s| < so for some sy > 0. Assume that U (s)
and V (s) are analytic for |s| < sp and U(s) satisfies the “second moment condition”
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U"”(0) # 0. Then the distribution of Z is asymptotically Gaussian:
y

Z - kU'Q 1 L I S Ry
[m <t]—d>(t)+0(sk) where CIJ(I)—\/z_J’r _we dw

uniformly for all x in R, as k tends to 0o, with S = min(vk, Wy).

Under these strong analyticity conditions, the mean and variance of Z; are obtained
by differentiation of the asymptotic form of the moment (or the cumulant) generating
functions:

E[Z]=kU'(0)+ V'(0)+ O (—l-) , Var[Z,] = kU"(0) + V"(0) + O (i) .
Wk Wk

The theorem is applicable to the relation (92), with U (s) = log A(1+s) that is an analytic
function near s = 0 and the second moment condition U/”(0) # 0 holds provided that
the function log A(s) is strictly concave. Thus, we can state:

THEOREM 1. Let (S, F) be a probabilistic dynamical source. If S is not log-affine, then
the distribution of the random variable log £, (x) is asymptotically Gaussian,

log €, (x) — Ak ] 1 /' 2 (1)
Pr|l——— = — eV Rdw+ 0| —=),
[ Bk V27 -0 vk

uniformly for x € R, as k — +00. The constants A and B are expressible in terms of
the derivatives of log A(s) at s = 1,

A=[logi(s)l._, =A2'(1) and B =[logA(s)l|_; =A"(1)— N (2.
More precisely,
Eflogf,l=Ak+C+ 0"y and Varflogf,}= Bk+ D + 0",

where p is any real that is larger than a subdominant eigenvalue p > |u(1)|. The
quantities C, D are constants which depend on the initial distribution F, while the main
terms are independent of the initial distribution and depend only on the mechanism S of
the source.

This result is a strong form of the Almost Equipartition Property, known as the
Shannon-MacMillan-Breiman Theorem, that can be described as follows (see {4], [32],
and [41] for more details):

THEOREM (Shannon-MacMillan-Breiman Theorem). Let S be a stationary ergodic
source with entropy h(S) and alphabet M. Then, for any £ > 0, there exists a positive
integer Ko(e) such that, if k > Ko(e), the set M* of prefixes of length k decomposes
into two sets &, and Ty satisfying

(i) Pr[&] <&,
(i) exp(—k[h(S) — €]) < Pr({t}] < exp(—k[h(S) + €]) for any prefixt € 'I.
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In other words, the set M* of prefixes of length k consists of a set of low probability or
atypical prefixes (namely &) and a disjoint set of high probability or typical prefixes, each
of which has a probability of occurrence approximatively exp[—kh(S)]. Our Theorem 1
sharpens the result in the case of the dynamical probabilistic source. We recall that such
a source is always ergodic, but not stationary in general.

8. Most Probable Prefixes. We wish to evaluate the asymptotic behaviour of B(p),
and we have explained in Section 3.5 how the properties of Dirichlet series A(F, s)
intervene, mainly via the location of poles near the line f(s) = 1. Now, Propositions 8
and 9 make these properties precise, and we consider the two main cases: first, the
aperiodic case; then, the periodic case.

Aperiodic case. Here, we begin with the integral expression of A(F, s), (22):

A(F,s) =s/ A(y)e 2 dy with A(y) = B(e™) = Z 1,
0

up=>e-y

and we use the following Tauberian Theorem due to Delange [7], [38].

TAUBERIAN THEOREM (7]. Let V(s) be a function that admits in the half-plane R(s) >
o > 0 the integral representation

V(S)=S/ A(y)e ™ dy,
0

where A is increasing and positive. Assume that

i) V(s) is analyticon R(s) = 0,5 # 0, and
(ii) for somey > 0,

_ &8s
V(s) = m + €(s),
where g, £ are analytic at o, with g(c) # 0.
Then, as x — o0,
g(o)
Ax) = ————e&"x7 .
() oT( + 1)e xV[1+e(x)]

The hypotheses of the Tauberian Theorem are fulfilled by A(F, s) foro = 1 and
y = 0. Validity of hypothesis (i) comes from the aperiodicity. For hypothesis (ii), we
begin with the decompositions (62) of iterates of G; that are valid on a neighbourhood
of any real point s, for any k > 0. Then this decomposition generalizes to the pseudo-
iterates of G; defined in (38) and finally to the quasi-inverse, and the quasi-inverses
themselves decompose as

U=y = —2 (1 =Ny

T 1—As)
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or

TUP; o M,
1—-A(s)

near s = 1. Here, M; is defined in (37), P, is the dominant projector, and N; has a

spectral radius strictly smaller than 1, so that (1 — N;)~! is analytic near s = 1. Both
decompositions involve the quantity 1/(1 — A(s)) which can be written near s = 1 as

(I-Gy)'= + U —Ny)" o Mg,

1 _ —1 a(s)
1=Xx(s) MDD s=1

where a is analytic near s = 1 and satisfies a(1) = 1. Returning to A(F, s) with
expression (43), and using the secant L of distribution F defined in (42), we obtain the
decomposition of hypothesis (ii), with

-1

5 . _ -1 K}
) a(s) P [L°](0, 1), £(s) :== (I = N;)7 [L°](0, 1)

g(s) :=

in the basic case, or

-1
A ()

g(s) = a(s) UP; o M [L°](0, 1), £(s) :="UI — N;)~! o M, [LF](0, 1)

in the Markovian case.
Finally, we can apply the Tauberian Theorem. At s = 1, Proposition 6 gives special
values of the spectral objects, from which one deduces that g(1) = —1/A’(1). Then

A (D)

A(y) = e’[1+e(y)] a x—> o0

and we conclude that

-1 1
B(x)=m +0(;) as x — 0.

This ends the aperiodic case.

Periodic case. In this case the function B may be highly discontinuous. For instance,
in the case of a symmetric Bernoulli source relative to an alphabet of cardinality r, the
function B is a step function that satisfies

k+1 _ 1 1
p—" for x € ]_—_r""‘l’r_"]'

Then one cannot expect a result of the same type as previously. On the other hand, it
seems that the analysis cannot be conducted in this case on the function B itself which
is too highly discontinuous. We instead consider the integral D of B,

r
B(x) =

93) D(x) = /0 B(y)dy,
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and we begin with the integral expression of A(F, s):
o0
AF,s+1)=—s(s+1) / D(x)x*"'dx.
0

Here, we use Mellin analysis, and we denote by g*(s) the Mellin transform of a function
g(x), defined by

94) g*(s) := / oog(x)xs"dx,
0

so that the Mellin transform D*(s) of integral D of B,

(95) D*(s) =

61D A(F,s + 1),

is closely linked to A(F, s).
We use the following theorem [12] that explains how the behaviour of A near its
singularities can give the asymptotic expansion of D.

MELLIN INVERSION THEOREM. Suppose that D has a Mellin transform D*(s) having
a non-empty fundamental strip (a, B). Assume that D*(s) admits a meromorphic contin-
uation to the strip {y, B) for some y < «, and is analytic on the line R(s) = y. Assume
that there exists a real number v € (a, 8) such that

(96) D*(s) = O(lsi™) with r>1

for infinitely many values of 3(s) when |s| — o< in the strip (y, v). If D*(s) admits the
singular expansion for s € {y, a),

1
de g ———,
&.keA (S - S)k

then an asymptotic expansion of D(x) at 0 is

(_ k—1

1
D(x) = (5; dg x ((T—)_lﬂx_g (logx)"_l) +0x7).
K)eA

We prove first that function D eventually fulfils the hypotheses of the theorem. The
expression of D*(s) in (95) together with the properties of A shows that D*(s) has a
fundamental strip (0, +00). The periodicity assumption entails the existence of a region
for A that is free of poles. Thus, there exists a real y (—1 < y < 0) for which D*(s)
admits a meromorphic continuation to the strip (y, +0o¢) and is analytic on the line
R(s) = y. The periodicity also entails that A(F, s) is bounded on vertical lines of the
strip (0, -+o0), so that D*(s) satisfies (96) with r = 2. Moreover, in this case the poles
of A(F,s + 1) in the strip (y, +o0o) are all of the form s := ikt for some ¢ # 0, with
k € Z. Then D*(s) has a double pole at s = 0 and simple poles at points s; for & # 0.
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Finally, the periodicity assumption shows that the residues of A(F, s) at all the points
& equal —1/1’(1), and the singular expression of D*(s),

-1 1 Cr -1 1 1
D*(s) x =~ +—+ ,
) A1) s? s A1) ; se(1 + sx) (s — %)
k#£0

leads to the asymptotic expansion of D(x) at 0:

1 |
D(x)=——1o Cr+——P i
() = 355 1087 + Cr + 55 Plilogx) + 0G™),
where P is a periodic function. The only term that may depend on the distribution F is

the constant term Cr.
The Mellin transform B*(s) of B(x) is itself closely linked with A(F, s),

©7) B*(s) = % A(F, 5),

but we cannot apply the previous theorem to B*, since it only satisfies (96) with r = 1.
If one tries to apply this theorem, we obtain an asymptotic expression for B which is
not convergent. However, the derivative of the above expression of D(x) can give some
information about B(x). The function P(r) is a continuous periodic function with a very
explicit Fourier series of the form

eitk
P@) = _c
@ k(1 + k)

keZ\{0}

Furthermore, the derivative of P(z) exists and (after combining k and —k) is given by

, cos(kt) k sin(kt)
P0=2) T 5 % 1142

an expression which is indeed bounded: the first part is clearly bounded (and continuous).
Furthermore, the second sum is bounded, too; we just have to consider the case 0 < ¢ <
7 /2, and we split the sum. Firstly,

k sin(k?) k2t 1
t=1.
2;7, v < Z ire <7

Secondly, by partial summation

k sm(kt)
- << t = 1.
k;/, 14 k2 kzl/, k2t
Since the function P(t) has a bounded derivative, the derivative (with respect to x) of
the term P (o log x) is of the form ©(x). Then the above expansion of D(x) combined
with the monoticity of B(x) directly implies (by elementary means) that B(x) = ©&(x).
Finally, the following theorem describes in both cases (periodic or aperiodic) the
asymptotic behaviour of the number of most probable prefixes.
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THEOREM 2. Let (S, F) be a probabilistic dynamical source. Let B(x) be the number
of prefixes whose probability is at least equal to x.

(a) In the case when the source S is aperiodic, B(x) has the following asymptotic
behaviour:

AM(1)x x

(b) In the case when the source is S periodic, there exists a strip 1 — y < R(s) < 1
where the operator (I — G;)~! has no poles. Then the integral D of function B
defined by D(x) := fox B(y) dy admits the asymptotic expansion at x = 0,

B(x)=—;l—+o(l) as x— 0.

1 1
D(x) = ——1 C — P(1p1 o),
(x) (D) o8* +Cr+ D (tologx) + O(x77)
where P is a periodic function. The only term that depends a priori on the distribution
F is the constant term Cp. Moreover, there exist two strictly positive constants A
and C (that may depend on the distribution F) such that
A C
— <Bx)<—.
x x
9. Coincidence of Prefixes. In our approach described in Section 3.4, we consider
a point (x, y) in the unit square Q = [0, 1], and we analyse the random variable C
that represents the coincidence between the two words M (x) and M (y). Then the event
{C > k] is formed of all pairs (x, y) whose associated words M (x) and M (y) coincide
till depth k. In that case, x and y belong to the same fundamental interval of depth &, so
that (x, y) lies in a “fundamental square” C, = Z,, x Z. Thus, one has

(98) [Czk]:UI,,xI,,:UCh.
|al=k |h|=k

We consider three cases in the following: first, the case when the two words are drawn
independently, second, the case when the density on the unit square @ = [0, 1]? is
proportional to |x — y|”, and finally the general case of densities of valuation r.

If the two words are drawn independently from the same probabilistic source, the
probability of the event [C > k] involves all the fundamental measures u;, associated to
inverse branches 4 of depth &,

(99) pei=PrC 2kl =Y @)=Y ) = Au(F,2).
|h|=k {h|=k

Now, the quasi-power property (Proposition 4) applies, and, as a consequence, the o
decrease geometrically:

(100) ox = Ar - AF (1 + 0%,

for some real A > O that depends on the initial distribution F, and some constant y
with 0 < y < 1 (one may take any ¥ > |u(2)|/A(2), where w(2) is a subdominant
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eigenvalue of G;). The expectation of C satisfies

(101) E[C]1=)p = A(F,2).

k=0

The analysis generalizes directly to densities g(x, y) on the unit square that are pro-
portional to |x — y|" for some real parameter » > —1. The case r = Q is the uniform
model; the cases —1 < r < 0 correspond to giving a heavier weight to similar words.
We explain now why statements similar to (99) then hold true but with the operator G;.,.,
replacing G3. In this case the measure of a square “built” on the diagonal satisfies

u(a, bl x [a, b]) = b — a|™*?,
so that the probability of the event [C > k] is now

pe =) 1RO = (P = Ac(d, 2+ 7).
|h|=k

This analysis further generalizes to more general non-uniform densities over the unit
square, so-called of valuation r. This notion is defined in (18). For studying the coinci-
dence in this quite general model, we use another generalization of Ruelle operators,

Ges[Flw, vy := Y R ()" H(u, v)' F(h(u), h(v)),
Jhi=1

which is well adapted to these more general densities. This another generalized operator
also extends the classical operator .., in the sense of (35). It is also a generating
operator since its iterate of order k involves all the branches of depth k,

Gt [Flw, v) ==Y @) h(w)"* H(u, v)' F(h(u), h(v)).
\hl=k

Moreover, it shares its main spectral properties with the classical operator G, which
it extends. In particular, for s, ¢ real, it has dominant spectral objects, and its iterate of
order k behaves (for large k) as a true kth power of the dominant eigenvalue A(s + ¢) of
Gs+:. More precisely, a quasi-power property holds for k — oo and

G* [F1(u, v) ~ (s + 0)f U, (u, v)E, ,[F],

where E, t @s, ; represent dominant spectral objects of the operator F;s,,.
Withrespect to densities of valuation r, defined in (18), the measure of the fundamental
square Cy, := I, x I, satisfies

W) = / /C du(x, y) = / /C Ix = yITCx, y) dedy.

Then, when using the change of variables defined by x = k(u), y = h(v), we obtain

W(Ch) = f / ) Rw) F G, v e — of” 80 (), h(v)) ducdy,
C
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so that the probability o; of the event [C > k] is now expressible in terms of the kth
iterate of the operator G;,,:

or = /fc lu — vi” G, [£)(u, v) dudv.
Since ¢ is strictly positive, a quasi-power property for (’igv,[e] holds, and then
P~ M2+ 1) By (€] f /C lu = vl" B, (u, v) dud,
where ﬁzyr, @2,, represent dominant spectral objects of the operator 62,,.

THEOREM 3. When two words are drawn from the same source with respect to density of
valuationr > —1,the length of their longest common prefix has a probability distribution
that satisfies

ok = Pr[C > k] = Ag, - A2 + (1 + O(¥Y)).

Here, y is some constant y withQ < y < 1, M2 + r) is the dominant eigenvalue of the
Ruelle operator G, associated to the source for s = 2 + r, and the constant A depends
on the initial distribution.

NOTE. The random variable C has another interesting algorithmic meaning. When
comparing two real numbers of Z, one can use their expansions in the same numeration
system. One runs in parallel two “lazy” versions of the same numeration process, one on
each number, and execution is halted as soon as a discrepancy of expansions is detected.
The variable C is now exactly the number of iterations of this comparing algorithm.

10. An Important Example: The Continued Fraction Source. Some results about
this source have already been discussed in [13], but only in the case when the initial den-
sity is uniform. Here, we explain how our main results (Theorems 1-3) can apply to this
case. The operator of Ruelle is then called the Ruelle-Mayer operator and is defined by

1 1
Glfl) = et (m H),

m>1

for complex s satisfying R(s) > 3.

The entropy of the source is linked to the so-called Lévy constant which plays a
central r6le in the analysis of the Euclidean algorithm, and the coincidence probability is
a constant that intervenes in two-dimensional generalizations of the Euclidean algorithm
[6], {13]. Here, one has

2

k4
VD) =—-——,  AM2)~0.199.
o)) 6102 ¢

The dominant eigenfunction is 1/(1 + x).
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The source is aperiodic, and the poles of (I — G;)~! are well known because they
intervene in several deep mathematical questions. They include all the non-trivial zeros
of the Riemann zeta function. The other values s for which G; has eigenvalue 1 are
related to the eigenvalues of the hyperbolic Laplace operator and they lie on the line
R@s) = % (see [9]). These last values do not however occur as poles of the Dirichlet
series A(Id, s). In the half-plane R(s) > 0, A(Id, s) can be represented as

¢@2s—1) 27 ~1 R(s)
¢2s)  1-s @28’

where R(s) is analytic in R(s) > 0. So, when the initial density is uniform, the asymp-
totic expansion of B(x) given in Theorem 2 solely involves the non-trivial zeros of the
Riemann zeta function. For an arbitrary density, the same situation occurs, because the
eigenvectors f of the hyperbolic Laplace operators satisfy fol f(x)dx = 0][24]. Now, if
the Riemann hypothesis is true, all the non-trivial zeros of the Riemann zeta function are
on the line R(s) = % Then A(F, s) has no poles in the strip % < R(s) < 1. With Mellin
analysis, and some tools of Prime Number Theory, Theorem 2 should imply (under the
validity of Riemann hypothesis)

6log21 1
= ;+0(;m) forany ¢ > 0.

In the case of the continued fraction source, the length of the fundamental intervals is
closely related to the continuants. So, Theorem 1 has another interpretation in terms of
continuants: the asymptotical log-normality of continuants is well known with respect
to uniform density (see [27], [25], and [26]). The author has extended the result to
non-uniform densities [39], and this result has been obtained with the same methods as
here.

The HAKMEM memo [3] first described the comparison algorithm with continued
fraction expansions. Later, the same algorithm has been used by Knuth in the Metafont
system [18], and, more recently, Avnaim et al. [1] have proposed it for computing (in
single-precision) the sign of (2 x 2)-determinants with integer entries. The comparison
algorithm with continued fraction expansions has been previously studied in {40}, and
Theorem 3 can be seen as a far-reaching generalization of [40].

Add,s) =2

B(x) =
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