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Abstract

We show that for every initial data ¢ € L2(f2) there exists a weak
solution u of the Navier-Stokes equations satisfying the generalized en-
ergy inequality introduced by Caffarelli-Kohn-Nirenberg for n = 3. We
also show that if a weak solution u € L*(0,T; LI()) with 2/¢ 4+ 2/s <
land 3/¢+1/s <1forn=3,0r2/¢g+2/5s<1and q>4forn >4, then
u satisfies both the generalized and the usual energy equalities. Moreover
we show that the generalized energy equality holds only under the local
hypothesis that u € L*(e,T; LY K)) for all compact sets K CC 2 and all
0 < & < T with the same (g, s} as above when 3 <n < 10.

1 Introduction

Let Q be a domain in R*(n > 3) with smooth boundary 8. On the space-time
cylinder € x (0, c0), we consider the nonstationary Navier-Stokes problem:

ou _

(1.1) 5 Au+u-Vu+Vp=f, V.u=0 inzet>0,
(1.2) v=0 ondt>0, ujo=a,
where u = u(z,t) = (v!(z,t),v*(z,t),...,u*(z,t)) and p = p(z,t) denote the
unknown velocity vector and pressure, respectively; a = a(z) = (a!(z), a®(z),.. .,

a™(z)) is the initial velocity field; f = f(z,t)=(f (z,t), fi(z,t),..., [*(z,1)) is a
given external force. Here we use the notation:

" By " Gy
. = I Ly = —_
u Vv—Zu 527" V-u gazi
j=1 j=1
for vector functions v and v.  Up to now the fundamental problem of existence

and uniqueness of global solutions to {1.1)-(1.2) is unsolved. Leray [11] and Hopf
[10] showed the existence of a global weak solution to (1.1)-(1.2). However,
uniqueness and regularity of weak solutions are still open problems. When Q is
R?, Leray [11] introduced a class of weak solutions with the energy inequality
of the strong form which are called turbulent solutions (see Masuda [12]). He
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constructed turbulent solutions u for every a € L2(R®) and proved that u(t) €
C*®(R®) for almost all t € (0,00). After his pioneer work, the singular set
T = {t € (0,00); u(t) ¢ C*(Q)} in time was studied by Foias-Temam [4], Giga
[6], and many authors and it is known that H/?(E) = 0. Here H” denotes the s-
dimensional Hausdorff measure. On the other hand, the singularset S = {(z,1) €
2x(0,00);u ¢ L=(B,(z,t)) for all 7 > 0} in space-time was investigated by the
series of papers of Scheffer [16]-(20], where B.(z,t) = {(y, s) € ly—z|+|s—t] < r}.
Then Caffarelli-Kohn-Nirenberg [3] improved Scheffer’s result and introduced
a new class of suitable weak solutions satisfying a local version of the energy
inequality, i.e., the generalized energy inequality:

(13) 2 [ IVuPdedt < [ ([ul(6+28)+(ul+2pyu-V g+ 2(u- )gldzat

for all ¢ € C(Q x (0,00)) with ¢ > 0. Actually, Caffarelli-Kohn-Nirenberg (3]
constructed the suitable weak solution and proved that H'(S) = 0 for all such
solutions if » = 3. Concerning the initial data a, they imposed the condition
that a € L*(R®) in R®. In bounded domains, however, they assumed that
a € LA(Q) N W2/55/4(Q).

The first purpose of the present paper is to remove the superfluous hypothesis
a € W2/55/4(Q) imposed by [3], and as in the case of the whole space R®, the
condition @ € L%(Q) is sufficient for construction of suitable weak solutions. Our
result covers not only the case when Q is a bounded domain but also the case
when @ is an exterior domain and the half-space Ri. For this purpose, we
need to estimate an associated pressure only under the condition a € L?(f).
Here we adopt the method introduced by Miyakawa-Sohr [14]. Investigating
this procedure more precisely, we shall derive a larger class of weak solutions
satisfying the generalized energy inequality.

In addition to the uniqueness result, Serrin [15] showed that if a weak solution
v € L*(0,T; LYQ)) for
(1.4) nfq+2/s <1,

then u satisfies the energy equality

t t
(15) @I +2 [ 1Valfde = a3 +2 [ (f)d, 0Ss<e<T
Shinbrot [22] derived the same conclusion if u € L*(0,T; L¥(£)) for
(1.6) 2/g+2/s<1, and ¢ > 4.

Shinbrot’s hypothesis is weaker than Serrin’s if n > 4, but not the case for n = 3.
Thus it occurs the question which class of solutions guarantees the generalized
energy equality. Here we mean by the generalized energy equality

(17) 2 /:/n |Vl pdzdt = /OTA (12?(6e+ A)+(Jul>+2p)u- Vo+2(u- )l dzdt

for all ¢ € C°(Q x (0,T')). The second purpose of this paper is to give a partial
answer to this question. We show that if » € L*(0,T; L¥(Q)) with

(1.8) 2/q+2/s<1, and 3/g+1/s <1forn=23,
(1.9) 2/g+2/s <1, and ¢ > 4 for n > 4,
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then u satisfies both usual (1.5) and generalized (1.7) energy equalities. For
n = 3 our class (1.8) is larger than both Serrin’s and Shinbrot’s results. For
n > 4 our class (1.9) coincides with Shinbrot's. Sohr-von Wahl [24] showed that
if w'u? € L2(0,T; L¥§)) for 4,5 = 1,2,---,n, then u satisfies the energy equality.
Although the hypotheses (1.8) and (1.9) yield the class of Sohr-von Wakl, we
can characterize the class with the energy equality by means of solutions u itself
directly, not by ufu?. In view of the structure of the generalized energy equality,
it is reasonable to expect that one can get the generalized energy equality only
by the information on local behavior of u. Compared with the usual parabolic
equations, we need to obtain the information on the local behavior of the associ-
ated pressure p. However, such behavior of p cannot be easily derived from the
local behavior of the velocity u, because p is determined by the global properties
of the domain Q, i.e., the Helmholtz decomposition. To overcome this difficulty,
we shall make use of the cut-off technique to reduce the local problem to the
global one. Bogovski’s result on the operator div plays an important role for this
reduction. In fact we shall show that if

u € L, T; LY K}) for all 0 < e < T, and all compact domain K CC Q
with (1.8) — (1.9) for 3 < n < 10,

then u satisfies the generalized energy equality. Our result may be regarded as
a local version of Serrin [15] and Shinbrot [22]. Moreover, we can estimate the
singular set of weak solution u as in Caffarelli-Kohn-Nirenberg [3] only by using
local behavior of u.

In Section 2, we shall state the main results. Section 3 is devoted to preparing
some fundamental lemmas for the approximate solutions. Then we shall prove
the main results in Sections 4, 5 and 6.

2 Results

Throughout this paper we impose the following assumption on the domain.

Assumption 2.1 Q C R*(n > 3) is a bounded domain with smooth boundary,

an exterior domain with smooth boundary, the half-space R’} or the whole space
R".

Before stating our results, we introduce some notations and function spaces.
Let Cg°, denote the set of all C-real vector functions ¢ = (¢!, -+, ¢") with
compact support in Q such that div ¢ = 0. L7 is the closure of Cg5, with respect
to the L™-norm || ||,; (-, ) denotes the L*- inner product and the duality pairing
between L™ and L™, where 1/r + 1/’ = 1. L" stands for the usual (vector-
valued)L"-space over 1, 1 < 7 < o0. H&l’; denotes the closure of Cg§°, with
respect to the norm

lolize = Hglle + V-,

where V¢ = (8¢'/0z;;i,j = 1,---,n). When X is a Banach space, its norm
is denoted by || - |x. Then C™([t1,t2); X) is the usual Banach space, where
m=0,1,2,--- and ¢; and t, are real numbers such that t; < t;. In this paper,



368 TANIUCHI Generalized energy equality of the Navier-Stokes equations

we denote by C various constants. In particular, C = C(,--,*) denotes the
constant depending only on the quantities appearing in the parentheses.
Let us recall the Helmholtz decomposition:

L" = L] & G,(direct sum), 1<r < oo,

where G, = {Vp € L";p € L},(Q)}. For the proof, see Fujiwara-Morimoto [5},
Miyakawa {13}, Simader-Sohr [21] and Borchers-Miyakawa [1]. P, denotes the
projection operator from L™ onto L] along G,. The Stokes operator A, on L7 is
then defined by A, = —P,A with domain D(A4,) = {v € W2"(Q); u|sq = 0}N L.
It is known that

(L7)*(the dual space of L7)= L7, AZ(the adjoint operator of A,)= Ay,

where 1/r + 1/r' = 1. In particular, A = A, is a non-negative self-adjoint
operator in L? and there holds

D(AY?) = Hg? with ||AY?u) = ||Vu|| for u € D(AY?).

Here and in what follows, for simplicity we abbreviate A; and the L2-norm || - ||
as A and || - ||, respectively. It is shown by Giga (7], Giga-Sohr [9] and Borchers-
Miyakawa (1] that for every § < w < 7 and every 1 < r < 00, the resolvent set
p(—A,) of —A, contains the sector X, = {\ € C;larg\] < w} and there is a
constant M, depending only on 7 and w such that

(21) “(AT + ’\)-1”13(145) < Mr,wl)‘l—l

holds for all A € X,,. Therefore —A, generates a uniformly bounded holomorphic
semigroup {e~*4;¢ > 0} of class Cp in L7. Moreover, there holds

lullwas < Cll( + A)ull, for all w € D(A,)

with a constant C = C(r).
Let Jp = (1 + k~1A)~0+/4) for k = 1,2, .. By (2.1), we have

(2.2) Jewll < Jw]l k=1,2,---, Jiw—w inLZask— oo
for all w € L2. Our definition of a weak solution to {1.1)-(1.2) is as follows.

Definition 2.1 Leta € L2 and let f € L*(0,T; L2) for allT > 0. A measurable
function u on Q x (0, 00) is called a weak solution of (1.1})-(1.2) if for all T >0

(i) v € L*(0,T; L2) N L*(0, T; D(AY?));
(i)
[0, Zo(6)) + (Fu(e), Vo(e) + (- Vu(t) 6(0)
N+ [ (s

forall¢ € {CC(2 x [0,T))}* withV-¢=0.
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Our results are stated as follows.

Theorem 2.1 Let n = 3 and let a € L2 and f € L*(0,T;L%) for all T >
0. Then there exzists at least one weak solution u of the problem (1.1)-(1.2)
together with the associated pressure p in LE/*(Qx (0, 00)) satisfying the following
generalized energy inequality,

(2.3) 2 /0 °°/n \Vuitddzdt < fo °°fn 1el( s+ Ad)+(Jul?+2p)u- V o+ 2w £l dzdt
for all ¢ € CL(N x (0,00)) with ¢ > 0.

This generalized energy inequality was introduced by Caffarelli-Kohn-Nirenberg
[3, pp. 779-780]. By their result, we can estimate the size of singular set of the
above solutions.

Corollary 2.1 In addition to the hypotheses of Theorem 2.1, assume moreover

that f € LY.(S2 x (0,00)) for some ¢ > 5/2. Then every weak solution u as in
Theorem 2.1 has the property that

HY(S) =0,

where S = {(z,t) € Q x (0,00);u ¢ L®(B.(x,t)) forallr >0} denotes the
singular set of ¥ in space-time.

Remark 2.1. 1t will be shown that above u is actually a suitable weak solution
defined by Caffarelli-Kohn-Nirenberg [3],which yields Corollary 2.1. In bounded
domains 2, however, they showed the existence of suitable weak solutions under
the stronger assumption that the initial data a € L2 N W?/55/4()), while the
Leray-Hopf weak solution can be constructed for arbitrary a € L2. Hence our
theorem states that suitable weak solutions are obtained for the same class of
the initial data as Leray-Hopf’s. Furthermore, we can include the case where 2
is an exterior domain and the half-space Ri.

Next we investigate the class of weak solutions which fulfill the usual and
generalized energy equalities.

Theorem 2.2 Let a € L2(Q), f € L2(0,T; L2(R)),¢ € (0,T), K be a domain
having compact K C Q and let u be a weak solution of the problem (1.1)-(1.2).
Ifue Le, T; L9(K)), 1 < g,5 < 00, with
2/qg+2/s<1, and3/g+1/s <1 forn =3,
2/g+2/s <1, and ¢ >4 for 4 < n <10,
2/g+2/s<1,g>4, andnfqg+2/s<3 forn2>11

then u satisfies the generalized energy equality on (e, T) x K.

Corollary 2.2 Letn =3 and a € L2(Q), f € L*(0,T; LZ(Q)) 0 L{,.(2 x (0,T))

loc
for some § > 5/2, and let u be a weak solution of the problem (1.1)-(1.2). If
u € L*(g,T; LY(K)) for all e € (0,T) and all compact K CC Q with
2/q+2/s<1, and3/q+1/s < 1(1 < g, s < ),

then u has the property that H(S) = 0.
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Remark 2.2. Note that we assume only local behavior of 4 in Theorem 2.2
and Corollary 2.2. To get the generalized energy equality, we need to show
JJup  Védz < oo for all ¢ € C(§2 x (0,T)). However, the information on p
cannot be easily derived from the local behavior of u, because p is determined
the global properties of the domain Q, i.e., the Helmholtz decomposition. To
overcome this difficulty, we make use of cut-off technique and Bogovski’s lemma.

When n > 11, compared with Shinbrot’s hypothesis, we need to assume n/q+
2/s < 3. However, under the global assumption » € L*(0,T; L)) we can
remove this hypothesis as follows.

Theorem 2.3 Let a € L2(Q), f € L*(0,T; L%(R)), and let u be a weak solution
of the problem (1.1)-(1.2). Ifu € L*(0,T;L%(9)), 1 < g, < oo, with

2/g+2/s <1, and3/qg+1/5< 1 forn =3,
2/q+2/s<1, andg>4 forn >4,

then u satisfies both usual and generalized energy equalities.

Remark 2.3. Serrin (15] and Shinbrot [22] found the class of weak solutions with
the energy equality. For n = 3, there is no inclusion between their results. For
n > 4, the class of Shinbrot is larger than that of Serrin. Our class covers both
their results.

3 Preliminaries

Now we state the definition of a suitable weak solution introduced by Caffarelli-
Kohn-Nirenberg as follows.

Definition 3.1 The pair {u,p} is a suitable weak solution of the Navier-Stokes
system (1.1) on an open set D € R® x R with force f if the following conditions
are satisfied:
1. u,p and f are measurable functions on D and
(a) f € L3 D) for some g >5/2, and V- f =0,
(b) p € L¥*(D),
(c) for some constants Eq, E; < o0,

/D lu?dz < E, , D,=Dn(R x{t}),

for almost every t such that D, # 0 (empty set), and

/ /D [Vau|?dzdt < E,.

2. u,p and f satisfy (1.1) in the sense of distribution on D.
3. Generalized energy inequality (2.3) is valid for each real-valued ¢ €
Cse(D) with ¢ > 0.

These suitable weak solutions have the following property [3].
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Lemma 3.1 (Caffarelli-Kohn-Nirenberg [3]) When n = 3, for any suitable
weak solution of the Navier-Stokes system {1.1) on an open set in space time,
the associated singular set satisfies H'(S) = 0.

Before stating Sohr’s approximate solutions to (1.1}-(1.2), we should state

following lemma which plays an important role in constructing the approximate
solutions.

Lemma 3.2 (1) Ifa€ D(Aé/z),T >0, and if f € L*(0,T; L?), the function u
(3.1) u(t) = e ot [ CeDAf(e)ds |
belongs to L*(0,T; D(A2)) N W12(0,T; L2) and solves the problem

W+ Adu=f , ae te€(0,T) ; u(0)=a.

Furthermore u satisfies the estimate

[ 1 + Nawlde < COAal+ [ 171Bde

with C independent of a, f, and T.
(2) Ifa € D(A,) and f € L%(0,T; L7), for some 1 < 1,6 < 0o, then u defined
by (3,1) is in L°(0,T; D(A,)) NW8(0,T; L) and solves the problem
v+Au=f |, ae te(0,T) ; 2(0)=a.

Furthermore u satisfies the estimate

T e 0 T 9
18 + L+ Ayulf)de < Cllalhwas + [ 1710d1)
with C depending on T'.

For the proof we refer the reader to Giga-Sohr (8] .

We now explain in Lemma 3.3 and 3.4 Sohr’s approximate solutions to (1.1)-
(1.2); see [14].

Lemma 3.3 (Miyakawa-Sohr) (1) Letn = 3,4, a € LZ and f € L*(0,T; L2).

Then there is a unique uy in C({0,T7; D(A;n)) which solves integral equation

(3.2) ue(t) = e ay + f; e~ Fuy + fi)(s)ds.

Here, ax = Jia, fx = If, Feu = Fi(u,u), Fi(u,v) = =Py(Jeu - V)v, and
Ji = (14 k1 A)~(+n/4) (1] is the largest integer in the real number b.)

(2) The function uy is in L2(0,T; D(Az)) N W'*(0,T; L2) and satisfies

(3.3) u}c + A= fi+Fu , ae te€ 0,7) ; uk(()) = ag,

Ga)  lwB+2 [ 14wl < Cald+ [ 1715,
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with C independent of k. Therefore,

(3.5) {us} is bounded in L®(0,T; L2) N L*(0, T; D(AY?)).
(3) Let up = vg + wy, where

¢ t
w(t) = e *a, +/; e DAL (5)ds,  wi(t) =/ eI Fu,(s)ds.
0

Then there are sequences {qr} and {&x} of scalar functions such that

{Vqi} is bounded in L*(¢,T; G2) for each € > 0,
{V6} is bounded in LD/ HD(0, T; Ginyg)jnsyy), and
Vg = Ave — ‘U;c + fr, Vo =Awp — wi - (Jkuk) -Vu, ae. te€ (O,T),

where G, is defined in Section.2. Let pr = qx + 8;. Then
(36) Vpk = Auy — u'k — (Jkuk) Vu, + fk ae t€ (O,T)

Treating convergence of v, and wy separately, one can show strong convergence
of u;, and Jyw in L0, T; L3(K)) for each fixed compact set K in £, (see [14]).
This lemma yields the following convergence of u.

Lemma 3.4 (Miyakawa-Sohr) Let n = 3,4, a€ LZ and f € L*(0,T; L2) for
allT > 0. Then there exist subsequences of ur and Jyur — again denoted by uy
and Jyuyg, for simplicity — with a function v such that

(3.7)  uwg—u weak-star in L*(0,T;L2) and

weakly in L*(0,T; D(A;/Q)) Jor allT >0,
(3.8)  wp—u strongly in L*(K x (0,T)) for all compact KCcQ,T >0,
(3.9)  Jrur—su strongly in L*(K x (0,T)) for all compact KCcQ,T > 0.

Moreover u is a weak solution of the problem (1.1)-(1.2).

Miyakawa and Sohr showed the above two lemmas in [14], where they assumed
that © was an exterior domain. However, in the cases a bounded domain, a half-
space and the whole space the two lemmas can be shown in the same way.

The next lemma plays an important role in controlling behavior of the pressures
pi, and makes it possible to derive the generalized energy inequality (2.3) after
passing to the limit.

Lemma 3.5 Suppose that Vf € G, for somel <r <n, and f € L}, (). Then
there is a unique function g in L™ (Q),1/r* = 1/r — 1/n, such that

(1) Vg=Vf ; and (2) lgll~ <{Vyl.=1V{l-,
where C is independent of V f.

Lemma 3.5 is shown e.g. in [8].
There are well-known lemmas stated as follows.
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Lemma 3.6 (1) If1 < g <7, ug—u strongly in L2, and {u;} is bounded in
L7, then uy—u strongly in L* forg< s <.

(2) If B is a Banach space, 1 < g <, ur—u strongly in L9(0,T; B), and {u;}
is bounded in L7(0,T; B), then ux—u strongly in L*(0,T;B) forg<s <.

Lemma 3.7 (Bogovski) Let K C R"(n > 2) be a bounded Lipshitz domain,
1 <7 < o0, and m be a nonnegative integer. Then there exists a linear operator
R=RY" from W (K) into (Wa" ™" (K))™ with the following properties :

(a) divRf = f for all f € W5 (K) with [ fdz =0,

(6) |V™HRfl, < c||V™ £l for all f € W (K)

where ¢ = ¢(K,m,7) > 0 is a constant,

(c) Rf € (CP(K))™ if f € C°(K), and Rf = R f depends only on

f and K if f € CP(K).

(d) RLf = 4Rf if f € CP(K x (0,T)).

Lemma 3.7 (a)-{c) are shown e.g. in {2]. When K is starlike with respect to some
ball B such that B C K, we can show the above (d) by Bogovski’s formula, i.e.,

Rf(z,t) = /K Glz,y)f(y, t)dy, G(z,y)=(z~y) /100 h(y + s(z — y))s"*ds,

where h € C§°(B) with fzhdz = 1. When K is a general bounded Lipshitz
domain, the decomposition of K into finite starlike domains as in [2] yields the
conclusion.

4 Proof of Theorem 2.1 and Corollary 2.1

In this Section we assume n = 3 and prove Theorem 2.1 and Corollary 2.1,
showing that the function u obtained in Lemma 3.4 is actually a suitable weak
solution. By Lemma 3.3, and Lemma 3.5, we may assume that

{qx} is bounded in L*(e,T; L%(Q)), {6} is bounded in L%/4(0, T; L**/"(%)).

This implies {p¢} is bounded in L%*(e, T; L*®"(K)) for all ¢, T with 0 < ¢ < T,
and all compact K CC Q. Then, - an appropriate subsequence of {p;} being
again denoted by {p:} -,there exists a function p such that

(41)  pe L6 T; I/T(K)), pup weakly in L4, T; /1(K),
for all €, with 0 < ¢ < T, and all compact K CC .
By (3.6) , for any ¢ = (¢', ¢% ¢°) € {C$(Q x (0,00))}?, we have
/ / [—peV - @ldzdt = / / [Vl - V& + 5‘? + (Jew)dl - V' + fi - d|dzdt

Then, using (2.2}, {3.7), (3.8), and {3.9), we obtain

i i 9¢ i o4
//[—pV - pldzdt = //[-—Vu Ve +u- 5 +uu' - V¢ + f - ¢ldzdt,
for any ¢ € {C(x(0, 0))}3. Hence {u,p} satisfies the condition 2 of Definition
3.1.
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Next, we shall show {u,p} satisfies the condition 3 of Definition 3.1, i.e., the
generalized energy inequality. Let ¢ be a non-negative smooth function with
compact support in £ X (0,00). Multiplying both sides of (3.6) by 2u;¢ and
integrating the result identity, we get

/ / [Qus - Ut + 2Jur - Vbl — 28ulul e + 2Vpy - ued — 2f - upd)dzdt = 0.

By integration by parts,

/ / 2Jvus - Vluidrdt = / f Ty - (V(|ue]?))pdzdt = — / / Jeuglu? - Vodzdt,
e / / 2Auiul pdrdt = ~2 / / (Vg pdzdt + / ] |us?Agdzdt.
Therefore
(4.2) 2 / / \Vu2odedt = / / luel2(: + AG) + // Wpu(us - Vo)dzdt

+ / / 2y - urddodt + f / un 2T - Vpdad.

We discuss the convergence of each term of (4.2) as k—0. The Sobolev inequality
yields

llurll 2oy < C||uk||i/,5(n)||Vuk||i/25m), (where C is independent of uy,)

. T 3/10
C”’U-k”L/oo(o‘T:Lz(m) {/‘0 ”V’uk”%z(mdt} :

Hence by (3.5), we see that

A

IA

Nkl Lrors@x oy

(4.3) {ux} is bounded in L'%3(Q x (0,T)) for all T > 0.

Since || Jrug|| rossy < Cllullpross(qy with C independent of uy, we have
(4.4) {Jxur} is bounded in L'**/3(Q x (0,T)) for all T > 0.
Using (3.8), (3.9), (4.3), (4.4), and Lemma 3.6 (1), we obtain that

(4.5) up—su strongly in L*(K x (0,T)) for all compact K cC 2,7 > 0.
(4.6) Jeup—u strongly in L*(K x (0,T)) for all compact K cC 9,T > 0.

By (3.5), uy is bounded in L8(0, T; L**/3( K)) for all compact K CC @, T > 0, and
(3.8) implies also up—su strongly in L*(0, T; L**/®(K)) for all compact K CC £,
T > 0. Hence from Lemma 3.6 (2), we see that

(4.7) up—u strongly in L5(0,T; L***(K)) for all compact K cC ©,T > 0.

By (4.1) and (4.7) we obtain

(4.8) f (s - Vo)drdt— / / p(u- Vé)dedt for all ¢ € C(9 x (0,00)),
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and by (2.2) and (3.8),

(4.9) f/ fu - veddzdt— //f - ugdzdt for all ¢ € C2(Q x (0, 00)).

Using (3.7), we see that

(4.10) / / |Val*gdadt < liminf f / |V |*gdedt

for all ¢ € CF( x (0,00)) with ¢ > 0. We next handle the 4th term on the
right-side of (4.2). From the Holder inequality, we see

\ [ g 9 g-tupa -V¢]d:z:dt|

< I / /(|uk|2—lu|2)Jkuk V pdwdt| + / /|u|2(Jkuk—'u) Vdzdt

< 1Vl o {lur—ullso(lullsoHlulls@) Truellsg + llullloll Jrue—ullso},
where || - ||ls.0 = || - l23(@), @ = supp ¢. Then (4.5) and (4.6) yield
(4.11) / / w2 Jeus Vdzdt — / f uf?u Vpdzdt,

for all ¢ € C(02 x (0,00)). (3.8), (4.8), (4.9), (4.10), (4.11), and (4.2) yield
the generalized energy inequality. On the other hand (4.1) implies p € L‘Z,/: (9 x
(0, 00)). This completes the proof of Theorem 2.1.

Now, we assume f € L} (€ x (0,00)) for some ¢ > 5/2. Then {u,p} is a
suitable weak solution on every bounded open set D CC £2x(0, 00). From Lemma
3.1 we conclude H'(S N D) = 0 for every bounded open set D CC 2 x (0, 00).
One can take a sequence of bounded open sets {A:}72, such that

Ar CCQx (0,00),k=1,2,- -, and Q x (0,00) = :Q’lAk,

From the property of Hausdorff measure, we get
HY(S) = Hl(kajl(Ak NS)) < S HY(A4NS) =0
= k=1

This completes the proof of Corollary 2.1.

Remark 4.1. Miyakawa-Sohr [14] showed the existence of a weak solution satis-
fying the energy inequality for n = 3,4. Compared with the energy inequality,
however, it seems to be difficult to prove the generalized energy inequality for
n = 4. Because in the case of n = 4, we have a lack of information corresponding
to (4.5), (4.6) and (4.11). There are other difficulties for n = 4.

5 Key lemmas for the proof of Theorem 2.2

For the proof of Theorem 2.2 and proof of 2.3, we need more precise information
on {u,p}.
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Lemma 5.1 Let a€ L1(R), f € L*(0,T; L2(S2)), and let u be a weak solution of
(1.1)-(1.2). Ifu-Vu € L%(0,T;L7()), 1 < r,8 < oo, then there are two pair
{u1,p;1} and {uz,p2} of functions such that

u tuy = u a.e 2 x (0,T);
uy € L%, T; D(A2)) N HY (e, T; L2), Vp, € L*(e,T;Gy) forall0 < e < T;
u, € L°(0,T; D(A,)) n HY(0,T; L}), Vp, € L°(0,T;G,);
—Auy + Vpy = f in L (e, T; LA(Q));
3,‘“2 —Aug + Vpy = —u- Vu in L¥(0,T; L7(Q)), and uz(0) = 0.

Lemma 5.1 implies that u always has an associated pressure p(= p; + p2) with
Vp € {L*e,T;G,2) + L”“(e T; G} for all (19,80) € (1,n/(n — 1)) x (1,2) with
nfro+2/6 <n + 1, since u - Vu € LP(0,T; L™(R)). Applymg Lemma 3.5, we

see that p € L,oc (2 x (0,T)), and that in particular p € L,OC(Q x (0,T)) for
n = 3. Using Lemma 5.1, we have:

Lemma 5.2 Let a€ L2(Q), f € L*(0,T; L2()),e € (0,T), K be a domain hav-
ing compact K C Q, and let u be a weak solution of (1.1)-(1.2). Ifu-Vu €
L*(e,T; LP(K)), 1 < a,8 < oo, then u has the associated pressure p such that

Vp € {L*(e', T; Go(K")) + LU(¢', T; G, (K')) + L2(€', T; Gp(K' )},

for alle < & < T, all domain K' with K' C K, allT € (1,n/(n — 1)), and all
0 € (1,2) withn/r+2/80 <n+1. Herel/r*=1/r—1/n.

Proof of Lemma 5.1.

Let Ay = —P,Ap,+ 1, S, =(I+Ay/k)"%, where § = n/4 and define u; = Spu.
Then it follows from Sohr-von Wahl [25, p.435] that u; satisfies the following
equation

(5.1) u, — PyAuy + S Pr(u- Vu) = S f  in L*(0,T; L*(Q)).
By assumption and Sohr-von Wahl [25, p.435] we have S P, (v - Vu) € L*(0,T;

L?()) N L8(0,T; L™(2)). This implies that u; is a strong solution of the linear
Stokes equation

(6.2) up+Ayur =F, F=Sxf—SpPe(u- Vu) ae. t € (0,T), up(0)=S%xu(0).

On the other hand, there exist two solutions v, wy € L(0,T; D(A2))NWL2(0, T}
L2) of the equations

v
(53) ak + Ayu = gkf, 'Uk(()) = ’lLk(O) = %ka,
(5.4) Q;i’i + Agwp = =Sk Po(u- Va), wi(0) =0,

respectively. From the uniqueness of strong solutions of the linear Stokes equa-
tion, we have

(5.5) ue(t) = vne(t) + w(t) ae te(0,T)
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Let us estimate vy and wy in the similar manner to Miyakawa-Sohr [14]. By
Lemma 3.2 we see that

(5.6) {wx} is bounded in L?(0,T; D(4,)) nW*"(0,T; L}),
(5:7) [Tkl + IAvdiZhae < CCLAY (e + [NF1de) for 0 <& < T

with C independent of ¢, since ||Sikfll2 < C||fll2, |SePr(x- V)|l < Cliu- Vull,.
Integrating (5.7) in € on (0,T), we have

T T T
(58) [ kB + N AvdB)de < C([ 14 uu(e)Bae + T [ 11 £1de).
Multiplying (5.3) by 2vi, we obtain

Bllvell
13

5t 201 A i3 = 28 fyve) < USwfI3 + el < IR + Hoall3-

Application of Gronwall’s lemma yields

A

(59 In@+2 [ 14 w5 < CuOIE+ [ 1718
clissallz+ [ N513a)
cllal + [ 113d0)

IA

By (5.8) and (5.9), there holds
(5.10) v is bounded in L*(e, T; D(Az)) 0 W?*(¢, T; L2) for each fixd € > 0.

Then there exist subsequences of {v;},{ws}, which we denote by {vi},{wi}
themselves for simplicity, and functions v, w such that

v € IX(e, T3 (A2)) N W', T; L2(Q));
w € L°(0,T; (A,)) N WH(0,T; L (Q)));
v—v weakly in L*(e, T; (42));

9 9 T2, T T2(0))-
ET i weakly in L*(e,T; LZ());
wp—w weakly in L%(0,T;(A4,));

i}

0 Y
T. LT Q b
Pl vy weakly in L°(0,T; L,(Q))

for all 0 < ¢ < T. Moreover, from (5.3),(5.4), and (5.5) we have

(5.11) v=v+waefx(0,T),
(5.12) v+ Agv = fin L*(e,T; L2(Q)) for all 0 < e < T,
(5.13) wy + Agw = —P,(u- Vu) in L°(0,T; L(Q)), w(0)=0.

Clearly, f — v+ Av € L*e,T;G2)), —v- Vu—w + Av € L%(0,T;G,). Then
there exist Vp; € L¥(e, T; G2)), Vp2 € L#(0,T; G,) such that

Vp, = f — v+ Avin L*(e,T; L2(Q)) forall 0 < e < T,
Vpy = —u- Vu —w, + Aw in L°(0,T; L}(R)).
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This completes the proof Lemma 5.1.
Next we prove Lemma 5.2, using Lemma 3.7

Proof of Lemma 5.2.

Let us fix 7,6 € (1,00) so that n/r +2/6 > n + 1. Since u € L®(0,T;L2) N
L*0,T; H&’f) implies « - Vu € L%(0,T; L7(2)), by Lemma 5.1 there exist two
pairs {u;,p1}, {u2,p2} such that

(5.14) ¥ =u;+uy p=p;+psae Qx(0,T);
(5.15) uy € L*(e,T; D(A2)) N HY?(e, T; L%), Vp, € L%, T; Ga);
(5.16) uy € L%(0,T; D(A,)) 0 HY¥(0,T; L)), Vs € L(0,T; G, );

(5.17) %ul—Aul + Vp, = fin L*(e, T; L*(Q));
(5.18) Buy—Auy + Vp, = —u- Vuin L°(0,T; L7(R)), and up(0) = 0.

forall0 < ¢ < T. Let K and K’ be compact domains in Q satisfying K’ C K with
smooth boundaries 8K and 8K'. Let ¢ be a smooth scalar function satisfying
¢ € C&°(K) and ¢ =1in K'. From Lemma 3.5, we have

41 € L2(€’ T; L2‘(Q))’p2 € L8(07T; LT.(Q)),

where 1/2* = 1/2 —1/n, and 1/r* = 1/r — 1/n. Since r,# < 2 and since K is
compact, this yields

(5.19) p € Le, T; L (K)),Vp € L(e, T; L"(K)),
(5.14)-(5.16) imply
(5.20) u € L®(0,T; L*(K)) N L*(0,T; W'*(K))

NL (e, T; W (K)) N H"(¢,T; L"(K));
(5.21) % — Au+Vp=—u-Vu+ f € L%, T; L(K)).

Now, we recall Lemma 3.7 (Bogovski’s lemma). We easily prove that if 1 <y <
00,1 <7 €72 < 00, then

Rigg = R?{’g forall g € Wozﬂ(K);
Ry™g=RgTgforallge Wy ™(K);
d

—CER(}{’g = R(,’{’ad—tg for all g € H(0,T; L"(K)).

Set @ = ¢u,v = R}f(Vd) -u),w =14 — v, and § = ¢p. We find that

(5.22) &, Vi(= V¢ u) € L=(0,T; L*(K)) n L*0, T; Wg*(K))
N Lo (e, T; WET(K)) N HY (e, T; L'(K)),
(523)  Vj=¢Vp+pVée Lo, T, L°(K)),
(624)  v=Rk(Vé -u) = R¥(Vé-v) = RF(V¢-u),
(5.25)  ve L®(0,T; WoAK)) n L*(0,T; W3 (K))
NLY(e, T; W(K)) N HY® (e, T; Wy " (K)), and
(5.26) divv=Vi=Vg¢-u
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In (5.26) note that [ V¢ - udz = 0. By (5.21), we have
%%—-Aﬁ+Vﬁ=¢(f—u-Vu)
— 2V¢ - Vu - ulé+pVe in Le, T; LT(K)).

By (5.22),(5.25),we can take €'(¢' > ¢) such that i(¢'),v(¢') € Wy *(K) N
WZT(K). Let A,k be the Stokes operator on L}(K) and P,k be the projec-
tion operator from L™(K) onto L7(K). Then we see that w(= @ — v) is a unique
strong solution of the following Stokes equation,

%t’ﬂ — Aw+ Vj = Fin L, T; L"(K)),
V-w=0,

wlox =0, w(e') = (e') - v(e') € W (K) N Ly(K) = D(Ax),

where F = ¢(f —u-Vu)—2Ve. - Vu —uld+pVe - %% + Av. As in the proof
of Lemma 5.1, we decompose this Stokes equation as

%? — Aw, + Vp, = Py in L¥(¢', T; L'(K)),

div wy, = 0, wllax = 0,
| wie) = a(e) - o(e') € D(AY2) N D(A ),

E'%Ut_z_ — Awy + Vpy = Fp in L¥(¢', T; L7(K)),
divwy, =0, wp|ex =0,
w2(5l) =0,

Q;’T" — Aws + Vps = F3 in L°(¢', T; L'(K)),

divws =0, wslax =0,
‘LU3(E’) = 0,

where
F=FR+F+F with F=¢f—-2V¢ - Vu—ulo+ Av,
B
F2=pV¢—-§, F3=¢(—u-Vu).

These Stokes equations have unique strong solutions wi, wa, w3 in L(e’, T; D(A. &
)y N HY¥(e',T; LT(K)), respectively. Clearly it follows that w = w; + wy +
wy, p=p+p2+p ae(z,t) € Kx(,T) By (522),(5.25) and (5.19) we
obtain .
Fy € LY, T; LX(K)), FpeL°(e\T;L7(K)),
Fs € Lo(¢", T LP(K)).
Hence by Lemma 3.2 we have
Vp, € L2(e', T; Go(K)), Vp, € L€', T; G, (K)),
Vps € L*(¢/, T; Gp(K)),

which yields
Vp € {L*(e', T; Go( K")) + LP(e', T; G (K")) + L*(', T Ga(K'))},

since § = p in K'. This is valid for a.e.e’ € (¢,T), and this completes the proof
of Lemma 5.2.
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6 Proof of Theorems 2.2 and 2.3

For the proof of Theorems 2.2 and 2.3 we state the following lemma.
Lemma 6.1 Ifv € L*(0,T; L*(Q)) N L*(0, T; W3(Q)) N L*(0,T; LY(Q)), where

1/g+1/s<1/2, g>4 for n2>4,
1/g+1/s<1/2, 3/q+1/s<1 for n=3,

thenv- Vv € L*(0,T; LY (Q)) where 1/s+1/s' =1, 1/qg+ 1/¢' = 1. Moreover
ve LY x (0,T)).

Proof of Lemma 6.1.
Let us first find the exponents r and 6 guaranteeing v € L(0,T; L"(Q)) if
v € L®(0,T; L3(Q))NL30, T; W(Q))NL*(0,T; LYN)),2 < ¢ < 00,1 < 5 < 00.
We have

2q 2q
-Vl <|w)E Al 2Vl A= ——= 1——f 1<r< 2L
v - Vol <llollz™ vl IV 2ll2 = ——(1-=)for1<r oy
11 1,11 2q n
~ 2—K _
llv - Vol <[vllglollw, n(5+;—5)—;+;—1 for e

Letting d > 1, we obtain

T _ i o & 9
[ volitaes sup g™ folioa /nwn;*‘dt} ? for 1<r<—L
o 0<t<T q

+2
4-1
T (2=x)bd 2 n
/O||v.wufdtgc{/||v||;0ddt} {/||'u||w‘{,’ dt} forqffr T

Then v- Vv € L¥(0,T; L()) if there is d > 1 such that

0d < s, d—e‘%gz, for1<r<2¢/(g+2),0>1, or

kbd < s, (2—K)d0d1 <2for2¢/(g+2)<r<nf(n-1),0 >1.

Hence we see that v - Vv € L%(0,T; L™(f)), where

20g—2)s  4q 2q
1) 4 —)< NS M g 1<r <
(6.1) 49+s(g-2)< it > SrSo ™

(62)  (s=2)(n—1)g+s(2n+2g—ng) < X=21, (rt20-ng)s

2+¢q <Ts n—1
We can get a sufficient condition in order to v- Vv € L*(0,T; L9 (Q)). This is
guaranteed by (6.1) with (r,0) replaced by (¢, s'), i.e.,
2/g+2/s<1, s>1, ¢>4.

Another sufficient condition is represented by (6.2) with (r,9) replaced by (¢', s'),
ie.,
nfg+(4-n)/s<1l, s>1, n<g<4
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Therefore under the hypothesis of Lemma 6.1, v - Vv € L*(0,T; LY (2)).
We easily show that v € L*(Q2 x (0,7)) under the hypothesis of Lemma 6.1.
This completes the proof of Lemma 6.1.

Proof of Theorem 2.2.

Let K be a compact domain in § with smooth boundary 8X. By Lemma 6.1
and Lemma 5.2, {u,p} satisfy that

(6.3) u-VuelL'(e,T: LY (K)),
(6.4) Vpe {L*e,T;Ga(K") + LO(e', T; G- (K")) + L* (¢!, T; Gy (K'))},

for all ¢ € (¢,T), all K’ C K, and all (r,6) € (1,n/(n - 1)) x (1,2) with
nfr+2/0>n+1,

(65) ‘/OT{_(u> 1/)t) + (Vu’ V‘lll) + (’U. -V'U., ¢) + (Vpa 1/}) - (f,'lll)}dt = 0)

for all ¥ € {C&°(Q x (0,T))}".
Now we consider the mollification of u given by

T
Up(z,t) = / / pm(z — &', t = )u(z,t')de'dt.
o Ja
Here

(2,1) = 0, for |z|® + |t]* > 1/m?,
PmiT: )= Cmm+lexp{(m?|z|2 + m2t]2 — 1)1}, for |z + [t|? < 1/m?,

where C are chosen so that [ [, pydz = 1. Since u € L*(0,T; Wy?(Q)) N
L*(e, T; LY K)), it follows that

(66) ||um — ‘u”m(o,T;WLZ(n))-—DO, as m—o00,

(6.7)  lwm — ul|pe(er mLa(xry—0 as m—oo, for all €' € (¢,T), all K’ C K.

Let ¢ € C°(K x (€,T)). From (6.5) we obtain, for large m,

(6.8) ?gtﬂ—Aum+(u-Vu)m+me=fm, V 4, =0

in a neighborhood of supp ¢. Here (u - Vi), and p,, are the mollifications of
u - Vu and p, respectively. Multiplying (6.8} by 2u,,¢ and integrating the result
identity, we have

T T
2 — 2 - .
(6.9) 2 /0 /ﬂ |Vunl?pdedt = /o /n (aml?($: + £9) = 2(t - Vi) mtmed
+ 2l + Vb + 2(tm - frn)@]dzdt.
Letting X = (r*)*,i.e.,1/(+*)" = 1/7—2/n, and applying Lemma 3.5, we cbtain
p € {L¥e,T; L3(K")) + L°(¢, T; LX(K")) + L* (¢, T; LY (K"))},

for all ¢ € (¢,T), all K C K, and all (A,0) € (1,00) x (1,2) with n/X +2/6 >
n — 1. Since the hypotheses of Theorem 2.2 imply n/¢ + 2/s' > n — 1, we see
that

(6.10) p € {L¥e,\ T, LH(K")) + L7 (¢, T; L9 (K"))}-
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Letting m—oo and using (6.9) and (6.10) we get

2 /OT [ 1vupdzdt = fOT [ [P (6t B¢)—2(u-Vuug-+2pu-V-+2(u- f)¢ldodt.

Since u € L} (2 x (0,T)), we have

T 1 (T
/0 (u- Vu, gudt = - /0 /n P - Vodzdt.

Hence we get the generalized energy equality on (¢,7') x K. This completes the
proof of Theorem 2.2.

Proof of Theorem 2.3.

Let u satisfy the hypothesis of Theorem 2.3. Then Lemma 6.1 and [24, Theorem
2.1] yield the usual energy equality {1.5). As we have seen in the proof of Theorem
2.2, to get the generalized energy equality, it is essential to derive the class of
the associated pressure p. In fact, by Lemma 5.1, we see

Vp € L¥e,T; G2()) + L (6, T; G ()

for all € € (0,T). Then using this instead of (6.10), we can argue similarly to
the proof of Theorem 2.2 and get the conclusion.
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