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T W O  C L A S S E S  O F  C E N T R A L  S I M P L E  n - L I E  A L G E B R A S  
A. P. P o z h i d a e v  UDC 512.554 

I n t r o d u c t i o n .  It is well known that the classification problem for simple binary algebras in 
a variety is reduced to the classification of algebras which remain simple under every extension of the 
ground field. The notions of centroid and central simple algebra (see, for example, [1, Section 10, w 
play the key role in the classification. These notions extend easily to ~2-algebras. 

In the previous article [2], the author considered the two classes A(H,  t) and E (H)  = E(H,  t, 3") 
of n-Lie algebras (see (1) and (8)) and specified necessary and sufficient conditions for simplicity of the 
algebras in these classes. In the present article, we study central simplicity of these algebras; namely, 
we prove that these algebras are simple (Theorems 2.2 and 3.2). 

Recall some definitions. 
An ~-algebra over a field (I) is a vector space over (I) furnished with a system ~ = {wi :]w/] = ni E 

N, i E I} of multilinear algebraic operations, where Iwi] stands for the arity of the operation ~i. In 
what follows, an f2-algebra is simply called an algebra. 

An n-Lie algebra over ~ is an ~-algebra L over ~ with one anticommutative n-ary operation 
[Xl,. �9 �9 , xn] satisfying the identity 

[ I x , , . . .  = 
i----1 

Henceforth we denote by {T)~ (or simply (T) if the field is clear from the context) the vector 
space over ~ spanned by the family {T}. Given k E N, we put Nk = {1, . . .  , k} C N. 

The article is organized as follows. In w 1 we formulate the basic properties of central simple 
~-algebras; in w 2 and w 3 we prove central simplicity of the algebras A(H,  t) and E(H);  and in w 4 
we study the Caftan subalgebras of A(H, t) and E(H) ,  construct Cartan decompositions for these 
algebras over a field of prime characteristic, and prove an existence theorem for simple modular n-Lie 
algebras with Cartan subalgebras of various dimensions. 

The research was carried out under the supervision of V. T. Filippov to whom the author expresses 
his sincere gratitude. 

1. The  c e n t r o i d  of  an  ~-a lgebra .  Let L be an ~2-algebra over a field (I). Given an operation 
A A 

wi E ~ and arbitraa'y Xl, .. . , x j , . .  . ,x  m in L, we define the operator M j ( x l , . . . ,  xj ,  . . .  ,xn~) of 
right multiplication as the linear mapping y ~-+ wi (x l , . . .  , x j - l , y ,  x j + l , . . .  ,xn~). The subalgebra 
M = M(L)  of the algebra E n d i ( L )  of linear transformations of L which is generated by all left and 
right multiplications and the identity mapping is called the multiplication algebra of L. 

By the centroid F(L) of an ~-algebra L we mean the following subalgebra of End~,(L): 

S dp E End,~(L): r ,am)):wi(al,... ,r ,an,) y F(L) 
for all w,i E ~,  a l , . . .  , an~ E L, j E Nnl ~ 

Clearly, F(L) is a unital associative algebra over (I). 
We now state without proof some theorems on the centroid of a simple ~-algebra. 1) Proofs repeat 

those in [1] almost verbatim. 
Let L 1 -- ( M L ) v  be the square of L. 

1) It is V. T. Filippov who pointed out to the author the possibility of translating the assertions of [1, Section 10, w 1] 
to the case of f2-algebras. 
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L e m m a  1.1. t f  L 1 = L then F(L) is commutative. 

A subspace I of an fl-algebra L which is invariant under the action of the multiplication algebra 
M(L)  is called an ideal. An fl-algebra L is called simple if L 1 ~ 0 and L lacks ideals other than 
0 and L. Therefore, an algebra L is simple if and only if M ( L )  is an irreducible algebra of linear 
transformations. The following theorem is an immediate consequence of Lemma 1.1 and Schur's 
lemma. 

T h e o r e m  1.2. The centroid of a simple ~-algebra is a field. 

Recall that  an f~-algebra L is called central if F(L) = ~. 

REMARK. The notion of the Martindale centroid is soundly defined for fl-algebras as well; it 
coincides with the notion of centroid in the case of simple f~-algebra. Also, a theorem is known 
asserting that  a simple finite-dimensional fl-algebra over an algebraically closed field is central. Results 
relevant to these question can be found in [3]. 

T h e o r e m  1.3. Let L be a simple fl-a/gebra over a field �9 and let F (D g2) be the centroid of L. 
Consider L as an algebra over F, defining 7 �9 a = 7(a), a E L, 7 E F. Then L is a central simple 
algebra over F. The multiplication algebra of L over F has the same set of transformations as the 
multiplication algebra of L over ok. 

T h e o r e m  1.4. If" L is a central simple ~-algebra over �9 and P is an extension of  ~2 then Lp is 
a centred simple algebra over P. If  L is an arbitrary ~]-algebra over ~, A is a subfield (over ~)  of the 
centroid of  L, and tile A-algebra F | L is simple, then L is simple over ~ and A -- F. 

T h e o r e m  1.5. I f  L is a finite-dimensional simple fl-a/gebra with centroid F and multiplication 
algebra M(  L) then M (  L) is the set of  all linear transformations of  L regarded as a vector space over F. 

2. C e n t r a l  s impl ic i ty  of  t h e  algebras A ( H ,  ~). Let ff~ be a field, let ~n be the Cartesian nth  
power of the additive group of ~, let H be a subgroup in ff~n, and let t be a fixed element of H. In 
what follows, we assume that there exists a set E = {r , en} C_ H \ {t} such that  r  ,r are 
linearly independent elements of ff~n regarded as a vector space over ~. 

Put AH = <~ : a E H>; it is a vector space over ,I~. Fix t E H and furnish AH with the n-ary 
operation 

= ( 1 )  

where la l , . . .  , anl is the determinant constructed from a l , . . .  , an E ~n.. 
By [4, Theorem 2.1], the so-constructed fl-algebra A(H, t) is an n-Lie algebra. Put  

A(H,t)  = ( . 4 ( H , 0 )  if t = 0; 
(go: a E H \  It}> if t % 0. 

Using (1), it is easy to verify that .4(H, t) is a subalgebra of A(H, t). 
Let A(H,  t) = fit(H, t)/Ogo be tile quotient algebra of ttle n-Lie algebra A(H, t) by tile one- 

dimensional ideal Og0. By definition, 

A(H, t )  = <ea =ga + Oe0: a e H '  -- H \  {0,t}). 

Simplicity of A(H,  t) was proved in [2] for every t E H. Before proving that  this algebra is central, 
we prove the following 

L e m m a  2.1. Assume that H <~ ~n, t is a fixed element of  H,  H' = H \ {0, t}, azld al and b are 
arbitrary elements of H'. Then we may dmose elements a2, .. �9 , an-1 E H' so that h = ~ ' ~  ai+b+t 6 
H' and a t , . . .  , an-1 are linearly independent elements of" r n. 

PROOF. Let a l , . . .  , an-1 be linearly independent elements of ff~n and h ~ H' .  The two cases are 
possible: 

n--1 Case I. h = )--~.i=1 ai + b + t = t. 
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In this case, it suffices to take a~ = a2 - al  ins tead  of a2, p rov ided  tha t  a~ ~ t. If  a2 - a l  -- t 
and  n > 3, t hen  it  suffices to take a3 instead of a2. If  n -- 3 and  char  (I) # 2 t h e n  p u t  a~ = a2 - 2al ,  
whereas  if char  (I) = 2 t hen  we have h -- a l  + a2 + b + t, a2 - a l  = t; whence h ---- b E Hr.  

Case  II. h = )"~=~ 04 + b + t = 0. 
In this  case, we take  a~ -- a2 ~- al  instead of a2 and  follow the  a rgument s  of  Case  I. T h e  l emma  is 

proved.  
Given a E H ,  d e n o t e  by (a) the  subgroup of the  Abel ian g roup  H which is defined as follows: 

(a) = {b E H : b -- "),a for some ~/E @} _~ H.  

T h e o r e m  2.2 .  A ( H , t )  is a central simple n-Lie a/gebra. 

PROOF. We c la im tha t  the  centroid F of A(H,  t) coincides w i t h  the  g round  field (I). Let  r be an 
e lement  of F, a e H l, and  r = ~.heH' C(a, h)eh, where C: H x H I ~ (I) and  C(a, h) = C(h, a) = 0 
if a = 0, t. Then ,  for all a l , . . .  , an E H',  i E Nn, we have 

= 

= ~ r h)[eal , . . .  , e~_ l , eh ,  ea ,+l , . . .  ,e~,] 
hEH I 

= Z C ( 0 4 ' h ) l a l ' " "  ,04-1,h, 04+I, . . .  ,anleal+...+a,+h+t-a~. 
hEH t 

(2) 

On the  o ther  hand ,  

r  ,a,l C 04+t ,h  eh. (3) 
hEH I 

Compar ing  (2) and  (3) and  using the  unique decomposi t ion  of a vec tor  in a basis, we conclude  tha t  

l a l , . . .  , ai-1,  h - t, a i+ l , . . .  , a,d~(ai, ai + h - t - ~ 04) ---- l a l , . . .  , anl~ ai + t, h 
i----1 

(4) 

for all h, a l , . . .  , an E H' ,  i E Nn. Pu t  in (4) ai = aj with i ~ j .  We have 

( • l a l , . . . , a i _ l , h - t ,  a i + l , . . . , a n l C  a j , a j + h - t -  ai = 0 .  
i=l 

(5) 

Let  b be an e lement  of H ' .  P u t  h n = 7:.i=1 04 + b + t - aj. W i t h o u t  loss of general i ty  we m a y  assume 
tha t  i = n and t h a t  h E H t by L e m m a  2.1. Then  (5) is reduced to  the  equali ty 

[al , . . .  , an- l ,  b[((aj, b) = 0 

which, by the  arbi t rar iness  of a l , . . . ,  an-1 E H',  implies tha t  ( ( a ,  b) -- 0 whenever  a it (b). Verify 
t ha t  ( (a ,  b) ~ 0 for a e (b} only if a = b. 

Indeed,  let a l , . . .  , an, h E H '  be such tha t  ((~-~n=l ai + t, h) ~ 0; i.e., the equal i ty  

n 

04 + t = (6) 
i= l  

n 04 holds for some ~ E r By (4), for every j E Nn we have ~(aj,  aj + h - t - ~'].i=1 ") ~ 0; i.e., 
a~ + h - t - Y~.in___l 04 = ~.jaj for some/3 j  E (I)*. Sumnf ing  t he  last equali ty and  (6), we obta in  

- 1)h + (/3j - 1)aj = (J; whence a = #j  = 1 by the  arbi t rar iness  of j e Nn.  Since A(H,  t) is 
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simple; therefi)re, for every b E H', there exist linearly independent elements a l , . . . ,  an E H' such 
n a that  ~"~i=l i + t -- b. We thus proved that ~(a, b) ~ 0 only if a -- b. 

Verify that ~(a, a) -- ~(b, b) for all a, b E H'. 
Indeed, by (4) we have 

ff(04,ai) = ff ai + t, 04 + t ; (7) 
i=1 i=1 

i.e., ~(ai, 04) = ~(aj, aj) with 04, aj E H' such that  04 ~ (aj). If 04 E H'  and ~04 E H' for some 
a e r then by (7) ff(~04, ~04) = ff(aj, aj),  where 04, aj E H' are as above. Comparing the last 
equalities, we arrive at the required result. Thus, the mapping r is the multiplication by an element 
of the field; i.e., P -- ~I,. The theorem is proved. 

3. C e n t r a l  s i m p l i c i t y  o f  t h e  a l g e b r a s  E ( H ) .  In [2], there was distinguished some class 
E(H,  t, i f )  of subalgebras of the algebras A(H, t) and simplicity conditions were specified for the 
algebras in this class. It was shown that  to s tudy the algebras in E(H, t, if) it suffices to study the 
algebras of the following form. 

As above, let r be a field, H be a subgroup in 'I, n, and tl  -- ( I - n , 0 , . . . , 0 )  E H. Put  
Hi  = {h E H :  r l (h )  = 1}, where 7ri : ~ ~+ r is the i th projection operator: r i ( x l , . . .  , xn) = xi. In 
what  follows, we assume tha t  there exists ~' - { e l , . . .  , en} C__ H~ = Hi \ {tl} such that e l , . . .  , en are 
linearly independent in ~n. Put  

EH = <ea : a E H1), E (H)  = I EH i f n ~ 0 ( m o d p ) ;  
/~}t if n - 0 (mod p), (S) 

where p = char r a n d / ~ 1  = [ /~H,- .- ,  EH] is the square of/~H. 
It is easy to see that  EH is a subalgebra of -A(H, t i) .  By [2], E(H) = (ea:  a e H~) is a simple 

n-Lie algebra. 
Using these notations, we prove the following 

L e m m a  3.1. Let al and b be arbitrary elements of  H~. Then we may choose a2,...  , an-1 e H~ 
so that h = ~ i=l  04 + b + tl  E H~ and a l , . . .  , an-1 are linearly independent elements of  Cb n. 

n--t PROOF. Let a l , . . .  , an-1 be linearly independent elements of fin and h ~ H~; i.e., h = ~-~i=l 04 + 
b + t l  = t l  which is equivalent to h' = ~--~n--~ 04 + b  = 0. Note that  7rl(h') = n and hence h ~ H~ only if 
n -- 0 (mod p). To prove the lemma, it suffices to take a~ n-1 = - ~-~i=l 04 instead of a2. It is easy to see 
that  a~ E H~. Otherwise b = t l ,  which contradicts the assumption. Now, if al + a~ + ~_-31 04 + b = 0 
then b = a2 and, to prove the lemma, we have to repeat the argument with a3 substitut'ed for a2. If 
n -- 3, al  -5 a2 -5 b = 0, and b = a2 then al -5 2a2 --- 0 which amounts to al = a2, and we arrive at 
a contradictiou with the choice of al and a2. The lemma is proved. 

T h e o r e m  3.2. E( H) is a central simple n-Lie algebra. 
PROOF. Demonstrate that  the centroid F of E(H)  coincides with the ground field ~b. Let r be 

an element of F and we have r = ~-]~heg~ ~(a, h)eh for every a E H~, where ~ : Hi  x Hi ~-~ r and 

( ( t l ,  h) = ~(h, t l)  = 0. Then,  for arbitrary a l , . . .  ,an E H~, i E Nn~ we have 

= . . .  

= r eo ,§  , oj 
hEH~ 

= ~ ff(04, h) la l , . . .  , a i - l , h ,  04+1,... ,anleal+...+a~+h+tl_a,. (g) 
h6H~ 

On the other hand, 

r  = r  ,anleal+...+a,~+tl) = [ a l , . . .  ,anl ~ ~ ai + tl, h eh. (10) 

hEH~ 
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Comparing (9) and (10), and using the unique decomposition of a vector in a basis, we conclude that  
the equality 

la~,... ,a/-1,h-tl,a/+l,... ,o lC(a ,a  + h -  - a 0 
i=1 

( •  = [ a l , . . .  , anlr  ai + t l ,  h 
i----1 

(11) 

holds for all h, a l , . . .  ,a.n E H i, i E Nn. By setting ai = aj with i # j  in (11), we obtain 

lal, . . .  ,o4-1, h - t l , a i + l , . . .  ,an aj, aj + h - t l -  ai =0. (12) 

Let b be an element of H~. Put h n ---~ ~'-~i=1 a / +  b + tl  -- aj. Without loss of generality we may assume 
that i = n and that h e H~ by Lemma 3.1. Then (12) is reduced to the equality 

la , . . . , b l r  i ,  b) = 0 

which, by the arbitrariness of a l , . . . ,  an-1 E H i, implies that ~(a, b) = 0 whenever a ~ (b). This is 
equivalent to a # b, since a, b E H i. 

By (11), r ai) = ~(~'~=lai + tl,~'].i'n=lai + t l);  i.e., r = r aj) for all ai, aj E H~. 
This implies that  ttle mapping r is multiplication by an element of the field and F = (I). The theorem 
is proved. 

4. C a f t a n  suba lgeb ras  of  t h e  a lgebras  A ( H ,  t) and E ( H ) .  In this section we define 
Cartan subalgebras of the algebras A(H, t) and E(H).  By analogy to Block's theorem [5] concerning 
Lie algebras, we prove Theorem 4.4 on existence of simple n-Lie algebras of characteristic p > 0 with 
Cartan subalgebras of various dimensions. In what  follows, we assume that  the ground field (I) is 
algebraically closed. Recall some definitions. 

An ideal I of an n-Lie algebra L is called nilpotent if I k = 0 for some k E N, where 11 = I and 
I k with k > 1 is defined by induction: I k = [I  k - l ,  Z ,  L , . . .  , L]. 

Let Af be a nilpotent subMgebra of an n-Lie algebra L. A function p : Af n-1 ~-+ r is called 
a root of L relative to Af if there exists a nonzero x E L such that, for every right multiplication Rh 
with h E .hf n - l ,  the element x is annihilated by some power of the operator Rh = Rh -- p(h).  Id, 
where Id : L ~-~ L is the identity operator. The set of all such x's is called the root subspace Lp 
relative to the root p. Then p = 0 is a root and L0 = Lo(Af) is a subalgebra of L containing .hr. If 
dim L < oo then L is decomposed as a vector space into the direct sum of the root subspaces Lp. If 
.hf = L0 then .hf is called a Caftan subalgebra of L, and the decomposition of L into tile direct sum 
of root subspaces is called a Caftan decomposition of tim n-Lie algebra L. Tile condition Af = L0 
is equivalent to the condition that the nilpotent subalgebra Af coincides with its normalizer; i.e., tile 
inclusion [x, A f , . . . ,  N]  C Af implies x E .hf [6]. If x is a regular element of L; i.e., if the subalgebra 
Lo(ff~x) has a minimal dimension, then Lo(r is a Cartan subalgebra of L [6]. Thus, every n-Lie 
algebra has a Caftan subalgebra. 

In the  case of characteristic zero, all Caftan subalgebras of an n-Lie algebra are conjugate [7]. 
However, this fails if the characteristic is prime, and the forthcoming Theorem 4.4 claims that, in 
the modular case, a Cartan subalgebra may fail to contain a regular element and that the Cartan 
decompositions relative to different Cartan subalgebras may differ. 

We first find the Caftan subalgebras of A = A(H, t) and E = E(H). Let us agree that  the set 
is chosen so that  t E (~1,... ,~n-1). 

P r o p o s i t i o n  4.1. Let .K = {h E H : h E ( e l , . . .  , e n - 1 ) }  aad A g = (Ca : a E g t = K n H'). 
Then AK is a Caftan subMgebra of A(H, t). 
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PROOF. Firstly, A/s: is an Abelian subalgebra.  Next,  suppose tha t  x = ~iEi'Yievi e Ao(AK).  
T h e n  for some m = re(x, h) E g we have xR"~ = 0, where h = (e~ t , . . .  ,e~,,_,) E A~c - i .  Applying (1) 
to t he  last equality, we obtain:  

= = 0 ,  

iEI iEI 

(13) 

T-[m- I where  ~'i = l ik=o Ivi jr k t ,~ l ,  . . .  ,~n-il,  ui = v~ + n / Z l  j r . . .  + m~n-1 +mr.  
Note that  ui ~ uj with  i ~ j ,  and we m a y  assume tha t  uj # 0 for any fixed j E I ,  since otherwise 

we m a y  take E~ = r + r instead of zi or r = E2 + r instead of ~2, and follow the  a rgument s  of 
L e m m a  1.1. 

By  (13), r j  = 0; i.e., ]'vj + kt, e l , . . .  , r  = 0 for some k e {0, . . .  ,m  - 1}, which implies the 
membership  vj E K '  by the  choice of J .  Since j E I is arbitrary, we conclude t h a t  x E A K ,  and  the 
proposit ion is proved. 

If char @ = p > 0 t h e n  for arbi t rary a E H' and h = (ea~,... , ea,_~) E A ~  - i  we have eaR1P~ = 
p-1 g(a,h)ea, where g(a,h) = yIk=oIa Jr kt, a i , . . .  , an - i ]  E @. Note that  in the  case of ea ~ Ah" 

we have ga ~ O, where  ga : A~ - i  ~+ @, ga(h) = g(a, h). From the construct ion of the  Car tan  
subalgebra it follows tha t ,  if h i , . . .  , an-1 are independent ,  then there  exist c~i , . . .  ,c~n-i E @ such 

n-1 
tha t  c~iai J r . . .  Jrc~n-ian-i = t which implies g(a, h) = p(a, h) p for every h = ( e a t , . . . ,  ea,~_l) E A K , 
where  p(a,h) = In, h i , . . .  , an - i ] .  We then  have ea(Rh -- p (a ,h ) .  Id) p = 0 and  so Pa = p(a,h) 
is a root  of A relative to AK.  Furthermore,  we have g(b, h) = g(a, h) if and only if b E a Jr K, 
which implies the C a f t a n  decomposit ion of A(H, t) relative to AK : A(H, t) = (9 ~ p e a  Ap, where 

A =  {Pa: A~ 7i ~ @ : a  E H / K ,  pa(h)= p(a',h), a = a '  Jr K, h =  ( h i , . . .  , a n - i ) } ,  and A0 = AK. 
If  we choose e l , . . .  , ~k E @'*, with k > n, linearly independent  over Fp and consider  H as a vector 

space over Fp with the  basis e l , . . .  ,~k, then  we obtain an example of a central simple n-Lie algebra 
A(H,  t) of dimension pk _ 2 (pk _ 1 if t = 0) with a Caf tan  subalgebra of dimension pn-1 _ 2 (pn-i  _ 1). 

Before construct ing a Car tan  subalgebra of E(H),  let us agree tha t  the set e l , . . .  , eu - i  E E' is 
chosen so that t l  E hi0 = ( e l , . . .  , eT~-l>. 

P r o p o s i t i o n  4.2.  Let M = H~ f] Mo and EM = (ea : a E M). Then EM is a Cartan subalgebra 
of E = E(H). 

PROOF. Firstly, EM is an Abelian subalgebra.  Next, suppose tha t  .T = )-~4eiTiev~ E Eo(EM). 
T h e n  we he~ve xR'~ = 0 wi th  h = ( e ~ , . . .  ,e~,_t) E E ~  "i and some m = m ( x , h )  E Y.  Applying (1) 
to the  last cquality, we obtain:  

= = 0 ,  

iEI iEI 
(14) 

T'T m - 1 where  v,i = ilk=0 ['ui + k t i , c i , . . .  ,en-ll ,  ui = vi +me. i  + . . .  + m ~ n - i  + m t i .  
Note that ui # uj with  i # j .  Then,  by (14), U = 0; i.e., I'vj + k t i , e i , . . .  , en-i] = 0 for some 

k E {0 , . . .  , m - 1 } ;  whence  'vj E M by the  choice of e l , . . .  , en-1. Since j E I is arbi trary,  we co,ichlde 
tha t  x E EM, and the  proposi t ion is proved. 

If  char @ = p > 0 then,  for arbi t rary  a E H i and h = (eal , . . .  ,ea,_t) E E ~ / i ,  we have eaRPh = 
g(a, h)ea, where g(a, h) p-1 --- 1-Ik=ola + k t i , a l , . . .  ,an-ll E (iT). Note that  in tile case of ea ~ EM 
we have ga ~ 0, where  ga : E ~  -i ~+ @, ga(h) = g(a,h). From the construct ion of the  Caf tan  
subalgebra it follows tha t ,  if h i , . . . ,  an-1 are independent ,  then there  exist ~ 1 , . . . ,  a n - I  E @ such 
tha t  a l a l + . . . + ~ n - i a n - 1  ---- t l ,  which implies g(a, h) = p(a, h)P for every h = (ea t , - . -  , e0~_i) E E ~ / i ,  
where  p(a, h) = In, a l , .  . . , an-il .  We then  have ea(Rh -- p(a, h). Id) p = 0 and so Pa = p(a, h) is a root 
of E relative to EM. Fur thermore ,  we have g(b, h) = g(a, h) if aud only if b - a E M0, which implies 
the  Caf tan  decomposit ion of  E(H) relative to EM : E(H)  = $ ~..pea' Ep, where A '  ---- {Pa : E~vI 1 ~+ 
@ : a E H .  M = {m + Mo : m  E Hi} ,  pa(h) = p(a',h), a = a' + M0, h = ( a l , . . .  , a n - l ) } ,  and 
Eo = EM. 
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If, as above, we choose e l , . . .  , ek E @n, with k _> n, linearly independent over Fp and consider H 
as a vector space over Fp with the basis el, .. �9 ek, then we obtain an example of a central simple n-Lie 
algebra E ( H )  of dimension pk-1 (pk-1 _ 1 if n -- 0 (rood p)) with a Cartan subalgebra of dimension 
p , - I  (pn-1 _ 1). 

Before constnmting an example of an R-Lie algebra with Cartan subalgebras of various dimensions, 
we introduce the following definition. 

Fix r E N, and put N~* n = {( i l , . . .  , i n - l )  E l~r_-i 1 : ik ~ is with k ~ s}. We call the set 
T - {Vl , . . .  , Vr} C @n n-independent over r if v/l, . . .  , vi, are linearly independent over (I) for every 
( i l , . - - , i n )  e Nr*+l,n+l. 

L e m m a  4.3. Let �9 be an infinite field o f  characteristic p. For any n, k E N there exists an 
n-independent set T = {Vl , . . .  , vk} C (I)n owr  (I) with linearly independent elements over Fp. 

PROOF is carried out by induction on k. For k = n, we take { v l , . . . ,  vn} equal to the elements 
of the basis. Now, assume that  the lemma is proved for k = r - 1 > n and that ~Vl,. . .  , Vr-1} 
satisfy the conditions of the lemma. Put vr = alVl  §  + anVn E ~2 n. Then the set ~tVl, , vr} is 
n-independent if and only if [vr, v i i , . . . ,  vi~_lI ~ 0 for any ~ = i / l , . . .  , in- l )  E I = Nr* ~. Expand the 

determinant in the first row. We have a171 + . . .  + c~n~/~ ~ 0, where not all ~ = 0 by the induction 
hypothesis. Thus, it suffices to choose a l , . . .  , an E �9 so that al71 + . . .  § an% n ~t 0 for any L E I. 

For every ~ E I, consider the function f~ : (I)n ~-+ (I) such that A(x)  = f~(x i , . . .  , xn) = x171 + . . .  § 
xn?~. Put  f = YI~EI f~ : (I)'~ ~ ~. Since (I) is infinite, there exist infinitely many a = ( a l , . . .  , an) E 
(~n such that  f (a )  ?t 0 (see, for example, [8, Proposition IV.2.5.8]). Since the set {Vl,. . .  , Vr-1} is 
finite, its linear span over Fp is finite. So we may also choose a so that  {Vl , . . . ,  vr} are linearly 
independent over Fp. The lemma is proved. 

T h e o r e m  4.4. For every" prime p and ever)" na tu ra /k  E N, there exists a simple n-Lie a/gebra 
of characteristic p with Cartan subalgebras of  k different dimensions. 

PROOF. Take as a sought example the algebra A = A(H, 0) over a field @ with the group H 
constructed below. Take r E N so that k _< C rn_l . . . .  Using Lemma 4.3, choose {~0, , ~o} C (I)n 
n-independent and linearly independent over Fp. Now. choose k l , . . .  , kr E N so that card {kil + . . .  + 
ki,_~ : ( i l , - - .  , in-I) E N~*+l,n } = Cr_l (the sums of n - 1 summands are all distinct). Consider the 

- . . . ,  = ~  0 sets - i  --- {~ ,  (~, (~},  where i E Nr, ~ j , j~}, and/3j E @ are chosen so that the elements of Ei 
~'~i=l ki + r with are linearly independent over Fp. Let H be the vector space over Fp of dimension r 

the basis E ___ Ui=l_~ . r  - .  Put  A = A(H, 0). It is easy to see that, for every L = (il , .  . . ,  in - l )  E Nr*+l,n, 
n - 1 -  A~ = (ca : a E (Uj=l-ii)Fp)@ is a Cartan subalgebra of A of dimension pn-lpk(d _ 1, where k(i.) = 

~'~.jn=-11 k/j. The claim follows by the choice of ki. The theorem is proved. 
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