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AUTOMORPHISMS OF ONE-ROOTED TREES: GROWTH, CIRCUIT
STRUCTURE, AND ACYCLICITY

Said Sidki UDC 512.544.42

A natural interpretation of automorphisms of one-rooted trees as output automata permits the ap-
plication of notions of growth and circuit structure in their study. New classes of groups are introduced
corresponding to diverse growth functions and circuit structure. In the context of automorphisms of the
binary tree, we discuss the structure of maximal 2-subgroups and the question of existence of free subgroups.
Moreover, we construct Burnside 2-groups generated by automorphisms of the binary tree which are finite
state, bounded, and acyclic.

1. Introduction

Automorphisms of one-rooted infinite regular trees have been the focus of increasing investigations in
recent years for their connections with problems in different areas of mathematics ranging from Group Theory
to Dynamical Systems. As it is not our intention to give a survey of these developments, we have listed in
the reference section publications which reflect the range of work that has been done.

Our main purpose is to apply basic notions such as growth and circuit structure from finite automata
and their graphs to the study of the structure of the group of automorphisms A(Y") of one-rooted regular
trees, where Y stands for the set of first-level vertices of the tree. These notions are directly applicable in
view of a natural interpretation of tree automorphisms as output automata having ¥ as both the input and
output alphabet. The set of states of o« € A(Y') is denoted by Q(a), and the initial state is a. A group H
of tree automorphisms isstate closed provided Q(a) is contained in H for all « € H, and is layered provided
the set of functions F(Y, H) is a subgroup of H. Layered subgroups are state closed. When Y is finite, the
set of automorphisms « in A(Y') for which Q(¢) is finite form the enumerable subgroup F(Y) of finite state
automorphisms, which is a layered group.

The infinite Burnside p-groups of Aleshin, Sushchanskii, Grigorchuk, and those of Gupta~Sidki, all of
which are necessarily not linear, afford faithful representations into the group of finite-state automorphisms of
a p-adic tree. One property some of these p-groups enjoy is that their proper quotients are finite and therefore
are also solvable. Periodicity of these groups is not essential for guaranteeing the latter extremal property.
As a matter of fact, recently a 2-generator torsion-free nonsolvable group all of whose proper quotients are
solvable was constructed in [6] as a subgroup of the finite-state automorphisms of the binary tree F. The
group of finite-state automorphisms also covers the linear phenomenon, for it was shown in [5] that there
exists a faithful representation of the linear group GL(n,Z) into the group of F(Y), where Y has 2" elements.

Let D be a directed graph, W a property of vertices, and v a fixed vertex. The W-growth of D starting
at v, denoted by 8(W; k+ 1,v), is the number of distinct directed paths of length k& > 0 which start at v and
end at a vertex with property W; the paths may be self-intersecting. In the case of a tree automorphism o,
the graph of the automaton with vertex set Q(a) will be referred to as the graph of o and §(W;k + 1,a)
as its growth function. One of the properties we consider is whether or not a state of a is active; for this
property we simply write 8(k + 1, a).

Given a vertex property and a measure of growth, we prove in Sec. 2.4 that the automorphisms of the
tree whose automata have the given growth form a layered subgroup. It is a difficult problem in general
to distinguish isomorphically among groups related to different choices of vertex properties and measures of
growth.

A finite directed graph can be represented by an adjacency matrix with nonnegative integer entries. An
elementary result in Sec. 2.5 on the growth of the entries of powers of such matrices implies
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Theorem A. Let a € F(Y) with m states. Then 6(W;k + 1,a) seen as a function of k either grows
ezponentially or has an eventually polynomial growth of degree at most m — 1.

The set of finite-state automorphisms a for which 8(k + 1, ) is eventually zero form a layered subgroup
which is the base group G(Y'), while those a for which §(k + 1, @) has polynomial growth of degree at most
m form a layered subgroup F,,,(Y). The elements of Fo(Y') are called bounded automorphisms.

A simple circuit in a graph D is a circuit without self-intersections, and its length is the number of
distinct vertices lying on this circuit. The graph D has m-circuit type provided m = ¢(D) is the maximum
length of its simple circuits, and it is acyclic provided m < 1.

Let D be the graph of a tree automorphism o and assume that the simple circuits of D have largest
length ¢(D) = m. If D is a tree, or if the identity automorphism e is one of the states of « and the only circuit
is from e to itself, then we say that « has O-circuit type. Otherwise, o has m-circuit type where m = c(a) > 1.
Furthermore, o is called acyclic if c(a) < 1.

We observe that the tree automorphisms with ¢(a) bounded above by m do not form in general a
subgroup. However, we prove in Sec. 2.5 that elements of F(Y) which have circuit type at most 1 do form a
subgroup F, ;(Y).

In Sec. 3, we prove that the cycle structures for finite-state bounded automorphisms behave quite well
with respect to the group operation. As a matter of fact, the following holds:

Theorem B. Let m be a natural number. Then the set
Fom(Y)={ae F(Y)|ca)=0, orc(a) divides m}
is a subgroup of Fo(Y') and it is layered.

In Secs. 4-6, considerations are restricted to the automorphism group of the binary tree. As a test of
the strength of the notions introduced so far, we undertake in Sec. 6 a detailed study of the group Fy, of
automorphisms of the binary tree which are finite state, bounded, and acyclic.

Let Y = {0, 1}, and let o denote both the transposition (0,1) and its so-called rigid extension to an
automorphism of the binary tree. The group of automorphisms A4 = A(Y) is a recursive wreath product
A = A wr{c). One special element of A is the binary adding machine which corresponds to adding 1 modulo
2. This machine is represented by T = (e, 7)o, and it is easy to see that 7 € Fg;. One of the characteristic

properties of 7 is that its centralizer subgroup in A is isomorphic to the ring of dyadic integers. The special
properties of (7) are used in Sec. 4 to distinguish between Fp; and Fj.

Theorem C. The group Fy, is not isomorphic to Fp.
Moreover, it is possible to obtain the following nonfreeness criterion.

Theorem D. Let H be a noncyclic group of finite-state binary tree automorphisms which contains (t). Then
H is not a free group.

In Sec. 5, maximal 2-subgroups of layered groups are considered. Define w = (o,w), an involutary
element of Fp ;.

Theorem E. Let H be a layered group of binary tree automorphisms. Assume that H contains the base group
G and the element w = (o,w). Then there are infinitely many conjugacy classes of mazimal 2-subgroups, and
infinitely many conjugacy classes of maximal locally finite subgroups in H.

In Sec. 6, the group Fp; is shown to factor as a product of certain special subgroups. In the same section
we prove

Theorem F. The base subgroup G is a mazimal locally finite subgroup of Fy 1.

In Secs. 6.2 and 6.3, we discuss a number of nontorsion criteria for subgroups of Fy ;. These results are
obtained in the context of constructing infinite Burnside 2-groups within Fg;. The following group is the
first of an infinite family of such examples.

Theorem G. Letb = ((0,0),€) be an element of the base group G, and let B = (b,3) € Fy,. Then the
group B generated by the states of 8 is an infinite Burnside 2-group.
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We remark that Grigorchuk’s Burnside 2-group [7] defined on the binary tree and generated hy the states
of a = (e, (0.(0,a))) belongs properly to Fy 3, since c{a) = 3.

It was shown in [10] that given a tree with alphabet ¥ = {0,1,... ,n — 1},n > 3, and given its two
automorphisms, the rigid extension of the permutation ¢ = (0,1,....n — 1) and v = (v,0,¢,... ,e,0™7}),
the group (o,v) is an infinite Burnside n-subgroup of Fp1(Y). Thus, with this last construction, it is proven
that Fo,(Y) contains infinite Burnside groups for all |Y| > 2.

Acknowledgment. Support from the CNPq and FAPDF of Brazil are acknowledged.

2. Tree Automorphisms

2.1. Preliminaries. A one-rooted regular tree 7 may be identified with the monoid M freely generated by
a set Y and ordered by the relation v < u if and only if © is a prefix of v; the identity element of M is the
empty sequence ¢.
Let A = Aut(7) be the automorphism group of the tree 7. The permutations P(Y') of the set Y can
be extended “rigidly” to automorphisms of A4 by
(yu)o=(y)ou, YyeyY, Yue M,

and this gives us an embedding of P(Y') into A.

An automorphism o € A induces a permutation os(a) on the set Y, which we identify with its rigid
extension to the whole tree. Therefore, the automorphism affords the representation a = a'vy(a), where
« fixes Y pointwise. Furthermore, o’ induces for each ¥ € Y an automorphism «'(y) of the subtree whose
vertices form the set y. M. Ou using thie canonical isomorphism yu — u between this subtree and the tree
T, we may consider (or renormalize) ¢’ as a function from Y into A; in notational form, o' € F(Y, A). Thus,
the group A factors as

A=F(Y,A).P(Y).

It is convenient to denote o by a(@) and ¢'(y) by a(y). In order to describe a(y), we use the same

procedure as in the case of a. Successive applications produce the set

Y(a) = {ou(a) | ue M}
of permutations of Y which describes faithfully the automorphism «. Another by-product of the procedure
is the set states of o

Qa) = {a, | we M}.

States will be considered with respect to a number of properties such as the property of being active. A state
o, of a tree automorphism « is said to be active provided o,(a) # e.

The definition of the product of automorphisms implies the following important properties of the @
function:

Q™) = Qo)™
Q(af) € Q()Q(B), Ve, B € A.
Given a group H and a set Y, define the groups
FolY,H) = H, A(Y,H)=F(, H),
F(Y,H) = FY,Fu(Y,H)),¥i> 1
Given a subgroup H of P(Y), we may define H* to be the subgroup of A generated by F;(Y, H) for all i > 0.
The factorization
H* = F(Y,H*).H

can be verified directly.

A subgroup L of the tree automorphisms A is called a layer subgroup, or simply layered, provided
F(Y, L) is a subgroup of L. Thus H# is an example of a layer subgroup. If # = P(Y), then H* is called
the base group and is denoted by G(Y").

1927



Now let Gg,x—1 (YY) be the subgroup of G(Y') generated by F;_1(Y, P(Y)) for all 0 <i < k— 1. Then
Gosk-1 (Y) is the group of automorphisms of the subtree formed by the vertices u of length at most k, and
G(Y') is the union of Go,k—1 (Y) for £ > 1. A nontrivial element h of G(Y") has depth k — 1 provided k is the
least integer such that h € Gg,,-1 (Y'); thus, nontrivial elements of P(Y') have depth zero. Since

A= Fi(Y, A).Go,p-1 (Y),

the decomposition of an automorphism « can be continued to the kth level of the tree in the form o =
fr(@)yk-1(), where fi(a) € Fi(Y, A) and yi-1(a) € Gog-1(Y).
The product of two automorphisms «, 3, is developed as follows:

af = fe(af)m-1(af),

where fi(afB) = fule) - me-1()felB)m-1() ™, and yeoi(af) = we—1(@) - (B). Also, o™ = fila™) -
Yk—-1(c) ™, where

fel@™) = (o) (@) - (@),
Tor(@™h) = (@)™

Given «, we define al® = o, oV = f € F(Y, A), where f(y) = a for all y € Y, and define inductively
a® = f e Fi(Y, A) such that f(y) =¥V forally €Y.

WhenY = {0, 1}, the tree 7 is the binary tree. Here the symbol o is reserved to indicate the transposition
(0,1) and its rigid extension to a tree automorphism. For any binary tree automorphism c, define inductively
the automorphisms ag = a, a1 = (e, ), and ax = (e, 1) for £ > 1. We note that for £ > 0, Go,, (Y) is
generated by {o; | 0 < ¢ < k} and is isomorphic to the k-fold wreath product of the cyclic group of order
two. We also note that the set {¢® | i > 0} generates freely an elementary abelian 2-group.

2.2. Automata representation. Automorphisms of the tree 7 can be interpreted in terms of output
(Mealey) automata. Such an automaton is a Turing machine defined by a sextuple (Q, L, T, f,, go), where @
is the set of states, L is the input alphabet, I' is the output alphabet, f : @ x L — @ is the state transition
function, { : Q x L — T is the output function, and g is the initial state. For a given automorphism «a of
the tree 7, the input and output alphabets are the same set Y, and its set of states is the set Q(«a) defined
above. The transition function is defined by

v ofu) = au.2)
and the output function by
aolu) 1y — 2,
where z is the image of y under o,(a).
Proposition 1. Let Y be a finite set and F(Y) be the set of finite-state automorphisms of the tree T(Y').
Then F(Y) is an enumerable layer group which factors as F(Y) = F(Y,F(Y))P(Y).

Proof. This result is a direct consequence of the two properties of the Q state function above and of the
enumerability of finite automata.

2.3. State-closed subgroups. It is evident that if L is a subgroup of the tree automorphisms A | the
states of its elements are not necessarily again elements of L. In this regard, we recall that the group L is
said to be state closed provided Q{a) C L for all o € L.

Proposition 2. (i) The set of state-closed subgroups of A form a lattice.

(i) The layer subgroups of A are state closed. Furthermore, if Y is finite, then the layer subgroups form
a lattice.

(iii) Any subgroup of the group of permutations P(Y) is state closed.

(iv) Let o € A . Then (a) is state closed if and only if o = f.o, where f is a map such that f(y) € (@)
forallyeY and o € P(Y).
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Proof. Let H, K be state-closed subgroups and L = (H, K). Also, leta=8v...8+ € L, where 3,... ,' €
H and ~,...,v € K. Since the state function is sub-multiplicative, it follows that Q(«) is contained in
QRIPQ()...Q(BF)Q(Y), a subset of (H, K). The other items are easy to prove.

Proposition 3. Let Y = {0,1},9 € G =G(Y), K = (Q(g)). Then,
(i) K is an abelian group if and only if g € (o ] i > 0);
(ii) K is a nonabelian dihedral group if and only if g = (go, g1)o, where go € {6V, 0) and g, = g5 ' 0.

Proof. The group K is state closed. Since a € K implies that (Q(a)) is a subgroup of K, we conclude that
o € Q(h) for all nontrivial h € G.

(1) Assume that K is an abelian group. Then ¢ commutes with g, and therefore go = g1. As g, € Q(g),
we obtain that g, = gu1. If the depth of g is s, then g € {o,0M,... ,0®). Since (o,0(),...,0®) is an
abelian group, the converse statement follows.

(ii) Assume that K is a nonabelian dihedral group. It is clear that (e, o), (0,€),or o' = (0, 0) € K. Since
o € Q(g), it follows that if (e.o) € K, then (o,¢€), o) € K. In all cases, oY) € K. Now a central involution
is a square. Therefore, no active involution can be central; in particular, o is a noncentral involution. The
centralizer of o in K is (c(), o).

Let a € K such that a*> = (0,0). Then a = (ag,a1)o. Therefore, a® = (aga,, a1a0) = (0,0),a0a; =
ayao = o. Also, from a’ = (a1, a0)0 = a! = (a7',ay5")o, we conclude that a = (a, ago)o, a2 = e, and qq
commutes with 0. As ag € K, ag € (¢!, 0). Hence oa) = 4.

Assume that g is inactive. Then g = a* = 0" and Q(g) = {e.0}; a contradiction. Therefore g is
active. Now g = a’, or a’c. In the first case, i is odd and a may be taken to be g. In the second case, i is
even and A is abelian, which is a contradiction.

2.4. Growth functions and characters. Let D be the graph of the automata which represents a tree
automorphism «. A vertex v of this graph is said to be active provided the state «, associated to the vertex
v is active. For the property W', the vertex v is active, and the notation for the growth function is simplified
as
Ok+1l.a)=H#{u: o a)#e|ul=k} forall k>0.

Thus 6(k + 1, ) is the number of entries of fi(a) whicl, as automorphisms of the tree T, are active on the
Ist level; if |Y| = n, then 8(k + 1,a) < nk.

In the above definition the condition o,(a) # e is equivalent to a, ¢ F(Y, . A). More generally, let H be

a subgroup of A and let W indicate the property that o, ¢ H. In view of this, we may define for the growth
function

Ok +1,a)=#{u:a, ¢ H,|ul=k} forall £>0
which measures the H-inactivity of a. When H is the identity subgroup, we define for & > 0
Ek+1,a)=#{u:a,#e,|u =k},

the frequency of nontrivial states of . It is clear that 6(k, a) < £(k, a).
The function 0y (k,—) : A — N satisfies the following properties: for all o, 5 € A

On(k,aB) < Oy(k o) + 04k, B)

Ok, a™) = Oy(k, a).
To justify these assertions, first we observe that for o, 3 € Fi (Y, A), we have
{u:(aB)u ¢ H} C{u:an & Hor 5, & H}.

Since fi.(@) = x_1(Q) fe(a)yr-1(a)~? is simply fi(c) with its entries permuted by yx_;(a)~!, we have that
fi(c) and f,(«r) have the same number of entries which do not belong to #. Now as multiplication in Fy (Y .4)
is effected coordinate-wise, the above properties follow.

-1
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The function fx(k,a) is not conjugate invariant in general. For instance, consider ¢ and A = (), Ao,
automorphisms of the binary tree. Then A = c(*¢) and we have §(k, o) = 0 for all k£ > 2, while §(k, \) = 2¢~1
for all kK > 1. A conjugate-invariant function is obtained upon replacing 6 by

é;(k, a) = max{fu(k,7) | v is conjugate to a}.

Norms and metrics may be defined on A using the function 64(k, o). For example, for n > 1, let
sk = (n —1)/n*~1 and define

Lo l=> {6k 0)si: k> 1}, d(e,8) =] aB7"].

Remark. Bhatacharjee, in proving in [2] the ubiquity of free subgroups within A, introduces the function
m(a, 8) =min{|u| | (u)a # (u)B} for a # B, which she uses to define the invariant metric

0 if a=28,
(Oéﬁ) { -m(a,8) if a# B

Let B be a set of functions defined on the natural numbers, contained in F(N,N), which satisfy the
following two properties:

(i) the constant function 0 € B,

(i) (Va,b € B)(3g € B){e +b < q).

A first example of such a class is the set Z of eventually zero functions. A second example is the set of
functions with growth &A™, where for given m > 0,

P, ={f: f(k) <ck™ for some ¢ > 0},

and a third is P = |J{P,, | m > 0}, which consists of functions of polynomial growth. In the case H =
F(Y, A), we use the same symbol B for the class of functions as well as for the corresponding group.

Proposition 4. Let H be a subgroup of A and let B be a set of functions as above. Then B(H) = {a € A |
(3b € B)(VE > 0)(On(k + 1.a) < b)} is a layer subgroup of A.

Let Y be a finite set, F,,(Y) the set of finite-state automorphisms o whose activity functions 8(k, o)
belong to P, and let Fi;(Y) = U{Fn(Y) | m > 0}. A special instance of the previous proposition is

Corollary 5. The set F,,(Y) is a layered subgroup of F(Y) for all m > 0.

Problem 1. Let the class of functions B be fixed and let H, K be subgroups of A. When are B(H) and
B(K) equal? isomorphic?

Let Y be finite, H < P(Y), U an abelian group, and ¢ a homomorphism from H into U. Define a
sequence of characters @i from B{H) into U as follows:

w1(@) = (oo(@)), pir(@) = [J{elou(e) | ul = £},
Associated to these characters are the normal subgroups

NG = {a | @Gm)(vk 2 m)(ea) = ),
N(g) = {a| @m)(vk 2 m)(ee) = gn(@)},

which are layer but not state-closed subgroups of A. Moreover, N(y) admits a total character defined by

= [l{ws(a) | k > 1}
For the bmaly tree, let U = {0,1} be the 1ntegers modulo 2 and ¢ the isomorphism from (o) onto U.
Then ,ck( ) = 08(k,a) modulo 2, which we denote by 8(k, ), and denote the corresponding total character

by 8(a) = S{0(k,a) | k> 1}.
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2.5. Adjacency matrices and circuits. Given a finite directed graph D having k vertices and an initial
vertex v, enumerate its vertices as V = {vi(= v),..., vt} and let s8;; denote the number of directed edges
which connect v; to v;. This can be expressed in terms of m linear equations v; = Y {s;jv; : 1 < 7 < k},
where s;; is the number of directed edges from v; to v;. The adjacency matriz of D is the m x m matrix
[D] = (si5)- If some of the vertices of D are distinguished by some property W, then the W-frequency can be
recorded in a column vector 8, = (6(W;1,v;)). For k > 0, let Dy, denote the graph having the same vertices
as D and having a directed edge connecting v; to v; for every directed path of length & connecting v; to v;.
We note that [D]* = [Dy], the vector Brpr = [D]*6; represents the W-frequency of Dy, and the first entry of
Brs1 is the W-growth function 8(W; k + 1,v).

Theorem 6. Let A be an m X m matriz with nonnegative integer entries, and define the functions fi;(k) =
(A*);;. Then for each pair (i,j), the function f;; either grows ezponentially or is a polynomial function of
degree at most m — 1.

Proof. We will proceed by induction on the dimension m.

For m = 1, the assertion is obvious. We will assume 1 < m, and that the assertion is true for all m’ < m.

Case 1. Let i = j. Clearly, fi(k) = (4%); > A% and therefore f; grows exponentially unless 4;; = 0, 1.
Assume that f; does not grow exponentially, so fi;:(k) = 0,1, for all k, and if f;(h) = 1 for some h, then
fu(k) = 1for all k > h. Thus f;; =0, or fi; is zero at first and then eventually becomes constant with value
1.

Case 2. Let 1 # 7.

(2.1) Assume that f;; grows exponentially. Then if for some h we have f;;(h) # 0, then fi;(k + h) >
fii(k) fi;(h) and thus grows exponentially. Thus either f;; is eventually 0 or it grows exponentially.

(2.2) Assume that f; = 0, or f;; is eventually 1. Assume, furthermore, that fi; does not grow expo-

a

nentially. To simplify the notation, we will let « = 1, § = 2. Then, A = { w Y }, where a € {0,1},

B
v = (V02 ... ,Up_1), and B is an (m — 1) x (m — 1) matrix with nonnegative integer entries. Define the
functions g;;(k) = (B*)y;.

k=1
(2.2.1) Assume that f,; = 0. Then A* = 0 vB

* ] and fia(k) = (vB¥ 1) = 3 {viga(k —1) | 1 <

i < m - 1}. Since fi, 1s not exponential, by induction g; is eventually polynomial of degree at most m —2
whenever v; # 0. Clearly, if v; = 0 then fi> is not affected by ¢;;.

(2.2.2) Assume that there exists an s > 1 such that fi;(k) =1 for all £ > s. Then A° = {

AM:ASA:F fuBHHa u]z[l U(l—!—Bs)}:

* * w B % *

* *

1 vBs 1 }

A [ 1 v.(qe(B)+ B>*1) } 7

* *
where gi(B) =1+ B 4 ...+ B*!. Therefore,
fia(k) = (vqe(B) + vB*™ ) = fuiga(j) [1<i<m—-1,0<j<k—1}+
Z{vigil(5+k— 1) l 1 S ) S m — 1}

By induction, whenever v; # 0, g;1 is a polynomial of degree at most m — 2, and so ) {¢i1(j) : 0 <j <k—1}
is a polynomial in k& of degree at most m — 1. Hence fi» is a polynomial of degree at most m — 1.

Corollary 7. Let D be a finite graph with m vertices, W a vertez property, and v a fized vertex of D. Then
the W -growth function 0(W;k + 1,v) either grows ezponentially or is eventually a polynomial function of
degree at most m — 1.
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Let o be an antomorphism of a one-rooted tree, and let D be the graph of the automata associated to
a. When a is a finite-state automorphism we enumerate the states of a as Q(a) = {a1(= @), @2, ... .an},
setting a,, = e whenever this element is a state of c; we hope that this notation a; does not get confused with
oy, where y € Y. Here the m x m adjacency matrix of a is [a] = [D] = (s); clearly, > {s;; | 1 < j <m} =n.
The column vector 6 = (6(W, 1, a;)) registers whether or not «; satisfies the W property.

Given the adjacency matrix of a finite-state antomorphism, we conclude:

Theorem 8. Let o € F(Y) with m states. Then the function 6(W; k +1,a) of k either grows exponentially
or has an eventually polynomial growth of degree at most m — 1.

We can now prove that the groups F,,(Y) of tree automorphisms with polynomial growth of degree m
are distinct.

Proposition 9. Let Y be a finite set with at least two elements. Then groups of finite-state automorphisms
F.(Y) are distinct for all integers m > Q.

Proof. We will prove the assertion for the binary tree, the general case being similar.

Let m > 0. Consider the (m + 2)-dimensional upper triangular matrix S = g gJ, where T =

I+ 3 E; i1 is (m + 1)-dimensional, E;; is the elementary transformation with 1 in the ijth position, and
Orm

u = [ 0{” ] Also let 8, = 1 |. Then the pair (S,6,) represents an automorphism of the binary tree
0

T

having m + 2 states. Now, SF = [ 0 ] and T* =1+3 (/;) E; ;. The first term of the vector $¥6, is the

(m + 1)-th term of T* [ Oi” ] and so, 6(1 + k,a) = ( :L), which is a polynomial in & having degree m when

k> m.
A Wicircuit is a circuit in the graph which passes through a W-vertex. Geometrically, the graphs with-
polynomial growth are described by

Proposition 10. Let D be a finite graph, W a vertex property, and v a fized vertex of D. Then the function
O(W;k + 1,v) has polynomial growth if and only if no W-circuit in the graph D contains two distinct W -
circuits.

Remark. (i) Let Y be finite. Then the set of finite-state automorphisms of O-circuit type is the base group
GY).

(it) If Y is infinite, then the automorphisms of 0O-circuit type of the binary tree do not form a group. An
example is the following: let a = (e, (a,¢e))o, 8 = (8%, 8%)0, and 6§ = (87}, Ba)o. Then « is finite state and
has 2-circuit type, while the graphs of 8 and § are infinite trees without loops; that is, 5 and § are 0-circuit
types. Now, 6% = (a, Ba3~"), which has o as one of its states, and therefore 62 is not of O-circunit type.

Proposition 11. Let Y be a finite set. Then set of automorphisms in F(Y) having circuit type at most 1
forms a layer group F, 1(Y).

Proof. (i) Let a be an automorphism of the tree. We recall the decomposition o = fo, where f is the
first-level pointwise stabilizer and o is a permutation of Y. Then « is acyclic if and only if f(y) is acyclic for
allyeY.

(i) Assume by contradiction that there exist «, 3 acyclic automorphisms of the tree such that ¢(a5) > 2.
Choose such elements a, 8 for which |Q(a)| + |Q(8)| is minimum. Decompose o = fo,8 = go’. Then
afi = ha”, where h = fg° ', 0" = o0’, and h(y) = f(y)g° " (y).

Let y € Y such that h(y) is not acyclic. Since

Q(f(y)) € Qa), Qg" ' (¥)) € Q(B),
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by the minimality of the counterexample it follows that

QU+ Q™ ()] = Q)] + 1Q(9)]
and so

QU = IR Q™ @)| = 1e(B)l.

Now since a, 3 are acyclic, we have f(y) = a,¢°  (y) = 3, and h(y) = aB. Thus for all y € Y, the entry
h(y) is either acyclic or h(y) = af. But clearly af is acyclic; a contradiction.

(iii) The proof that the inverse of an acyclic automorphism is acyclic proceeds in a similar manner to
the previous item.

Remark. The product of two finite-state automorphisms having 2-circuit type can have larger circuit type:
let @ = (o, a0), 8 = (05, B0) be automorphisms of the binary tree. Then both a and 3 have finite number
of states and have 2-circuit type, while the product a8 is of 4-circuit type.

3. Bounded Automorphisms

A tree automorphism « is called bounded provided its activity growth function 8(k,«) is bounded
(B(k,a) € Pg). Recall that 0(k,a) < &(k,«) for all k. We will show that for a bounded finite-state au-
tomorphism, the state frequency £(k, @) is also bounded (£(k, ) € P{e}).

Proposition 12. Fy(Y) = F(Y)NPs = F(Y) N Py{e}.

Proof. Let the activity function 8(k,«) be bounded above by ¢, and assume that o has unlimited state
frequency £(k, @). Then since « has a finite number of states, there exists a level & such that some nontrivial
state J € @Q(«) occurs more than ¢ number of times on that level. But the fact 5 # e implies that there
exists an index u of length A for which o,(3) is nontrivial. Thus at level k + h, the activity of o is greater
than ¢; a contradiction.

Proposition 13. Let o € F(Y) with e € Q(«), and let S be its adjacency matriz. Then
(i) a € Fo(Y) if and only if there exist positive integers p < q such that S} = S{;
(ii) @ € G(Y) if and only if S§ = 0 for some p.

Proof. Let |Q(c)| = m. Since e € Q{a), the adjacency matrix of o has the block form S = [ 031 :z ]
m—1

and & = [ Loy } Then &4 = S*¢ and for 1 < ¢ <m — 1, (1 + k., ;) is the ith entry of S‘f (1m-1].

0
(i) Assume that a € Fy(Y'). Then there exists a constant c¢ such that the entries of S§ are bounded by ¢
for all k. Therefore S’f may be seen as an (m — 1)2 vector with entries from {0,1,...,c}. As k varies over all

the natural numbers, it follows that there exist natural numbers p < g such that 8] = S{. The other direction
is clear.

(ii) By definition, a € G(Y') if and only if there exists a level & where a, = e for all u of length %, which
is equivalent to saying that S¥ = 0.

Bounded automorphisms can be described geometrically as follows.

Corollary 14. Let o be a bounded finite-state automorphism. Then no two different circuits in the yraph of
the automata of o pass through the same vertex or are connected by a directed path.

One feature which distinguishes internally the group of bounded finite-state automorphisms Fj from the
group of finite-state automorphisms F' of the binary tree is:

Proposition 15. The base group G of automorphisms of the binary tree is self-normalizing in Fy.
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Proof. Let p € F such that u~'Gu < G. Then from Proposition 7.3 of |4], 4 = p{™yg for some natural
number m and some g € G. The states of y are of the form pg’, where j < m,g € G. If some such state
is the identity, then u) € G, and therefore u € G.

3.1. Circuitous automorphisms. A nontrivial finite-state automorphism « is called circuitous provided
it is bounded and « lies on a circuit in its own graph. An example of a circuitous automorphism « of the
binary tree is defined as follows: let go, g11 € G, and let

a=(go,q1), o1 = (a,91)o, ap=oa.
We note that in this example, a factors as a = o'g, where o/ = (e, (a,e)) and g = (go (e, q11)0) € G.
Furthermore, we note that o}y = a,g10 = €, and that conjugation of o by g simply permutes the entries
of o.

To a circuitous automorphism « there is associated a complete chain of indices C(a) = {v € M|, is
circuitous}. There exists an index u of smallest length k such that o, = «, and this index is unique. Note
that u* € C(a), for all ¢ > 0, and that for any index v = us, a, = a; holds. Now, in the same manner
as in the above example, a factors as a = «'g, where o/ = (e,...,€e,ay,¢€,.,¢) is an element of the kth
stabilizer, o, = «, and g € G, where g, = e. This is a normal form for the circuitous automorphism «. Since
o = a.g7!, it follows that for any tree level k, if -y is an element of the kth stabilizer subgroup having as a
unique nonbase entry a circuitous automorphism ¢, then v can be written as y = hah/, for some h, h' € G.

Proposition 16. The group Fo(Y') is generated by the base group G(Y') together with the set of circuitous
automorphisms.

Proof. Given § € Fo(Y); then 4 determines a unique set S = S(J) of indices u of minimal length where a
state of § is either an element of G(Y) or is circuitous. This set S is a minimal connecting set for the free
monoid M of indices. Let S’ be the subset of S formed by indices u for which ¢, is circuitous. Define ¢’
as follows: for u € S, let ¢, =4, ifu € §’, and ¢, = e if u € S — §’. Then there exists h € G(Y) such
that § = d’h. Assume that u € S is of length &£ and that ¢, is circuitous. Then ¢, appears as an entry of
(e,...,e,0y¢€,....e) € Fp(Y, A). the kth level stabilizer of the tree, and so it can be written as a product of
a circuitous automorphism and an element of G(Y). Thus ¢’ is a product of circuitous automorphisms and
base elements, and therefore the same holds for 4.

Remark. Let § € Fy(Y), and let s’ =| S’ |, as in the previous proposition. Then § can be expressed as a
word ¢ = hah'B... h'vh"” where h, K/, h", k" € G, and «, 3, ..., are s’ circuitous automorphisms. Indeed,
¢ cannot be written using less than s’ circuitous automorphisms, which justifies calling s’ the syllable length
of é.

Lemma 17. Let § € Fo(Y). There ezists a tree level I such that § = &'q, where §' is an element of the [-th
stabilizer subgroup such that §'(v) is either circuitous or a base element, and q € Go;—1(Y).

Proof. First we observe that if § is a base element or is circuitous, then for any level [, § factors as asserted.
Furthermore, if § is circuitous, then since § is bounded, there is a unique index u of length ! such that ¢'(u)
is circuitous, whereas §’(v) is a base element for all indices v of length [ and v # u.

Now we proceed by induction on the number of circuitous states of § and assume that § ¢ G(Y'). There
exists a tree level k and an index u of length k such § = ¢’q, where §' is an element of the kth stabilizer
subgroup such that §’(u) is circuitous and q € Gox—1(Y"). Since § is bounded, the number of circuitous states
of §'(v) is less than that of ¢ for all v # u. Thus, by induction, for each index v of length k, there exists a
level [, such that §’'(v) has the required factorization. It follows from the first observation that there exists a
common level [ such that for all indices v of length I, §'(v) = §"(v)q'(v), where §”(v) is an element of the Ith
stabilizer subgroup and ¢'(v) € Go;-1(Y). Let t = k+[. Then § = §"q’.q = 8".(¢'q), where ¢” is and element.
of the tth stablizer subgroup and q'q € Gg;-1-

Whereas for m > 2, the finite-state automorphisms of circuit m-type do not form a group, the situation
for the bounded automorphisms is nicer. Indeed, on defining for every integer m > 0,

FonY)={aec ()| cla) =0, or c(a) divides m}.
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we will show that

Theorem 18. The set Fy ,(Y') is a subgroup of Fo(Y) and it is layered.

Proof. (i) First we prove that if g € G and « is a circuitous automorphism with c¢(a) > 0, then c(ag) = c(a).

Assume that g € G has depth k, and let 8 = ag. Let v € C(a) be an index of length greater than k.
Then 8, = (ag), = a,. Therefore, ¢(8) > c(a) = c(a). As c¢(a) = c(Bg™!) > ¢(B,) = ¢(B), we conclude that
c(B) = cla).

(ii) Next we prove that for any circuitous automorphisms «, 8, we have that

e(ef) | Len.(c(a),c(B)).

Let v = af8. Then, v, = ,B,, where (v/)* = v. The circuit type of v, is either ¢(v,) = 0, c(a,), or ¢(B,),
unless possibly when v € C(a) and v' € C(8). Assume that v’ € C(3) whenever v € C(a). Let m = c(e),
n = c¢(8), | = lem.(m,n), m" = 1/m, n’ = I/n. Furthermore let u € C(a) be of length m, w € C(8) of
length n, and let v = u™. Then, vy, = a,B,, where v’ = w". Thus, 7, = a8 = ~, from which it follows that
c(y) divides .

Let o be a circuitous automorphism, and let y € Y be the unique index for which the state ¢ is
circuitous. Then « is said to be strongly active provided y is not fixed by ¢ = o4(c). We note that in the
case of the binary tree, the two notions active and strongly active coincide.

Proposition 19. A circuitous automorphism o € Fo(Y') has infinite order if and only if at least one of its
nonbase states v, s strongly active.

Proof. We will prove the statement for the binary tree. The argument in the general case is similar.

Assume that all nonbase states of « are inactive. Then, o = (gg, @) or (aw, 1), where go, g1 € G; we will

assume the first form. Thus, a®%) = (e, a‘l’(‘q")). Since «, = « for some index v, a repetition of the previous

step shows that o has finite order.

Assume now that some nonbase state «, of « is active and choose v of minimum length. We may assume
that o = (go, 1)0. Let K(a) be the subgroup generated by the base states of a; this subgroup is clearly
finite. Now, o = (goa, 190). Thus, a® projects onto o, g, and if the latter element is inactive, then it
projects onto ajgh or agih, where h € A (a) has smaller depth than go, and either oo or ay; is a nonbase
state. If we continue this sequence of projections we will reach an active automorphism 3 = o k', with a,, a
nonbase state of a and A’ € K(a); this 8 could be « itself. We repeat the same operation on § as was done
previously for a. So §%(= o*) projects eventually onto § = a, k", which is an active automorphism where
oy is a nonbase state of a and A" € K(a). As the number of states of a is finite and K () is a finite group,
successive repetitions will produce at some stage an active automorphism v = ,h"” that had appeared
previously. Therefore, for some s > 1, v2° projects eventually onto . This proves that ~ has infinite order,
and consequently, « itself has infinite order.

Remark. The above proof provides an algorithm for deciding the order of an element of Fy(Y), once it is
given as a word in elements of the base group and in circuitous automorphisms.

4. The Binary Addition Machine

The automorphism of the binary tree 7 = (e, 7)o corresponds to adding 1 modulo 2, which explains its
denomination as the binary adding machine. This automorphism has a number of special properties such as
T permutes transitively the kth-level vertices for all k£ > 0, and its character values () = 1 for all £ > 1.
Indeed, each of these properties characterizes conjugates of 7.

Proposition 20. Let o be an automorphism of the binary tree. Then a is conjugate to 7 if and only if
permutes transitively the k-th-level vertices for all k > 0.

Proof. Assume that o permutes transitively the kth-level vertices for all £ > 0. Then « is active, o =
(g, 1)o. When « is conjugated by 8 = (ag,e) it transforms into a® = (e, a1ap)o. The automorphism
o) = ay0p also permutes transitively the kth-level vertices for all £ > 0, and thus in particular it is active,
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o) = (g, 0}, )0. Now we conjugate @” by 8" = (4,0).6 = (), e), thus reducing o, to the identity. In this
manner we produce an infinite sequence of conjugators 3,3, ..., whose product ~ is a well-defined element
of A which conjugates a to 7.

Corollary 21. Let a be an automorphism of the binary tree. Then a is conjugate to 7 if and only if 6i(a) = 1
forallk > 1.

Proof. Assume that 0c(a) = 1 for all k > 1. In particular, a is active. We observe in the above proof that
B,(aP) = 6, (a100) = 81(0) + 61 (o) = B2(ar), and, more generally, 8;(a®) = fi(a) for all k > 1. Indeed, the
successive conjugations in the above proof preserve the characters 0.

The structure of the centralizer of the cyclic group (7) allows us to distinguish isomorphically between
the group of finite-state automorphisms F' and its subgroup Fy of bounded automorphisms.

Theorem 22. The group Fy is not isomorphic to F.
We recall the following facts from [5].

Proposition 23. Let Z, be the ring of dyadic integers, and Z) the localization of the rationals at the prime
p = 2. Then Ca(7) = (1)* = {7° : £ € Zy}. Furthermore, if a € A is such that C4(a) = (a)*, then o is
conjugate to 7. In addition, Cp(T) = {7°: £ € Z(»n)}.

Next we prove

Proposition 24. The cyclic group (1) is self-normalizing in Fy.

Proof. We will show that (7) is self-centralizing in Fy. Let £ € Z, and assume that 7% € Fy. We know that
78 € F if and only if £ € Z(2), a rational number with odd denominator. Then { = s + ¢ where s,¢ are
nonnegative integers, and ¢ = 1+ 2% +22% 4. Assume that ¢ # 0. Then 7* € Fy if and only if vy = 7° € Fp.
Since « satisfes v = y¥)r, the set of states 0f v is Qly) = {79, 4¥0r | 1 < i < k). Since the icentity
element ¢ is in Q(v) it follows that v =e.

Now let s be an odd integer, s = 2t + 1, and let a = (a,a7"). Then a conjugates 7 into 7°. It can be
checked directly that Q(a) is a subset of {ar*: 0 <7 < t}. Now if a € Fy, then ar* = e for some i; therefore

« centralizes T.

Proof of Theorem 22. Assume by contradiction that Fy & F' and let a € F' be the image of 7 under such
an isomorphism. Then (a) is self-centralizing in F'. However, Cr(c) contains {a : € € Z(y)}, a free abelian
group of infinite rank; a contradiction.

Proposition 25. Let T =< 7,G >. Then T is a layer group, and any finitely generated subgroup of Y 1is
an extension of a torsion-free abelian group of finite rank by a finite 2-group.

Proof. Note that F(Y,(r)), which is a direct product of two copies of (), is a subgroup of T. Let
f € F(Y,Y). Then f(y) is a product of elements from G and F(Y, (r)). Therefore F(Y,T) C T. Given
a finitely generated subgroup of Y, there exists some level k such that T is contained in Fi(Y, (1))Go k-1,
which is clearly torsion-free by a finite group.

Since (1) has a restricted centralizer, one might hope to find an overgroup of it which is a free group of
rank 2. However, this does not happen within the group of finite-state automorphisms F'.

Theorem 26. Let H = (1,a) be a free group of automorphisms of the binary tree, having rank 2. Then
(o, T | |u| = k) is a free group of rank 2% + 1, for all k > 1.

Proof. Let H, be the first-level stabilizer subgroup. Since 7 is active, H; has index 2 in H, and therefore
H, is a free group of rank 3. To exhibit the generators of H; we have to cousider two cases according to
whether or not « is active. (i) Assume that o = (g, ). Then o = (a],a), and H, = (t%,0,a7). As
72 = (1.7), H, is a sub-direct product of L x L, where L = (g, a1, 7). (ii) Assume that a = (ag, a1)o. Then
at = (agr, 1), Ta = (@1, Tag), and H, = (7% ar, Ta), which again is a sub-direct product of L = (ag, a1, 7).
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It is easy to sec that L = (g, @1, T) is a free group of rank 3. On replacing H by L in the above argument,
we arrive at the fact that A = {(aga, @01, @19, 011, T) is a free group of rank 5. Iterating the argument £ times
produces (a,,, 7 | Ju| = k) is a free group of rank 2* + 1.

A direct consequence of the above is

Corollary 27. Let H = (7,@) be a noncyclic group of finite-state autornorphisms of the binary tree. Then
H is not a free group.

A faithful representation of GL(2,Z) into the finite-state automorphisms of the regular 4-tree was pro-
duced in [5]. Since the free group of rank 2 is a subgroup of GL(2,Z), a faithful representation of this free
group as a finite-state automorphism group is consequently obtained.

Aleshin asserted in [1] that the group generated by

a=(a,(a”) Mo, §=(8,(8)Y)
is free of rank 2. Unfortunately, we have not been able to understand his proof. At any rate, his generators
are conjugates of 7. This is so because 6,(c) = 1,62(a) = 1, and

Or(a) = Or-1(ct) + 01 ((@*)V) = b1y (@) + 26,2 (),

which is an odd number for £ > 3. Similarly, 6;(3) is an odd number for £ > 1.
Andrew Brunner and I propose considering the simpler looking group generated by the three states of
a = (o, a0V as a candidate for a free group of rank 3.

Problem 2. Prove that a representation of the free group of rank 2 into the group Fn(Y) of finite-state
automorphisms having polynomial growth cannot be faithful for any finite set Y.

In surveying the overgroups of (1), we find in Fy, a torsion-free group generated by 7 and one of its
conjugates, having a rich recursive structure (see [6]).

Theorem 28. Let H be the group of automorphisms of the binary tree generated by v = (e, 7)o and p =
(e, Ho. Then H s a subgroup of Fy, is just-nonsolvable, and is residually a “torsion-free solvable group.”

4.1. Maximal 2-subgroups of binary tree automorphisms. The group of automorphisms A of the
binary tree was shown in [15] to contain nondenumerably many nonconjugate maximal 2-subgroups. The
argument was built upon the observation that the product of w = (o, w) with any conjugate of o has infinite
order.

Theorem 29. Let H be a layered group of binary tree automorphisms. Assume that H contains the base
group G and the element w = (0, w). Then there are infinitely many conjugacy classes of mazimal 2-subgroups
and infinitely many conjugacy classes of mazimal locally finite subgroups in H.

First we reprove

Proposition 30. A 2-subgroup of binary tree automorphisms that contains w = (o,w) is not conjugate to
any 2-subgroup of binary tree automorphisms which contains o.

Proof. We claim that o(wo®) is infinite for any a € A . As we may consider a modulo the centralizer of o,
it can be assumed that & = (e, @;). Thus, wo® = (way,oa;t)o and

(wo®)? = (wo®, oar'wa,),

where 3 = a7!. Therefore, o(wo®) > 20{wo?). We note that the conjugator a of o has changed to 3 inside
the bracket, and now the argument may be repeated to obtain o(wo®) is infinite.

Proposition 31. Let H be a layered group containing the base group G. Let N be a 2-subgroup of H. Then
N is a mazimal 2-subgroup (maximal locally finite 2-subgroup) of H if and only if

(i) N = H x K, where H and K are nonconjugate mazimal 2-subgroups (mazimal locally finite 2-
subgroups) of H or

(i1) N is conjugate to L = (K x K).(o), where K is a mazimal 2-subgroup (mazimal locally finite
2-subgroup) of H.
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Proof. Let K be the pointwise stabilizer of 0,1, within N, and let Ky, K, be the projections of K on the
first and second coordinates, respectively.

(i) If N = K, then N < Kyx K, a 2-subgroup of H. If Kl is a conjugate of Ky, then IV is conjugate to
a subgroup of the larger 2-group L = (Kox Kj).(0).

(ii) If N # K, then N contains an element a = (ag, a1)o. On conjugating N by (ag, ), we may assume
that ag = e. Since a = (e,a;)0, it follows that o® = (a1,a:1) and a; € Ky N K;. Now since a normalizes K|
we have that Ky = K. Therefore, N is embeddable in the 2-subgroup L = {Kjy x Kp){o).

Proof of Theorem 29. Let N be a maximal 2-subgroup of #H which contains w. Define the following
sequence of subgroups of H, Ny = N, Ny = (N-1) X Ni_y))(o) for all ¢ > 1. Then by the above result,
these are maximal 2-subgroups of H. Clearly, since N(;) contains o, it is not conjugate to Ng). By a direct
argument it can be shown that no two subgroups in the set {IN;) | ¢ > 0} are conjugate.

The proof remains essentially the same when the condition “maximal 2-subgroup” is replaced by “max-
imal locally finite 2-subgroup.”

5. The Group of Acyclic Finite-State Binary Automorphisms

Let Y be finite. Then by Proposition 11, the finite-state acyclic automorphisms form a group Fi1(Y). In
the case of the binary tree we denote it simply by F, ;. Recall that Fyy; stands for the group of automorphisms
which have polynomial growth and are acyclic. The automorphism A = AM¢ is an element of F,; and has
exponential growth. Define by induction Ag = A and Ax = (e, Ax_1) for all £ > 1. Also, let A be the group
generated by Ay for & > 0. We observe that A contains G properly and is locally a finite 2-group.

Proposition 32. The group F. factors as F.y = AFn;. Furthermore, AN Fyy = G.

Proof. Let a € F,; have exponential growth. Then it has some nontrivial state which is a vertex of a
multiple loop. This state is the unique A = XYg. Now gathering to the left the occurrences of A in the
development of «, we obtain the factorization o = o/, where o/ € A and o” € Fp;. The next assertion is
easy to prove.

5.1. The group Fp,; of bounded acyclic automorphisms. In the rest of the paper, we limit our con-
siderations to the group Fp; of finite-state bounded acyclic automorphisms of the binary tree.

Given a subgroup H of the base group G, we define the corresponding circuitous subgroups H, = {a |
a=(g,a),9g € H}Y, H- = {a | a = (o, 9),9 € H}, and T = (7,G). It is clear that H. and H; are both
isomorphic to H.

Theorem 33. Let G = (G,G.),G = (G,Ge), T = (1,G). Then the group Fo, admits the factorizations
= =YGY = TGY. Furthermore, TNG=G=GnG.

First we prove some lemmas.
Lemma 34. The automorphism T = (e, 7)o conjugates the subgroup H, into Hz. The groups G, G are layer
groups.
Proof. Let a = (g,a) € G.. Then o™ = (g,a)" = (9,a7)" = (a7, g) € Ga.
The proof of the second assertion is a routine matter.
Lemma 35. Let a € Fy; be a circuitous automorphism. Then « is one of four types: a = (g,a) € G,

a= (a’g) € GE’ a = (g’a)a € GCT! o= (Ot,g)g S T_ch.

Proof. By definition, o = (g,a) € G.. For a = (a,g), we have § = Tar™! = (g,7ar™!) € G, and so
a € 771G.r. For a = (g,a)o, we have at™! = (g,ar7™!) € G, and so a € G.7. For a = (a, g)o, we have
Ta = (g,7a) € G, and a € T71G,.
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Lemma 36. Let p € Fy, and let p = hoh'(...0h"y be a word of minimum syllable length s, where
o, B,...,8,7 ure circuttous, h,h',... . h" € G. Then a,f3,...,6,v € Q(p). Furthermore, there exists a
level | such that p = p'q, where o' is an element of the lth stabilizer subgroup, ¢ € Go -1, and where the vector
of nonbase entries of p' is a permuted form of (. [3,...,4d,7).

Proof. The states po p; are words in e, 8, . .. , 6,y and certain base elements such that the sum of the syllable
lengths of pg p; is at most s. By Lemma 17, there exists a minimum level { where p factors as p = p'q, where
¢ is an element of the [th stabilizer subgroup, ¢ € Go;—1, and where for each index v, p'(v) is a circuitous
autornorphism or a base clement. Let the number of circuitous p'(v)’s be s'. The s’ < s. Now as we had
observed in Sec. 3.1, p’ is a word of syllable length at most s’ in the circuitous p'(v)’s and certain base
elements. Therefore s = s’ and the subvector of g’ formed by the circuitous p'(v)’s is a permuted form of

(a,B,...,8,7).

Proof of Theorem 33. Given o € Fp; there exists a level [ such that a = h(ay,...,qy,...)g, where
u,...,v,... are indices of length [, a,, ... ,, are circuitous automorphisms of the four types mentioned in
Lemma 35, and h,g € G. Thus o, € (1)G.(7) and (ay,...,o) € T(al,... ,a))Y, where o, ... ¢, € G..
Now, (/... ,al) € G and therefore we conclude that o € TGY.

Let ¥ € TN G and assume that v ¢ G. Then for some tree level | we have a first form for v, v = +'p,
where 7' € F(Y, (7)), p € Go; 1. Since y € G, by Lemma 36, there exists a tree level I’ such that v = 7"/,
where v” is an element of the /'th stabilizer subgroup, v"(v) € G.U G for all indices v of length !, and
p € Goy-1; this is the second form for 7. Both forms can be developed to a common level [”. Thus we may

assume that | ={' = 1", and
v=0 o p = (s a0)q.

Therefore p = ¢. and since (1) intersects G, trivially, it follows that v € G.
The proof of the last statement G N G = G proceeds similarly.

5.2. Locally finite subgroups of [} .
Theorem 37. The base group G is a mazimal locally finite subgroup of £p 1.

First, some criteria for finitely generated subgroups to be infinite will be developed. For the case of the
binary tree, Proposition 19 reads:

Lemma 38. Let o € Fy; be an active circuitous automorphism. Then o has infinite order.

Proposition 39. Let o« € Fp, be a nonbase element and let H = (Q(a)). Then H is an infinite group.
Furthermore, if H is a 2-group, then a € (G, G, Gz).

Proof. Assume that H is a finite group. There exists a level k such that a = yq, where v = (ay, ... , @) is
an element of the kth stabilizer subgroup with entries which are base or circuitous automorphisms and where
q € Go 1 permutes the nontrivial circuitous entries of 7. As H is a finite group, ay, ... ,q, € GU G- U Ge.
Now since Q (o )U. . .UQ(cn) C Q(a), we may assume a circuitous, a = (g, «). Therefore, Q(a) = {a}UQ(g),
and since g is nontrivial, o € Q(g). The 1st level stabilizer subgroup K is a proper subgroup of K and is
generated by {a,a} U {g., 92, for all indices u} if g, is inactive, and by {a, a®} U {g.0, 0, for all indices
u} if g, is active. These generating sets project in their second coordinates onto {e, g} U {gu1, guo | [u| > 0},
which is none other than the generating set of K; a contradiction is reached.

Proof of Theorem 37. Assume that G is not maximal locally finite and let p = ahBh’.. h"vh" € Fy,\G
be of minimum syllable length such that H = (G, p) is locally finite. There exists a depth &k such that p =
(pu, . .- , Pw)q, where the set of circuitous entries of (py,. .., py) coincides with {«, 3,...,7} and ¢ € Gox-1.
Then (G, p.), ..., (G, p.) are locally finite, and in particular (G,a),... ,(G,~) are locally finite. However,
by Proposition 39, (Q(a)) is an infinite subgroup of (G, «); a contradiction is reached.

Another criterion for the infiniteness of a finitely generated subgroup is:

Lemma 40. Let g,h € G be active elements and let o« = (g,c). Then K = (h,«) is an infinite group.
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Proof. Write K(h) = K = (h,a). From h = (ho, h))o, we calculate o® = (o, g"). Let L(h) = (a,ah).
Then L(h) is a proper subgroup of K (h), and L(h) projects in the second coordinate onto K(g") = (g", a).
Successive applications of this process produce g*, where z € (Q(h)UQ(g)), which is a finite group. Therefore
at some stage we have a repetition from which fact it follows that K is an infinite group.

Problem 3. Let o € Fp; be a nonbase element. By Proposition 39, H = (Q(c)) is a finitely generated
infinite group. Define necessary and sufficient conditions which « has to satisfy for H to be a 2-group.

5.3. Nontorsion subgroups. We consider in this subsection some criteria for subgroups of Fp; to be
nontorsion. The following notation will be useful.

(i) Let ¢ = (a,b)o* € A ,i=0,1. If i = 0, then we indicate the projection of ¢ on its first coordinate
a by ¢ =! a, and on its second coordinate b by ¢ —2 b. On the other hand, if i = 1, then we indicate the
projection of ¢ on its first coordinate by ¢ —°! ab and on its second coordinate by ¢ —*2 ba.

(ii) Let o = (g, ). Let also h = (ho, hy)ot € G, i =0, 1. If i = 0, then ah = (ghg, ahy) =% ahy, while if
i = 1, then ah = (ghg, ahy)o —*? ahighg.When g is fixed we simplify the notation by writing h — h; in the
first case and A — hygho in the second.

Lemma 41. Let g € G such that g, is inactive for all indices v = ¢,1,...,1%, and assume that gixr1 = 0.
Let a = (g,a) € G. Then o(ag) is infinite.

Proof. We easily see that ag =2 agy =2 ... =% ac =2 ag, and this repetition proves our claim.

Lemma 42. Let g € G having total character é(g) =310:(g) :i > 1} =1 and let o = (g,0) € G..
Furthermore, let § = [1{g, | g, € Q(g)}, where the product is taken in some order. Then o(ag) is infinite.

Proof. Since é(g) # 0, it follows that § is active. We have § — h = §;90g, which is an active element since
it is g in a permuted form. Successive projections of § produce active elements from the finite group (Q(g)),
and so at some point a repetition occurs. Therefore o(ag) is infinite.

Proposition 43. Let g € G,g # e,a = (g,a) € G.. Also, let K = {(Q(g)), H = (Q(a)). If K is an abelian
or dihedral group, then H is not a 2-group.

Proof. We use the description of K in Proposition 3.

(i) Assume that K = (Q(g)) is abelian. Then (Q(g)) is a subgroup of the abelian group (¢ | i > 0).
If ¢ is active, then gy = g1, 92 = e. Now ag has infinite order since ag =2 agi1ggo = ag1gog = cg. On the
other hand, if g is inactive, then there exists a first u = 11...1 such that g, is active and we apply Lemma, 41
to conclude that ag has infinite order.

(ii) Let K = (Q(g)) be nonabelian. Then g is active. Now ¢*> = (0,0), «
infinite order since a?g? — %o =% a?g°.

2 = (g% a?), and &?¢? has

Remark. We make some observations about some elements g € (CowrCs)wrCs with total character value
6(g) = S{0i(g) : 1> 1} = 0. (i) Let g = (0, (0,€)0)0, @ = (g, ). Then, o(g) = 4. The following calculations
show that o(ag') is finite for ¢ = 1,2, 3, yet o(eg:) is infinite:
9 — 91990 = ((e,0),0)0 — og(e,0) = (gr0,€) ~ ¢,
g = ((e,0),(0,€)) — (0,€) — ¢,
gt = ((e,0)0,0)0 = agle,0)o = ((0,e)o,€e)0 — eg(o,e)o = (0,(0,€)) = (0,€) = ¢,
g1 = (0,e)0 — e.g.0 = (0,(0,e)0) = g1

Is B = {g,a) a 2-group?

(ii) Let g = {(0,0),0)0 and o = (g,a). Then, ¢*> = ((0,0)0, (0,0)0). The following calculation shows
that o(a?g?) is infinite:

g* — (0,0)0 = og’c = ¢°.
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(iii) Let b = ((0,€e),e)o and a = (b,a) € G.. Then K = (Q(g)) == (CowrCs)wrC,. Consider the group
B = (K,a). We have checked that the elements in the set {(a) K have finite order. Is B is a 2-group?

5.4. Word-length stability. Considerations concerning elements of infinite order lead to the following
notion of word-length stability.

Definition 44. Let a,b,... ,g € G such that b(ab.. .g)=0. Leta=(a,a),B=(,8),...,v=(g,7) € G,
and h,h',... k", K" € G. The element w = ahBh'...h"yh" of syllable length s is said to be (length) stable
provided that:

(i) if w = (wp, wy), then its second coordinate w; = cwhg ... has syllable length s and is stable,

(ii) if w = (wp, w;)o, then w* = (wowi, wwe) and its second coordinate wiwy = ahg ... has syllable
length s and is stable.

Any element produced from a stable w by iterated application of projection 75 on the second coordinate,
or from squaring composed with 7, has the same syllable length as w. Denote the set of elements produced
from w using this process by J(w).

Lemma 45. Let w = ahBh ... hK'vh" be a word of syllable length s and assume that it is stable. If w is
inactive, then h, k', ... K" are all inactive.

Proof. If h is active, then ah3 = (ahof, ah,b)o, and therefore the second coordinate of w has syllable length
less than s, in contradiction with the stability of w. In this manner A, /',... k" are inactive, and so it follows
that k" is inactive as well.

Proposition 46. Let o, 5,...,v,h. 1, ... k", and w be as above. Assume that w is stable and assume that

O(ab...g) =0. Then there exists an element in J(w) which is inactive.

Proof. Assume that all elements of J(w) are active. In particular w is active; here we have 6, (w) =
O (R .. 0"y =6 (h)+ ...+ 6, (") =1
On expanding w, we get w = (wq, w,)o, where
wo € a{ho.hi}{b, B ho,hi}. .. {g,7}{ho AT}
wy € afhihoH{B,03{h . ho} ... {7, gH{h] . ho'}.
That is, if hg appears after a in wp, then h; appears after o in w;, and so on. The exact form of wy is
determined by the activity of each of the elements h, h',... , h”. Also, given the form of wo, the form of w,
is determined as is suggested by the displayed expressions. Observe that the sum of the syllable lengths of
the words wo. w; is at most s. Also, the G-terms are words in hg, hy, hg by, ... ko R a,b, ..., g; thus the
depth of the h-terms in wp, w; is smaller than those in the original word w.
Now w? = (wpwy, wywy), where wow,; is conjugate to wiwy and has syllable length s. We note from the
formulas for wyp, w, that, irrespective of the different possibilities for their forms, the activity of wywyg is
01(1U1’U)0) = (;1('101) + 91('w0) = (9—1((1) + gl(b) + ...+ (;1(g)) -+ (9_2(11) I ég(h”/)) =1.

Applying the process of squaring and projection m times leads us to a word of the same syllable length as
the original w with activity

Do) | 1<I<mb+d {Bp)I1<I<m) -
+3 {0g) | 1<I<m}+ (Bmrr(h) + .. O (A7) = 1.

Now let ¢ be the maximum depth of the elements k. ... ,h”. Then for all m > t, we have
YOy [1<i<mb+> {Bb) [ 1<i<m}+...+> {Alg)[1<I<m}=1,
which becomes é(ab. .. g) after passing the maximum depth of the elements a,b,... ,g. However, this cou-

tradicts the hypothesis 6{ab...g) = 0.
The above proof implies
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Corollary 47. Let o € Fy, and H = (Q(a)). Then H is a 2-group if and only if (G,a) is a 2-group.

5.5. Burnside 2-subgroups.

Proposition 48. Let b € G,b # ¢,8 = (b,8) € G., and B = (Q(B)). Furthermore, let K = (Q(b)) and
K be the first-level stabilizer subgroup of K. Then B is a Burnside 2-group if and only if 8(b) = 0 and
W = (6, K1) is a 2-group.

Proof. We already know that B is a finitely generated infinite group and that é(b) = 0 is a necessary
condition for B to be a 2-group.

Assume that 8(b) = 0 and W = (3, K;) is a 2-group, yet B is not a 2-group. Let w € B have infinite
order of shortest syllable length, w = BkBk ... Bk". Therefore w is stable.

Now this w is active; otherwise by Lemma 45, k,k/,... , k"’ € K| and therefore w € W, which has finite
order. Since é(b) = 0, by Proposition 46, at some stage in the squaring-projection process we arrive at an
inactive w’ € J(w), and so w' has finite order. Hence w has finite order as well, which is a contradiction.

The following is the first Burnside 2-group that appears in Fj ;.

Theorem 49. Letb= (oM, e) € G, 3= (b,B) € G., and B = (Q(B)). Then B is a Burnside 2-group.

Proof. Firstly, the set of states of 3 is Q(8) = {8,b,01), 0}, and the first-level stabilizer in B is B, =
(B,67,b,0)). 1t is easy to see that B; projects onto B and therefore B has infinite order. Secondly, Q(b)
generates K = (b, 0)®(c!)), where (b, o) is dihedral of order 8 and (bo)? = o(?. Also, the first-level stabilizer
in K is K; = (0@, 0 b).

Note that b= b8 and that o(3c) = o(BsM) = 4.

We verify that W = (3, K) is a finite group:

() W= (3,K,) = (8,0'%,61,8) < K x V, where V = (8,09, 0);

(i) V = (8,0, 0) < (U x U){a), where U = (3,b, 0);

(iii) U = (3,b,0) < (T x T){o), where T = (3,b,01)) = (3,0 @ (b).

The proof is concluded by applying Proposition 48.

Corollary 50. With the above notation, (3,bc'"),5) and (BcV),bo) are Burnside subgroups of B.

Proof. The proof is a routine exercise in calculating the first-level stabilizer and in projecting on the

coordinates.
The Burnside group iu the above theorem generalizes as follows.

Theorem 51. Letn > 1,b = (c™.e) € G,8 = (b,8) € G, and B = (Q(B)). Then B is a Burnside 2-group.

Proof. We imitate the proof of the previous theorem. The set of states of 3is Q(3) = {8,b,6™,... , 6 o},
and the first-level stabilizer in B is

By ={(B,8°,b,°,0™ ... oWy,
which projects onto B. Secondly, Q(b) generates
K= (b,0)® (c™,..., o),
where (b, o) is dihedral of order 8 and (bo)? = o("*1). Also,
K= (o™ o™ . oW ).

We check that 8b = b3, o(30) = o(Bc?) = 4.
Now it is sufficient to prove that the subgroup W = (3, K;) is finite. We observe that:
(i) W= (B,0"+V .. oM by < K xV, where V = (8,06, ... ,o);
(i) V =(B,06™,...,0) < (U xU){o), where U = (3,b,6\"V,... ,0);
(iii) U = (B,b,0" V... ,0) < (T x T){0), where T = (B3,b,0'™, 0" 2 ... o)
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(iv) the embeddings proceed until we reach the factor (3,b,0(, o»"1 .. o)) which is embedded in

(b,o™, ... o) x (B,6™V ... o)

(v) the second factor in the previous step may replace V in step (ii). These steps can be iterated until

we reach the factor (4, o), which is finite.

N =

10.

11.

12.

13.

14.

15.

16.

17.

18.

The proof coucludes as in the previous theorem.
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