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STRONGLY SUBEXPONENTIAL DISTRIBUTIONS

AND BANACH ALGEBRAS OF MEASURESY
B. A. Rogozin and M. S. Sgibnev UDC 517.986.225

1. Introduction. An extensive bibliography is devoted to studies of various properties of subexpo-
nential and related distributions (the so-called S(«)-distributions).

DEFINITION 1. A probability distribution G belongs to the class S(v), v > 0, if
(1) G is concentrated on [0, 00) and G([z,00)) > 0 for all z > 0;
(2) for every y € R, there is a limit

. G(z+y,0)) _ :
Jim o) exp(—7y);

(3) there is a finite limit
o G*Gllz,0)) _
5 O, )

The class S(y) with v = 0 was introduced in the article (1}, wherein the basic properties of
distributions of this class were studied. These distributions were later called subezponential [2]. In {1],
it was postulated that the constant ¢ in (3) equals 2. The classes S(v) for v > 0 were introduced
in [3,4] in a somewhat different but equivalent way. It was claimed in [3], with a reference to [4], that
the constant ¢ in (3) must equal 2 f(;x’ e"* G(dz) by necessity. We make some remarks on this question
at the end of the article.

The “tails” of distributions in S(v) can be used as norming functions in the construction of some
Banach algebras of measures with the exact asymptotic behavior of tails [4-7]. The scheme of these
constructions is as follows: Fix some distribution G € S(y) and put 7(z) = 1 — G(z). Now, in
a Banach algebra, for instance, the Banach algebra of finite measures defined on the o-algebra B of
Borel subsets of the real axis R, select a collection &G[(7) of measures v such that

Q(v) & sup 122D

>0 7(2)
and there is a limit ( )
def . v(|z,0 '
I(V) - z]'_l_pg) T(:l:) E C’

here |v|(A) is the total variation of a measure v on A € B and C is the field of complex numbers.
Defining the multiplication of elements in &[(7) as convolution, we make the collection Gl(7) into
a Banach algebra with some norm equivalent to the norm [v|(R) + Q(v) [6].

In the present article, we consider new classes of probability distribution, calling them strong
S(v)-distributions (see Definition 2), and consider the corresponding Banach algebras of measures
with exact asymptotic behavior of tails. If v is a measure and y € R then we denote by v, the

translation of v by y: vy(A) f v(A-y), A€ B;here A+z o {veR:u—-z € A}
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DEFINITION 2. Suppose that 4 > 0 is a number. A probability distribution G is called a strong
S()-distribution (symbolically, G € Su; (7)) if

(a) G is concentrated on [0, 00) and G([z,00)) > 0 for all z > 0;

(b) for every y € R, there is a limit

. |Gy — e™Gl([z, 0))

T Gy
(c) there is a constant ¢ such that
hm [G*G =cGl(z, ) _ o

T—00 G([z,))

The distributions of the class Ssir(y) for 4 = 0 are called strongly subezponential. Clearly, Sst:(y) C
S(7).

The object of our consideration is the collections of measures similar to the Banach algebras
Sl(r) which are constructed by means of the norming functions 7(x) = 1 — G(z) with a strong
S(v)-distribution G.

2. Banach algebras and their propertles Fix a distribution G € S(v), ¥ = 0. Put
7(z) = 1 — G(z) and suppose that 0 < 4' < v. Consider the following collection of complex-va.lued
o-finite measures [7]:

s/vm) = {v / max(e7%,67)lv|(de) < oo}

§(,7) = {v € 5(+,2): Q) < oo},
Go(y,1) = {u € 6(y,7): lim M = 0}

s T(a)

Sl(+',1) = {u €6(v,7): ﬂtlingoﬂ%gﬁ e Iv) € C} :

Given v € 6(v',7), put
vl = [ max(e”, e™)ul(dz) + Q)
R

If v/ = 4 > 0 then we additionally suppose that the function 7(z)e?” satisfies the condition
{y)e™ < Cor(z)e™ VYy2z2>0 (1)

for some constant Cy > 1.

Denote by (s) the Laplace transform of a measure v € S(v,7): #(s) = [pexp(sz) v(dz). This
integral converges absolutely with respect to the measure |v| in the strip {Y’ < Res < v}.

The collection G(’y 7) is 2 Banach algebra with some norm ||v|| equivalent to the norm Il
the collections So(v/, 'r) and Sl(y',) are Banach subalgebras of (', 7). f v, p € SI(v', T) then

(v * ) = {0)a(y) + o (7) + (c = 2G(7)i(v)i(1) (2)

(see {7, Propositions 1 and 2 and Remark 2] and [6, Proof of Proposition 2]). The needed changes in
the proof of Propositions 2 in [6] and [7] for establishing equality (2) are connected with the fact that

in this case G %G
im lim 2ot Cnlz00)

B 00 T—00 7(z)

-2G(7),
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where Gp(A) = G(AN[n,0)), n > 0. Observe also that if 0 < 4’ < v then we always have

'r(y)e7'y < Co-r(:l:)t‘:",z Vy>2z2>0 (3)

for an arbitrary G € §(7) and some Cq > 1 [7, Lemma 2]. For v = v/, inequality (3) transforms into
condition (1).
Given a distribution G in the class Ssi:(7), we counsider the following collection of measures:

6L(7,7)={r€6(¥,7):v=aG+w, a€C, we So(y,7)}.

Obviously, So(v',7) C 6£(',7) C Sl(y',7), and {(v) = a for v = aG +w € SL(q', 7). Henceforth,
given an element v = aG +w € 6L(y/, 7), the notation L(v) means that v = L(v)G +w € 6L£(¥,7),
where w € Go(y',7). The distinction between the elements of G£(q',7) and those of the algebra
Gl(',7) is as follows: for v € GL(, ) the total variation |v — aG|([z,00)) is “o-small” of 7(z) as
T — o0, whereas for v € Gl(/, 7) the difference v([z, 0)) — I(v)G([z, 00)) is “o-small” of 7(z).

The proofs of Propositions 1 and 2 and Lemma 1 exhibited below are modifications of the corre-
sponding arguments in the proofs of Theorems 1-4 of [4] as applied to the “tail” algebras in question;
moreover, in the proof of Proposition 1 we use o-finiteness of the measures under consideration.

Proposition 1. Take G € Ssi:(7y). Then the collection 62(7 ) of measures is a Banach sub-
algebra of the algebra G(v',7). The relations G x w € 6L(« ,-r) and L(G * w) = &(v) bold for
w € Go(v', 7).

PRrOOF. Completeness of the normed space GL(y', 7) can be proven routinely. Show that G*w €
GL(y,7) if w € Go(y', 7). We have

|G *w - &(1)G|([z,0))

/ Gy = €7VG|([z, 00))w](dy)

(@) <5
16, — £76]([z,00)) 77
/ @) |w I(dy)+_£ +N/=11+Iz+ls. (4)

By the dominated convergence theorem, I1 — 0 as £ — o0, since the integrand is dominated by the
quantity
G([z = N,)) + eV G([z, 0))

(z)
r(z—N

which, in turn, is bounded by the number C + €™V < oo, where C = sup, 5 -—T(-;l Estimate /. For

4" < v we use inequality (3) and for 4’ = 7, condition (1):

-N -N
ns [ %%ﬁﬁlwl(dyn [ el
-N - -N - -N

<Co/€”|w|(dy)+/€7y|wl(dy)<(00+1)/67ylwl(dy) (5)

Estimate I3: -

G([z

I3 < lwl(dy) + | e¥w|(dy) = I1 + Is. (6)

/ 1‘( ) 1[
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Change the order of integration in

Z ]° G(d?(':)'(d”)

to obtain

/ / le(dry()zG)(dZ)

0 max{N,z—z}
) o0 |w|([max{N,z — z},00)) G([max{N,z — Z}’Oo))G(dz)
G([max{N,z — z},00)) 7(z)
IWI([u ) [ G(lmax{N,z - z},00))
ST @) o).
Change again the order of integration:
jwl(f, 0)) T Gz = ,0)) ([, 0))
I oup B [ S0 < M s BT g
where G
M = sup * G([z, oo))
220 7(z)

Assume that ¢ > 0 is arbitrary. Take N so large that the right hand side of (5) be less than £/4, the
integral /5 in (6) be less than £/4, and sup,>n Ll.(}m_ll < 7i7 in (7). Afterwards, take zg so large that

I < g/4 for z > zy. Combining the above estimates, we find that the left-hand side of (4) is less than
€ for z > z¢. Hence, G *w — &(7)G € Go(v', 7). It follows from condition (c) that G*G € 62(‘7 ,T)
and L(G’ * @) = c. Finally, we conclude that G£(v',7) is a Banach subalgebra of the algebra S, 7).

Now, we show that the constant ¢ in condition (c) equals 2G(7) To prove that 60(7 T) is

a Banach subalgebra of S(v', 1), we do not use the equality ¢ = 2G(v) (see [7]). We put d = G(v). If
G € Ssix(7) then conditions (2) and (3) of Definition 1 are satisfied. Therefore, the equality

z/2
G x G([z, 00)) = 2 / G([z — y,00)) Gdy) + G([z/2, 0))?
0

and Fatou’s lemma yield the inequality ¢ > 2@(7).

Lemma 1. Assume that G € Sy:(7). Then the spectrum o of the element G € GL£(«', 7) lies
in the set {z € C:|z| < d} U {c—d}.

PROOF. Let m : 6£(%',7) — C be an arbitrary homomorphism and let mo be the restriction
of m to Go(v', 7). If mo(v) # () for some v € So(y,7) then we represent G * v as

Gx*v =0(7)G+n, (8)
where v; € Go(y',7) by Proposition 1. If mo(v) = #(5) for every v € Go(«', ) then we write
G*xG=cG+vg, vge€Bo(+,1). (9)
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By Theorem 1 and Remark 2 of 7], there is a homomorphism m, an extension of mg to the basis
algebra S(4',7). Acting by the homomorphisms m; and m on (8) and (9), we conclude that both
quantities m;(G) and m(G) satisfy the equation

z[mo(v) — 2(7)] = mo(n)

or the equation
22 = cz +d(d - ). (10)

In the first case we have

mo(l/l) .
mo(v) = #(7)’
and the integral representation for the homomorphism m; (see [8, Theorem 1]) implies that |m1(G)] <
d {(put ¢(z) = max(e? *, €%} in the indicated theorem). Thus, |m(G)| < d. In the second case
equation (10) has the roots z1 = d and z2 = ¢ — d. If ¢ = 2d then z = d is a unique root, m(G) = d,

and the lemma is valid again. If ¢ # 2d then m(G) = d or m(G) = s — d and the functional m has
the form

m(G) = m1(G) =

m(v) = (¢ — 2d)L(v) + #(v), v € GL(,1). (11)

(We verify immediately that the continuous functional defined by (11) is a homomorphism.) Lemma 1
is proven.

Proposition 2. The constant c in condition (c) equals 2G(7).

PROOF. Take a rectifiable Jordan contour I' surrounding the set og N {|z| < d} so that the point
¢ — d lies outside T'; for instance, let ' be a circle centered at the origin with radius r € (d,c— d). We
have

pdef 1 }{(,\E G)Ad) € 6L(+, 1),

since & is the integral along I of the continuous function (/\E G)~! ) with values in §£(, 7). Show
that & = G. Take the continuous homomorphism % : S£(y’,7) — C to be the value of the Laplace

transform at an arbitrarily fixed point s with Res = 0; i.e., h(») def i(s), v € 6L(y', 7). Apply h to

both sides of the defining equality for x. By continuity of h we obtain

R(s) = h(r) = 5— f - A(@) A = o }{ A = G(s)" A dA = G(s).
r r

Thus, the measures « and G have the same Laplace transform. Hence, £ = G.
Now, suppose that m is the homomorphism (11). Apply m to both sides of the just established
equality

_ 1 _ -l
G’-Qm.}{(/\E G)~1rdx

to obtain 1 3 ! )
T T

This contradicts the fact that m(G) =c—~d > 0. Consequently, c=2d.

Fix G € Sst:(7)- Recall that Sir(y) C S(v) and So(v',7) C 62(7 ,T) C 6(7 ,7). As demon-
strated in {7], the homomorphisms from the Banach algebras Go(',7) and 6(v', 7) into the field C
of complex numbers are the restrictions of homomorphisms of the basis algebra S(v/,7) to Ge(v,7)
and &(«', 7).

We turn to describing the homomorphisms S£(y', ) — C.
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Theorem 1. Take G € Ss:(7). Then every homomorphism from the Banach algebra G£(+, 1)
into C is the restriction of some homomorphism from S(v',) into C.

PROOF. Put
exp(Y'z), r <0,
1(z) = exp(yz) + =y, = >0.

Note that the constant ¢ in condition (c) equals 2G(-y) by Proposition 2. Now, the arguments are the
same as in [6].

We have the following assertion for the values of an analytic function at elements of the Banach
algebra GL£(/,7) (the terminology and general results we use below are contained in [9, § 11], see
also [7)).

Theorem 2. Suppose that an analytic function f(z) applies to an element v € S(v',7) and that
f(v) € 8(v',7), where f(v) is the value of f(z) at v € S(v',7). fv € 6L(v',7) then f(v) € 6L(¥,T)

and
L(F(v)) = f'(¥(y)) - L(»). (12)

PROOF. The membership f(v) € G£(v',7) is guaranteed by the preceding theorem and the
general theory [9, § 11]. Since L(f(v)) = I(f(v)) and the functional [ is defined on the ambient
algebra &1(v',7), by Theorem 3 of [7] we have I(f(v)) = f'(#(7)) - I(v) for v € GL(Y',7) C SU(«', 7),
which proves (12)

3. Corollaries. We give some consequences of the above results.

Corollary 1. Suppose that G is a distribution with density g and that g{z) =0 forz < 0. If

zl-]-E;‘O %@- =e™, I_‘w 7@ / z—z)g(z)dz=b< oo

for every y € R and some v > 0 then G € Ssi:(7) and b = 2G(7).

PRroOF. The distribution G with density g belongs to the class Sg:(7y) with the constant ¢ = &.
Applying Proposition 2, we obtain b = 2@(7).

Suppose that G is an arithmetic distribution concentrated at the points 0,1,2,.... If we take the
domain of variation in Definitions 1 and 2 to be the set Z of integers rather than R, then we arrive at

distributions for which all corresponding assertions remain valid with obvious changes of statements.
In particular, if g(n) = G({n}),n=10,1,2,...,7v >0, and

gn—1) _ 4 _
Jim S =, n__oog()kz_%g — k)g(k) =b< o0

then b = 2G(7).
Corollary 1 is contained in [4] and its analog gwen above for arithmetic distributions, in [4, 10, 11].
For instance, putting f(n) = g(n)e™ and ®(z) = 22 and applying Theorems 3 and 4 of {10}, we obtain

b= 2G(7).
Lemma 2. Suppose that G € S(v), vy 20, and a = [, 7(z) dz < co. Then

j 7(z - y)r(y)dy = (c - 2) 77(1/) dy+o (71(11) dy)

0 z z

as r — oK.
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PROOF. We have
J= /G * G([z,00))dz = //T(z —y) G(dy)dz + /T(z) dz.
z z 0 z

If we change the order of integration in the double integral then we come to

J= /z (‘7 7(2) dz) G(dy) + ar(z) + 71'(2) dz.

-y z
Integrating by parts in the first integral, we obtain

o

J= ]T(z —-y)r(y)dy + 2/1'(2) dz.
0

z

If we use condition (2) of Definition 1 for G then we arrive at

J= c77(z) dz+o (77(2) dz)

T z
as ¢ — 00; whence the assertion of the lemma follows.
Corollary 2. If G € 5(v) and v > 0 then ¢ = 2G(y) and

oo}

lim ——1——/7(:1: —y)r(y)dy =2 / e’r(y)dy. (13)
0

20 7(2)
0

PROOF. The idea of the proof is to reduce the problem of the value of the constant ¢ for the class
S(v), 7 > 0, to a similar problem for the class Sgr(7) which has already been solved. We do this by
choosing a distribution G € Ser(7) such that Gi((z,00)) ~ c17(z), £ — o0, where ¢; > 0.

Take 0 < 4’ < 7 and a nonnegative measure v such that v([0,00)) = 0 and »((z,0)) = —z/a for
z < 0and a = f;° 7(z)dz. The measure v belongs to Go(4',7); therefore, by (2) v x G € SI(+',7)
and

v G) = o(y) = ;1— (14)

Define the distribution G as follows: Gi((—o0,0)) = 0 and Gi([z,0)) = v * G([z, o)) for z > 0.
Its density g1(z) equals 7(z)/a for z > 0 and g;(z) = 0 for z < 0. We have G1 € SI(v',7) and
[(G1) = 1/~a by (14). Moreover,

A — °°e'7y - 6(7) -1
Gir) = 0/ (o) dy = TO—. (15)

Using Lemma 2 and (14) we infer that

z

[ae-nawa =2 [awa+o ( [a) dy) = a@) +oal)  09)

0 z
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as £ — 0o. Moreover, for g; we have

z—-
lim gal(z—y)

Sy = exp{7y}

for every y € R. Therefore, Corollary 1 together with (15) and (16) yields the equality (c — 2)/va =
2(G(v) — 1)/~a; whence ¢ = 2G(v) and (13) holds as well.

4. Remarks. In {3}, there was considered the class of probability distributions G concentrated
on [0, 00) for which the limits

. 1-G*G(t) _
T Tem S o< (17)
. 1-G(t=-b) _ .
tl_;}g Tocw - ¥(b) VbeR (18)
and the integral
[o<]
/ e"dG(t) = d < oo (19)
0

exist (from (18) we easily infer that 1(b) = exp(yb) for some v > 0). Also, it was emphasized in |3,
p. 664] that the following equality holds by necessity:

c=2d. (20)

Moreover, it was indicated that, in the article [4] by the same authors, this equality was proven in the
case of d = 1 and in the case of d > 1 only when G is a latticed or absolutely continuous distribution.
Finally, the authors of [3] claimed that in fact the methods of the proof of Theorems 1 and 4 of [4]
extend without changes to an arbitrary G concentrated on [0, c0) and satisfying the conditions (17)-
(19) and to arbitrary values d > 1, thereby establishing (20) in full generality. This opinion is shared
by the authors of some other articles (see, for instance, [12, Lemma 2.1; 13,14, 6, 3]).

REMARK 1. However, we have to say that, in Theorem 4 of [4], a somewhat different class
of probability distributions was considered as compared to the class of distributions satisfying the
conditions (17)-(19) for d = 1. We explain the difference. Put T; = (—o0, ~t] U (¢,00) for t > 0 and
To = R. Theorem 4 of [4] deals with the class of probability measures p on B such that u(T;) > 0 for
every t > 0 and there exist limits

. pxp(Ty)
tl_x_’rgo _-_——#(Tt) =c¢ < o0, (21)

= pel(T2)
Al‘rgxo T 0 VreR. (22)

One of the conclusions of Theorem 4 of [4] is that the constant ¢ in (21) must obey the equality ¢ = 2.
Clearly, (22) implies (18) with ¥(b) = 1. Therefore, if a probability measure u is concentrated on
[0,00) and satisfies (21) and (22) then it meets (17)—(19) for d = 1. Condition (22) is essentially
used in the proof of Theorem 4 of [4] but it does not follow from (17)-(19) for 1(b) =1 for distribu-
tions G concentrated at integer points or their convolutions with the uniform distribution on [0,1/2].
Therefore, the assertion of [3] that equality (20) was proven in [4] for d = 1 does not correspond to
reality.

REMARK 2. In the proof of the equality ¢ = 2 [4, Theorem 4], the authors introduced the collection
Ar={vr=ap+w, a € C, w e Ay} of measures, where Ay is the set of finite measures v such that

[»|(T2) Wi(Ty) _

sup —=—- <00, lim ——*=0.

>0 w(T3) t—oo u(Ty)
970



They defined the functional
def .. v(Ty)
Lv)y=Lap+w) = lim —=< =a
(v) = L(ap + w) Hm
on the set Af and claimed that the conditions (21) and (22) imply the relations p *x 4 € Ay and
L(p * p) = ¢. In our opinion, this assertion has to be proven or one should introduce the following
condition instead of (21):
. lp*p = cpl(TR)
lim = (.
i~ w(Ty)

It is the last condition that we use in Definition 2, Propositions 1 and 2, and Lemma 1.

Thus, there is a class distributions for which conditions (17)~(19) hold for d = 1 and conditions (21)
and (22) do not hold for d = 1; therefore, the assertion of [3] that equality (20) with d = 1 was
established in [4] under the conditions (17)-(19) is incorrect. Preserving the Banach-algebraic methods
of [4], one can prove that ¢ = 2d for distributions in S(v) with 4 > 0 and for strongly subexponential
distributions in the class S¢x(0).
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