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Representation of the Space of Polyanalytic Functions as a Direct Sum
of Orthogonal Subspaces. Application to Rational Approximations

A. K. Ramazanov UDC 517.5

ABSTRACT. Suppose that D = {z :{z| < 1}, L2(D) is the space of functions square-integrable over area in D,
Ag(D) is the set of all k-analytic functions in D, (A1(D) = A(D) is the set of all analytic functions in D),
AgL2(D) = L2(D) N A(D), AiL2(D) = ALy(D),

okt k-
ApL3(D) = {f : fz) = 527_—1((1 -z5)*1F(z))y, FeAD), fe AkLz(D)}.
It is proved that the subspaces AkLg(D), k=1,2,..., are orthogonal to one another and the space A,,Lz(D)
is the direct sum of such subspaces for k£ =1,2,..., m. The kernel of the orthogonal projection operator from

the space AmL2(D) onto its subspaces AxL3(D) is obtained. These results are applied to the study of the
properties of polyrational functions of best approximation in the metric Ly(D).

KEY WORDS: polyanalytic function, direct sum of orthogonal subspaces, rational approximation, extremum
problem, Bessel’s inequality, polyrational function.

A function f(z) that has continuous partial derivatives with respect to z and y up to order m > 1
inclusive in the domain G is called a polyanalytic function of order m (m-analytic) in the domain G if
in this domain it satisfies the generalized Cauchy-Riemann equation 9™ f/3z™ = 0.

It is well known that any m-analytic function in the domain G can be uniquely expressed as (see [1])

f(2) = po(2) + Z1(2) + -+ + 2™ 1 (2), (1)

where the ¢, are holomorphic in G. For the case in which G = D := {z : |z| < 1}, relation (1) can be
reduced to the form (see [2])

f(2) = P(2,2) + go(2) + (1 = |21)g1(2) + -+ - + (1 = [2*) " gma(2), (2)

where the g are holomorphic in D, P(z,%Z) = Py +ZPi(2)+ -+ 2" Py, _1(2), Py =const, Py(z)
for £ > 1 is a polynomial in z of degree at most k£ — 1.

In what follows, the functions ¢, and g will be called holomorphic components of the polyanalytic
function f(z).

Polyanalytic functions were treated in [1]. In the papers by Dolzhenko and Danchenko [2-6], the bound-
ary behavior of polyanalytic functions was studied using the representation (2) and integral representations
for polyanalytic functions were obtained. In this paper we study various properties of polyanalytic func-
tions from the space Lo(D).

§1. Representation of polyanalytic functions as a direct sum

Let us introduce some notation. Ls(D) denotes the space of complex-valued functions f with the

ordinary norm s
1l ={ [ [ e dean} s ®)
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Ai(D) is the set all k-analytic functions in D (A;(D) = A(D) is the set all analytic functions in D);
AiLy(D) = Lo(D) N Ax(D), A1Ly(D) = AL2(D);

k—1

AL LY(D) = {f 1 f(z) = %((1 —22)*"1F(2)), Fe A(D), f € AkLz(D)} :

C™ (D) denotes the class of n-times continuously differentiable functions on D For n = oo, this class
will be denoted by C*°(D).
In what follows, we use the notation

n n! n
<k>_m, (k>.-0 for k > nand for k < 0.

We shall also use Green’s formula

J[ 15 g(z)dzdy—— 7 [ e [ oY o f(2) dady,

which is valid for all functions f,g € C 1(D) .
Theorem 1. The polyanalytic function

ak—l
f(z) = &Z_k-—l((l — 22)*71F(2))

belongs to the space ArL3(D) if and only if F € ALy(D).
Corollary 1. a) The system of functions

1 n+k 051 kel m
GoiV T el T a=01

forms an orthonormal basis of polynomials in the space AyL3(D).
b) If for some positive integer k the polyanalytic function

3k_1

07:1-{(1 —22)F1g(2)}

belongs to the space ArL3(D) and

z)=§:bnz", ze D,

n=0
then

vy = (k-2 3 Lo @)

n-‘O

R ()

A

Theorem 2. The subspaces A,L3(D) (k=1,2,...) are pairwise orthogonal and the space AmLa{(D)
is the direct sum of the first m of them, i.e.,

ApmLy(D) = A1Ly(D) @ A, LY(D) & ... & A LY(D).

Remark 1. Theorem 2 was announced without proof in [7].
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Corollary 2. If f € AnLao(D), then the functions (1 — |2)2)™1p;(z), j =0,1,...,m — 1, belong
to the space Ly(D), where ; is the corresponding component of the polyanalytic function f in the
representation (1).

Corollary 3. The system of functions

1 In+k 9! k—1.m
=1 - aZk_l{(l—-zz)’c 1, }, k=1,2,...,m; n=0,1,...,

forms an orthonormal basis of polynomials in the space A,,La2(D).

Remark 2. In [8], the proof of the completeness of the system from Corollary 3 by means of the
orthogonalization method is outlined. Apparently, the proof given in the present paper is simpler.

For the statement of the next theorem, let us introduce the following additional notation:

1 §2(k=1) k1 (k-1)(1-20)+1
m((k — 1)1)2 azk—laik—l{(l—zz)k (=6 (1-2()? }

Ri(z,¢) =

Rm(z,0) =Y Rz,(), 2,(€D.
k=1

Obviously, R%(z,¢) = 2(( , 2) and for fixed ¢ € D the polyanalytic function R(z, ¢) belongs to the
space A;xLY(D).
Let us introduce the following integral operator:

RO = [[ 16REOdady,  felaD), (€D, z=ztiy (5
Denote by P,,(f) the operator obtained by substituting R,,(z, {) for the kernel R2(z, ¢) in (5).

Then the following theorem holds.

Theorem 3. P2(f) (Pn(f)) is the orthogonal projection operator from the space Lao(D) onto its
subspace ArLY(D) (AnL2(D)).

Theorem 2 implies that any polyanalytic function f from A,,L.(D) can be uniquely expressed as

f(z)= Z aakk 11{(1 — zZ)F1E, 1(2)},  Fr-1 € ALy(D).

Then, using Theorem 3, we obtain the following result.

Corollary 4. If f € A,,L2(D), then

// F(2)R(z, () dz dy = agk 1{ (1-¢OF 1 F-1(Q)}-

Corollary 5. Suppose that ¢(z) = 52—,;{(1 —2Z)¥F(z)} belongs to the space Ag11LY(D). Then

@) = 2 LAl PO -k_nk(1—2<)+n+1}
FM(¢) = (k) //D @(2) sz{(l 2Z)"Z A= s+ dz dy,
(eD, n=0,1,....



Remark 3. From Corollary 4 it follows that R?(z, () is the kernel of the orthogonal projector from
the space A,,L2(D) onto its subspace AxL3(D). For k = 1, this kernel coincides with the well-known
Bergmann kernel for the disk D. In (8], another representation for R.,.(z,() is given (without proof),

namely
Ron(z, ) = zo,_,mz( () (T3 Y = gty - g, ©

Corollary 6. We have

IRRNl2 = / Rz, 2) \/ 1—l2l2’ z€ D.

Theorem 3 can be used to obtain growth estimates of polyanalytic functions as the point z approaches
the boundary of the disk. Indeed, the following theorem is valid.

Theorem 4a. 1) If the function ¢ belongs to Ay LY(D), then

2k —1 1
lo(2)] <4 — i—_—Wllsallz, z€D. (7)

2) If the function f belongs to A,,L2(D), then

£ < Je =l zeD. ®

Inequalities (7) and (8) are exact. The equality sign is attained, respectively, for
p(2)=R=z,¢)  and  f(2) =Rm(z () = D RR(=: ¢
k=1

Now let us apply Theorem 3 to extremum problems. Suppose that ¢ € D is a fixed point and
MO(k) = {f € ALY(D): f(Q) =1},  M(m)={f € AnLx(D): f(¢)=1}.

Then, using inequalities (7) and (8), we obtain the following theorem.

Theorem 4b. 1) The extremum problem | f|lz — inf, f € Mg (k), has the unique solution fo:

~_R0(Z7C) . 7'(' >
fo(ﬁ)—m, l foll2 = m(l—CC), z,( €D.

2) The extremum problem ||fll2 — inf, f &€ M.(m), has the unique solution fy:

o) = 222Dl = Y- D),
where R, =Y  R¥z,¢), z,(eD.

Note that inequahty (8) and section 2) of Theorem 4b were obtained in [8], using the representation (6)

for the kernel R,,(z,¢)-
For the proof of these theorems, some lemmas are required.
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Lemma 1. If hk,n(z)=§;—k—‘:}{(1—z2)’“‘lz"}, k=1,2,...,m; n=0,1,..., then

- R 0, n#j,
J[ menem @ deay =0, k#1, J[ e dedy = iy ")
D D TR

n=j.

Proof of Lemma 1. Let k <I. Since hy , € A;L(D), we have

{—1
e lhia(2)} = 0.

Therefore, applying Green’s formula to the scalar product on the left-hand side of relation (9) [ —1 times,
we obtain (9).
Now let k = 1. Then, similarly, using Green’s formula once again, we obtain

ko —
//D hi n(2)hy, j(z)dxdy = (k — 1)!// 38 _11 {zn+k—1}(1 _ |z|2)k—121‘ dz dy
= (k- 1)v(” k- ! / / — 122 dody. (10)

For n # j, the last integral is zero. But if n = j, then, passing to polar coordinates, from (10) we obtain
k
/ b (2) 3 (2) d dy = (K — 1)'(if————)-

where B(k,n+1) =nl(k — 1)!/(n i k)! is the Euler integral of the first kind (see [9, p. 750]). Substituting
the value B(k,n + 1) into relation (11), we conclude the proof of Lemma 1. O

Lemma 2. a) If n >k, then

EorEOCR ) e

=0

7;)(~1)’"m (;( ) ( ) (mlij) (n+7£—j)> = 2k(n +1). (13)

b) If n < k, then

> (i(nﬁ) (") (a-mss) (k+T:_j)>=1’ .

7B(k,n+1), (11)

m=0 =0
g(—l)mm (g (nlij) ('“2”) (n—:wj) (kﬂ,;l"j)) =2n(k + 1). (15)

Proof of Lemma 2. Consider the generating function

g(t) = k')2{(1—t t")(k)} where t € (—o0, 00).
Suppose that n > k. Then we have
1 [ &k ik o
o) = (W{Z(j)( L Tt } , (16)
—_ 12(n—k) _1\m - k n+.7 k n+m-—j m
glt)y =t ka::O( 1) <f§)(7>< i )(m_]>( k ))t (17)

Assuming t = 1, from relations (16) and (17) we obtain (12). Next, calculating the derivative ¢'(¢) from
relations (16) and (17) and equating the resulting values of ¢’(1), in view of relation (12), we obtain (13).
The proof of relations (14) and (15) is similar if we consider the same function g(t) for n < k. O
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Proof of Theorem 1. Consider a polyanalytic function f € A;L3(D), and let

F(z) = i bn2".
n=0

Then, using Lemma 1 and Bessel’s inequality, we obtain

. 5% el
[ 1#@P dedy = w(@s -1y 5o bl

n—O

i.e., F € ALy(D).

Lét us prove the sufficiency.

It is readily shown that if F € AL»(D), then for any positive integer j the function (1 — |z|?)7F¥)(z)
belongs to Ls(D). Then, writing the polyanalytic function

k 1

1) = 5= (=224 R (2)

k-1

1) = X non (o) Bl apyipo ),

=0
we conclude the proof Theorem 1. [J

Proof of Theorem 2. The orthogonality of the subspaces A;L3(D) follows from Lemma 1. We prove
the theorem by induction. Suppose that it is proved for m = [. Let us express the space A;;1L2(D) as
the direct sum of the subspace A;L2(D) and its orthogonal complement B. By the induction hypothesis,
we obtain

Ary1La(D) = A1 Lo(D) @ A,LY(D) @ --- @ A LY(D) & B.

Let us prove that the subspace B coincides with A;,;LI(D). To do this, it suffices to prove that any
function ¢ from B N C>(D) orthogonal to all subspaces AxLY(D), k =1,2,...,1+ 1, is identically
zero in D.

Suppose that the polyanalytlc function ¢ € BN C>®(D) has the representation

l

p(z) = Zz”gp Zz”Zan,pz

p=0 p=0 n=0

Taking into account the orthogonality of the function ¢ to the subspaces A;LY(D), k=1,2,...,l+1,
we obtain

ak 1
// prr == {(1 = 22)* 12" }p(2) dz dy = 0, v=0,1,.... (18)

For k =1, relation (18) acquires the form

// Zzpzanpz dzdy =0, v=20,1,....

p=0 n=0
Hence, passing to the polar coordinates and calculating the last integral, we obtain
l

1
_ay =0, v=20,1,.... 19
p§=:oy+p+la+1np ( )
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For k > 2, using Green’s formula, from relation (18) we obtain

0
// (1—zz)k 1z~ Z p...(p—Fk+2)zPk+! (Zan,pzn> dzdy =0,

p=k—1 n=0
k=2,3,...,1+1; v=0,1,....

Just as above, passing to polar coordinates and calculating the integral on the left-hand side of the last
relation, we obtain the following system of equations, together with relation (19), for the coefficients of
the components of the polyanalytic function ¢:

{p—k+2
Z (V+p k 2) (V_z_p+1)aV+p—k+1,p=07 k=1,2,...,1+1; v=0,1,.... (20)

For each fixed v, system (20) is of triangular form. Solving this system, we obtain a,, = 0 for p =
0,1,...,1 and n=0,1,..., which proves the statement. O

Proof of Theorem 3. Consider the following d-functional in the space A;L3(D):

8e(2)) =w(C), C€D, g€ ALyD).

Using Corollary 1, it is easy to prove the continuity of the J-functional in the metric defined by
relation (3) for functions from the space A;L3(D). Therefore, the theorem on the general form of a linear
continuous functional in Hilbert space implies that there exists a function from the space 4;L3(D) that
determines this functional. Denote this function by R$(z,¢). Then we obtain

[ o R dady = 00, ¢eD, 2y

for any function ¢ € AkL (D).

The function RY(z,() is called the reproducing kernel of the space AxL3(D). Taking into account
relation (21), let us expand the kernel R2(z, ¢) in its Fourier series with respect to the orthonormal system
of functions (see Corollary 1) e, ,(z) from the space AL3(D):

2z,0) = er n(2)ex,n(C)- (22)

n=0

After simple calculations, from relation (22) we obtain the required representation for the kernel
RY(z, ¢), which, together with relation (21), concludes the proof of Theorem 3. O

Proof of Corollary 2. It follows from Theorem 2 that for any function f € A,,L2(D) there exist
functions Fy_1 € AL:(D), k=1,2,...,m, for which the following relation is valid:

oF1 k: L ‘ m—1 y ; m kE—1 ; (h—1)
f(z) = Z pr=nit Fa@} =2 217 3 ("7 ) (FRaE) ™.
j=0 k=j+1
Hence, using the representation (1) for the polyanalytic function f, we obtain

m

0i(z) = (=1 3 (k;1>(zJF_ @)%Y, i=01,...,m-1. (23)

k=j+1

It is readily verified that the condition g € AL;(D) is a necessary and sufficient condition for the
function (1—|2]?)*~1g(*~V(z) to belong to the space AyLz(D) for any fixed positive integer k. Therefore,
relation (23) implies the assertion of Corollary 2. O
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Proof of Corollary 6. It is more convenient to find the norm of R)_ (2, ¢). Using relation (22), we
obtain
k

”R2+1(C, Q)= WZ ek,n(Q)ek.n(C) = Z(n +k+1)

{mE—:o( v (i< J)d(k;:j) (n—7]:1,+j) (k+71?_j))tm}tk_"
+n=§;+1(n+k+1)

Az (EE) ()G (7))

where t = [¢]?, (€ D.
Introducing the notation v=m+k —n for n <k and v =m+n —k for n > k and rearranging the

summation signs, we have

k+n
Rg-f—l(Cv C) Z(l,,i‘y = Z n +k+ 1){ Z (_l)u..;.n_;c

n=0 v=k-n
X(V§k<nﬁj)(kzj) (k—lli+j) V+n J )tu}
+T:Z:(—1)m{u_§+l(u~m+2k+‘1)(};)(?) <u+k mk )(l/+kkm+J)>t}

v=0 \ n=k-v 3=0

+ ik: i 1)U+n—k(n+k+1)(u+znjk( k )( +] ( —U+J)<U+Z,-—j

Jj=0

N
=Xk:{ i —1rnT ‘(n+k+1)(ugfk( : )(HJ)( —V+J> (V+Z—j>
)

\_/\_—'/

v=k+1 \ n=v—%k

E{ S £6) (1) () () e
)

v=1  m=0 j=
+U=§H{:Z;(-1)m(u—m+2k+1)(2(’;) <u+l]z-j) (mlij> (u+k km+] )}t(24)

For v > 2k + 1, from (24) we obtain

a, = ikz(—l)’"(u—m+2k+1)<i<’;) <u+11:—j> (mlf_]) (V-f-k—];m-i-j))_ (25)

Hence, taking into account the simplest properties of binomial coefficients, we obtain

- S5 () (74 () (1)

S ) b))

k
= Z(—l)m(v+m+1)(
j_—_.

m=0
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s & ereaman(E () (1) (b ) ()

m=k+1 7=0

Further, setting n = j — (k — m), we have

au=7§=:0(-l)m(u+m+1) (i <fz> (Vn]:n> (mﬁn) (u-’r-?;cz—n))

= e £ () E) (1)

Since (?) =0 for j >n and j <0, it follows that for m > k we have

ST GE) ()= 2 ) G (),

n=0 n=m-—k

Therefore, for the coeflicients a,,, v > 2k + 1, we obtain

e Eereemen (S0 (1) () (757))

Hence, in view of relations (12) and (13), for v > 2k + 1 we obtain
a,=v+1+2k(v+1)=02k+1)(v+1).

Now let k& < v < 2k. Then from (24) we obtain

=Y <-1>"+""°<”+’““)(U%—k(nﬁj)(kzj)(k—iﬂ)(wz_j))

n=v—k J=0
s ()

Introducing the notation n + & = m and writing the summands in reverse order with respect to m, we
can transform the first sum in (26) to the form

s Sermemen ("5 (A (P (A ()

=
=7§;(—1)m(1/—m+2k+1) <2§m(y+kfm_j> <k;fj) (V—k—j> <2u~mk+k—j)>
=§u<-1>m<u_m+2k+1> (Z"‘(Mfm_]) (4 (%) (2u—mk+k—j)) |

Setting n = j +m — v and using the simplest properties of binomial coefficients, we obtain (m > v > k)
2% b k v+k—n k v+k—m+mn
— ~1Y"(y — . - -
A= S0 m+zk+1)<_zk(n>( £ )(m_n>( . ))
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_ j\_i‘(—l)m(v—m‘*‘?k‘*'l)(i (Z) (u-i—:—n) (ml_c_n) (V—i—k—km+n)>.

m=v n=0

Substituting this expression into (26), we obtain the same expression for a, as given by relation (25).
Therefore, also for k < v < 2k we have a, = 2k +1)(v +1).

Now consider the case 0 < v < k.

Note that for m > v the following relation holds:

() () (b (177)
- 2 (A ) n) ()

It follows from relation (24) that for » < k we can write

= 3 e (55 (1) (b))

n=k-—v 3=0
S (5 (4 (7E) (1) ()
—Al +A2

Set m =n — (k —v). Then the sum A; acquires the form

zg(_nm(mwmi—u); (,,_k_j> (’“Zj) (u—:wj) (k+7:_j>'

Let us transform the sum As. To do this, let us make the substitution m = 2v — n. Then we obtain

Z (- 1)"(n+2k+1-u)(2uzn<1;) (u+llz—j) <21/-—kn—j> (k-VZ"+J'>>.

n=v+1l =0

Set j+n — v = ¢. Then, taking into account relation (27) and returning to the old variables, we can

express A as
- £ B (8 (1) -har) (1),

m=v+1

Using the expressions for A; and A, and relations (14), (15), we finally obtain

0 = A+ Ay = Z( 1™ m+2k+1—V)Z( ) (’“7;]) (V—T]:L+j) (kﬂl?_j)

m=0

= (2k+1)(r+1).

Thus
2k +1
TRE(C ) = 32k + D+ D = T

v=0

where t = [|?.
Corollary 6 is proved. O
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§2. Rational approximation

Let R, denote the class of all rational functions of degree at most n with poles outside the disk D.
A polyanalytic function of the form

r(z):ZZkrnk(z), Tne € Ry k=0,1...,m—-1,

is called a polyrational function of order m (or an m -rational function).
By Theorem 2, any polyanalytic function f € A,,L2(D) can be uniquely expressed as

m—1
flz)= Z 861;{ 1—z2)ka(z)}, F, € AL>(D), k=0,1,...,m—1. (28)
k=l

Using Theorem 3, we can show that for a polyrational function r(z) its components F} in the repre-
sentation (28) need not be rational functions. Therefore, for a given polyanalytic function f € A,,Ls(D),
we seek its polyrational function of best approximation in the metric (3) in the form

ak
r(z) = ZB k{(l—zz) Tne (2) }, Ty € Rnpy k=0,1,...,m—1. (29)
For a given multi-index (n) = (no, Ny, ..., Nm,m_1) With nonnegative components, by
m—1 8
Tmy(2; f) = Zak{l—zz) (23 )}, Tne €ERny, k=0,1,...,m—1, (30)

we denote the m-rational function ‘of best approximation of degree at most (n) for the m-analytic
function (28) in the metric (3) among polyrational functions of the form (29), and by Lg.ﬁ(n)( f,D,m) we
denote the corresponding deviation of a polyanalytic function from a polyrational function of the form (29)
in the same metric. Obviously,

m~1 2

I = 7wy Hll3= Z

o*

(1= 224 (Fule) — 25 )} (31)

2

Remark 4. It follows from relation (31) that the component 7,,(z; f) of the m-rational function of
best approximation r(,)(z; f) (30) possesses the following property:

ak
|5

‘;E{(l — 22)*(Fi(2) = rne (25 £))

=it (0= () - D)} 5 o < R

2

ie., Tp,(2z; f) is the rational function of best approximation of degree at most n; for the component Fj
of the function (28) in the metric defined by the following relation:

| A { /I \ 2 (a-9Re)|

5;,:{(1 - Zf)ka(Z)}

1/2
dz dy} . (32)

This remark will be used later on.

Theorem 5. If for some integer k from the closed interval [0, m — 1| the component Fy of the m-
analytic function (28) from A,,L2(D) is not a rational function of degree at most ny , then

dEg{rnk (z; f)} = T
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Remark 5. For m =1 Theorem 5 was proved in [11], and for m > 1 it was announced in {10].

Corollary 7. Under the assumptions of Theorem 5, L2R(n)( f,D,m) is strictly monotone decreasing
with respect to the k+ 1 components of the multi-index (n) = (ng,n1,...,Nm-1)-

Corollary 8. Under the assumptions of Theorem 5, ||r(n)(- i f )H2 18 strictly monotone increasing with
respect to the k+ 1 components of the multi-index (n) = (no,M1,...,0m-1). In particular,

[rn-1)C5 Do < llrmy 5 Hllos {LoRin)(f, D, m)}° = ||l - l|rny (-5 f)||§'

Corollary 9. If f € A, Lo(D), then

m—1

{L2Rny (£, D,m)}* < 3 (k)*{L2Rn, (Fi, D)} < m{LoR(ny(f, D, m)}?,
k=0

where LoR,(g, D) is the least deviation of the function g € AL2(D) from rational functions belonging to
R, in the metric (3).

To state the following theorem, we need some additional notation.
Let rn,(2; f) = Pn,(2)/Qn,(2), where P, is a polynomial of degree at most ny, and

k le
an(z)=H(1—z&j,k)”fv’°, loj k| <1, ZVj,k=Vk§nk, k=0,1,...,m—1. (33)
Jj=1 ]

If g € ALy(D), then g(~1'¥) will denote a primitive for 2*g(z) in the disk D; for z = 0 this primitive
is zero, i.e.,

z
g bR (2) =/ t*g(t) dt, ze€D.
0
Theorem 6. If the polyanalytic function

mlak

f(z) = Z o (1= 22" Fi(2)}

belongs to the space A,L2(D), then the following interpolation relations are valid:

F20)=r2(0; f),  s=0,1,...,20m — 1), (34)

FT 0 (a0) = v g e ), =1k (35)
Fk(;p)(a],k)=r££c)(a.],k?f)’ j=17‘l"alk7 p=0717---721’j,k—27 k=0717---1m—1'

(36)

For a given multi-index (n) = (no,n1,...,%m_1), let M(,)(Q) denote the subspace of polyrational

functions the form .
~— OF P, (2)
T = ¥ gep{ -2 G
() é 92k Qn, (2)

where the polynomials @, (z) are defined by relations (33) and fixed, and the P, (z) belong to the space
of polynomials of degree at most n,, £k=0,1,..., m—1.

In the case of the approximation of a polyanalytic function f € A,,L2(D) by polyrational functions
from the space M(,)(Q) in the metric of the space L2(D), we obtain the following criterion of the element
of best approximation.
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Theorem 7. Suppose we fiz the multi-indez (n) = (ng,n1,...,Mm-1), the function f € A,,L2{D),
and the polynomials Qn, (z) defined by relations (33) and satisfying the condition deg{Qn,} = vk < ng,

k=0,1,...,m—1. Then in order that the polyrational function
m—
o* P, (2)
T —{@ (1 — 22)fry,, (2) T, (2) = =25,
b ,; Z wOh mE=5,6

be the polyrational function of best approzimation from the space M,)(Q) for the polyanalytic function
f € A La(D) in the metric L2(D), it is necessary and sufficient to have the following relations:

FE0) =r00), s=0,1,...,me—vr,  FUVNapn) =i a0), §=1,..., 5k,
FPa0) =m@(ajx), G=1,-ceslk, p=0,1,...,056~2, k=0,1,...,m—1

Remark 6. For m = 1, Theorems 6 and 7 were proved in [12].

Proof of Theorem 5. Let deg{r,,(z; f)} < ni. Asin [12], consider the function (|a| < 1)

2

®.(N\) = {(1 — zz)k (Fk(z) —rn(2; f) - A ; )} dz dy.
- az
By Remark 4, we have ®,(0) < ®:()). Therefore, 8®;/0X =0 for A =0, i.e,
o 5k ) o k1
A 5—;{(1 ~ 2Z)*(Fe(2) — Ty (25 f))}é?f (1-2z2) Al dzdy = 0.

Hence, expanding the function 1/(1 —a&z) (|z] <1, |a] < 1) in the power series, we obtain

// 52 k{ 1-—z2)k(Fk(z)—rnk(z; f))}-(g%{(l—zé)kzj}dzdy=0, i=0,1,.... (37)

It follows from relation (37) and Corollary 1 that the polyanalytic function

oF S\k
s {(1 = 22 (Fu(2) = s (=5 )}

from the space Ag11L3(D) is orthogonal to the same space; but since the space A}, L2(D) is complete,
this yields Fy(z) =r,,(z; f), z € D. The obtained contradiction proves Theorem 5. 0O

Proof of Theorem 6. In what follows, let k be an integer from the closed interval [0, m—1]. Consider
the function (also see [12])

Tp(A) = dzdy,

where u and v are arbitrary polynomials of degree at most ny.

Since ¥;(0) < Wx()\), we have O¥,/OX = 0 for A = 0. By Theorem 5, deg{rn (z; f)} = n.
Therefore, since the polynomials u and v (of degree at most ny) are arbitrary, it follows from the relation
0P, /O = 0 that

. Y P ) )
S, 1= 29 (Fele) = s )} ] (1= 520 gy o =0 38)



for any polynomial T'(z) of degree at most 2n,. Choosing the polynomial T(z) from relation (38), we
obtain

// 57 k{ l—zz) (Fk(z)—rnk(z f))}(9 k{(l—zz)kzs}dzdy_ (39)
s=0,1,...,2(ng — ),

// 9= B 0= 2P (Bu(a) = a5 )}l ey =, (40)

[ 2ot = 29 (Bu(e) = a5 1)l oy =, (a1)

.7—1727--'7lk7 p=0;11---72’/j,k_27

. k —_— . 1

(1 - za;,,)P12

Using Corollary 5, from relations (39) and (41) we obtain relations (34) and (36) of Theorem 6. To
prove relation (35), let us calculate the integral on the left-hand side of relation (40).
Set

where

Fi(2) — rny (2; f)=2ajzj, ok = o

Expanding the function 1/(1 — za&), |z| <1, in its power series, let us express relation (40) as

// Za]a k{(l—zz)"z’}Zal {(1 — zZ)kzi} dzdy = 0.

Hence, using Lemma 1, we obtain

o]

Y =0
a;—— =10,
s Jtk+1

which is equivalent to relation (35). O
Proof of Theorem 7. The proof is similar to that of Theorem 4 from [12] with the use of Remark 4. O

Proof of Corollary 9. Suppose that the component Fj(z) of the function (28) is given by Fi(z) =
Ygo0aj,k? and

x< o
Tny (25 Fi) = ij,kzj7 P (25 Fi) = ch,kZJ
=0 i=0

are its rational functions of best approximation of degree at most 7, in the metrics defined by relations (32)
and (3), respectively. Then, using Remark 4 and relation (4), we obtain

_ m-—1 o0 b, 2 —
(B0 = S { Sttt < S [ $ 2ol

k=0 j=0 j=0
< 3 (k)?{L2Rn, (Fi, D)} (42)
k=0
Further, we have
2 > |a~k—c~k|2 > j+k+1 Ia-k—b~k|2
LR, (Fy, D)} = L M LA G i L A . 43
{Z2Rn, (Fie, D)} “{g«) j+1 }‘”{Jgo j+1  j+k+1 (43)

Relations (42) and (43) yield the assertion of Corollary 9. O
This research was supported by the Russian Foundation for Basic Research under grant No. 99-01-00119.
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