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A NOTE ON CONVEXITY IN SMOOTH NONLINEAR SYSTEMS*
S. A. Vakhrameev UDC 517.977.57; 517.977.1

Introduction

This paper is an extended version of the lecture given by the author at the International Conference
Dedicated to the 90th Anniversary of the Birth of L. S. Pontryagin (Moscow, Aug. 31-Sept. 6, 1998) [23)].
The results presented below in a short form can be found in {24]. It should be emphasized that the author,
being one of the students and collaborators of R. V. Gamkrelidze, is, at the same time, one of the so-called
indirect students of L. S. Pontryagin, and, therefore, it was very important to him to participate in this
conference. Thus, the author expresses his gratitude to the Organizing Committee for their invitation to
participate in the conference and give a lecture at it.

Our goal is twofold. First, we present an existence theorem for the two-point, time-optimal control
problem associated with a smooth control system

= f(z,u), z€M, uel; (0.1)

this theorem improves the existence theorem proved by the author in [20] (see also [22]). In (0.1), M is an
n-dimensional smooth (of class C*°) manifold that is regularly embedded into some Euclidean space R%; U is
a compact convex polyhedron in R™; {f(-,u);u € R™} is a family of smooth (of class C*) vector fields on
M that smoothly depend on the parameter « in the natural topology (see, e.g., [7, 19, 22}).

Let us briefly explain why this theorem is necessary precisely in the statement presented below.

Recall that in 1994, the author had proved the bang-bang theorem in [18] (see also [21, 22]), which
generalizes to the nonlinear (in control and state) case the well-known theorem of R. V. Gamkrelidze on the
finiteness of the number of switchings (see, e.g., [14]). But this theorem itself has no sense if we do not have at
our disposal an existence theorem under its conditions (or under a part of them). This is the main motivation
of the present research.

Second, and this is a byproduct of the search for the proof of the above-mentioned existence theorem, we
present, a test for convexity, which has a very clear geometrical sense. We mention here two tests for convexity
of such a type: the famous Motzkin theorem [11] (see also [9]) and the recent result by A. V. Arutyunov [2].!

Recall that the Motzkin theorem consists of the following. Denote by dist (x, K') the Fuclidean distance
from a point £ € R™ to a nonempty set & C R™. Then the theorem asserts that a nonempty closed set
K C R™ is convex iff, for each point € R™, there exists a unique point y € K that is nearest to z, that is,

|:I: - yl = dist (Kv I)v

where | - | stands for the Euclidean norm on R™.

The result by A. V. Arutyunov refers to sets in an arbitrary locally convex space E and is formulated as
follows. Let a nonempty set A” C E be connected and locally convex in the topology of K that is induced by
E, and let this set be closed in the topology of E. Then K is convex.

* This work was supported by the Russian Foundation for Basic Research, project No. 96-01-00860.

! Added in proof. As was revealed later, this result (formulated in somewhat different terms) is already known and
is called the Tietze converxity test; see J. Cel, “A generalization of Tietze’s theorem on local convexity for open sets,”
Bull. Soc. Roy. Sci. Liedge, 67, No. 1-2, 31-33 (1998) and further references given therein.

Translated from Itogi Nauki i Tekhniki, Seriya Sovremennaya Matematika i Ee Prilozheniya, Tematicheskie Obzory.
Vol. 60, Pontryagin Conference-1, Optimal Control, 1998.
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For other tests for convexity of a geometrical and topological nature, see [4].

The paper is organized as follows.

In the first section, we state the main result, our existence theorem, and consider some particular cases
where the proof of this theorem can be directly obtained.

In Sec. 2, we present the test for convexity and give the proof of the main theorem.

Section 3 contains auxiliary lemmas that were used in Sec. 1.

In Sec. 4, we present one more application of our test for convexity. Namely, we study conditions for
the convexity of images of matrix exponentials and their applications to the geometry of reachable sets of
commutative bilinear systems. Here we restrict ourselves to the consideration of the simplest case; the author
hopes to give more comprehensive results in the near future.

In conclusion, we note that there are no difficult theorems in convex analysis; all its results are visual,
and the problem consists only of their detection. The author found his test for convexity when he translated
into English the famous book by A. D. Aleksandrov Intrinsic Geometry of Convex Surfaces (it may published
by Gordon and Breach this year). The reading (and translation) of this remarkable book stimulated him to
understand the geometrical nature of many facts which he knew only from the analytical point of view and
helped him to find the above-mentioned test for convexity.

As for the existence theorem, it demonstrates the phenomenon of the so-called “imnplicit convexity” (this
term was introduced by V. M. Tikhomirov at the Soviet-Poland International Workshop “Mathematical
Methods of Optimal Control and Their Applications,” Minsk, May, 1989). Also, we recall here that L. S.
Pontryagin himself regarded the existence problem as a very difficult one: “However, it should be noted that
from the mathematical viewpoint, the question on the existence of an optimal trajectory seems to be very
important and difficult” ([13], p. 189). This is also one of the reasons why the author dealt with the existence
problem for several years.

We use the standard notation in this paper. Thus, R™ always stands for the n-dimensional Euclidean
space with the norm |- | generated by the standard inner product (-,-). We identify a vector field X on a
smooth manifold A with a derivation of the algebra C*(AM) of all smooth functions on M. Recall that a
derivation D of any R-algebra A is an R-linear mapping that satisfies the Leibnitz rule

X(ab) =bX(a) + aX(b) Va,be A
The set Veet (M) of all vector fields on M has a natural structure of a Lie algebra with Lie bracket
[X,)Y]=XoY -YoX VX,Y € Vect (M).
Any field X € Vect (M) defines an R-linear operator ad X : Vect (M) — Vect (M) by
ad XY = [X,Y] VY € Vect (M).
In a natural way, one considers the powers (iterations) of this operator:
ad’z =Id, ad™X =adXoad™ !X =ad™!'XoadX, m3>1,

where Id is the identity mapping of Vect (M). By T.(M), we denote the tangent space to M, and TM
stands for the tangent bundle of M. Of course, if M is smoothly embedded into a certain Euclidean space,
it is convenient to identify the tangent space T M with the affine plane x + L, in this space, where L, is
a hyperplane in R™ that is uniquely defined by T,M. Smooth vector fields on M are also smooth sections
of the tangent bundle and, in the above case, can be identified with smooth vector-valued functions (of the
corresponding dimension) that are tangent to M at each point of Af. If f : M — N is a smooth mapping
of smooth manifolds M and N, then by f.. we denote the tangent mapping (differential) which maps from
T.(M) into Tf)(N) and thus defines the smooth mapping f, : TAM — TN of the corresponding tangent
bundles. For a subset K € R*, we denote by conv A the convex hull of this subset. Also, span K stands for
the linear hull of K, but we prefer to denote it also by aff K = span K. By cl A we denote the closure of a set
A, and int (K) denotes the interior of a set K, while the notation relint(K’) is used for the relative interior
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of a conver set K in a finite-dimensional space; it is well known that the latter set is always nonempty. For
a mapping f, im f always stands for its image, and for K C dom (f), where dom (f) is the domain of f,
f~YK) stands for the inverse image of the set K under the mapping f.

Acknowledgments

The author express his gratitude to R. V. Gamkrelidze for his attention to this work and to S. M. Aseev
and N. A. Bobylev for a fruitful discussion of the results obtained.

1. Existence Theorem
Let M be a smooth (of class C*®) manifold smoothly embedded in R%. Consider a smooth control system
= f(z,u),uc Uz eM, (1.1)

where f(u),u € R™, is a family of smooth (of class C*) vector fields on M depending smoothly on a
parameter © € R and U is a compact convez polyhedron in R™. Without loss of generality, we can assume
that aff U = R™. We assume that there is a function g : Ry — R, such that

| fz,w) IS g(| 2 [) (1.2)
forall z € M,u € U and
lim sup @ < 00.

Under this condition, for any admissible, i.e., bounded and measurable control u(t),¢ € R, with values in U,
the flow p,(u),t € R, is well defined on the manifold M.

Consider the following two-point, time-optimal control problem for system (1.1): given two points xy and
xr, find an admissible control u(t),t € R, such that the trajectory z(t) = z(t; o, u(-)) = p(u)(xo),t € R,
of system (1.1) corresponding to that control and to the initial position zo (x(0) = xo) satisfies the condition
(T} = xr, and time T is the minimal possible.

The classical existence theorem states that this problem is solvable if the set

3(z) = {f(z,u) :ue U},
which is called the vectorgram of the system, is convex for all z € M (see [6], pp. 203-204). In the present
paper, we give the following (explicit) condition for verification of the convexity in the case considered.
Theorem 1.1. The vectorgram §(z) is a convez set if the following condition holds: for any edge T' of the
polyhedron U, there exists a smooth function ap : M x U x R™ — R such that
& f(x,u) Af(x,u)
J*u o (1:3)

for allv € R™ u € U,z € M, and for any nonzero tangent vector w to the relative interior of this edge.
Therefore, the existence theorem holds for the considered time-optimal control problem under this condition.

(v,w) = ar(x,u,v)

Remark 1.1. This theorem was proved in {20] (see also [22]) under stronger conditions, in particular, it was
required early that condition (1.3) hold for any vector w € R™. Note that this weakness of the condition is
very significant, as the following example shows.

Example 1.1. Consider the following two-dimensional system:
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(wv) e U ={(v,v)|0<u<1,0<v <1}
One can directly verify that condition (1.3) holds for this system, while this is not the case when one considers

this condition for an arbitrary w € R2.

Remark 1.2. Note that the function ar(r,u,v) depends on the edge I' but not on a particular nonzero
tangent vector w to the relative interior of this edge. Indeed, assume that ar(z,u,v) = ar(z, u,v,w) in (1.3).
Replace the tangent vector w by Aw with A € R. Then

2 ¢/, ,
8—1;(2%’—12(11, Aw) = /\%(v,w) = Aar(z,u, v, w)%w = ar(z,u,v, Aw)%w.
If
Ou

(note that we can always assumne this; see Proposition 2.1 below), then we have

ar(z,u,v, \w) = Aar(z, u, v, w).
Since A is arbitrary, the latter relation means that the function 'ar(:z:, u,v,w) does not depend on w, i.e., the
function ar is well defined (that is, this function depends only on the edge T').

Let us consider some simple cases where the proof of this theorem is a direct verification of the convexity
condition. To this end, we take into account the following observations, which will be proved in the next to
last section:

Lemma 1.1. For any two points u' and u” of the polyhedron U, there is a broken line lying entirely in U
and consisting of a finite number of links, each of which is parallel to a certain edge of the polyhedron U that
starts at the point u' and terminates at the point u”.

Lemma 1.2. For any smooth function b : R — R, the boundary-value problem

{ i+ a2b(u) =0, 0<t<1, (1.4)

u(0) =0, u(l) =1,
has a monotonically increasing solution u(t),0 < t < 1, satisfying the condition 0 < u(t) < 1,0 <t < 1.

Lemma 1.3. The equation in the boundary-value problem (1.4) is invariant with respect to the action of any
- affine transformation of the time azis: if u(-) is a solution to this equation, then, for any function s(t) = kt+1,
the function wo s(-) is also a solution to this equation.

Lemma 1.4. If at some point u € U,

w)

wf(x, u)(wy, wy) # 0

for two monzero tangent vectors w, and ws to the interiors of two edges I'y and I's of the polyhedron U,
respectively, then the vectors

3]
%f(z,u)wl and W (x, u)ws
lie on one and the same line L{x,u) C T, M. Moreover, this line is independent of u € U:

L(z,u) = L(z) forall welU, z€&M.

First, we consider the case where the functions ar do not depend on the edge I' at all:
ar(z,u,v) = a(x,u,v) Yz € M,u€U,veR
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Given two arbitrary points ' and «” in U, we will find a smooth (of class C?) function s(1),0 < A <1, such
that 0 < s(A)<1,0<A <1, and

flx, s(A\u" + (1 — s(M) = Af(z,u”) + (1 = A) f(z, o). (1.5)
Since aff U = R™, we can find, for any w € R™, some edges wy, . - ., W, of the polyhedron U such that

m
W= ow;
o1

for certain a; € R. Therefore, according to (1.3) with ar(z, u,v) = a(z, u,v), we have Vv € R™, x € M,

& f(x,u) _ & f(z u), &

Bu; (v, w) Zalwl
S~ o, L5 Bf(x w),
- ;a"“&'ﬁ— Zaz a(z, u,v)——>
B a(x’“’”)?‘%lﬂz Wy = a(z,u,v)éf(a%u_)w

i=1
Thus, condition (1.3) holds for any w € R™ with the function ar(z,u,v) = a(z, u,v).

Now to find a C? function s(1),0 < A < 1, for which (1.5) holds, we set u(A\) = s(A)u” + (1 — s(A)u’) and
differentiate (1.5) with respect to A:

1) _ Q@) oy (35020 )
ar C de ou dx 0u?
Using (1.3) with ar(x, u,v) = a(z,u,v), we have from the latter relation that

d%s(X) ds(A)\2\ Of (z,u(N))
e ) )T =) =0,

Now we set b(u) = a(z,u,u” — ') and use Lemma 1.2. According to this lemma, there is an increasing
C?-function s(A),0 < A <1, s(0) = 0,s(1) = 1, such that

(U” _ u/7 u’ — u/).

+ a(z, u(A),u" — u')(

d2s(\) ds(A)r2
sz +b(s(1) ( ZA ) =0

Thus, we see that the C*-curve u(A) = s(A)u” + (1 — s(A))u’ lies entirely in U for 0 < A < 1 and
f(zu(X) = Af(z,u") + (1 = A)f(z,v).

This proves the convexity of f(z,U) in this simple case.

Consider now the second particular case. Given two arbitrary point v’ and u”, we construct a broken
line according to Lemma 1.1; let this line consist of N links [s;, s;41],2 = 0,1,...,Nso = v/, sy = u". Set
A; =i/N, and let

u(A) = ui(%':_'/_}\%)si + (1 - ui(;\'—:.—/\)'\%))si—la Aict LA,

where u;(+) is a solution to (1.4) with

b(t) = ar, (.’L‘, tSi + (1 - t)S.i_l, S; — Si—l)
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and T'; is the edge of the polyhedron U, which is parallel to the link [s;_;, s;]. Then it is easily seen that the
curve u(A), 0 < A < 1, is a piecewise-smooth, continuous curve lying entirely in U.
Denote by w; any nonzero tangent vector to the interior of the edge I'; of the polyhedron U. In this
particular case, we assume that foranyi=1,...,N -1,
2
9 (z, u(A)) Wiy, w;) # 0.
According to Lemma 1.4, we obtain that at each point of [0, 1], including the points of discontinuity of
the derivative i2(A), A € [0, 1], the vector

a .
= f(z,u(N)a(N)
lies on the line L(zx) C T, M. Indeed, we have
52
b—:\;f(l:, 'IL(/\)) =0

at all points of [0, 1], except for the points \;, i = 1,...,, N — 1, by the choice of u{A),0 < A < 1. At the
points where there is no derivative (), we have that both right and left derivatives of this function belong
to this line by Lemma 4. This implies that the image of the mapping f(z,u())), A € [0,1], is contained in
this line L{z). Since u(A), X € [0, 1], is continuous, this image is a segment because of the connectedness of
any continuous image of the connected set [0, 1]. Moreover, by construction, this segment contains the points
f(z, ) and f(z,u”) and lies entirely in f(x,U). This proves the theorem in this “nonsingular” case. Note
that this segiuent can be several times covered under the mapping f(z, -), i.e., the curve f(z,u(A)), A € [0,1],
can have self-intersections and parts that overlap each other.

To conclude this section, we state the following theorem, which unifies the above theorem and the previous
results of the author obtained in [18, 21} (see also [22]).

We say that system (1.1) satisfies the general-position condition with respect to the polyhedron U if, for
any nonzero tangent vector w to the relative interior of any edge I' of the polyhedron U, the vectors )

a—f%i)w, ad f(-,u) aff)z; “) ()w,...,ad”"" f(-,u) Ofé; u')(x)'w (1.6)

are linearly independent for all x € M and u € U. Of course, this condition is a generalization of the well-
known general-position condition, which was initially discovered by R. V. Gamkrelidze and was later (in a
rather simple case) formulated by R. Kalman in his controllability conditions for linear systems.

We say that the strengthened bang-bang conditions hold for system (1.1) on some edge I' of the polyhedron
U if, for any compact set K C M, there exist linear functionals

ar(z,u, ) : R™ = R,
bir(z,v,u",-) :R" = R™, a>f8, a=01,..,

depending smoothly on (z,u) € K x U and (z,u',v") € K x U x U, respectively, such that

——8_];(1? 2 (v,w) = ar(x,u, v)%w, (1.7)
[———0f((‘)-;u”)v, ad® f(-, u,)___(?fg;u') w|(x) = i b3 p(x,u',u”, v)ad’ f(-, 'lt)a—fg;til)w(f) (1.8)

3=0

for all (z,u) € K x U, (z,u',v") € KxUxU),v € R",a=0,1,..., and for any nonzero tangent vector w to
the relative interior of the edge I'. If this condition holds for every edge I' of the polyhedron U, then we say
that system (1.1) satisfies the strengthened bang-bang conditions with respect to the polyhedron U.
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In the case of a single-input, real-analytic, control-linear system
T = fo(z) +ufi(z), reMueR, Ju<l,

this condition is in fact equivalent to the condition A by H. Sussmann, which is as follows. Locally, in a
neighborhood of each point of M, for each m =0, 1, ..., there exist real-analytic functions a;, i = 0,1,...,m,
and a real-analytic function b, |b(z)| < 1, in this neighborhood, such that

m

[fi,ad™ fofi)(z) = Zai@)adifofl(ﬂf) + b(a:)adm“fofl(a;)
i=0
for all z in that neighborhood. For more details, see [21].
Recall that an eztremal control is an admissible control that satisfies the Pontryagin maximum.principle
for the two-point, time-optimal control problem. By an admissible control, we mean a reasurable function
u(-) : R — U, i.e., we deal with the maximal possible class of admissible controls.

Theorem 1.2. Let (1.1) be a smooth control system that satisfies the strengthened bang-bang conditions
(1.7) — (1.8) with respect to the polyhedron U and the general-position condition with respect to this polyhedron.
Assume that the growth condition (1.2) holds.

Then, if there exists at least one admissible control that steers an initial state xo to a final state z7 at
some time T, there exists an optimal control that steers xy to xr at the optimal time T < T, and, moreover,
this control is a ptecewise-constant function that assumes its values in the set of vertices of the polyhedron U.
This control is an extremal control, and, in addition, any extremal control is a piecewise-constant function
that assumes its values in the set of vertices of the polyhedron U.

Controls that possess the last property in the above theorem are usually called the bang-bang controls
with a finite number of switchings. We see that the set of conditions (1.7)—(1.8) includes condition (1.3) of
Theorem 1.1 as a particular case, and, in addition, they imply that for any nonzero tangent vector w to the
relative interior of any edge I' of the polyhedron U, we have

gf:(af—;ulw #0 for any uelU, zé€M.
In some sense, this theorem gives us a complete solution of the bang-bang problem in nonlinear systern theory.
In the author’s opinion, it is not possible to weaken the conditions of Theorem 1.2, but it is possible to consider
more general objects than polyhedrons.

These objects are called manifolds with corners and were introduced by A. A. Agrachev and the author
in order to generalize Morse theory in such a way that it can be applied to optimal control problems. We
refer the reader to [16, 19, 25] for more details. Here we present only the main definitions and the statement
of the corresponding theorern on existence and bang-bang properties of an optimal control in this case.

Let N be an m-dimensional smooth manifold. A closed subset v C N is called a submanifold with corners
in N if, for each point =y € N, there exists a chart (O, ¢) of the manifold N such that ¢(z¢) = 0 and

Ky = ¢(0,0V)

is a closed polyhedral cone in R™ with vertex at the origin.
Every polyhedral convex cone is given by a finite set of linear inequalities, and, therefore, subinanifolds
with corners are locally defined by a finite set of nonlinear inequalities

gi(z) <0, i=1,2,.,k,

on NN that satisfies the “straightening condition” that appears in their definition. Note that these objects are
Whitney stratified spaces (see [10]). Their stratification is naturally defined by faces of submanifolds with
corners. An open face ' of a submanifold with corners V' is a maximal (with respect to inclusion) smooth
connected submanifold of N that lies entirely in V. A closed face of V is the closure of a certain open face.
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Any l-dimensional stratum I'” (an I-dimensional open face) of our stratification admits the following explicit
description: it coincides with a certain connected component of the set

{z€V|dmV N (=V) =1}

One-dimensional faces are one-dimensional strata of the Whitney stratification and are called edges of V', while
zero-dimensional faces (strata) are called vertices of V. Of course, any polyhedron in R" is a submanifold
with corners in this space.

In a natural way, we can consider system (1.1) in the case where U is now a compact submanifold with

corners in a certain smooth manifold N, dim N = m. Furthermore, the general-position conditions and the
strengthened bang-bang conditions admit a straightforward generalization to the case of such a system: it
suffices to mean by an edge now the edge of the submanifold U with corners. In a similar way, a bang-bang
control with a finite number of switchings is now a piecewise-constant function that assumes its values in the
set of vertices (zero-dimensional strata) of U. Now we state the result which is an obvious generalization of
Theorem 1.2.
Theorem 1.3. Assume that all conditions of Theorem 1.2 hold for the polyhedron U replaced by a certain
compact connected submanifold with corners in some smooth manifold N, which is denoted by the same letter.
Then there exists an optimal control for the corresponding two-point, time-optimal control problem, every
optimal control is an extremal one, and each extremal control is a bang-bang control with a finite number of
switchings.

2. Proof of the Main Theorem

The proof of our theorem in the general case is based on the following observation, which itself is of
independent interest.

Recall (see [5]) that the Clarke tangent cone of aset K C R™ at a point « € K is the set of points v € R™
such that for any monotonically decreasing sequence of real numbers ¢; — 0 and for any sequence {xz;} with
z; — z, there is a sequence of vectors {v;} such that z; + t;v; € K and v; — v as i = co. We denote this
cone by TK(z) and set TK(z) = z +TK(z),z € K. As is known, in the case where the set K is a convex
body, the set TK () is also called the support cone of this body and can also be defined as the closure of all
secant lines to this body that are drawn from the point r (see, e.g., [3]).

T

TK(z)

Fig. 1. Support cone to a convex body.

The following “convexity criterion” holds:

Theorem 2.1. (Convexity Criterion). A closed set K with nonempty interior in R" is convez if and only

if
K CcTK(x) Vr € K.
Moreover,
K= ﬂ TK(z).
F19:9



This criterion is an immediate consequence of definitions and the fact that a closed set with nonempty
interior is convex iff we can draw a support hyperplane through each of its boundary points (see [9]).

Indeed, the necessity is obvious, since, in this case, the cone TK(x) is the support cone to the closed
convex body K and we can refer to [3], where it is proved that TK(z) D K for any z € K.

To prove the sufficiency, it suffices to draw a support plane to the cone TK(z) for any z € K. This is
always possible, since TK(z) is closed and convex. Since this plane is also a support plane for K, the result
follows from Theorem 3.3 in [9].

Remark 2.1. In a private communication, S. M. Aseev told the author that he has proved this test for
convexity without the assumption that the interior of the set K is nonempty. Nevertheless, we preserve the
original proof, since some of its aspects are of independent interest.

Now the proof of the theorem is a direct verification of this property, where condition (1.3) is substantially
used.

It is easy to verify that the Clarke tangent cone to f(z,U) at the point p = f(z,u) € f(z,U) is

74, 0)p) = Loy (),
u
where TU(u) is the Clarke tangent cone to U at the point u. This follows from the fact that f(z,U) is a
transversally conver set (see [17]), since, by condition (1.3), the mapping u — f(z,u) is a mapping of constant
rank (see [15]), i.e., the rank of the differential f,, of this mapping does not depend on u € U.
In fact, we will prove here a more general fact. Obviously, the polyhedron U is a submanifold with
corners in R™, and, therefore, it can be considered as a Whitney stratified space: this stratification is defined

by (open) faces of U (of all possible dimensions). We assert that the mapping u — f(z,u) is of constant rank

on any stratum U of this stratification, and, moreover, the plane
span { fuw;w € TLU} =1m fi |5

is independent of u € U.

To prove this, we use the induction on dimension of strata of our stratification.

Indeed, for a one-dimensional stratum (edge of the polyhedron U) this is implied by Lemma 1.4 and
Proposition 2.1 below.

For an arbitrary k,1 < k < m, every (k + 1)-dimensional stratumn (face) of U is obtained from some
k-dimensional stratum (face) by adding to it a certain set of vertices that do not belong to this stratum and
then by taking the convex hull of this set of vertices and the previous k-dimensional stratum. Therefore, the
tangent space to this new (k + 1)-dimensional stratum is a linear hull of the tangent space of the preceding
stratum and a finite set of tangent vectors to some edges of U. But when we apply f., to this new tangent
space, by Proposition 2.1 and Lemma 1.4, the image of this mapping does not depend on u belonging to this
new stratum, since each of the additional vectors f, ,w are either zero or its linear span does not depend on
u.

Recall that a set V' C N of a smooth manifold N is transversally convez if for any point € V, there
exist a chart (O, ¢),d: O — R, of the manifold N, a closed convex cone K C R™ with vertex at the origin,
and a smooth mapping F : R® — R™ that preserves the origin and is transversal to the cone A, that is,

F.;T.R" + TK(F(z)) = Tr(nR™
Vz € R": F(z) € K,

such that
dONV) = F‘I(K).

We note that every submanifold with corners is a transversally convex set; the converse statement is not true in
general. The class of transversally convex subsets (which was introduced by the author in order to generalize
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the Lyusternik-Shnirel'man theory to manifolds with singularities; see [6, 7]) is closed under transversal
intersections, contains all closed convex subsets, and, moreover, at least for a compact transversally convex
set, the image of any transversally convex set under any surjective submersion is a transversally convex set
(see {16, 17, 19]).

Now our conclusion that f(z,U) is a transversally convex subset of M follows from the fact that the image
of a transversally convex subset V C N under any surjective submersion F : N — L of smooth manifolds V
and L is a transversally convex subset F(V') of L. Indeed, take N = R™, V = U, where U is our polyhedron,
which is a manifold with corners, and the more so, a transversally convex subset of R™ [16]. Also, we see
that f(z,-) : U —» T, M is a mapping of constant rank; thus,

flz,aff U) = F(z)

is a smooth manifold (see [17], where this fact was proved in the infinite-dimensional setting), and, therefore,
the mapping

F:ur f(z,u): afftU— F(z)CcT.M
is a surjective submersion.

Since U C aft U is transversally convex, the same is true for its image f(x,U) = F(U).

In the case where f(z,U) is transversally convex, the Clarke tangent cone coincides with the tangent
cone defined by using smooth curves lying in this set (see [16]).

To be more precise, the Clarke tangent cone at a point p here is the closure of all vectors tangent to
f(xz,U) at this point; a vector v is called tangent to f(z,U) if there exists a smooth curve o(g),0 < € < &,
such that o(e) € f(z,U),0 < e < g, and
= 2o(e)lemo
Now the above representation for the Clarke tangent cone follows from the chain rule for the differentiation.

Let ¢ = f(x,v) € f(x,U) be an arbitrary point. We have to prove that ¢ € Tf(xz,U)(p), i.c., that

v

flz,0) € flx,u) + {)—fg:T’U)TU(u).
We have
1
f(z,v) = f(x,u) + 0/ Of(x, sv ;—u(l — S)u)(v —u) ds.

By definition, w = v—u € TU(u). Let us consider the tangent cone TU (u). Since U is a polyhedron, this cone
can be represented as the sum K @ K,, where K| is a pointed polyhedral cone and K, = TU (u) N (=TU (u)) is
the maximal linear subspace lying in TU(u). Both these cones are generated by vectors that have directions of
some edges of the polyhedron U, that is, by tangent vectors to the interiors of these edges of the polyhedron
U: the cone K is generated by nonnegative linear combinations of some finite set of these vectors, while
the cone K, is generated by linear combinations of another set of them, and these sets can be chosen so
that for the corresponding vectors, the coefficients of these linear combinations are uniquely defined. Let
wy, - .., wy be these vectors (the first [ of them generate K; and the other vectors gencrate K,). Thus, any

vector w € KU (u) is represented in the form

k
w =Y ow;. (2.1)
i=1
We now show that there are smooth nonnegative functions u;(t),0 <t <1,¢=1,...,k, such that
Of(x,sv+ (1 - s) Of (i,
fz, sv 3u( S)u)w]- = uj(s)—%wj, 0<s< 1 (2.2)
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We assume first that
of (z,u)
ou

w; #£0, j=1,...,k, (2.3)

and then omit this assumption.
Now, differentiating (2.2), we obtain

o &
%f(a:, sv+ (1 = s)u)w; = ﬁf(a:, sv + (1 — s)u)(wj, w)
= a(5) 2 F (. 0+ (1= sy = ay(s)us(5) e (0 = 5 (5) e 5

where w = v — u and the functions

a;(s) = ar,(z,sv + (1 — s)u, w)
are taken from condition (1.3). This implies

i;(s) = a;j(s)u;(s),0 < s < 1,

and, therefore, taking into account the initial condition u;(0) = 1, we obtain
uj(t)zexp/aj(s)dszo, Gj=1,...,k 0<t<L (2.4)
0

Thus, we have

f(z,u) = f(z,v) + / Oftz, sut (1~ S)u)w ds

ou
kg r (z, u)
= f(r,u) +Z/exp/a1 ——ajw; ds
=1y
= f(z,u) +Zk:/lu (’“)w-—f(:c v)+____8f(a:,u)u_}
- g} — J z U T ) 8u )
where
k
lI}:Z ]'IUL'ETU( )
i=1
since
L s 1
v; = aj/exp/aj(é) dé ds =aj/uj(s) ds
0 0 0
are nonnegative for j =1,...,1.

Now, to complete the proof, it is necessary to verify that the set f(z,U) has a nonempty relative interior.
To be more precise, we show that there exists an affine plane II{z) C R? that contains f(z,U) in which our
set f(x,U) has a nonempty interior. We give the following explicit description of this plane I(x):

I(x,w) = f(x,u) + span {?%ij;j =1,..,N} =I(x),

where w; are all nonzero tangent vectors to the interiors of all edges of the polyhedron U.
First, using condition (1.3), we verify that the plane I(z,u) = span { Q%wj; j=1,..,N} does not

depend on
v € aff U =span {w;;j=1,..,N} =R™;
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this is already proved when we verify that the mapping v — f(z,u) is a mapping of constant rank on each
stratum of U (it suffices to use the concluding step of induction: II(z,u) is the tangent space to int U, the
maximum stratum of the stratification, and, by the way, this can also be done in full analogy with [15],
pp- 148-150, where this fact was proved in a substantially more complex infinite-dimensional case). Thus,

I(z,u) = I(z). Then, arguing as above, we prove that
f(z,R™) C f(z,u) + (z).
Finally, we see that for any u,v € aff U,
flz,v) + I{z) = fz,u) + (z).
Indeed, let z € f(z,u) + II(z); then

N (")ftu)

u)+z

for certain o; € R and tangent vectors w; to edges of the polyhedron (i = 1,..., N). Then, for any v € U,
we have

N el
=f($,v)+f(x,u)~f($7v)+zai0f_§)fwﬂ i

i=0 (72
+/lazsu+ s))u—u d9+§: Bf(tu .
0 1=0

Since (u —v) € aff U, we find &;, i = 1,..., N, such that

N
U—v= z QG w;.
i=1

Therefore,
N 1 N
af(x, si 1—8) Of(x,
= f(w, 'v) + Zdi/ f("c, st + ( S)U)w,; ds + Zai——f—(wwi.
=1} du P ou
Proceeding as above, we see that there exist positive smooth functions w;(s),0 < s < 1, such that
Of(x,su+ (1—s)v ) oy = l(s)af(f u)ui’ i=1....N
ou
Thus,
o -
2= a0 + 3620, ¢ o) + i),
=0
where
B, = oy + /u,—,(s) dsey, i=1,...,N.
0
Consequently,

flz,w) + 1(z) C flx,v) + (z).

Interchanging u and v, we obtain the converse inclusion
fla,v) + 1(x) © flr,w) + ().
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Therefore,
f(z,R™) C f(z,u)+ l:I(z)

Thus, our affine plane II(z, u) = II(x) is well defined. Now, similarly to [17], pp. 164-166 (where once again
a more complex infinite-dimensional case is considered), we confirmn that f(z,relint U) is an open subset of
II; here the fact that z — f(z,u) is a mapping of constant rank plays a crucial role.

Now we omit the assumption that

8f (z,u)
“ow w70

for the nonzero tangent vectors w to the interior of the corresponding edges of the polyhedron U, which were
considered above. Meanwhile, we note that in the framework of Theorem 1.2, this assumption always holds
because of the general-position condition. Nevertheless, we assert the following:

Proposition 2.1. Assume that the conditions of Theorem 1.1 hold. Let T be an arbitrary edge of the
polyhedron U, and let w be a nonzero tangent vector to the interior of this edge. Then either

Of (z, u)
S—w #0 (2.9)
forallueU or
——af(az’ w) w = 0.

Proof. We can assume that there is a point up € U such that (2.5) holds for u = ug (if there is no such
point, there is nothing to prove). Let «; be an arbitrary point of the polyhedron U, and let u; # uo. We have
to prove that (2.5) holds for u = u,. Since U is convex, we can connect the points ug and u; by a segment
u(s) = suy + (1 — $)ug,0 < s <1, so that w(0) = ug, uy(1) =1, and u(s) e U,0 < s < 1.

As above, by using condition (3.1), we see that there is a positive C'-function a(s),0 < s < 1, such that

D o) 2L, (26)

Indeed, differentiating (2.6) and using (1.3), we have

d0f(@u(s)) _ O f(z,us)

s ou ou (i(s), w)
= ar(x,u(s),u; — uo)——-————-f('TéZ(s))'w = a(s)ar(z,u(s),u; — uo)———af(;;uo)w = d(s)—af(g1;u0)'lu,

so that we have the Caucly problem
a(s) = a(s)ar(z, u(s),u; — uy), «(0) =1,
which, obviously, has a unique positive smooth solution
afs) = el rEsOuwE g oo

The proposition is proved.

2482



3. Proofs of the Lemmas

Here we prove Lemmas 1.1-1.4.

Proof of Lemma 1.1. Let ¢’ and »” be two arbitrary points of the polyhedron U. First, we show that
there exists a broken line L', each link of which is parallel to a certain edge of U that connects the point u’
with a certain vertex e’ of the polyhedron U and lies entirely in this polyhedron. Draw any line L; through
the point u’ parallel to some edge of the polyhedron U. This line intersects the boundary of this polyhedron
at one point, say u,, which belongs to the boundary of U. Thus, the point u; lics in a certain face U; of
the polyhedron U; this face is also a polyhedron of dimension less than the dimension of U. Draw a second
line L, through u; that is parallel to a certain edge of U, (of course, each edge of U, is an edge of U) and
consider the point uy at which this line intersects the boundary of U;. Iterating this process, we obtain a finite
sequence of points ug = o/, uy,..., uyr = €', where €' is a certain vertex of /. Thus, we have constructed
the desired broken line L’: the links of this broken line are [u;-y,u;],7 =0,..., N'. Second, proceeding in the
same way, we obtain an analogous broken line L” that connects the point «” with a certain vertex e” of the
polyhedron U. Finally, according to {12], we can connect two vertices e’ and ¢” by a broken line L” whose
links are exactly the edges of the polyhedron U. Thus, the union of the broken lines L', L, and L” yields
the desired broken line L. Lemma 1.1 is proved.

Proof of Lemma 1.2. We will use the direct variational method. Let W*!*[0, 1] be the (Sobolcv) space of
all absolutely continuous functions with essentially bounded derivative on the closed interval [0, 1| endowed
with the usual norm

fullwieo = HUHC[O,I] + ||’d|lL°°[o,1}-
Consider the functional

J(u) = / (@)% exp ( / 2b(u(6))d0) dt

B | =

with domain M = {u € WH[0,1] : u(0) = 0, w(1) = 1}. This functional has the integrand
. 1 \ w /
L(u, @) = 5 (i) exp / 2(u(8)) db
0

satisfying the coercivity condition

v
———— — o0 as |v| = oo,
L(u,v) [ '

and which is regular, i.e., the function L is bounded from below and is convex with respect to the second
argument (cf. [6]). Therefore, the variational problem

J(u) — inf, u e m,
has a solution u(t), 0 < ¢t < 1. First, we show that this solution is of class C*{0, 1]. Indeed, for any ¢, 0 <t < 1,

u(t)
Laa(u(t), i(t)) = exp / 2 (u(8)) dé > 0:

0

therefore, by the Hilbert theorem [1], u € C?[0, 1]. Hence we can write the Euler-Lagrange equation for this
extremal in the differential form

L, (u(t), a(t) — %Ld(u(t),u(t)) = 0.
A direct computation shows that
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Lu(u(t), 4(8)) ~ 5 Laa(u(t), i)
u(t) u(t)
= b(u(t))(iu(t))? exp / 2b(w(8)) df — ii(t) exp / 2(u(8)) db

u(t)
—2b(u(t))(u(t))? exp / 2b(u(6)) db
u(t)
= —cxp [ 2b(u(6)) dBlb(u(t))(@)? +ii(t)] = 0.

Since
u(t)

exp / 2b(u(8)) df > 0,
0

we have that this extremal is a solution to our boundary-value problem.
Now it remains to prove that this solution u(t), 0 <t < 1, satisfies the condition 0 < u(#) <1, 0 <t < 1.
To prove this assertion, observe that the complete solution of the Cauchy problem

{'il+b(u)(zl)2 =0, 0<t<1,
u(0) =0

has the closed form of the integral equation

; dr
=) = / OG0 =<

where ¢ = const. Since our solution u(t), 0 <t < 1, is of class C?[0, 1], we have that the first derivative

1
Js b(u(8)) db — ¢y’

d
(—Eu(t) =

where ¢ is the constant corresponding to this solution, exists for any ¢, 0 <t < 1, but this means that the
function

t
/b(u(e)) df —co, 0<t<1,
0

cannot change its sign because of continuity. Of course, this implies the monotonicity of the function w(t), 0 <
t < 1; since u(0) = 1 and u(1) = 1, we have that 0 < u(t) <1, 0 <t <1, and, certainly, u(f) > 0 for 0 <
t < 1. This completes the proof of the lemma.

Proof of Lemma 1.3. This is a direct computation:

ad?u(kt + 1) = ka(kt + 1),

]

dt?

u(kl + 1) = k*i(kl + t);
thus, for y(t) = u(kl + t), we have

G(t) + 9(t)2b(y(t)) = Kkt + 1) + k2 (kt + Db(u(kt + 1)) = Kkt + 1) + 72 (kt + Db(u(kt + 1)) = 0.
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Proof of Lemma 1.4. Let © € U be such that

*f(z,u)

o (w,wa) # 0 (3.1)

for certain nonzero tangent vectors w, and ws to the interior of two edges I'y and I's of the polyhedron U,
respectively. According to condition (1.3), we have

2
%%;ﬂ(whwz) = ar,(z, 1, wl)a_fé%’l_‘l%
_ & f(z,u) M

(w21 wl) =dar, (Iv U, wz)

wWi.
Ou

Ou?

Since Qz.ﬂouﬁil(wl,wz) # 0, we have that both ar,a(z, u,ws) and ar,a(zx, u,w,) are different from zero. There-
fore, we can divide both sides of the previous relation, e.g., by ar,(z, u, ws). This yields
Of (x, If (z,
flow, _ofu),
Ou Ju
where
_ar,(z,u, wy)

A= .
ar, (z,u, wy)
This means that the vectors
Af(xr,u) af(x,u)
——— " and ——wy
u ! ou -

lie on one and the same line L(z, u).
Now let us prove that this line does not depend on u € U:

L(z,u)=L(z) YueU, zé€All.

Choose two arbitrary points u’ and u” such that at least at one of this point relation (3.1) holds and show
that

L(z,v') = L(z,u").

To this end, we first note that both 8fzw) .y and Mw, with w being equal to w; or w,, are different
Ju du g eq
from zero. Indeed, this is implied by Proposition 2.1. Moreover, proceeding as above in Sec. 2 when provin
p p g I g
Proposition 2.1, we see that there is a smooth positive function a(s),0 < s < 1, such that

Of(xz,su” + (1 — s)u')
ou

w= a(s)g%w. 0<s<1,

In particular, the vectors

— 1

of(z,u) Of (w,u")
~u w and 50

are collinear. But the linear spans of these vectors are the lines L(z,u’) and L(z,u”), respectively, and
therefore L(x,u’) = L(x,u”). The lemma is proved.
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4. On the Convexity of Images of Matrix Exponentials and Reachable Sets of Certain
Bilinear Systems

In this section, we present one more application of our convexity criterion to control theory, which seems
to be of independent interest.
Let M,,(R) be the linear space of all square real matrices of order n.

Recall that for any n x n-matrix A, the matriz exponential e? is defined by the series
A A? A"

A_ — —— ———
et=I+ gt

where I is the identity matrix.
We say that a set A of n X n matrices is commutative if each A, B € A commute with each other:

[ABj]=BA-AB=0 (4.1)
We take such a matrix commutator in order to put in correspondence the notation used. Indeed, to any n x n

matrix A, there corresponds the linear vector field Az, and, as a direct calculation shows, we have

(4%, Bz] = [A, Blz,

where on the right-hand side we have the linear vector field on R™ defined by the matrix commutator in (4.1).
As is well known,
eeP = EAYB = eBed VA Be A
iff A is a commutative famnily of matrices.

Theorem 4.1. Assume that A C M,(R) is a compact, connected, transversally convex, commutative family
of matrices such that for any Ay € A,
(A— Ag)* C TA(A)

for every A€ A andn=1,2,.... Then the set
er={et: Ac A}
is a closed convex subset of M,(R).

Proof. To prove the theorem, we will use our test for convexity (Theorem 2.1). First, we see that the Clarke
tangent cone to the set e at any point et eetis equal to

Te?(e?) = eT A(A). (4.2)

Indeed, the set e* is a compact subset in M, (R); moreover, it has a nonempty interior in the so-called derived
orbit of A, where A is considered as a family of (invariant) vector fields on Gl,(R), and is the closure of its
interior points. This follows from the general theorems on orbits of vector fields (see, e.g., [7]).

In fact, this set is a transversally convex compact subset of the derived orbits of A, and, therefore,
the Clarke tangent cone and the tangent cone generated by tangent vectors defined by smooth curves in

e coincide with each other. To prove this fact, it suffices to note that the restriction of the mapping e to
the linear space MS,(R) consisting of all commutative matrices is a mapping of constant rank. Therefore,
the image im e of this mapping is a smooth submanifold in the general linear group Gl,(R) (in fact, in the
corresponding derived orbit 91 of A that passes through the point e, where A € A is arbitrary). Therefore,
e is a smooth submersion of M%(R) onto 2. On the other hand, the set A is a compact transversally convex
set consisting of commutative matrices. Therefore, it is a transversally convex set in M¢(R); thus, according
to [17], its image s is a transversally convex subset of 9.

2486



Therefore, to compute the Clarke tangent cone to this set, it suffices to compute the ordinary tangent
vectors defined by smooth curves in e# and then take their closure. Let A(e),e € [0, €], be a smooth curve
in A such that A(0) = Ay. Of course, it defines a smooth curve in e, and any smooth curve in the latter set

can be obtained in such a way. Using the assumption on the commutativity of the set .4, we have

—d—-eA(E)|5=0 = lim E [eA(E) — eA°] = e lim ! [e‘A"eA(E) — I]

de e—=0 ¢ e—0¢
L oae- .1 4,dA(e
= CAO lll’)l(l) g [GA( )=4o _ I] = er 1_1_1)1(1) E[E(A(E) - Ao) + O(E)] e df, )IE—O

This implies representation (4.2).
Now, for any A € A, we have

eA — er+(A—AQ _— eAeA Ao

By the assumption of the theorem, the matrix (A — Ag)* € T.A(A) forany k=0,1,... (A—4p € T A(A4,) by

definition). Now

- 1 ;
eA AOZZZ—"(A—A())

i=l

Each term of the series

| —=

F(A— Ay

s

I
-
=,

1

belongs to TA(AO) by assumption; in turn, the convexity and closedness of the Clarke tangent cone imply
that the sum of this series is also in it. Thus, for any A4, Ay € A, we have

et = gAogA—Ao — oo (I + Z zl' A~ Ay) ) el + e“OTA(Ao) = TeA(eA")-,
i=1

ie.,
e C e™ + Tet(e).
All conditions of our test for convexity hold. The theorem is proved.

It seems to be a very interesting problem to describe classes of matrices for which the above condition
holds. The author intends to deal with this problem in the near future.
We now apply this result to the following bilinear system (left-invariant system on GL,(R)):

X =XA(w), uwel, (4.3)
where U is an arbitrary nonempty compact set in R™. We assume that the mapping A : R™ — M,(R) is
linear, and, moreover, for each u',u” € U,

[A(u'), A(e")] = 0.

Note that whenever this condition holds our system is also a right-invariant system; such systems are also
called invariant systems on the matrix Lie group (general linear group Gl,(R)). We take the set of all
measurable essentially bounded functions u : R — U as the class D(U) of admissible controls.

We restrict ourselves to this simple case in order to illustrate our results only; a wider scope of examples
will be presented in forthcoming publications.

Now we want to find conditions under which the reachable set

a(t; U) =
{X(#;u)| X (-;u) is the trajectory of (4.3) corresponding to an admissible control (-) € D(U)|jp,}
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at time ¢ > 0 from the identity matrix I is a closed convex subset of M, (R).

Since system (4.3) is commutative, we have that the reachable set of this system at time ¢ from the
identity matrix is exactly the set

a(t; U) = {edo AN &1y € (1) g}

Now we use the linearity of the mapping A : R™ — M,(R) and the A. A. Lyapunov theorem on the range of
a vector measure (see, e.g., [8]) in order to show that, in fact,

At U) = {eA € conv A(U)}, (4.4)

and, moreover, that the set clconv A(u) = A consists of pairwise-commuting matrices.
First, we see that for any u(-) € D|jo,,

1

jA(u(s)) ds = A-/ u(s)ds,

0

since the mapping A : R™ — M,(R) is linear. Therefore,

{/A(u(s)) ds; u € Dy} = A(/Uds) = tA(conv (U)).

Since U is compact, conv A is compact, and since A is continuous, the set A(convU) is also compact and
convex. Let us show that

A(convU) = conv A(U).
Indeed, A(convlU) D A(U) and is convex; therefore,
A(conv U) = convA(convU) D conv A(U).

On the other hand, any u € conv U can be represented as a convex combination
m m
u= Zaiuiv (a5} Z 01 Z Q; = 17 u; € U7
=1 a=]

by the Caratheodory theorem (see, e.g., [6]).
Consequently, by the linearity of A,

Au) = A(i ou;) = iaiA(ui) € conv A(U),

A(conv U) C couv A(U),

and, thus,
A(conv U) = conv A(U).

Let us show that the family conv A(U) is commutative whenever the same property has the family A(U).

Indeed, using the Caratheodory theorem again, we see that for any

m3+1 m2+1
A=Y o;A(u;) €conv A(U) and B= Y B;A(v;) € conv A(U)

i=1 i=1



where

m241 m2+1
uw, €U, Y o= fi=1, &>032>0,
i=1 i=1
we have
m2+1 m3+1 m2+1m2+1
[ 2 ad@w), Y BAw)] = 3 3 abilA(u—s), B(v;)] = 0.
i=1 i=1 i=1 j=1

This proves formula (4.4).
Finally, using Theorem 4.1, we conclude that the following assertion holds.

Theorem 4.2. Under the above assumptions, the reachable set A(t; U) of system (4.3) at any time t > 0
from the identity matriz is convez if for any Ag € conv A(U),

(A — Ao)* € Teonv A(U)(A)
forall A€ convA(U) and k =1,2,....
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