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SOBOLEV SPACES AND (P,Q)-QUASICONFORMAL

MAPPINGS OF CARNOT GROUPSH)
S. K. Vodop'yanov and A. D. Ukhlov UDC 517.54+517.813.52

In 1968 at the first Donetsk colloquium on mapping theory Yu. G. Reshetnyak stated the problem
of describing all 1somorphlsms ©* between the homogeneous Sobolev spaces L! which are generated
by quasiconformal mappings ¢ of the Euclidean space R™ by the rule ¢*(u) = uo . It was shown
in [1] that these isomorphisms are exactly the latticial isomorphisms of the spaces L!. The approach
in (1] to Reshetnyak’s problem is natural to consider in the context of the preceding results (see, for
instance, [2, pp. 419-420]). The theorems by Banach, Stone, Eilenberg, Arens and Kelley, Hewitt, and
Gel'fand and Kolmogorov provide conditions on various structures of the space C(S) of continuous
functions whose isomorphisms determine the topological space S up to homeomorphism. We recall
Stone’s result according to which C(S), regarded as a lattice ordered group, determines S. On the
other hand, M. Nakai [3] and L. Lewis [4] established that the isomorphism between two Royden
algebras is equlva.lent to the quasxconformal equivalence of the domains of definition. Distinguishing
in the homogeneous Sobolev space L. two structures, the structure of a vector lattice and the structure
of a seminormed space, we now obtaln a situation close to Stone’s article in an algebraic sense and to
Nakai’s article in a metric sense. This view of the problem is most natural as allowing us to reconstruct
a mapping despite keeping at a minimum “information” for finding the mapping, as well as to prove
its continuity, and to discover its metric properties.

The following problem arises in the framework of the approach of [1] to Reshetnyak’s ploblem
what are the metric and analytical properties of a measurable mapping ¢ mducmg the isomorphism ¢*
by the rule p*(f) = foy, f € L1. Taking various function spaces L., we arrive at different problems:
the Sobolev spaces Wl, p > n, were considered in [5]; the homogeneous Besov spaces bf,,(R") n >1.
Ip=mn,for p=n+1in[6] and for p > n + 1 in [7]; the Sobolev spaces W}, n —1 < p < n, in [8];
the Sobolev spaces Wpl, 1 £ p < n, (and the spaces of potentials) in [9, 10]; and the three-index
scales of Nikol'skii-Besov spaces and Lizorkin-Triebel spaces (and their anisotropic analogs) in [11].
In [12], the theory of multipliers was applied to the change-of-variable problem in Sobolev spaces. The
results of [5-11] factually assert that, depending on the relation between the order of smoothness, the
summability exponent, and the dimension, the fact that the operator ¢* in an isomorphism implies
quasiconformality or quasi-isometry of the mapping in a metric on the domain which is adequate to
the geometry of the function space in question.

Qualitatively new effects appear in this problem when we study the analytical and metric prop-

erties of homeomorphisms inducing bounded operators between Sobolev spaces. We recall the main
result of [13, 14]:

Theorem 1. Suppose that ¢ : @ — V' is a homeomorphism between spatial domains Q,Q) C R".
n > 2. Then the following assertions are equivalent:

(1) the mapping ¢ induces the bounded operator ¢* : LL() — L},(Q), p € [1,0c), by the rule
2(f)=foe

(2) the mapping @ belongs to L”OC and |Vp(z)[P < Kp|det Vip(z)| almost everywhere in Q.
p € [l.,x).
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For p € (1.oc), claims (1) and (2) are equivalent to the assertion:
(3) the inequality

capy(p~ ! (F),9™(G)) < Cycap,(F,G)
holds for every ring (F.G) with F a continuum and G C Q.

(Here V(z) is the formal Jacobian matrix (defined almost everywhere) and |V (z)| is the norm of
the linear operator corresponding to this matrix. See §4 for the definition of a ring and the p-capacity
of a ring.)

Observe that for p = n the claims of Theorem 1 transform into well-known definitions of a quasi-
conformal mapping (see, for instance, [1, 15]). As is well known, a quasiconformal mapping can also
be defined in purely metric terms as a mapping with bounded distortion (see [15-17]). An analog
of the metric definition for p # n is known only for homeomorphisms inducing the bounded opera-
tor * : L},(Q’) — L},(Q) for n — 1 < p < o0 [18]. Theorem 1 was generalized in [19] to the class
of homeomorphisms inducing the bounded operator ¢* : L}l,(Q' ) = Ly(Q) for 1 < ¢ < p < co. For
n—1 < ¢ < p = n, this class of homeomorphisms coincides with the class of mean quasiconformal map-
pings which were studied by many authors under certain analytical constraints (see, for instance, [20]).
Some applications of mean quasiconformal mappings to embedding theorems for Sobolev classes are
exposed in [21].

Quasiconformal mappings in non-Riemannian metrics were first considered by G. D. Mostow [22]
in 1972. Quasiconformal mappings on Carnot groups appear naturally in connection with the rigidity
problem in rank 1 symmetric spaces [22, 23] and the change-of-variable problem in Sobolev spaces for
a nonholonomic metric (11, 24]. We refer to [25] ([11,23,24,26-29]) for various aspects of the theory
of quasiconformal mappings on the Heisenberg (Carnot) groups and relevant questions of analysis.

A stratified homogeneous group [30], alternatively a Carnot group [23], is a connected simply
connected nilpotent Lie group G whose Lie algebra G splits into the direct sum V1 @ «-- & Vi of
vector spaces such that [Vi, Vi] = Viy for 1 <k <m -1, [W, V] = {0}, and dimV; > 2. Such
an algebra is endowed with the natural family of the dilations é; = exp(A logt), where A is the linear
operator defined as Az = kz for ¢ € V;. Let Xi,...,Xin, be vector fields constituting a basis
for the space V1. Since these fields generate Vy; for each 7, 1 < i < m, we can choose a basis Xjj,
1 €5 £ n; =dimV;, for V; which is formed by commutators of the fields Xz C Vi of order j.
Since the algebra G is nilpotent, the exponential mapping exp : § — G is a diffeomorphism and the
mappings exp 06y o exp™!, denoted henceforth by the same symbol §;, are group automorphisms of G.
This implies in particular that every element z € G can be written as exp(}_ z;; Xij), 1 <@ < m,
1 £ j £ nj. The numbers {z;;} are called the coordinates of z € G.

Fix a bi-invariant Haar measure on G (it is generated by the Lebesgue measure on G by means of
the exponential mapping). We normalize the Lebesgue measure so that the ball B(0, 1) has measure 1.
Then |B(0,r)| = r*. The number v = trace A is called the homogeneous dimension of G. Clearly,
|6:E| = tY|E|.

The Euclidean space R® with its standard structure is an example of an abelian group: the
vector fields 3%, i =1,...,n, have no nontrivial commutation relations and constitute a basis for the
corresponding Lie algebra. The Heisenberg group H" is an example of a nonabelian Carnot group.
Its Lie algebra has dimension 2n + 1 and its center is one-dimensional. If Xy,..., Xn,¥1,...,Ya, T
is a basis for the Heisenberg algebra then the only nontrivial commutation relations are [X;,Y;] =T,
t = 1....,n, whereas all other brackets are zero. '

A homogeneous norm on a group G is a continuous function p : G — [0, 00) of class C* on G\ {0}.
where 0 is the identity of G, possessing the following properties:

(2) p(z) = p(z™1) and p(6i(z)) = tp(z):

(b) p(z) = 0 if and only if r = 0;

(c) there exists a constant ¢ > 0 such that p(z1z2) < c(p(z1) + p(z2)) for all 1,22 € G.

A homogeneous norm is defined in a nonunique fashion; however, arbitrary two homogeneous norm
are equivalent. A homogeneous norm determines some homogeneous metric p (denoted by the same
letter) as follows: given two points r.y € G. put p(x.y) = p(x~'y). Given the metric, we routinely
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define the spheres S{r,t). the balls B(z.t), and the topology which turns out to be equivalent to the
Euclidean topology.

The Carnot-Carathéodory distance d(r,y) between two points z,y €.G is defined to be the greatest
lower bound of the lengths of all horizontal curves with endpoints = and y, where the length is measured
in the Riemannian metric with respect to which the vector fields Xj;,..., X1, are orthonormal and
a horizontal curve is a piecewise smooth path whose tangent vector belongs to V). The distance
d(x,y) is always a finite left-invariant metric with respect to which the group of the automorphisms
41 is a group of dilations with coefficient t: d(dsz, é:y) = td(z,y). We put d(z) = d(0, z) by definition.
[t is easy to demonstrate that the distances d(z,y) and p(z,y) are equivalent.

Further, we consider a family I' of curves constituting a smooth fibration of an open set A C G.
Usually, the fibers v € I’ are the integral curves of some smooth vector field V' whose values at all
points belong to V4. If we denote the flow corresponding to this field by the symbol ¢, then each fiber
has the form v(s) = @,(p), where p belongs to some surface S transversal to V and the parameter s
varies in some interval ] C R. We suppose that the fibration T of A is furnished with a measure dy
satisfying the inequality

yv=a

alB|™

< / dy < 1| B|5*
1€l yNB(z,r)#2

for sufficiently small balls B = B(z,r) C G with constants ¢p and ¢; independent of B(r,r). For
the fibration determined by a vector field V' € V,, the measure dy can be obtained as the interior
multiplication ¢(V') of V with the bi-invariant volume form dz.

Let D be a domain in G. A locally-summable function f : D — R belongs to L;(D) if the weak
derivatives X1;f, j = 1,...,n1, along the vector fields X); belong to Ly(D). On using the averaging
method well-known in Euclidean space, it can be demonstrated that every function f in L},(D) can
be approximated by functions f; € C*°(D) so that fy — f in Ly(U) for every domain U/ € D
(the notation U & D means that U is compactly embedded in D) and Xi;fi — Xy;f in Ly(D),
j=1,...,n1. The space LII, is furnished with the seminorm

£ 1 Ly(D)|| = ( / chfl”(x)dw>1/p,
D

where Vo f = (X11f,-.., X1a, f) is called the subgradient of f.

A mapping ¢ : D — G is called absolutely continuous on lines (p € ACL(D)) if for every domain
U. U C D, and the fibration I' determined by a left-invariant vector field X1;, j = 1,...,n;, the
mapping ¢ is absolutely continuous on y N U with respect to the one-dimensional Hausdorff measure
H! for dy-almost all curves v € I'. Such a mapping ¢ has the derivatives X € V; along the vector
field X1;, 7 = 1,...,n1, almost everywhere in D [23]. A mapping ¢ : D — G belongs to the Sobolev
class W';IOC(D) if p(o(2)) € Lptoc(D), ¢ € ACL(D), and X159 € Lptoc(D), j = 1,...,n1. Given
a domain U ¢ D, U C D, we consider the norm

i/p
llo | WG| = oo | LoD + ( / |vc«p|"(x)dx) ,
U

where the matrix Veo(z) = (X1ip1j(z)), 1,7 = 1,... ,ny, called the (formal) horizontal differential
of ¢ at r. determines the linear operator Vg : V| — V) of the horizontal space V] [23] for almost
all r and |V z¢| is the norm of this operator.

In [24. Proposition 3], it was demonstrated that mappings of the Sobolev class on a Carnot group
can be characterized in terms of the properties of the coordinate functions: a continuous mapping
< ) = G belongs to “VPI‘IOC(Q) ifand only if p € HWPIJOC(Q). Here a continuous mapping o : 2 = G
belongs to the class Hi-l-'pl‘loc(ﬂ) if
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(1) the coordinate functions p;; belong to ACL(Q) for all ¢ and :
(2) 21, € ”ploc(Q)-j: lo...,ny:

(3) the vector Xz = (X)) belongs to V for almost all x € Q, £ = 1,....n) (the weak
contactness condition).

In the present article, generalizing the results of [13,14. 19,24, 26] in particular, we present equiv-
alent geometric and analytical properties of homeomorphisms inducing bounded operators between
Sobolev spaces on Carnot groups. The main results of the article for p = g were announced in {26).

§ 1. Sobolev Spaces and Relevant Classes of Mappings

We say that a mapping ¢ : D — D' generates the bounded embedding operator p* : Li(D') —
L;(D)., 1 < ¢ £p < oo, by the rule p*f = f o if there is a constant X' < oo such that
[l#* f 1 LYAD)|| < K||f | LY(D")|| for every function f € Ly(D").

Proposition 1. Suppose that » : D — D' generates the bounded embedding operator ¢*
LYD') = Li(D),1< ¢<p<oo. Then p € ACL(D).

To prove this proposition, we need the following two lemmas:

A nonnegative function @ defined on open sets of D and taking finite values is called quaszaddttwe

(additive) if the mequalxty Yoo, ®(Ai) < ®(A) (the equality Z,_ ®(A;) = (U2, Ai)) holds for
every collection of pairwise disjoint open sets {A4;}, A; CAC D,:€N.

Lemma 1. Suppose that ¢ : D — D' generates the bounded embedding operator ¢* : L},(D' ) —
L;(D), 1 <g<p<oc. Then

* °1 ~17 Al § Pg_
®(A)= sup (“&p /1 qu(‘P (4 ))H) , where k = { P=eq ;or P i o
retyan \ IF 1 L3 voorrEes

is a bounded additive function defined on open sets of D'.

PROOF. It is obvious that &(A}) < B(A)) if A| C A).
Suppose that Aj, 7 € N, are pairwise dlS]Oll’lt open sets in D' and let Af = U2, A} and 4; =

©7 (A}, i = 0,1,.... Consider a function f; € L‘(A') such that the conditions ||o* f; | Ll Al >
L
(®(A)(1 - £) ~||f, | LI(A')|| and ||f; | L1 (AD|P = (4))(1 — &) for p < oo (|| fi | L‘(A’ )| =1

for p = ) g € (0,1), are satisfied mmultaneously Putting f1v = Z,_.l fi and applying Holder’s
inequality for 1 < ¢ < p < oo (the case of equality), we obtain

o [N N /g
o v | L (U A,-) > (Z (2(4h (1 - —)) w1 5 A’)II“)

i=1 =1
- <21»: ®(4)) (1 - ;-)) ful L} (U Ai:)
i=1 i=1
> (i o(Al) ~ s<1>(A'(;)> il (U A'i)
=1
w50 )] s

O

A=

=

Aj—

Z

Hence.

—
Af—

®(Ay)¥ > sup

Y 9(4)) - <@ )),

1=1
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where the least upper bound is calculated over all functions fy € Ll U , Ai) of the above form. Since
N and ¢ are arbitrary. we have proven that & is quasiadditive. The re\exse mequallty is immediate.

A regularz red distance from a point = € G is a function d, : G — [0, 00) possessing the following
properties: d, € C(G), cp(z,2) < d( z) < cp(z,z), and IVLd~|( < ¢3, where r € G and
the constants ¢y, ¢2, and c¢3 are mdependent of z. A regularized distance is defined as in Euclidean
space [31] by means of the Whitney partition [30] of the domain G \ {z}.

Lemma 2. Suppose that ¢ : D — D' is a homeomorphism possessing the following property:
there is a function g € Lgjoc(D), ¢ 2 1, such that, for some countable everywhere dense set of points

z € G, the function [p],(z) = d,(¢(z)) belongs to LY(D) and

IVelel:d(z) € Kg(z) almost everywhere in D,

with some constant K independent of z. Then ¢ € ACL(D) and |V p|(z) < K'g(z), with some
constant K' independent of y and g.

PROOF. Consider the fibration I'; of D generated by some vector field X;;. The function []:|,
is absolutely continuous on dvy-almost all lines v of I'; whose choice is independent of z, g|, € Lq. and

| Xij[#]zl4|(z) < Kgly(z) almost everywhere. Hence, for every segment [z,y] of v we have

|M%@FWHMMSK/gﬁ

(z.9]

Thus, the increment of the function [p].|y along v is controlled by the integral of g independently of
the choice of z. Consequently, we can pass to the limit in z and, since the set of the points z is dense
in G, the last inequality is valid for every point z € G. Putting z = (z), we obtain

p(sa(r),so(y))scl‘lfﬁ’/gdt-
fz.9]

This implies absolute continuity of ¢ on almost all lines of the horizontal fibration as well as the
estimate |X1;5] < K'g in D. Lemma 2 is proven.

We say that a mapping ¢ : D — D' satisfies Luzin's condition (N) if the image of each set of
measure zero is a set of measure zero. Given ¢ : D — D', denote by J,(z) the volume derivative

i le(B(zn)l
Tolz) = lim 22D

rv

It is well known [32] that there is a Borel set S of measure zero outside which ¢ : D — D' satisfies
Luzin’s condition (A”) and the change-of-variable formula is valid:

/h¢ &uh~/ﬂy y)dy,

where (y) is the characteristic function of the set D' \ (S
PROOF OF PROPOSITION 1. By Lemma 2, it suffices to venf\ existence of a function g € Ly joc(D)
such that |Vg(u o ¢)|(z) € Kg{z) almost evervwhere in D for all functions u € C>(D) such that

llu | LL(D')|| < 1. Fix a point yo € D' and take the function n(y) = §(6,(y0_1y)), with B(ye,2r) C G.
where { € C'5°(G) is a truncator such that £|g(g 1) = 1 and €|g\p(o.2) =0
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Using Lemma 1. for ¢ < p < oc we then obtain (B = B(yo.r))

1

( / lvl.-woso)l"(z)d.r)"s¢>(~zB>”p‘?( / ch(u-—U(yo))ll(y)l"dy)p

¥~1(B) 28

< ¢<2B>%( / lvcuww’np(y)dy)’ +¢<23)%( [z dy)

2B 2B

P

< ®(2B)* (2B|F + (c1r~car|2B|F)) = C&(2B)*|B|F.

(If p=q then we put Q(?B)% = |l¢*|| for all balls B.) This implies in particular that |V (u 0 )|9(z) =0
for almost all z € ZUS, with Z = {z € D : J,(z) = 0}, since [p(Z\ S)| = 0 by the change-of-variable
formula. To verify this, fix € > 0. There is a collection {B; = B(zi,r;)} of balls covering the set
©(Z '\ S) and possessing the following property: the balls 2B; = B(z;,2r;) constitute a covering of
finite multiplicity and the multiplicity of the covering depends only on the algebraic and geometric
properties of the group G and ) r¥ < e. From the last inequalities for ¢ < p we obtain

[ewonrerie<y [ 1Vetuopita)ds
z

Sle-i(8)
- w0 L ¢
L 4
<C) ®(2B)*|BilF < C (Zm&)) <‘A:I|Bi|) :
=1 =1 1=

Since Y 2, ®(2B;) < C'®(D') and ¢ > 0 is an arbitrary number, the sought equality is proven. (For
g = p, the estimate is even simpler.)
Thus, we arrive at the relations

[V (u 0 9)|%z)Tp(x)
Ve(uo@)|!(z) dz = de
»~1(8) o~ (B)\(2US) 7e)
_ / L‘lll_(%fﬂ(g,—l(y))dy < C®(2B)*|BIF, p< oo
B\¢(2US) i

From the Lebesgue theorem on differentiation of integrals we obtain

[V (uo )

7 (e~ Hy)) < C<I>'(y)% for almost all y € D'\ p(ZUS)
¢

or |Ve(uo p)l(z) < CT8(p(x))* Tu(e)i for ¢ < p (IVe(u 0 p)l(z) < CF x Tp(2)F for ¢ = p) for
almost all r € D. since |S| = 0. Putting

o(x) = { Ciople) Toe)t  forg<p,
C? T (z)? for ¢ = p,

we find that ¢ € Lgjoc(D). Consequently. the conditions of Lemma 2 are satisfied and therefore
# € ACL(D).
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If 7 € ACL(9) then the formal horizontal differential V¢5(z) generates the homomorphism Do,

called the formal differential, of the Lie algebra V" (28, Theorem 4|. The quantity J(z, ) = det Dy
is called the Jacobian of p at r.

Introduce the characteristic
Ry(z) = inf{K(z) : |V col(z) < K(2)|T (2,91}
Theorem 2. A homeomorphism ¢ : D — D' generates the bounded embedding operator * :
L,‘,(D') — Ly(D) if and only if p € ACL(D) and the quantities
. 1
Kpp = IKp() | Leo(D)||F for1 < g=p < oo,

1
Kpq = HKP(‘) | L;E—,,H” forl<g<p<oo
are finite. The norm of the operator ¢* : L;,(D’) — L;(D) is equivalent to K 4.

PROOF. The membership ¢ € ACL(D) is proven in Proposition 1. We turn to proving the other
assertions of the theorem.

0
Necessity: THE CASE OF 1 < ¢ < p < co. By Lemma 1, the inequality ||(,o“f | L;(u,o“l(A))“ <
0 ]
<I>(A)1/"||f | L;(A)” holds for every function f € L},(A) with ¢ < p, where A C D' is an open subset
(for ¢ = p we put Q(A)% = ||¢*||). Fix a truncator 7 € C§°(G) which equals 1 on B(0,1) and 0 outside
B(0,2). Insert the functions hy;{y) = ('ygly)]jn(:sr‘l(yo'ly)),j = 1,...,n1, in the above inequality.

Here the symbol (yo—ly)l]. stands for the 1jth coordinate function of the mapping yo'ly. Then we
arrive at the inequality

1/q
IV ol? dx) < CO(B(yo, 20))V/%(r*)1?, ()
2~ H{B(yu.7))

where C is some constant depending only on v and p.

If > does not satisfy condition (A) then, by the change-of-variable theorem of [28], there is a Borel
set E of measure zero such that the formuia

/(y o)l J (z, )l dz = /g(y)x(y)dy (2)
D D
is valid with x(-) the characteristic function of the set D' \ ¢(E).
Put Z={z € D\ E|J(z,9) =0}. Show that
/ Vel dz = 0. (3)

4

By (2). we have |@¢(Z \ E)] = 0. Fix ¢ > 0 and fix an open set U D o(Z \ E), |U| < ¢. There is
a covering {B(z;,ri)} of finite multiplicity of I/ by the balls such that B(z;,2r;) as well constitute
a covering of finite multiplicity of I and Y r¥ < Ne (the multiplicity N of the covering is independent
of I"). Then from (1} we obtain

[iveetierde= [ 1veot(arda < f IV col!(x) da
z AE =1 0-1(Blyi,mi))

CPllptP z:l rY for q = p,

<
g
P

8

CTY O(B(yi, 2ri))* (r?)

< é%w'))"—?(z 7‘}’) for ¢ < p.

=1
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Since ®(D') < > and = > 0 is arbitrary, (3) is proven and consequently |V z¢| = 0 almost everywhere
on Z.

For ¢ = p we apply (2) to the left-hand side of (1). Then the Lebesgue theorem on differentiation
of integrals implies that

Vol Hy))

[T (0~ y), )]

Let S C D'\ p(EUZ) be the set of measure zero on which the last inequality is not valid and let xs be
the characteristic function of S. Then |J(z,)| = 0 almost everywhere on v~ (S) by (2). Therefore,
©~1(S) C Z and |Vp|P(z) < CP||p*||P|T (z,¢)| almost everywhere in D.

In the case of ¢ < p we rewrite (1) as

q
= q’(B(yo,?r)))‘
Veollde < G 20T Ty
/ Vel de < (wwo,?rn "
¢~ 1(B(yo,r))

< CP||o*||P  almost everywhere in D' \ p(E U Z).

and apply (2) to the left-hand side of this relation:

Veobera= [ Vool ds
9~ (B(yo,r)) o= Y B(yo.r)\Z
1
[Veolt (o™ (y)) ~ (‘P(B(yo'ﬂr)))‘ v
— 2T <C —__ 27 A
/ 7o @ W S\ (B ) T

B(yovr)

The Lebesgue theorem on differentiation of integrals and the properties of the derivative of a count-
ably-additive set function [32] imply that

<|v£¢|q(so~l<y>)>”/“’“”
MACEORD)
Integrating the inequality over D', we obtain
2
B [ (Ve NTF [ (el @)\ P
Kpq' = dz = ) x(y) dy
MEAD] T (¢~ (), #)l
D\z D’

< G / ®'(y) dy < C*o(D') < C||" |77
DI

X(y) < C*®'(y) almost everywhere in D'

Sufficiency: Show that the inequality “a,a"f | L;(D)H < I\.’,,,,,Hf | L},(D')”, q < p, holds for every
function f € L;(D') N C>(D'). Since f oy belongs to the class ACL(D), we have

/q
I#'71 5400 < [ eesivestr )
D

7 1/q
= VT (r. o q/p_lzﬁflli_d.) ‘
(u\/zl ST ) T
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Using Holder's inequality for ¢ < p. we derive the estimate

"/ T Le(D)]

T polp Y (P9 (p-q)/pq 1p
' D\Z

D\Z

(for ¢ = p the left factor equals K,p). Applying (2) to the right factor, we obtain the following
estimate for the norm: |lp*|| < Kpq.

To extend the so-obtained estimate to all functions f € L},(D' ), 1 < ¢ £ p < oo, we approximate
f by a sequence of smooth functions f, € L;,(D') so as to have nf-—f,, | L;,(D’)“ —0and f-f, =0
quasi-everywhere in D' as n — oo [33]. Since the inverse image ¢~ }(E) of a set E C D' of zero
capacity has zero capacity, we have p*(fa) = ¢*(f) quasi-everywhere in D. Hence, we conclude that
the extension of the operator ¢* from the subspace f € L,(D')NC*®(D') to f € L3(D') by continuity
coincides with the substitution operator ¢*: ¢*(f) = f o ¢ (since from each sequence converging
in LY{(D), 1 < p, we can extract a subsequence which converges quasi-everywhere).

fri= g < p then, using the method described in the preceding case, we can extend this operator
to all functions of the Sobolev class under consideration: the only difference is that from a sequence
@*(fn), with f, converging quasi-everywhere in L},(D' ), we can extract a subsequence which converges
almost everywhere in D. :

If g = p = 1 then we should replace the capacitary characteristic of convergence with a coarser
one: if a sequence f, € L}(D') converges to f € L}(D') in L}(D’) then some its subsequence converges
almost everywhere. To complete the proof, it suffices to use the following property [34]: the inverse
image of a set of measure zero under the mapping ¢ : D — D' inducing the bounded operator
©* 2 LY(D') — LY(D) is a set of measure zero.

Corollary 1. An additive set function U ~ ®(U), with U C D' an open set, considered in
Lemma 1 is absolutely continuous. Moreover, the set function V — ®(p(V)), with V C D an open
set, is absolutely continuous too.

PROOF. It is obvious that the estimate (4) is valid not only for D but also for an arbitrary open
set p~Y{U). where U C D' is an open set. Consequently,

lle* £ 1 L™ )]

VvV, olp \¥(P-9) (r—q)/rq o
/ (&é‘i‘an) =) IR,

= HUN\(ZUE)

IA

Hence, ®(U) < ||Kp(-) | Ll_’_i_q(cp'l(U \p(ZU E)))”L}l Since the set function D' \ o(Z U E) D>
A" — |p~}(A")]| is absolutely continuous, the function defined on open sets U/ C D' by the rule
U HI\',,(-) | L’_,_i_q,(cp'l(U \¢(Z U E)))“L;z is absolutely continuous. Since it dominates ®(l’). the
latter is absolutely continuous too.

Similarly, we verify that the estimate ®(p(V)) < “Kp(‘) | L;E;(V \(Z U E))HP%(L, is valid for
everv open set V', whence we conclude that the set function V +— ®(p(V')) is absolutely continuous.

§ 2. Capacity and Mappings Generating Embeddings of the
Sobolev Spaces

Recall the concept of capacity [33]. A condenser in a domain D C G is a pair (Fy, F}) of disjoint
connected closed sets Fyy. F1 € D. A continuous function u € L},(D) is called admissible for a condenser
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(Fo F1) if the set F; N D is contained in some connectedness component of the set Int{x | u(x) = i},
1 = 0.1. The p-capacity of a condenser (Fy, F) in the space LI(D) is the number

cap,(Fo, F1; D mf”u | L ”p

where the infimum is calculated over all functions admissible for the condenser (Fy. F}). A function
vE L},(D) is called an extremal function for a condenser (Fy, F}) if

|VCv|p dz = Ca'pp(FOv Fi; D)
D\(FouFy)

and v - w € 2;(D \ (Fo U Fy)) for every function w admissible for the pair (Fp, F).

Denote by E,(D) the set of extremal functions for the p-capacity of all pairs of connected compact
sets Fp, F1 C D with nonempty interior whose boundary points are regular with respect to the open set
D\ (FyU Fy) (see the definition in [35, 36]) (by Wiener’s test [35], the regularity condition guarantees
continuity of a solution to the corresponding Dirichlet problem at the boundary points of Fy and Fy
and consequently the possibility of continuous extension by zero (unity) to the set Fy (F)). Thus. the
functions of the class E,(D) are also admissible for the corresponding condensers. As in the Euclidean
case [37] the following theorem is valid:

Theorem 3 [33]. Assume that 1 < p < oo. There is a countable collection of functions v; €
Ep(D), i € N, such that, for every function u € L;(D) and every ¢ > 0, u is representable as

u=co+ Yooy civi and |lu | LYD)|| € T2, ||eivi | LY(D W < e | LYD)Y|| +e.
Theorem 4. A homeomorphism ¢ : D — D' generates the bounded embedding operatoz O
Ly(D') — Lg(D), 1 < ¢ £ p < oo, if and only if the inequalities cap,(™!(F0), ¢ (Fl) D) <

K? cap,(Fo, Fi; D') for 1 < g = p < o0 and capy/ (¢~ (Fo), ¢~ (F1); D) < ®(D'\ (FoUF1)) 7 capy'”

(Fo, Fi;D') for 1 < ¢ < p < oo are valid for every condenser (Fy, F1) C D, where & is a bounded
quasiadditive function.

PROOF. Necessity: Suppose that u is an admissible function for a condenser (Fy, F1). Then the
composition uoy is admissible for the condenser (o~} (Fp),»~1(Fy)). Hence, cap,l, P~ Y(Fy), o YW (F1);
D) < I\'“ulLl(D’ || for ¢ = p and ca.p;/q(cp‘l(Fo) “NFA);D) £ |uoe | Ll(D)” < ®(D'\ (FoU

Fl))(”"q)/”q”u | L1 D’ “ for ¢ < p. Since the admissible functxon u is arbitrary, we can take the

greatest lower bound on the right-hand sides of these inequalities and thereby prove the necessity
part.

Sufficiency: Suppose that u; is an extremal function for a condenser (FO,FI) C D and w; is
an extremal function for (o~1(F}), o1 (F§)) € D. Then

K Hc,u, | L3 (A')H for ¢ = p,
Hc,w, I L ” = 1\(p—q)/pq Lo Al
Ai) ”Clui l Lp(A;)” for q<p,

where AL = D'\(F§UF}). Ai = p~1(A!), and ¢; is some constant. Take the gth power of the inequality
and sum the resulting terms:

1/p

KP (}: leiw | Ll Al) ” ) for ¢ = p.
=1

O(AL)P=0/P1||cu; | LAY 0 for ¢ < p.

Z”(‘,ul | Ly(An|* <

™R

=1
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Applving Holder’s inequality. for ¢ < p we obtain

~x 1/q 0 (r-q)/re ; 1/p
(Z”Ciwi l L;(Ai)”") <o (U A';) (lecmi | L},(AQ)””) :
=1 1=1 1=1

Using Theorem 3. we can now validate the inequality “,:‘f | L},(D)H < I\'“f | L:,(D’)ll. q < p, for
every function f € Ly(D') as in [37].

§ 3. Definition of (p, ¢)-Quasiconformal Homeomorphisms and
Their Properties

Given ¢ : D — D', introduce the characteristic L,(z,r) = maX,(; y)=r P(¢(2), p(y)), provided
that r is sufficiently small. Fix a constant A > 1. A homeomorphism ¢ : D — D' is called (p, q)-

quasiconformal, 1 < g < p < oo, if there exist a constant K < oo and (for ¢ < p) a bounded additive
absolutely continuous function ® defined on open subsets of D and such that

 IB(z, ) (@(B(z,xr)))L?* <K

-
=0 [@(B(z, )|/ \ |B(z-1)|

for all points z € D (for p = ¢, the function in the denominator is assumed to be equal to unity [26.
27); see [18] for the case of G = R™).

Let v be some curve in G joining points z; and z2. According to [27], a mapping ¢ is called
a-absolutely continuous (a > 1) on « if for every ¢ > 0 there is § > 0 such that the inequal-
ity 3.5y p((ai),@(bi))* < ¢ is valid for an arbitrary collection of segments (a;, ;) of v such that
> i1 Plai bi)® < 8. The concept of a-absolute continuity is connected with the concept of the a-
dimensional Hausdorff measure H® defined for an arbitrary set A C G as

H®(A) = lim HE (4) = lim inf{Z(diam B;)*: AC|JB;, diamB; < e}
J

)

Observe the following fact:

Lemma 3 [27]. Suppose that v € Vo, a = 1,...,m, is a left-invariant vector field and +(s) is
some integral line of this field. Then +(s) has finite a-dimensional Hausdorff measure.

An important property of (p, ¢)-quasiconformal mappings is a-absolute continuity along the lines
of the fibration I' generated by a left-invariant vector field X,r € V,.

Theorem 5 (the AC L-property). Suppose that ¢ : D — D' is a (p, q)-quasiconformal home-
omorphism, 1 < ¢ < p < oo. Then, for an arbitrary natural 1 € o < ¢, the mapping ¢ is o-
absolutely continuous on almost all lines of the fibration I' generated by the left-invariant vector field
Xor € Vo (1 € 7 < nqo). Moreover, every (p,q)-quasiconformal mapping is P-differentiable almost
evervwhere in D.

PROOF. Fix some field X, and let T be the fibration generated by this field. Take the cube
@ = Y0, where 49 = exp, Xqr. |s| £ M, and Y-is the hyperplane transversal to Xour:

V' =(a;0;8) | zor =0, |a] < M, [b| <M
(with these notations, a = (rj), ] £i<a.1<j<nj.j#EF rfori=aand b= (ry;),a<i<m,
1<) <ni)
Given a point y € Y, denote by v, the element yvy of the fibration which starts at y. Thus. Q is
the union of all such segments of integral lines. Consider the tubular surface of the fiber 7, of radius r:
E(y.r)=Ble.r)NQ.

The following lemma is valid:



Lemma 4 [27]. Let ® be a quasiadditive function on G. Then lim,—g M

allye Y.

PROOF OF THEOREM 5. The case 1 < p = ¢ < co was considered in [27] under more general
assumptions on the topological properties of mappings. The method of [27] for proving absolute
continuity applies also to the case of 1 < ¢ < p.

Assume that 1 < ¢ < p < oo. Take a point y € Y so that the assertion of Lemma 4 hold for the
element v, of the fibration. Fix a compact set F C v, and a number C > K. Observe that F is the
union of the following increasing sequence of closed sets:

_ Loz, r)rv=P\ 1! ®(B(z, r))\?~
FI—{IEFI(W) SC"(———-———;;——-) fora.llr<l IGN}

(the proof of closure of F; bases on absolute continuity of the set function ®). Fix I, ¢ > 0, and
t > 0. There is § > 0 such that for each 0 < r < min(§,1/!) there exists a numeric sequence
s; € Fi.j =1,...,N, such that the balls B; = B(z;,r), where Tj = vy(s;), cover F; (moreover, the
sequence {s ,} 1s chosen so that each point of Fl be contained in at most two balls), Nr® < H®(F})+«.
and p(¢(2;):0(y)) < t, y € B(z;,r). Then

Li(;,r) < C#r9~® (Q(ABj)) 5 (q,(wj)) g’

ru-a ru—a

< oc for dy-almost

where the additive function ¥ is defined on Borel sets by the relation ¥(A) = |p(A)| and AB; =
Bj(z;, Ar;). ,
The balls B(w(x;), Lo(zj,7)) obviously cover the image ¢(F}).- Therefore,

9
@ N
(P(F))s < (ZL (zj,7 ) <N S Li(z)r)
7=1 j=l
=g 1

<ot ($000) 7 ($3um)’
=1 =1

g

< const(H*(F}) + ¢ ) (3‘(/\),,3.{3) (EI:\_(,./\)%%) :

Passing to the limit as r — 0 and afterwards letting £ and ¢ tend to zero, we obtain

H*(p(F))# < const(H*(F)) 5 (8 (1)) 7 (V' (v))

for an arbitrary l. Since (F’) is the limit of the increasing sequence (F}), the last inequality holds
for F. Consequently, » € ACL(D).

We are left with demonstrating that ¢ is P-differentiable almost everywhere in D. From the
condition of (p. g)-quasiconformality we obtain the inequality

()" so (200922
r - rv v

Passing to the limit as r — 0, we arrive at the relation

P
lim (M) < const &' (z)P~ 1Y/ (z)?

el §
4

-0 r

for almost all points of D; so ¢ is P-differentiable almost everywhere in D [23, 28].
The following theorem establishes a connection between the (p, ¢)-quasiconformal mappings and
the mappings generating embedding of the Sobolev spaces.
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Theorem 6. Suppose that ¢ : D — D' is a (p.q)-quasiconformal homeomorphism. 1 < ¢ < p.
Then > generates the bounded embedding operator

2" Ly(D') = Ly(D), 1<q<p<oo.
PROOF. Since y is P-differentiable, we have

fim ) _ G, tim 2B

r—0 7P r—0 ¥

= AT (2, ).

If1 <q=p<oothen |Vep(z)P < KX|J(z,p)| almost everywherein D. Inthe caseof 1 < g < p<
1
0 we have [Vzp(z)|P < KN|T(z,9)|® T (z) in D. Hence, Kpq = || Kp(-) | L_g_||v < oc. Since ¢

belongs to the class ACL by Theorem 5, the conditions of Theorem 2 are satisfied and consequently
» generates the bounded embeddmg operator ©* : L} o(D') — LI(D) l<g¢<p<oo.
The converse assertion is valid under some a,ddltlonal constraints on the exponents p and ¢.

Theorem 7. Suppose that ¢ : D — D' generates the bounded embedding operator * : L,‘,(D’) -
L;(D), v—1<q<p<oo. Then ¢ is (p, q)-quasiconformal.
PRrROOF. Consider a ball B(zg,Ar), A > 1, in D. Suppose that a point y; € @(S(z0,r)) is such

that L,(zo,7) = p(@(xe),y1). Denote by y2 a point in (S5(zp, Ar)) that is most distant from y; and
denote by y3 a point in (5(zo.7)) that is most distant from y2. In D', consider the continua

Fi={y € D'|ply,y2) < plyz,y3)} N o(B(zo, Ar)),
Fo={y €D |p(y,y2) > p(y2.y1)} N o(B(zo, Ar)).

Under the above conditions, the function (z) = (cLy(zo, 7))~} (min(d(z, Fo)), cL,(z0,7)) (c is some
constant) is admissible for the capacity of the pair of these continua in the Sobolev space L},(-,:(B(Io.
Ar))). Since the operator @* : L;(@(B(xg,/\r))) — Ly(B(zo,r)) is bounded by Theorem 2 and its

norm ||¢*|| is bounded by c¢K , for ¢ = p and cl(I>(<p(B(1:g,)\r)))%l for ¢ < p (c1 is some constant),
from the estimate for the Teichmiiller capacity [24] we obtain

Y- 1
T < capd (¢ (Fo), 9" (F1); B(go, Ar))

cr

. Ar ‘l—'
< Il* || caph (Fo, Fi; o B(zo, M) < llp ,|(“’—LH) '

Consequently,
LY (zg,m)rP c1hip,p for ¢ =p,
— 7 S B9
lo(B(xo, A))] CI(W) ? forg<p.

Passing to the limit as r — 0, we obtain (p, p)-quasiconformality of ¢ for ¢ = p and the inequality

S Li(z.r)rv=? (\I’(B(ﬂf-/\r))

im < ¢y evervwhere in the domain D
r=0 [o(B(z- )|/ \ [B(z.7)] ) =0

for ¢ < p. where the set function ¥, defined for open subsets [/ of D by the relation W({’) = (p(07)),
is bounded. additive. and. by Corollary 1. absolutely continuous. Hence, > is (p. ¢)-quasiconformal.
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§ 4. Further Properties of (p, q)-Quasiconformal Homeomorphisms

In this section. we need an estimate from below for the capacity of a ring. By a ring in G we mean
a pair R = (E.() of sets. where the set G C G is open and E C G is compact. The quantity

cap,(E,G) = inf/tv,gu{” dr, 1<p<oo,

where the greatest lower bound is calculated over all continuous functions u € Ll G), ulp > 1,is
called the p-capacity of the ring R = (E, G).

Lemma 5. If the set E is connected and G C {z : p(z, E) < ¢ diam E}, where ¢ is a sufficiently
small number depending only on the constant in the generalized triangle inequality, then

(dia.m Ey
|G;p-(v—l)
for v — 1 < p < oo, where the constant ¢ depends only on v and p.

PROOF. Since the left- and right-hand sides of the inequality under proof are invariant under left
translations and have the same degree of homogeneity under dilations, it suffices to prove the lemma
in the case of diam E = p(0,0) = 1 for some points 0,0 € E. Take a point o~} € 5(0 1) Then
1 = diam F < ¢;(r2 — 1) and 5(0"1,7‘ N(G\G) # @ for 1 <r < rq, where ry = p(0~!,0) = p(a?).
Fix an arbitrary point z, € EN S(c~!,r) and denote by P(r) the set

{€€S(e™!7): pl€,25) < plzr,(G\ G) (T S(r))}-

cap,” YE,G)>

Every function u € 2},(G) N C(G)) such that v > | on E takes the value 0 on the sphere S(e71,r),

1 < r < ra, (the choice of ¢y in the conditions of the lemma is determined by this requirement).
Therefore, the following inequality is valid for almost all € (1,r2) [24, Theorem 1]:

My (|V cul)P(€)dor(€) 2> C2L4),-(P(T))£:_::li

7

S(rnG

where w; is the measure on S(0~!,r) associated with the “spherical” coordinate system [24]. (Here

4 > 1 is some constant and Mjg denotes the maximal function defined for every locally summable
function g as

Msg(z) = SUP{iB(x, )t / lgldz : 7 < 5}’
B(z.r)
where B(z,7) = {y € G : p(z~'y) < r} is the ball of radius r centered at z € G.) Consequently,
2
/1\/[~,r(|ch|)Pd:z' > CQ/LJT(P(r))Z:_i-TE dr.
G "
Furthermore,

o P re p~(v—1) T2 v-1
(diam E)? < ¢ (/dr) <e¢ (/wr(P(r))dr) (/wr(P(r))u:—-l‘?gdr)
r r Tl
c v-1
< fIGIP_(”'l)(flb\[.‘,,\"gu["dr) .
.._ ]



Applying the maximal function theorem, we obtain
v=1 .
diam E)P
P (
(/IVLuI dx) >c Cir==1)
J |

for every function u € L;,(G) N C(G) such that u =1 on E.

Theorem 8. Suppose that p : D — D' generates the bounded embedding operator o L},(D’) —
L;(D). v —1< ¢ <p<oc. Then the inverse mapping p~!: D' — D is an AC L-mapping.

PROOF. Fix some field X4r, and let T' be the fibration generated by this field. Take the cube
Q = Y0, where vg = exp, Xor, || < M, and Y is the transversal hyperplane to X,,:

Y = {(a;0;0) : zar = 0, |of < M, [b] < M}

(with the above notations a = (z4r), 1 <1< a,1<j<n;,j£rfori=aand b= (zij), @ <i < m,
1<y <ny).

Given a point y € Y, denote by v, the element yvg of the fibration which starts at y. Thus, Q is
the union of all such intervals of integral lines. Consider the following tubular surface of the fiber Yy

of radius r:
E_(yu T‘) = 7?]B(ear) N Q

Take a point y € Y so that the assertion of Lemma 4 hold for 7,. On =, take arbitrary pairwise
disjoint closed segments Ay, ..., Ay of lengths by,.. ., b. Denoting by R; the open set of points at
a distance less than a given r > 0 from A;, consider the condenser (A;, R;). Suppose that r > 0 is
so small that the sets Ry,..., Ry are pairwise disjoint, the condenser (™A, o~ 1(R;)) satisfies the
conditions of Lemma 5, and 7 < ¢b;, 1 = 1,..., k, where ¢ is a suitable constant. Then

cap,(Ai, Ri; D') < L) < epbrvio?
Ppl &, L1 =" = 104 )
(diam @~1(A:))/ (1)
lp=1(R;)|(1-¥+a)/(v=1)"

capy (™1 (Ai), T (Ri); D) 2 ¢

By Theorem 4, from the last two inequalities we derive

(v=1-p}rv—1) (P=g)(v~1)

diam o ™H(A;) < esr ? O(Ri) 71 | (R

l-v4g y=1
b, P .

Summing over ¢ = 1,...,k, applying Holder’s inequality, and using the definition of a quasiadditive
function, we obtain

k
Zdiamcp"l(A,')
t=1

(p=gitv—1) l-vdg k 7
®(E(y.r)) 70 lo~1(E(y,r)|\ ¢
< o <*,,—.r—> (——— o ) <Z *”f)

Letting r tend to zero, we find that

whence 571 € ACL(D").
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Theorem 9. Suppose that o : D — D' generates the bounded embedding operator p* : L,’,(D') —
L;(D). v~1< ¢ < p < oc. Then the inverse mapping p~' : D' — I generates the bounded
embedding operator >~'* : LY{(D') — LY(D)., where r = q':gﬁ and 5 = =L moreover, p7! s
an (r.s)-quasiconformal homeomorphism.

PROOF. Theorems 2, 7, and 5 imply that ¢ is an AC L-homeomorphism differentiable almost

everywhere. By Theorem 8, ¢! belongs to ACL(D'). Given p, put s = l,(z,t), where lo(z,t) =
miny(; g1=¢ P((z), 9(y)). Then t = L.-1(y,s). We have

L, (y,s) ¢ tL;“l(z,t)
s LED T LD ()
tLy~Hz,t) LYz, t) g

T le(B(z, )] T =l |p(Blx. 1)

Therefore, the inequality |V o~ 1(y)| < ]?77‘(%;—;; is valid for almost all z € D\ (EU Z) and y =
o(z) € D'\ ¢(E U Z), with E and Z defined in the proof of Theorem 2. This inequality leads to the

relation
<IVC‘P—1(y)IT>s/('_3) 4y < / ( IV colP )q/(p-q) i,
T (y, 78] - |T (z, )]
D'\(E) D\z

(To prove it, we have to apply the change-of-variable formula (2) and the equalities = G:;%(‘QT—'TT
and |J(p(z), o™ |7t = | T (2, ¢)| for almost all z € D\(EUZ)and y = ¢(z) € D'\ p(EUZ).) Using

Theorem 2, we conclude that ¢ ~! generates the bounded embedding operator <p*-1 : LYD) — LY D).
By Theorem 7, ¢! is an (r, s)-quasiconformal homeomorphism.

Observe some geometric properties of (p,q)-quasiconformal homeomorphisms. The results of
[11,24,34] yield the following theorem:

Theorem 10. Suppose that ¢ : G — G generates the bounded embedding operator ¢* : L,‘,((G) —
L;(G), V< qg<p< o (v—1<gq<p<v). Then the inequality p(tp(a),(p(b))¥ < cp(a,b)%

(ple~Ha), o~ (8))F" < cp(a, b)*F* withr = q/(g—v+1) and s = p/(p— v +1)) holds for arbitrary
two points a,b € G, where c is some constant depending on ||¢*||, v, p, and q.

Theorem 11. Suppose that ¢ : D — D' generates the bounded embedding operator o* :
L},(D') - L;(D), 1 < ¢ < p < oo. Then, for each measurable set E C D', we have the inequalities

le BN < cKFIEIS if1< ¢ < p<vand |E|5 < K5 o~ (E)|5% ifv < q< p< oo
PROOF. The case of p = q was settled in {34]. Fix a truncator n € C§°(G) equal to 1 on
B(0,1) and 0 outside B(0,2). Inserting the function f(y) = n(6;!(y5'y)) in the inequality lle* £ |

Z;((p‘l(U))” < Q(U)%lnf | 2;,(U)||, with U C D' an open set, we obtain

llo* £ 1 3o (Blyo, 20))]] < c@(Blyo, 20) 5| Blyo. )| .

On the other hand. the function ¢*f equals 1 on »~!(B(yo,r)). The embedding theorem in Lg.
a = ;4 [38], implies that

- = = L=p
2" (Blyo. r))| T < c®(B(yo, 2r)) 7 |Blyo.r)| 5
630 '



for each ball B(yo.r) C D' such that B(yy.2r) C D' (here | < ¢ < p < v). Applying Hélder’s
inequality. we derive the inequality

i

2 £I.,_.q'l [+] Ep-_qq' 0 vp
(Z |¢-‘(Bi(y,-,r,-)>|) <cd (U Bi<yi,2ri)> (Z |Bi(yia7‘i)|>
=1 =1

i=]

for each collection {B;(y:, i)} of balls covering E and such that the multiplicity of the covering

. . = P S SR o
{Bi(yi,2r;)} is finite. Hence, |<p‘1(E)I7ﬂl < cK'» |E|—"7'B. Now, the case of ¥ < ¢ < p < oo ensues
from Theorem 9.

Corollary 2. Suppose that ¢ : D — D' generates the bounded embedding operator »* :
L},(D') - L;(D), 1 < g < p < oc. Then ¢ satisfles Luzin’s condition (N'~!) for 1 < ¢ < p < v. in
particular, |J(z,9)| # 0, and satisfies Luzin’s condition (N) for v < ¢ < p < oo.

Some applications of (p, p)-quasiconformal homeomorphisms to the classification of Riemannian
manifolds can be found in [39].
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