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A catastrophe/ignition manifold for a model of thermal explosion of a magnesium
particle 1s constructed. The model takes into account the chemical oxidation reaction,
metal evaporation, and convective heat exchange with the ambient gas. This made
it possible to determine the types of heat dynamics of the particle in the plane of
bifurcation parameters of the model (to locate ignition, extinction, and regular-heating
regions), to find the kinetic constants in the empirical law of ignition on the basis of
experimental data, and to show the stability of the integral parameter of the ignition
delay in relation to sets of kinetic constants determined for mathematical models with

and without account for metal evaporation.

Papers dealing with physicomathematical simu-
lation of ignition of small magnesium particles were
reviewed by Fedorov and Gosteev in [1-3]. In addi-
tion, they studied this phenomenon by methods of el-
ementary catastrophe theory and numerically within
the framework of pointwise and distributed models
that take into account a heterogeneous chemical re-
action. At the same time, the literature data indicate
that it is important to take into account evaporation
of the metal and its oxide from the particle surface.
This phenomenon was ignored in {1-3}. It is also of
interest to study this process from the viewpoint of
the general theory of thermal explosion of systems
with two chemical reactions having different char-
acteristic times and activation energies [4]. In the
present paper, we construct a catastrophe/ignition
manifold for a model of thermal explosion of a mag-
nesium particle that takes into account metal evapo-
ration and also determine the types of particle ther-
modynamics in the plane of bifurcation parameters
of the model. Calculation data obtained using differ-
ent models are compared.

1. GOVERNING EQUATION OF THE
MATHEMATICAL MODEL

We study the effect of metal evaporation on par-
ticle ignition under the action of a high-temperature
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ambient gas (see, for example, [5]) within the frame-
work of the pointwise model [6]. A similar mathe-
matical model appears in studying the features of the
transformation in a system with two parallel chem-
ical reactions, one of which is exothermic and the
other is endothermic [4].

The equation that describes the evolution of the
particle temperature in time has the form [6]

150 7 = (- 7)

—coxp (- pR) - (T -T)=o(D), (1)

where @ = ANu/2gr,p,k, k = kocox, ¢ = v/k; ¢, and
ps are the heat capacity and density of the metal,
respectively, and r, is the particle radius; cox is the
mass concentration of the oxidizer; Nu is the Nusselt
number; q, E, and kg are the thermal effect, activa-
tion energy, and preexponent of the oxidation reac-
tion; E; is the heat of evaporation; A and T are the
thermal conductivity and temperature of the ambi-
ent medium.

To analyze qualitatively the solution of the
Cauchy problem for (1)

t=0: T="1Ty, (1a)

we consider the zero isocline of Eq. (1) in the domain
of the variables T, &, T, ¢, E, and E) using methods
of elementary catastrophe theory.
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Fig. 1. Diagram of the roots for determination of TCP: T < 1/2 (a), T = 1/2 (b), and T > 1/2 (c).

2. STUDY OF THE IGNITION MANIFOLD

2.1. Basic Relationships for Construction
of a Catastrophe/Ignition Manifold. Similarly
to [1, 2, 7}, we consider conditions that allow us to
find triply degenerate critical points (TCP) of the

potential function G(T') = / 9(T)dT:

e~ T — ce=2I"T = o(T - T),

2 _yr_ 2 ¢ o
T2 T? 5 @

=2/T l_ __c_—21T _1__ —
e (2 -1) —e? (ﬂ, 1) =0.
The quantity Ty = E/2R is taken as a temperature
scale, and the parameters v = E/E; and o = aT;
are introduced. The solution of system (2), which de-
termines the TCP (T, o, c.) in the space (T, a, c),
reduces to the solution of the equation

yTHT -1)=T? - 2T + 2T
or (3)
P(TY=T% - (y+ 1)T?*+2T - 2T =0.

It follows from (3) that the roots of this equation
depend parametrically on v and T For T' < 0.5, the
following representation is valid:

T-T T -T-
y= T 4)

where Ty = 1+ /1 - 27T

We analyze qualitatively the solutions of Eq. (3)

using a diagram of the roots T. = T.(y,T) (Fig.

1). The results of this analysis can be formulated as
follows.

e Statement 1 (on the eristence of triply degen-
erate critical points). The number and sequence of
the roots of Eq. (3) are determined, depending on
and T, as follows.

(1) Let T < 1/2. Then

(a) if 0 < ¥ < 7., there are three real roots
T.=T1,2,3 (T_ <TNi<1<T<T, <T3)

(b) if ¥ > 7., there are one real root T, (T- <
T. < 1) and two complex-conjugate roots.

(2) Let T = 1/2. Then

(a) if 0 < v < 7. = 1/4, there are three real
roots T, = Ty 23 (Th =1 < Ta < T, < T3), and
L=T3if vy =7

(b) if ¥ > 7., there are one real root T, =1
and two complex-conjugate roots.

(3) Let T > 1/2. Then there is one real root
T.>1lforally>0.

Here the critical quantity is

Ye = ma.X‘y(T)|T>1 = v.(T) for T < 1/2.

The function 7.(7T) is defined parametrically:
¥(T.) according to (4), and the relationship T
dy(T)

dT ir=T.
The dependence 7.(7) is plotted in Fig. 2. It is seen
that, for real values of T' (< 0.2-0.3), the value of 7.
is always smaller than unity. The proof of Statement
1 follows from elementary constructions of the func-
tion ¥(T') defined according (4) and its continuity for
T>1.

2.2. Asymptotic and Numerical Repre-
sentation of the Roots for TCP. We write
asymptotic expressions for the real solutions of Eq.
(3) under the conditions y < 1 and v > 1.

e Statement 2 [on the asymptotic representation
of the roots of Eq. (3)]. Let T < 1/2. Then Eq. (3)

H(T,) follows from the equality
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Fig. 2. Critical quantity -, versus the ambient temperature.

has three real approximate solutions for v < 1:

T2 T3 3
T1,2=T:;:+'Y%+‘Y2 ‘éi (1" §T:;:) +0(7%),

+1
Ty = 1—7—- —(T1 + T3) + O(r"),

and a unique real approximate solution for v >> 1:
T.=1+7'2T-1) -y~ 22027 - 1) + O(v73).

The accuracy of the above expansions can be
evaluated using the numerical data presented in Ta-
bles 1 and 2.

In the general case, where 7 is finite, Eq. (3) was
solved numerically. The results are given in Fig. 3 as
a diagram of the roots T. = T.(T,7) for a number
of values of «.

TABLE 1
Accuracy of the Asymptotic Solutions of Eq. (3)
for vy €1 (f‘: 0.1)

Root
and residual ~ = 0.001 vy = 0.01 v =0.1
T 0.10561 0.10563 0.10613
P(Ty) -2-10"8 2.107% | -1.51-10"8
T 1.8962 1.9117 2.0112
P(T3) 2-107% 2-10~4 1.86-10™1!
Ty 998.9982 98.9982 8.88266
P(T3) 3.64-10"2 1.6072 -0.9
TABLE 2

Accuracy of the Asymptotic Solutions of Eq. (3)
fory>» 1 (T =0.1)

Root and residual | v = 2 ¥y=10 v = 100
Te 0.9200 0.9320 0.9920
P(T.) -0.39 [ 2.10~% | 1.1-1073

T.
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Fig. 3. Diagram of the roots T4 = Ty(T,~) for determination
of TCP: v = 0.1 (1), 0.5 (2), 0.8 (3), 1.5 (4), 2.0 (5), and 3.0
(6) (for the case v = 0.1, the branch of the third, largest root
is not shown).

We note that, in the case important in practice
where v > ¥, < 1, the catastrophe manifold has a
single triply degenerate critical point, as in the igni-
tion model without evaporation. A new circumstance
is the existence of a catastrophe manifold with three
TCP when evaporation is much more intense than
oxidation (E < E1). This indicates the presence of
a complicated heat dynamics in the systern with this
relationship of parameters and the possibility of non-
trivial scenarios of particle ignition.

We also present a bifurcation diagram for the
roots of Eq. (3) in the plane (7, T), which separates
the domains of parameters with a different number
of TCP. It is obtained by plotting the curves T =
Ty,2(y) along which the discriminant of this cubic

10F
08h
08}
04}

02f

c A ' ’e
20 24 28 32 s 7'

Fig. 4. Partition of the plane of parameters (v, T) into do-
mains with one (W;) and three (W) TCP (the figures in the
parentheses refer to the number of TCP).
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Fig. 5. Semenov’s diagram, depending on the stationary adiabatic temperature Ty (for ¢ < 1): 7o > 0 (a) and Ty < 0
(b); the dashed curves show various positions of the convective heat output curve Q—(T'), and the solid straight lines

show the extreme (tangent) positions of this curve.
equation vanishes (Fig. 4).

3. BIFURCATION DIAGRAM AND DE-
TERMINATION OF THE KINETIC CON-
STANTS

3.1. Construction of Zero Isoclines of Eq.
(1) in Cross Sections ¢ = const of the Equi-
librium Surface. We turn to Fig. 5, which shows
Semenov’s diagram with curves of the total heat in-
put

Q+(T) = e~ 2T _ e=2/"T
and the heat output
Q(T) = o(T - T).
The equation @Q*(T') = 0 has the roots

2Ay-1)
71n(1/c)’

where T9 has the meaning of the stationary adiabatic
temperature in the system.

Obviously, various cases of tangency of the
curves Q¥ (T) and Q@ (T') are possible, depending on
the sign of 7° and the relationship between T and
T° (we confine ourselves to the variant ¢ < 1). The
results of this analysis can be summarized as follows.

e Statement 3 (on the critical conditions of a
thermal ezplosion).

(1) Let T9 > 0. Then

(1.1) if T < TP, there is one tangent point
(T, o), and

T=0 and T=T"=

— for & < ay, there are three equilibrium posi-
tions located at (0,T), (T°, Tt), and (T}, 00), respec-
tively;

— for a@ > at, there is one equilibrium position
located at (O,T);

(1.2) if T > T°, there are three tangent points
(Tt,i, ot,i)i=1,2,3, numbered in increasing order of o,
and

— for a < a1, there are three equilibrium po-
sitions located at (0,Tt 1), (Tt,1,7T°), and (Tt 3,00),
respectively;

— for a1 < @ < a2, there is one equilibrium
position located at (Tt 3, 00);

— for ay < a < a3, there are three equilib-
rium positions located at (T, Tr3), (Ti2, Tt,3), and
(Tt,3, 00), respectively;

— for a > ay 3, there is one equilibrium position
located at (T, Tt 2)-

(2) If T® < 0, there are two tangent points
(Tt,iy @i)i=1,2, and

— for & < ay,1, there is one equilibrium position
located at (T} 3, o0);

— for ay1 < @ < a3, there are three equilib-
rium positions located at (T,T: ), (Tt,1,Tt,2), and
(Tt,2, 00), respectively;

— for @ > a2, there is one equilibrium position
located at (T, Tt ).

The foregoing Statement 3 can easily be proved
by a qualitative analysis of the curves Q*(T)
(Fig. 5).

We formulate some properties of the source
function Q+(T) that are needed to construct the
equilibrium surface:



Mathematical Study of Thermal Explosion of a Magnesium Particle 155

a b c
T<T%(@F<c<t) T \ T>T%c<?)
b
D)y Tegf~====~ 1=======-- T2
v gIT)<0 D,
Tyv @ Tigf-=====1 \ Tia
] L]
T.——-T———E——— - g TG
T{(@) TONF@ '
gm0 D “”21?1 - D, 1410
- TeaF d Ty | "
0 ay a 0 @y, a2 ay3 a
T d T e
b H
£(T)<0
e o L LT T p——
Ti(e
Dy | gm0
0 a 0 a

Fig. 6. Construction of the ignition manifold (typical cross sections ¢ = const): a, b) 0 < c<land vy > 1;
cJ0<c<landy<l;d)c>landy<l;e)ec>landy>1; the arrows indicate possible variants of
particle heating/cooling.

(1) Q¥ (T)—0for T — 0 the relations
(2 Q:(T) - (1—¢) for T — oo; = T —2AT-T) 2(y-1)/r7
3T >0if yI? - 2(T—-T) )
(a)0<c<landy>1,o0r e 2y -1) -yt
where the parameter 7T runs along the positive semi-
(c)0<c<landy<lor axis 0 € T < oco. The fold lines (5) have singularities
(d)e>1and vy > 1. determined by the roots of the denominators. We
We analyze typical cross sections ¢ = const of find these roots: T4 = (1/7)(1 £4/1— 277~’). The
the catastrophe manifold, which is necessary to de- function c(T) vanishes at the points T = Ty. Thus,
scribe the dynamics of the particle temperature. the form of the fold lines (5) depends significantly on
3.2. Bifurcation Diagram. Types of Heat the mutual position of the roots T,,+ and 7% . In par-
Dynamics. After determining the TCP coordinates, ticular, we have 97, < T- < T4 < Ty fory < 1
we can build images of the curved folds on the plane and T < YTy < Tyy < T4 for v > 1.
(a,c). They are the projections of the correspond- Based on the properties of the function @*(T)
ing doubly degenerate critical points onto the equi- and the evaluations of T, 4, we can construct a qual-
librium surface (catastrophe manifold) in the space itative shape of the catastrophe manifold in cross

(T, @, c) that is defined by the first equation in (2). In sections ¢ = const (Fig. 6). Typical regions are de-
parametric form, the fold lines are determined from termined below.
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We first consider a situation where the oxidation
reaction is more intense than evaporation, which cor-
responds to ¥ > 1. As shown in Fig. 6b, if 7° < T,
particle heating can occur in two ways, depending on
the values of the convective heat-transfer coefficient
« and the temperature 7°: _

— regular heating to a temperature higher than T
for @ > ar 2 and Ty < Ti(«) or a temperature not
greater than T for o < a1 and Tp < Tiv(a);

— ignition for a¢; < o < a3 and Tp < Tin(w), or
for o < at,; and Tp > Tv(a), or for at s < a < a3
and Ti{e) < T < Ti(e).

Of particular interest is the presence of a bilat-
eral limit of ignition with respect to the convective
heat-transfer coefficient (a¢,1 and o 3), which can be
associated with the “provoking” role of convective
heat transfer from the gas in the range of particle
temperatures 0 < T < 7. The appearance of an ad-
ditional domain D4 of low-temperature extinction is
noteworthy.

According to Fig. 6a, for T° > T particle heat-
ing is limited from above by the temperature T{(a) >
T if its initial temperature does not exceed T{(a),
otherwise particle extinction or ignition can occur
depending on whether the point («,Tp) belongs to
the domain D§ or D3, respectively.

Finally, at v > k (for v > 1), heat production
is always compensated by heat removal at a particle
temperature that does not exceed the ambient tem-
perature, and a thermal explosion cannot occur (see
Fig. 6e). The contribution of evaporation to the total
heat loss is quite substantial.

We now consider the case where the heat of
evaporation is greater than the activation energy for
oxidation (7. < ¥ < 1). The thermal evolution of a
particle (for v < k) (see Fig. 6¢) is completely simi-
lar to the behavior predicted by a model that ignores
evaporation:

— regular particle heating if the convective heat
transfer coefficient is larger than the critical value
a{"l and the initial temperature is lower than 79 ();
— ignition if o < of ; and Tp < T{(b) or af ) <
o <ab, and ThHe) < To < Ty(a);

— particle extinction if the parameters (o, Tp) be-
long to the region Dj.

In the case v > k (see Fig. 6d), the fraction of
vaporization in the heat loss is comparatively small,
and regular explosionless heating of a particle to a
temperature higher than the ambient temperature
but lower than its equilibrium adiabatic temperature
always occurs.

Using the analysis of zero isoclines in cross sec-
tions ¢ = const, we can classify in detail the types
of heat dynamics of a particle. Before formulation

Gosteev and Fedorov

of a statement, we determine typical'regions of the
parametric plane (a, T):

Dy = {(a,T) : @ € (ax,2,00), T € (0, Ti(a))},

Dy ={(e,T): a € (0, 1), T € (0, Tiv())}
U{(a,T): a €(0,a:,1),T € (Tv(a), Ti{a))}
U{(e,T) : @ € (a1, 0¢,2), T € (0, Ti()) }

W{(e,T) : @ € (a2, a1,3), T € (Tua(@), Tinn(@))},
Dy = {(e,T) : @ € (0, a1,), T € (Tiv (@), Tv(@))},

the domain Dj is {(a, T)}\(D; U D, U D3) (see Fig.
6b);

Dy ={(e,T): 2 €(0,00), T € (0, T{(ex))},

Dy ={(a,T): 0 € (0,), T € (Try(e), Tin(e))},
the domain Dj is {(o, T)}\(D} U D3) (see Fig. 6a);
D} = {(«,T): @ € (af,,),T € (0,T{())},

D ={(e,T): € (0,2,), T € (0, Tin(e))}
U{(, T) € (a1, 02,2), T € (Tix(@), Tin(@))},
the domain D} is {(c, T)}\(D? U D}) (see Fig. 6¢);
Di = {(e,T): « €(0,00), T € (0, Tf(e))},
the domain Dj§ is {(a, T)}\Df (see Fig. 6d);
Df = {(a,T) : « € (0,00), T € (0, T (er))},

the domain DY is {(a, T)}\ D%.
Now the following statement is valid.
o Statement 4 (types of heat dynamics of the par-
ticle temperature).
(1)Ify>1and
(1.1) ¢ < &, then

— for («,Ty) € Dy, the temperature stabilizes
on the lower branch Ti(a) > T; for (@, Tp) € Ds,
the solution describes ignition and stabilizes on the
upper branch Tiji(«) of steady states;

— for (&, To) € D3, the solution describes parti-
cle extinction, i.e., the temperature stabilizes on the
branch Ty(a) for & > a3 [or @ € (a2, o 3)] and
To € (Ti(a), Tu(e)), and on the branch Tiy(a) for
a < agz and Ty > Ti(a);

— for (&, Tp) € D4, the solution describes parti-
cle extinction, and the temperature stabilizes on the
branch Tiv(e);

(1.2) €< e < 1, then

— for (a, To) € DY, the solution describes explo-
sionless heating with transition to equilibrium on the
lower branch T{(a) < T;

— for (a,Ty) € Dj, the ignition regime with
temperature stabilization on the upper stable branch
T{11(a) of steady states occurs;
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Fig. 7. Bifurcation diagram of the system in the plane («,c¢)
(for v = 1.4 and T = 0.18): points ¢ refer to the control points
M;, the figures in the parentheses denote the number of TCP.

— for (a,Tp) € Dj, the solution describes par-
ticle extinction with temperature stabilization on
the branch T{(e) for « > «af [or a € (0,a})] and
Ty € (T{(a), T{y(a)), and on the branch Tjj(a) for
a € (0,af) and Ty > Tj(a);

(1.3) ¢ > 1, then

— for (a,Ty) € Df, the solution describes ex-
plosionless heating of a particle with temperature
stabilization on the lower branch T¢(a) < T;

— for (@, Ty) € D¥, the extinction regime with
temperature stabilization on the branch T{(a) oc-
curs.

(2)Ify<1and
(21) 0 < c< 1, then
— for (@, Tp) € D3, the solution describes explosion-
less heating with temperature stabilization on the
lower steady-state branch T} (a) > T

— for (@, Tp) € D3, the ignition regime with tem-
perature stabilization on the upper branch Tjj(a)
occurs;

— for (o, To) € D%, particle extinction with tem-
perature stabilization on the branch T}(a) for « >
oby [or a € (ab;, 08 ,)] and Ty € (T}(a), Th(H)) and
on the branch Tfj;(a) for o < af ; and Tp > Tiy(«@)
oceurs;

(2.2) ¢ > 1, then

— for (a, To) € Dj, the solution describes explo-
sionless heating with transition to equilibrium on the
branch T¢(a) > T;

— for (o, Ty) € Dj§, particle extinction occurs,
and the temperature stabilizes on the branch T7(e).

Remark. We do not describe here'the particle-
temperature dynamics for the case where v < 7,
and the catastrophe manifold has three TCP.

3.3. Numerical Illustration of Statement
4. The following numerical example illustrates the
construction of a catastrophe manifold in the case
¥ > 1> 7., i.e., in the presence of a single TCP. The
set of parameters v = 1.4, T = 0.18, Ty =18, T. =
0.2, Top = 1.2173, T,_ = 0.2112, & = 4.18 - 1072,
and & = 2.63 - 10~ corresponds to the TCP coordi-
nate T, = 0.239 and the bifurcation diagram in the
plane (a, ¢) shown qualitatively in Fig. 7. The figures
in the parentheses denote- the number of thermal-
equilibrium states in the system. The arrows indicate
the direction in which the parameter T in Egs. (5)
increases along the fold lines. The points ¢ marks
the control points M; = (a,¢); (j = 1,...,8) at
which the Cauchy problem (1) and (1a) was solved.
Geer’s stiff-stable method was used to integrate (1)
and (1a). The values of the parameters are listed in
Table 3.

TABLE 3
Values of the Parameters at Control Points
Point number ; aj ¢j T
1 0.1 1.1 0.1767
2 0.1 10—* 0.1801
3 0.002 o 4.98-.10°
4 2.63-10—* 0.1 0.1536
5 1-10-% 0.9 0.0562
6 1.-1075 1.1 0.0578
7 2.63-10~%* | 0.04 | 3.65-10%
8 1.10~5 0.04 0.110

Note. T is the final equilibrium temperature of the particle.

TABLE 4
Ignition Delay, msec

Radius, um | Model of (1, 2] | Model under discussion
15 22.0 22.0
22 39.6 39.2
30 64.0 64.1
60 200.0 2023
300 2200 1990
400 3800 3460
500 6000 5320
600 8500 7560

3.4. Determination of the Kinetic Con-
stants. Comparison of Ignition Delays in
Various Models. An analysis of the catastro-
phe/ignition manifold allows us to pass to a more
concrete kinetic law of oxidation of a magnesium par-
ticle in air, taking into account c-phase evaporation.
For this purpose, we write equations governing the
preexplosion state [see (2)]:

ke~ BT _ ye=B1/T = ao(T - T),

k —E—' e~EIT _y ﬂe'E;/T

T2 T2 = g,
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where @g = ANu/2r.p,q, the scale temperature is
Ts = 300 K, and the activation energy E’ and the
heat of vaporization E] are referred to RT;. Accord-
ing to the experimental data of Khaikin et al. [5],
we assume E] = 53.333, and we calculate (6) at
two arbitrary points (r,,j,f})jﬂ,z of the experi-
mental curve that describes the particle radius as
a function of the limiting temperature of the ambi-
ent air {1, 2, 8]. This allows us to obtain a closed
system of transcendental equations for determina-
tion of the unknown quantities £ and k (if they
exist) and the particle temperature at the ignition
limit. Thus, we have found the kinetic parameters
for v = 0.15 m/sec: E' = 40.315 (E/R = 12,094 K)
and k = 0.169 m/sec for small particles (with radii
of 15 to 60 pm) and E’ = 96.452 (E/R = 28,936 K)
and k = 6.855 - 10° m/sec for large particles (with
radii of 300 to 600 pm).

It is of interest to compare ignition delays result-
ing from these kinetic laws of oxidation with similar
data of the evaporation-free model proposed in [1,
2]. As is seen from Table 4, the difference for small
particles is insignificant. The difference for large par-
ticles is less than 11%.

CONCLUSION

A catastrophe/ignition manifold for a model of
magnesium-particle ignition that takes into account
the chemical oxidation reaction, metal evaporation,
and convective heat exchange with the ambient gas
has been analyzed qualitatively and quantitatively.
This made it possible

o to locate the domains of ignition, extinction,
and regular heating of the particle in the plane of
governing parameters of the model;

o to find the kinetic constants in the empirical
law of ignition;

o to show the stability of the integral parameter
of the ignition delay in relation to sets of kinetic
constants determined for mathematical models with
and without account for metal evaporation.
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