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The p r e v i o u s l y  p r o p o s e d  condi t ions  for  cav i ty  fo rma t ion  f rom equiaxed  inc lus ions  in duct i le  
f r a c t u r e  have been  examined .  C r i t i c a l  loca l  e l a s t i c  e n e r g y  condi t ions  a r e  found to be  n e c -  
e s s a r y  but  not suf f ic ient  for  cav i ty  fo rma t ion .  The i n t e r f a c i a l  s t r eng th  mus t  a l so  be r e a c h e d  
on p a r t  of the boundary .  F o r  inc lus ions  l a r g e r  than about 100.~ the e n e r g y  condi t ion i s  a l -  
ways  s a t i s f i e d  when the i n t e r r a c i a l  s t r eng th  is  r e a c h e d  and cav i t i e s  f o r m  b y  a c r i t i c a l  i n t e r -  
f ac i a l  s t r e s s  condi t ion.  F o r  s m a l l e r  cav i t i e s  the s t o r e d  e l a s t i c  e n e r g y  is  insuf f ic ien t  to 
open up i n t e r r a c i a l  c a v i t i e s  spon taneous ly .  Approx ima te  cont inuum a n a l y s e s  for  e x t r e m e  
idea l i z a t i ons  of m a t r i x  b e h a v i o r  fu rn i sh  r e l a t i v e l y  c lo se  l i m i t s  for  the i n t e r f a c i a l  s t r e s s  
concen t ra t ion  for  s t r a i n  ha rden ing  m a t r i c e s  f lowing a round  r i g i d  non -y i e ld ing  equ iaxed  in -  
c lus ions .  Such a n a l y s e s  give that  in pu re  s h e a r  loading the m a x i m u m  i n t e r r a c i a l  s t r e s s  is  
v e r y  n e a r l y  equal  to the equ iva len t  flow s t r e s s  in t ens ion  for  the given s t a t e  of p l a s t i c  
s t r a i n .  P r e v i o u s l y  p r o p o s e d  mode l s  b a s e d  on a loca l  d i s s i p a t i o n  of d e f o r m a t i o n  i n c o m p a t i -  
b i l i t i e s  by  the punching of d i s loca t ion  loops  l ead  to r a t h e r  s i m i l a r  r e s u l t s  for  i n t e r f a c i a l  
s t r e s s  concen t ra t ion  when loca l  p l a s t i c  r e l a x a t i o n  is a l lowed ins ide  the loops .  At v e r y  
s m a l l  vo lume f r a c t i o n s  of second  phase  the  inc lus ions  do not i n t e r a c t  for  v e r y  subs t an t i a l  
amounts  of p l a s t i c  s t r a i n .  In th i s  r e g i m e  the i n t e r f a c i a l  s t r e s s  i s  independent  of i nc lus ion  
s i z e .  At l a r g e r  vo lume f r a c t i o n s  of second  phase ,  inc lus ions  beg in  to i n t e r a c t  a f t e r  mod-  
e r a t e  amounts  of p l a s t i c  s t r a i n ,  and the i n t e r r a c i a l  s t r e s s  concen t ra t ion  b e c o m e s  dependent  
on second  phase  vo lume f r ac t ion .  Some of the many  r e p o r t e d  in s t ances  of inc lus ion  s i ze  
ef fec t  in cav i ty  f o r m a t i o n  can thus be  s a t i s f a c t o r i l y  exp la ined  by  v a r i a t i o n s  of vo lume f r a c -  
t ion of second  phase  f r o m  point  to point .  

IT a p p e a r s  that  Joseph Henry,  l of e l e c t r o - m a g n e t i s m  
fame ,  has  r e c o g n i z e d  as  e a r l y  a s  1855 tha t  m e t a l s  f r a c -  
t u re  p r e m a t u r e l y  by  a p r o c e s s  of i n t e rna l  necking  when 
ex tended  b y  s t r e t c h i n g .  He adv i sed  that  w i r e  d rawing  
and r o l l i n g  were  p r e f e r a b l e  ope ra t i ons  (for th is  and 
o the r  i n t e r e s t i n g  h i s t o r i c a l  p e r s p e c t i v e s  on de fo rma t ion  
p r o c e s s i n g  see  BackofenZ). In m o r e  r e c e n t  t i m e s  Put -  
t i ck  s t r a c e d  the cause  of duct i le  f r a c t u r e  to the deve lop -  
ment  of ho les  f r o m  inc lus ions  (for a s u m m a r y  of e a r l i e r  
v iews  on duc t i l e  f r a c t u r e  and t h e i r  inadequacy  s e e  O r o -  
wan4). The p r o c e s s  has  s ince  been  i nves t i ga t ed  ex ten -  
s i v e l y  both e x p e r i m e n t a l l y  and t h e o r e t i c a l l y .  The c u r -  
r en t  l eve l  of unde r s t and ing  of the  ro l e  of inc lus ions  in 
duct i le  f r a c t u r e  has  been  r e v i e w e d  by  Rosenf ie ld .  s It 
has  now been  g e n e r a l l y  e s t a b l i s h e d  that  once i n t e rna l  
c av i t i e s  a r e  nuc l ea t ed  f r o m  inc lus ions  o r  second  phase  
p a r t i c l e s ,  they  can be p l a s t i c a l l y  expanded under  v a r i -  
ous  combina t ions  of s h e a r  s t r e s s  and nega t ive  p r e s s u r e .  
Ana lyse s  of homogeneous  p l a s t i c  cav i ta t ion  by  McCl in -  
tock,  6 Rice  and T r a c y  ~ and o the r s  have e luc ida t ed  the 
i m p o r t a n c e  of nega t ive  p r e s s u r e s  in the flow f ie ld  in 
has t en ing  the p l a s t i c  hole  expans ion  p r o c e s s .  C o m p a r i -  
son of such a n a l y s e s  with e x p e r i m e n t s  have shown that  
loca l  duct i le  f r a c t u r e  r e q u i r e s  c o n s i d e r a b l y  s m a l l e r  
a v e r a g e  p l a s t i c  s t r a i n  as  a r e s u l t  of l o c a l i z a t i o n  of d i l a -  
t iona l  de fo rma t ion  into zones ,  8 fo l lowed by  f o r m a t i o n  
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and p ropaga t ion  of c r a c k s  where  the hole expans ion  p r o -  
c e s s  i s  s h a r p l y  confined into p o r t i o n s  of the h ighly  
s t r a i n e d  zone in f ront  of the c r a c k .  9'1~ Although t h e s e  
p r o c e s s e s  of t e r m i n a l  duc t i le  s e p a r a t i o n  a r e  not  ye t  
fu l ly  unders tood ,  they a r e  in a fa r  b e t t e r  l eve l  of d e v e l -  
opment  than the in i t i a l  p r o c e s s e s  which l e ad  to the nu-  
c lea t ion  of ho les  f r o m  second  phase  inc lus ion  p a r t i c l e s .  5 
On the e x p e r i m e n t a l  s ide  t h e r e  have been  conf l ic t ing  ob -  
s e r v a t i o n s  r e p o r t i n g  the  nuc lea t ion  of c a v i t i e s  f r o m  in -  
c lus ions  anywhere  f r o m  i m m e d i a t e l y  upon y ie ld ing  to 
a f t e r  the deve lopmen t  of v e r y  l a r g e  p l a s t i c  s t r a i n s .  
Cav i t i e s  have been  r e p o r t e d  to nuc lea te  both on i n t e r -  
f a c e s  by  t e a r i n g  the inc lus ion  away f r o m  the duct i le  
m a t r i x ,  and by  c r a c k i n g  of n o n - d e f o r m a b l e  inc lus ions .  
On the o the r  hand s e m i  quant i ta t ive  t h e o r e t i c a l  s tud ies  
have  been  made ,  b a s e d  on r e l e a s e  of s t o r e d  e l a s t i c  e n -  
e rgy ,  1~'12 p roduc t ion  of high s t r e s s e s  by  imp ingemen t  of 
d i s loca t ion  p i l e - u p s  on inc lus ions ,  ~1'1s and by  r e v e r s e  
p i l e - u p s  of p l a s t i c  a c c ommoda t i on  loops  in i t i a t ed  by  
punching f r o m  the i n t e r f ace .  .4 More phenomeno log ica l  
mode l s  have a l so  been  advanced  b a s e d  on the d e v e l o p -  
men t  of high loca l  s h e a r  s t r a i n s  at  p a r t i c l e  i n t e r f a c e s .  ~ 
Here  we wil l  b r i e f l y  r e v i e w  these  m e c h a n i s m s  of c av i t y  
nuc lea t ion  and p r e s e n t  new ana ly t i ca l  deve lopmen t s  on a 
l o c a l  s t r e s s  c r i t e r i o n  of i n t e r r a c i a l  s e p a r a t i o n .  In the  
accompany ing  p a p e r  ~8 we c o m p a r e  the r e s u l t s  of e x p e r i -  
men t s  on a number  of i n c l u s i o n - b e a r i n g  m e t a l s  with 
t hese  new ana ly t i ca l  deve lopmen t s .  

1. CRITERIA FOR INCLUSION SEPARATION 

1.1. A s s e s s m e n t  of E a r l i e r  Deve lopments  

Although i t  ha s  g e n e r a l l y  been  r e c o g n i z e d  tha t  s o m e  
p l a s t i c  s t r a i n  is  n e c e s s a r y  to f o r m  holes  at  inc lus ions ,  
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most  quant i ta t ive developments  for duct i le  f r ac tu r e  have 
compared  expe r imen ta l l y  m e a s u r e d  s t r a i n s  to f r ac tu re  
with theore t i ca l ly  computed s t r a i n s  for hole growth and 
coalescence .  17'7 There  are  many observa t ions ,  however,  
which show that mos t  often large  p las t ic  s t r a i n s  are  r e -  
quired to t ea r  inc lus ions  f ree ,  or produce in te rna l  f r a c -  
tu re  in them.  ~s-z~ Hence we as sume  together  with most  
of the f o r m e r  workers  who have cons idered  the problem 
of cavity nucleat ion that such holes a re  a r e su l t  of a 
more  or l ess  extensive  p r e - p r o c e s s i n g .  It has been gen-  
e r a l l y  observed  that while inc lus ions  with la rge  aspect  
ra t io  may undergo mul t ip le  in te rna l  f rac tu r ing ,  equi -  
axed inc lus ions  a lmos t  always nucleate  holes by i n t e r -  
facia l  separa t ion .  Here we confine our attention only to 
the equiaxed inclusions which we wi l l  consider  as a f i r s t  
approximat ion as r igid and plast ical ly  non-deformable .  
The prob lem of non-equiaxed  inc lus ions ,  whose behavior  
depends on the i r  shape and or ien ta t ion  in addition to 
the i r  s ize  and spacing is a complex one and will not be 
d i scussed  here .  

As a l r eady  ment ioned in the prev ious  sect ion,  the 
e a r l i e r  cons idera t ions  of inc lus ion  separa t ion  can be 
grouped into th ree  ca tegor ies ,  energy  c r i t e r i a ,  local  
s t r e s s  c r i t e r i a ,  and local  s t r a i n  c r i t e r i a .  

Gurland and Pla teau ~ proposed that c racks  at i n t e r -  
faces  could fo rm when the loca l ly  concent ra ted  e las t ic  
s t r a i n  ene rgy  which could be r e l e a s e d  upon decohesion 
becomes  comparab le  to the energy  of the sur faces  to be 
genera ted .  Cons ider ing  no local  p las t ic  accommodat ion  
and without inves t iga t ing  whether or not the s tored  e l a s -  
t ic energy  could ac tual ly  be r e l ea sed  by c rack  f o r m a -  
t ion, they based  the i r  a rgumen t s  on d imens iona l  ana ly -  
s is  and concluded that c racks  would fo rm at lower ap-  
plied s t r e s s e s  on la rge  inc lus ions .  As pointed out by 
Brown and Stobbs 2~ the ana lys i s  of Gurland and Plateau 
is only a n e c e s s a r y  condition for inc lus ion  separa t ion .  
A more  co r r ec t  ana lys i s  by Tanaka,  Mori,  and Naka- 
m u r a  ~2 has shown that  in  a pure ly  e las t i c  s i tuat ion,  the 
energy  c r i t e r i o n  is alwa~cs sa t i s f ied  for pa r t i c l e s  above 
a d i ame te r  of about 250A, a lmos t  upon yielding.  Since 
in many  ins tances  inc lus ions  of more  than hundred 
t imes  this  s ize  have been  observed  to r e m a i n  at tached 
to the ma t r ix  at s t r a i n s  more  than hundred t imes  the 
yield s t r a in  it must  be concluded that the energy  r e -  
qu i r emen t  is only a n e c e s s a r y  one and that actual  sepa-  
ra t ion  r e q u i r e s  r each ing  the in te r fac ia l  s t rength  at the 
in ter face ,  at l eas t  at some local  points,  to provide a nu-  
cleus of separa t ion .  It mus t  then follow that for v e r y  
sma l l  pa r t i c l e s  of d i ame te r  much l e s s  than the c r i t i ca l  
d i ame te r  of 250A where  the ene rgy  c r i t e r i o n  may not 
be sa t i s f ied  even when local  s t r e s s e s  reach  the i n t e r -  
facia l  s t rength ,  s table  cavi t ies  a re  difficult  to form.  
The in ter face  would m e r e l y  separa te  a d is tance  of the 
o rde r  of a tomic d imens ions  r e l i ev ing  much of the e l a s -  
t ic s t r a i n  energy  but s t i l l  t r a n s m i t t i n g  some long range  
a t t rac t ive  forces .  Cavi t ies  could then s t i l l  fo rm ve ry  
gradua l ly  and in a s table  manne r  as the local  d i sp lace -  
men t  incompat ib i l i t i e s  at the in te r face  continue to in -  
c r ea se  with i nc r ea s ing  average  p las t ic  s t r a in .  S imi lar  
p rob lems  of this  na tu re  re la ted  to the v e r y  shor t  range  
s ingu la r  s t r e s s  f ie lds  a round d is loca t ion  cores  have 
been  d i scussed  by  Stroh. z~ 

Gurland and Plateau u and also Broek ~3 have at t r ibuted 
cavity format ion  to impingement  of d is locat ion  p i l e -ups  

lyzed by Stroh. z3 At low t e m p e r a t u r e  where sl ip tends to 
be p lanar ,  cavi t ies  can be produced by this mechan i sm  
espec ia l ly  if the inc lus ions  have a la rge  aspect  ra t io  in -  
c r eas ing  the probabi l i ty  for them to in t e r f e re  with such 
p lanar  slip.  Some of the obse rva t ions  on the spl i t t ing of 
elongated inc lus ions  is probably  due to this mechan i sm.  
At modera te  t e m p e r a t u r e s  in close packed meta l s  where 
many equivalent  s l ip  sy s t e ms  become operable  and sl ip 
tends to become wavy, the ease  of secondary  sl ip will  
make the development  of high s t r e s s e s  difficult  or a l -  
mos t  imposs ib le .  There fo re ,  in ducti le fee meta l s  and 
even in bee meta l s  at modera te  t e m p e r a t u r e s  this mech-  
an i sm is a lmos t  ce r t a in ly  not r e spons ib l e  for cavity fo r -  
mat ion around inc lus ions .  Ashby ~4 has d i scussed  an i n -  
t e r e s t i ng  a l t e rna t ive  in which p r i m a r y  deformat ion in -  
compat ib i l i t ies  do not produce cavi t ies  d i rec t ly ,  but in i -  
t ia te  highly organized  secondary  s l ip  by punching out 
dis locat ion loops f rom the in ter face  of the inc lus ion with 
the ma t r ix  to reduce  the local  shear  s t r e s s e s .  These 
loops then form r e v e r s e  p i l e -ups  and can bui ld  up in-  
c r eas ing  in te r fac ia l  t ens i l e  s t r e s s e s  unt i l  they reach 
the in te r fac ia l  s t rength  when a cavity is formed.  Ashby 's  
model amounts  to a specia l  upper bound ana lys i s  for 
p las t i ca l ly  d i ss ipa t ing  p r i m a r y  deformat ion  incompat i -  
b i l i t i e s ;  it is however not an upper bound ana lys i s  for 
the total  p rob lem s ince  the a s sume d  flow field is only 
local  and does not sa t i s fy  the dis tant  deformat ion  bound-  
a ry  condit ions of the en t i re  body. Ashby has shown that 
this model can also be fo rmula ted  comple te ly  as a m a c -  
roscopic  sl ip l ine field in which posi t ive and negat ive 
deformat ion  incompat ib i l i t i e s  around the par t i c le  can 
be ba lanced agains t  each other by a closed sl ip l ine f ield 
of four lobes,  e4 Thus,  in spite of the fact that the i n t e r -  
facia l  s t r e s s e s  calculable  by this model a re  no be t t e r  
than a high upper bound, the model is conceptual ly  s i m -  
ple and as we will  show la te r  is useful  in unders tanding  
in te rac t ions  between pa r t i c l e s  to explain why la rge  p a r -  
t i c les  lead to cavi ty  fo rmat ion  before  sma l l  pa r t i c l e s .  

McClintock 15 has given an extensive  e l a s t i c - p l a s t i c  
cont inuum ana lys i s  of s t r e s s  d i s t r ibu t ions  around cy l in -  
d r ica l  pa r t i c l e s  in an t i -p lane  s t ra in ,  where it is shown 
that la rge  s t r a in  concen t ra t ions  can develop around non-  
deforming pa r t i c l e s  in n o n - s t r a i n  hardening  ma t r i c e s .  
Arguing that s i m i l a r  s t r a in  concen t ra t ions  mus t  also 
occur in plane s t r a in  deformat ion  and that such high 
s t r a in  concent ra t ions  in c rys t a l  p las t i c i ty  a re  usua l ly  
composed of d is locat ion  p i le -ups ,  McClintock has sug-  
gested that cavi ty  fo rmat ion  at in te r faces  may obey a 
c r i t i ca l  local  s t r a i n  c r i t e r ion ,  or a l t e rna t ive ly  a c r i -  
t e r i on  that may be a mix ture  of a c r i t i c a l  in te r rac ia l  
shea r ing  s t r a i n  and an in te r fac ia l  n o r m a l  s t r e s s .  The 
na ture  of this combined c r i t e r i o n  has not been c lar i f ied .  
Most inves t iga tors  have adopted one of the above c r i -  
t e r i a  to explain the i r  r e s u l t s .  

Below we will  cons ider  the separa t ion  p r i m a r i l y  of 
only la rge  pa r t i c l e s  for which the ene rgy  c r i t e r i on  is 
always sa t i s f ied  and cavity fo rmat ion  can be expected 
to depend on reach ing  loca l ly  a c r i t i ca l  in te r fac ia l  t en -  
s i le  s t rength .  

1.2 Cr i t i ca l  S t ress  C r i t e r i a  Based on 
Continuum Deformat ion  

In most  ins tances  ducti le  f r ac tu r e  r e su l t s  f rom cav i -  
at inc lus ions  in the m a n n e r  proposed by Zener  2z and ann-  t ies  fo rmed  around inc lus ions  of mic ron  s ize .  On the 
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other  hand, t r a n s m i s s i o n  e l ec t ron  m i c r o s c o p y  of d i s lo -  
cat ion s t r u c t u r e s  around inclus ions  of s u b - m i c r o n  s ize  
have shown that the spacing of the sur rounding  d i s l oca -  
t ions in the high s t r a in  grad ien t  zones a r e  v e r y  much 
s m a l l e r  than the pa r t i c l e  d i ame te r ,  (see e .g . ,  Ref. 18) 
sugges t ing  that at l ea s t  for  l a rge  p a r t i c l e s  a continuum 
ana lys i s  of de format ion  is p roper .  On the o ther  hand 
d i s loca t ion  s t r u c t u r e s  around sma l l  p a r t i c l e s  of only 
s e v e r a l  hundred Angs t roms  d i a m e t e r  a r e  usual ly  highly 
o rgan ized  p r i s m a t i c  loops,  2~ r e q u i r i n g  a m o r e  d i s -  
c re t e  d i s loca t ion  ana lys i s  for  the in t e r f ac i a l  s t r e s s e s . *  

*In materials where strong slip bands can form due to a low stacking fault 
energy or due to some form of strain softening, the scale for continuum analysis 
will be of the order of these slip band lengths. 

Below we will  d i scuss  both approaches  in o rde r .  
Cons ider ing  the pa r t i c l e  as a r ig id  cy l inder  and the 

sur rounding  m a t r i x  as an e las t i c ,  p las t i c  s t r a in  ha rden -  
ing continuum, the deve lopment  of i n t e r f ac i a l  s t r e s s e s  
is d e s i r e d  for  pure  shea r  deformat ion .  The solut ion for 
any other  s ta te  of de fo rma t ion  having a negat ive  p r e s -  
su re  component  can then be obtained by supe r impos ing  
this  negat ive  p r e s s u r e  on the in t e r f ac i a l  s t r e s s e s  of the 
pure  shea r  solution.  Some solut ions of this  type a l r eady  
exis t .  Huang 2s has p r e s e n t e d  a de fo rma t ion  theory  so lu -  
t ion for  a r ig id  cy l ind r i ca l  inc lus ion embedded into an 
i n c o m p r e s s i b l e  R a m b e r g - O s g o o d  (power- law) m a t e r i a l  
with a s t r e s s  exponent of 7. He finds that  a s t r a in  inde-  
pendent,  constant  i n t e r r ac i a l  t ens i l e  s t r e s s  concen t r a -  
t ion develops  which is m a x i m i z e d  at an angle of about 
12 deg toward  e i the r  s ide of the p r inc ipa l  t ens ion  axis ,  
and has a magni tude of 1.36 t i m e s  the distant  boundary 
shear  t r ac t ion .  Huang also showed that  for  a d e c r e a s e  
in the s t r e s s  exponent  co r re spond ing  to i nc r ea s ing  s t r a in  
hardening  behav io r  the s t r e s s  concen t ra t ion  i n c r e a s e s  
s tead i ly  (and p r e s u m a b l y  approaches  a sympto t i ca l ly  the 
solut ion for  an i n c o m p r e s s i b l e  l inea r  ma te r i a l ) .  Or r  and 
Brown ~ have cons ide red  the s a m e  p rob lem in which the 
m a t r i x  was mode l led  as an i n c o m p r e s s i b l e  e l a s t i c - p l a s -  
t ic  m a t e r i a l  with e i the r  no hardening  or  a l inea r  ha rden -  
ing r a t e  equal  to 1/40 of the Young's  modulus.  Or r  and 
Brown too find that the i n t e r f ac i a l  t ens i l e  s t r e s s  r e a c h e s  
a max imum value  away f r o m  the p r inc ipa l  t ens i l e  d i r e c -  
tion but at an angle of about 17 deg toward  e i the r  s ide of 
this d i rec t ion .  Unlike Huang, Or r  and Brown find, how- 
eve r ,  that  the magnitude of the in t e r r ac i a l  t ens i l e  s t r e s s  
concent ra t ion  i n c r e a s e s  s tead i ly  as the distant  p las t i c  
s t r a in  i n c r e a s e s  both for  the non-hardening  as well  as 
the hardening  m a t e r i a l ,  and shows l i t t le  change in this 
behav io r  even at dis tant  p las t ic  s t r a i n  l eve l s  15 t i m e s  
the yield s t r a i n - - i n  spi te  of the fact  that a s teady s ta te  
might  be expected  f r o m  upper bound a rgumen t s  for  the 
non-hardening  case .  At that  t i m e  the max imum  i n t e r -  
fac ia l  s t r e s s  is  2.52, and 3.03 t i m e s  the boundary shea r  
t r ac t ion  for  the non-harden ing  and l i n e a r l y  s t r a in  ha rd -  
ening m a t e r i a l  r e s p e c t i v e l y .  Because  of this  diff icul ty 
of a lack of s teady s ta te  for  the non-harden ing  m a t e r i a l  
even  at l a rge  p las t ic  s t r a ins ,  we find the solut ion of 
Or r  and Brown not v e r y  useful .  

Rhee and McClintock m have d e m o n s t r a t e d  by means  
of a number  of spec i f i c  examples  that the s t r a in  concen-  
t r a t ions  in inhomogeneous de fo rmat ion  f ie lds  in s t r a in  
hardening  m a t e r i a l s  can be bounded by two l imi t ing  
idea l iza t ions  of the p las t i c  behav io r  of the m a t e r i a l :  a 
non-harden ing  r ig id  p las t i c  behav io r  and a l inea r  b e -  
hav ior  with z e r o  yield s t r e s s  as shown in Fig.  1. As-  
suming  that  the s a m e  idea may  also extend to s t r e s s  
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Fig. 1--Idealization of actual plastic behavior by two limiting 
forms of non-hardening rigid plastic, and linear behavior. 
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b l  

Fig. 2--One quadrant of grid for finite element solution of ini- 
tiation of plastic flow in pure shear around a rigid cylinder. 

concent ra t ions  we have obtained a f ini te  e l emen t  so lu -  
tion for  the pure  shea r  de fo rma t ion  of an e l a s t i c - i d e a l l y  
p las t ic ,  non-harden ing  continuum around a r ig id  cy l in -  
d r i ca l  inc lus ion  and compared  this with the ava i lab le  
l inea r  solut ion as the o ther  f o r m  of e x t r e m e  idea l i za -  
tion. 

The chosen net  conf igura t ion  for the f ini te  e l emen t  
solut ion co r r e spond ing  to 0.01 vo lume  f r ac t ion  of second 
phase is shown in Fig.  2. The e l a s t i c - p l a s t i c  p r o g r a m  
of Marca l  and King 29 was used for  s ix  i n c r e m e n t s  of con-  
stant  t ens i l e  and c o m p r e s s i v e  boundary  d i sp l acemen t s  
equiva len t  to pure  shea r ,  s t a r t ing  f r o m  the point where  
some e l e m e n t s  in the chosen network just  become  p l a s -  
t ic.  The solut ion was obtained for  condit ions r e p r e s e n -  
ta t ive  for  a duct i le  me ta l  such as a luminum (or copper) ,  
i.e.,  for  a Young's  modulus of 104 ksi ,  a P o i s s o n ' s  r a t io  
of 1/3,  and a yield s t r e s s  in tens ion  of 1.6 ksi ,  giving 
Ey = 1.6 �9 10 -3. The sp read ing  of the p las t i c  zones  with 
these  i n c r e m e n t s  is shown in F igs .  3(a) through (e) as 
the shaded r eg ions .  The computed i n t e r f ac i a l  t ens i l e  
s t r e s s e s  and tangent ia l  shea r  s t r a i n s  around the inc lu -  
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/ Table la. Normalized Radial Stresses Orr/k Around the Inclusion, 
Measured From a Point under the Tensile Direction 

0 

' ) '~(k/G) 4.5 deg 13.5 deg 22.5 deg 31.5 deg 40.5 deg 

0.770 1.495 1.400 1.025 0.765 0.160 
0.848 1.606 1.535 1.125 0.825 0.175 
0.925 1.550 1.510 1.070 0.905 0.180 
1.000 1.480 1.440 1.000 0.875 O. 150 
1.080 1.425 1.380 0.930 0.875 0.140 
I. 158 1.400 1.380 0.900 0.870 0.100 

(c) ' (d) 

Table lb. Normalized Tangential Stresses o~/k Around the Inclusion, 
Measured From a Point Under the Tensile Direction 

0 

' ) '~(k/G) 4.5 deg 13.5 dog 22.5 deg 31.5 deg 40.5 dog 

0.770 0.745 0.700 0.510 0.385 0.080 
0.848 0.800 0.765 0.560 0.435 0.090 
0.925 0.780 0.755 0.535 0.420 0.100 
1.000 0.740 0.720 0.500 0.500 0.090 
1.080 0.710 0.690 0.465 0.500 0.090 
1.158 0.700 0.690 0.450 0.520 0.060 

i i (e) (f) 
Fig. 3--Spreading of the plastic region (shaded) with increas- 
ing boundary displacements for elastic, non-hardening plastic 
idealization: (a) u 1 = u 0 where plastic flow is just initiated, (b) 
U 1 = 1.1u O, (C) u 1 = 1.2Uo, (d) u 1 = 1.3u O, (e) u 1 = 1.4Uo, (f) u 1 
= 1.5u o. 

s ion as a function of an angle 0 m e a s u r e d  f rom the d i -  
r ec t ion  of p r inc ipa l  t ens ion  a re  given in Tables  Ia 
through c. Unlike the two solut ions d i s cus sed  above our 
solut ion shows a flat  maxxmum for the in te r rac ia l  s t r e s s  
in the p r inc ipa l  t ens i l e  d i rec t ion  without a s igni f icant  
drop before  an angle of about 15 deg. Since the f ini te  
e l emen t  net  is quite coa r se  and other  unevennesses  of 
s t r e s s  a re  apparent  f rom Table I, we a t t r ibute  this  to 
defects  in the p rog ram and accept  the max imum i n t e r -  
facial  s t r e s s  at 0 = 0 deg as an appropr ia te  m e a s u r e  of 
the concent ra ted  in te r fac ia l  t ens i l e  s t r e s s .  The change 
of this  max imum s t r e s s  in units  of the yield s t rength  in 
shear  k of the ma t r ix  is given as a function of the in-  
c r ea s ing  d is tant  shear  s t r a i n  in Fig.  4, and indica tes  
that a f a i r ly  s table  solut ion was reached.  The max imum 
in te r fac ia l  t ens i le  s t r e s s  is found to be 1.5k which is 
somewhat  higher  than the s t r e s s  obtained by Huang. The 
d is t r ibu t ion  of equivalent  shear  s t r a in  which is mapped 
out by the spreading  p las t ic  zones shown in Fig. 3(a) 
through (e) r e s e m b l e  c lose ly  that obtained by Orr  and 
Brown. We note fu r the r  f rom Table Ic that there  is 
only a v e r y  modera te  in te r fac ia l  shea r  s t r a in  concen-  
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Table Ic. Magnitude of Normalized Tangential Shear Strain T,~I(k/G) Around the 
Inclusion, Measured From a Point Under the Tensile Direction 

0 

"y / (k /G)  4.5 deg 13.5 deg 22.5 deg 31.5 deg 40.5 deg 

0.770 0.026 0.570 0.615 0.950 0.970 
0.848 0,032 0.622 0.675 1.060 1.080 
0.925 0,032 0.610 0.660 1.225 1-250 
1.000 0,032 0.675 0.725 1.220 1.240 
1.080 0.026 0.692 0.740 1.255 1.275 
1.I 58 0.026 0.725 0.770 1.340 1.360 

t r a t ion  of about 1.10 on the in te r face  pa ra l l e l  to the 
planes  of ma x i mum shear  s t r a i n  in the dis tant  field 
(i.e., at e = 45 deg). 

The second bounding solut ion for the in te r fac ia l  
s t r e s s e s  around a r ig id  inc lus ion  in an i ncompres s ib l e  
(i.e., v = 0.5) l i nea r  m a t e r i a l  can be obtained d i rec t ly  
f rom the theory  of e las t i c i ty  (see Muskhel ishvi l l i  3~ or 
Savin sl and a re  

art  =P [4 (rP---) e -  3 (P)4 + 1] cos 20 [1] 

CO0 = p [ 3 ( P )  4 -  1] COS 20 [2] 

trzz : P 2 ( P f c o s 2 0  [3] 

C r r o = P [ 2 ~ ) 2 - 3 ( P ) 4 - 1 ]  s i n 2 0  [4] 

where p is the boundary  shear  t r ac t ion  and p the rad ius  
of the cy l inder .  The in te r rac ia l  t ens i l e  s t r e s s e s  and 
shear  s t r a i n s  around the inc lus ion  a re  plotted in Fig. 5 
as a function of the angle 0. We see that the t ens i l e  
s t r e s s  is max imized  at ~ = 0 and is equal  to 2 t imes  the 
boundary  shear  t rac t ion .  S imi la r ly  the in te r rac ia l  shear  
s t r a in  is max imized  at 0 = 45 deg and is also equal to 
twice the dis tant  boundary  shear  s t r a in .  

M E T A L L U R G I C A L  T R A N S A C T I O N S  A 



2 
I I 1 I 

(1971) 

. . . . .  "~x ~ r  T o ~ d - B  ~ : n  ( 1 9 7 3 ,  

o I I I i 
0.7 o .8  o .9  I.o I. I L2 

) 'oo/~-y 
Fig. 4--Change of maximum interfacial tensile stress with in- 
creasing boundary strain in non-hardening material. Solutions 
of others are also shown for comparison. 
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Fig. 5--Distribution of interfacial tensile stress and shear 
strain around a rigid particle in an incompressible linear 
matrix. 

Fig .  6 shows the d i s t r i bu t ion  of the to ta l  p r i n c i p a l  
s t r a i n  exx outs ide  the inc lus ion  for  the two bounding 
so lu t ions ,  in units  of the to ta l  d i s tan t  s t r a i n .  The so l id  
cu rve  r e p r e s e n t s  the d i s t r i b u t i o n  obta ined  f r o m  the f inal  
i n c r e m e n t  in the f ini te  e l e m e n t  a n a l y s i s ,  while the b r o -  
ken curve  i s  computed  f r o m  Eqs .  [1] and [2] by  means  
of the e l a s t i c  s t r e s s  s t r a i n  r e l a t i o n s ,  in which the l oca l  

8 

UJ 

2.0  

I .O 

O O 
0 

0 
0 

o o 
O0 

0 

o%o 

o E x p e r i m e n t a l  

E l a s t i c  - P l a s t i c  
non - hardening 

- - - -  L i n e a r  

o I I I 1 
0 2 4 6 8 I0 

r / p  

Fig. 6--The distribution of principal total strain exx paral lel  
to the tension direction for the elastic, non-hardening plastic 
material ,  the linear incompressible material ,  and experimen- 
tal measurements on a model copper specimen with a hard- 
ened cylindrical Cu-Be "inclusion".  

s t r a i n s  a r e  again  n o r m a l i z e d  with the d i s t an t  s t r a i n  
EXX ~ "  

If the d i s t an t  de fo rma t ion  f ie ld  were  not pure  s h e a r  
but  had a nega t ive  p r e s s u r e  component  aT,  th is  nega t ive  
p r e s s u r e  would have to be added to the p l a s t i c  d r a g  in-  
duced i n t e r f a c i a l  s t r e s s e s  computed  by  the two l imi t ing  
so lu t ions  d i s c u s s e d  above.  Thus,  b a s e d  on Rhee and 
McCl in tock ' s  hypo thes i s  the ac tua l  i n t e r r a c i a l  s t r e s s e s  
could now be bounded as  

~k  < _ a r t -  a T < 2k [5] 

where  the  lef t  hand bound is for  the non-ha rden ing  i d e a l -  
i za t ion  while the r i gh t  hand bound is  for  the l i n e a r  i d e a l -  
iza t ion  where  k is  c o n s i d e r e d  as  the f low stress  in s h e a r .  
If Huang 's  so lu t ions  fo r  the R a m b e r g - O s g o o d  m a t e r i a l  
with p o w e r - l a w  ha rden ing  were  to be  e x t r a p o l a t e d  to 
non-ha rden ing  b e h a v i o r  and were  taken  for  the lower  
l i m i t  i t  m a y  be  as  low as  k. Since for  mos t  of the s t r a i n  
ha rden ing  b e h a v i o r  of i n t e r e s t ,  i.e., for  the  exponents  n 
be tween 2 and 8, Huang 's  so lu t ions  e i t he r  fa l l  s l i gh t ly  
below the lower  l i m i t  o r  be tween the l i m i t s ,  we wil l  t ake  
the above l i m i t s  as  bounds for  the p l a s t i c  d r a g  induced 
i n t e r f a c i a l  t e n s i l e  s t r e s s .  Since these  l i m i t s  a r e  r a t h e r  
c lose  toge the r  and s ince  t h e i r  mean va lue  of 1.75k is 
v e r y  n e a r l y  the  flow s t r e s s  in tens ion ,  Y, we take  for  
the to ta l  i n t e r f a c i a l  t e n s i l e  s t r e s s  

arr ~- Y(gP) + a T [6] 

where  Y(~P) is  the flow s t r e s s  in the r eg ion  of the in-  
c lus ion  for  the a v e r a g e  loca l  p l a s t i c  s t r a i n  of the reg ion ,  
had the inc lus ion  not  been  p r e s e n t .  

I~q. [6] shows that  the  i n t e r r a c i a l  s t r e s s  wi l l  i n c r e a s e  
with s t r a i n  ha rden ing  and with t r i a x i a l i t y .  Both of t h e s e  
e f fec t s  a r e  known to r educe  duc t i l i t y  and hence,  mos t  
l ike ly ,  a l so  p r o m o t e  cav i ty  fo rma t ion .  The above con-  
t inuum a n a l y s i s  for  an i so l a t ed  inc lus ion  p r e d i c t s  an 
i n t e r f a c i a l  s t r e s s  dependent  only  on the su r round ing  
s t r a i n  s t a t e  and nega t ive  p r e s s u r e  but  not on the s i ze  
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Fig. 7--Ashby's model of the production of a secondary plas- 
tic zone to dissipate the elastic shear stresses arising from 
the interfacial displacement incompatibility upon plastic 
straining of the matrix. 

of the pa r t i c l e .  We will  see  below that the pa r t i c l e  s i ze  
ef fec ts  a r e  a r e s u l t  of pa r t i c l e  in te rac t ions  which occur  
at l a rge  local  second phase concent ra t ions  and at l a rge  
p las t ic  s t r a ins .  

1.3 Cr i t i c a l  S t re s s  C r i t e r i a  Based on 
Dis loca t ion  Models 

In a s tudy of enhanced work hardening  due to non-de -  
fo rmab le  inc lus ions  Ashby 14 p roposed  a p las t ic  a c c o m -  
modation model  of d i sp l acemen t  incompat ib i l i t i e s  which 
develop between a homogeneous ly  shea r ing  continuum 
and a r ig id  inclusion.  This  model  which is p a r t i c u l a r l y  
useful  in the unders tanding of inclusion in te rac t ions  is 
based  on Eshe lby ' s  32 approach for  cons ide r ing  t r a n s f o r -  
mat ion p rob lems .  It is i l l u s t r a t ed  in Fig.  7. In a thought 
expe r imen t  the non -de fo rmab le  s p h e r i c a l  inclusion of 
rad ius  p shown in Fig.  7(a) is r e m o v e d  and r e p l a c e d  by 
a sphere  of pa ren t  m a t e r i a l .  The continuum is p l a s t i c -  
al ly shea r ed  by an amount  V which d i s to r t s  the sphere  
of pa ren t  m a t e r i a l  into an e l l ipso id  as shown in Fig.  
7(b). The d i s to r t ed  e l l ipso id  is now r e m o v e d  and the 
non -de fo rmab le  sphere  is to be r e - i n s e r t e d .  This  r e -  
qu i re s  the e l imina t ion  of the d i sp l acemen t  incompat ib i l -  
i t ies  of a m a x i m u m  amoung of yp/2 .  For  sma l l  shea r  
s t r a in s  such incompat ib i l i t i e s  could be accomm oda t ed  
in the m a t r i x  by loca l  e l a s t i c  de format ion .  If the inc lu-  
sion is v e r y  s m a l l  and if the sur rounding  m a t e r i a l  lacks  
operab le  d i s loca t ion  s o u r c e s  the e l a s t i c  s t r e s s e s  could 
r i s e  until the ideal  shea r  s t rength  is  r e a c h e d  at the in-  
t e r f a c e  and d is loca t ion  loops a r e  punched out to f o r m  a 
p las t ic  accommoda t ion  zone shown in Fig. 7(c). This  
p las t i c  accommoda t ion  zone r educes  the shear  s t r e s s e s  
around the inclusion.  The in t e r f ac i a l  no rma l  s t r e s s e s ,  
however ,  continue to r i s e  to f o r m  a cav i ty  a c r o s s  the 
p r inc ipa l  t ens i l e  d i rec t ion  when the in t e r f ac i a l  s t r e s s  
r e a c h e s  the in t e r f ac i a l  s t rength .  Although this  model  
is not a fu l ly  accep tab le  upper bound flow field for  the 
r e a sons  a l r e ady  given above,  it is s imp le  and lends i t -  
se l f  to the incorpora t ion  of many impor tan t  de ta i l s .  
T h e r e f o r e ,  we wil l  develop it fu r the r .  

We a s sume ,  toge ther  with Ashby, that  the ideal  shea r  
s t rength  is r e ached  at the in te r face  be fo re  the ideal  co-  
hes ive  s t rength  of the in t e r f ace  (Kelly, Tyson, and 
Cottrel133 have d i s cus sed  the a tomic  bonding r e q u i r e -  
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Fig. 8--(a) Idealization of the cylindrical plastic punching by 
a cylinder elastically or plastically extended in a rigid cavity 
against wall friction; (b) Plastic punching between two inter- 
acting particles. 

ments  in d i f fe ren t  m a t e r i a l s  for  this  condit ion to be 
sa t is f ied)  and that  c i r c u l a r  loops a r e  punched out and 
moved away f r o m  the s p h e r i c a l  inclusion agains t  an 
e f fec t ive  shea r  drag  k s . We s impl i fy  the p rob lem by 
cons ide r ing  the d is loca t ion  loops as a cont inuously d i s -  
t r ibuted  d is loca t ion  dens i ty  and idea l i ze  the model  as a 
cy l indr ica l  punch indenting an e l a s t i c - p l a s t i c  cy l inder  
e i the r  into or  out of a cy l indr ica l  hole in a r ig id  s e m i -  
infinite medium agains t  a wall  f r i c t iona l  d rag  of amount 
k s which can be taken as the c r i t i c a l  r e s o l v e d  shea r  
s t r e s s  of yielding of a s ingle  c rys t a l ,  as shown in Fig.  
8(a). We find it n e c e s s a r y  to dis t inguish a number  of 
impor tan t  a l t e rna t i ve s .  

a) Very  sma l l  s p h e r i c a l  inc lus ions  (p ~< 100/~): The 
idea l i zed  model  is as shown in Fig.  8(a). The cy l inder  
of rad ius  p / v ~  is ex t r ac t ed  outward (punched outward) 
by in t e r f ac i a l  n o r m a l  su r f ace  t r ac t ions  ~ r r  agains t  only 
a wall  f r i c t ion ,  it contains  no d i s loca t ions  inside,  hence  
is incapable  of undergoing in te rna l  p las t i c  r e l axa t ion .*  

*The radii of the cylindrical secondary plastic zones are chosen to be p/x/2 to 
have their intersections with the spherical inclusion take place where both the 
shear traction o,~ and the shear stress Oxy is maximized on the circumference. 

The n o r m a l  s t r e s s e s  b e c o m e  d i s s ipa ted  by the wall  f r i c -  
t ion k s over  a length k/2 which we t e r m  the s e c o n d a r y  
p l a s t i c  z o n e .  Choosing coord ina tes  x as shown in Fig.  
8(a) the d i f fe ren t ia l  equat ion for  the change of the n o r -  
mal  s t r e s s  along the cy l inder  is 

da  2r  _- 0 [7] 
d x  P 
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where 

d~  
= E d x  [8]  

The boundary  condit ions a re  u = d u / d x  = 0 at x = 0 ( i . e . ,  
a = 0, at x = 0). which gives immedia t e ly  

2 q - 2 k  s 
- x [9]  

P 

The extent  of the secondary  plas t ic  zone is obtained 
f rom the d i sp lacement  incompat ib i l i ty  at the in te r face ,  
i . e . ,  u = y p / 2  at x = ~/2,  and is 

~ =On/ y E  W2~kj [101 

This gives f ina l ly  the in te r fac ia l  t ens i l e  s t r e s s  at x 
= X/2 as 

(~rr = k0 + 6 y [11] 
ry ' 

where the f i r s t  t e r m  r e p r e s e n t s  the cont r ibut ion  of the 
d is tant  f ield and the second t e r m  the in te r fac ia l  s t r e s s  
due to the secondary  p las t ic  zone. In Eq. [11] k o is the 
yield s t r e s s  in shear  of the po lycrys ta l  and m the well  
known Taylor  factor ,  i . e . ,  k o / k  s = r n / ~ f 3 ,  where m is 
gene ra l ly  taken as 3.1. This  s t r e s s  is again indepen-  
dent of s ize  of the inc lus ion  but i n c r e a s e s  r e l a t i ve ly  
rap id ly  with i nc r ea s ing  p las t ic  s t r a i n  as shown in Fig. 
9. A cavi ty  would fo rm af ter  a c r i t i ca l  p las t ic  s t r a i n  
7c when the in te r rac ia l  s t r e s s  equals the in ter fac iaI  
s t rength  ~i, i . e . ,  when 

2 

" :  - 1 ) .  I1,,] yc - O : - g -  

As d i scussed  in Sec. 1.1 reach ing  the in te r fac ia l  
s t rength  is n e c e s s a r y  but not suff icient  for cavi ty  fo r -  
mat ion.  The l a t t e r  r e q u i r e s  a lso that  there  be enough 
e las t ic  energy  s tored  in the reg ion  to provide for the 
energy  of the f ree  sur faces ,  i . e . ,  the ra t io  

(~ - ~ i )  fro ~ 
f l (  aa "](2rrp3"~ < 1 [13] 

where the n u m e r a t o r  is the sur face  ene rgy  of the cav-  
ity and the denomina tor  the e las t i c  ene rgy  that can be 
r e l e a s e d  by a cavity. In Eq. [13] ~ is the sur face  f ree  
ene rgy  of the cavity, ~i  the in te r fac ia l  energy,  and the 
factor  fi of the o rde r  0.5 is to account for the sharp ly  
dec rea s ing  t ens i l e  s t r e s s  away f rom the in ter face .  
Cons ider ing  that (~ - ~ i )  ~ ~ i b / 4  (where b is a la t t ice  
d imension) ,  and that a i / E  ~ 0.1 one finds that cavi t ies  
can only open up when 

p 3 E 
- -  - -  - -  ~ 15. [141 
b > 2 o" i 

For  weaker  in te r faces  the c r i t i ca l  s ize  i n c r e a s e s .  For  
s m a l l e r  inc lus ions  s table  cavi t ies  cannot form sponta-  
neously:  upon reaching  of the in te r rac ia l  s t rength  the 
sma l l  inc lus ion  will s epa ra te  f rom the ma t r ix  a ce r t a in  
d is tance  of a tomic  d imens ions  to r e l i eve  par t  of the 
e las t i c  energy,  but  long range  forces  wil l  s t i l l  act 
a c r o s s  the in ter face .  As a l ready  ment ioned above, as 
s t r a in ing  cont inues and the d i sp lacement  incompa t ib i l -  
ity between ma t r ix  and inc lus ions  i n c r e a s e s ,  the in -  
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Fig. 9--Change of interfacial stress with increasing distant 
plastic strain for an elastic plug and a plastic, strain hard- 
ening plug. 

clus ion  can s t i l l  be slowly separa ted  f rom the ma t r ix  
in a gradual  and s table  ma nne r .  In some cases  the in -  
c lus ions  may only be ve ry  poor ly  adhered to the ma-  
t r ix ,  and it can be a s sumed  that ~i ~ 0. Then the t e n -  
s i le  incompat ib i l i ty  can be accommodated  at the i n t e r -  
face f rom the beginning  by the fo rmat ion  of a cavity 
without punching out any secondary  p las t ic  zone. 

To meet  the condit ion given in E q. [14] the inc lus ion  
mus t  have a d i ame te r  of 75 to 100A or over .  For  s ig -  
n i f icant ly  l a r g e r  inc lus ions  it becomes  more  and more  
l ike ly  that some re t a ined  p r i m a r y  d is loca t ions  tangled 
around the inc lus ion  act  as sou rces  and that the punched 
cyl inder  can undergo in te rna l  p las t ic  r e laxa t ion  as well. 

b) Large spher ica l  inc lus ions  (p >> 100A): With in -  
t e rna l  p las t ic  r e laxa t ion  inside the punched cyl inder  
the ideal ized model is s t i l l  as shown in Fig. 8(a), giv-  
ing r i s e  to the same  d i f fe rent ia l  equation for the change 
in the no rma l  s t r e s s  ~ by Eq. [7]. The s t r e s s - s t r a i n  
law now is n o n - l i n e a r  and may be taken as 

E = ~ du = (~7--~)a ,n [lS] 
,y ,y dx " o "  

where Ey and Yo are  the yield s t r a i n  and yield s t r e s s  
in tens ion respec t ive ly ,  and where the exponent n can 
be anywhere f rom 2 to 8 r e p r e s e n t i n g  dec rea s ing  ca-  
pac i t ies  for s t r a i n  hardening.  

The solut ion of Eq. [7] together  with the new non-  
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l i nea r  const i tu t ive  law, and the same  boundary  condi-  
t ions as before  can be obtained r ead i ly  ana ly t ica l ly  for 
any exponent n and leads  to (see Appendix) 

~r,  = ko + 4~ ( [16] 
Yy 

where again the f i r s t  t e r m  r e p r e s e n t s  the contr ibut ion 
of the dis tant  field. The secondary  p las t ic  zone now 
becomes  

"2 = P 2,r \ m yy " [17] 

The i nc r ea se  of s t r e s s  with plas t ic  s t r a i n  due to 
punching of the secondary  p las t ic  zone is now cons id-  
e r ab ly  s lower  than in the previous  case where plas t ic  
re laxa t ion  ins ide  the punched out cy l inder  was not pos-  
s ible .  Fig. 9 shows the r i s e  of the port ion of the i n t e r -  
facial  s t r e s s  r e su l t i ng  f rom the punching of the secon-  
dary  p las t ic  zone for the case without re laxa t ion  and 
one where the harden ing  exponent n = 2.5 co r r e spond-  
ing to copper.  As the s t r a i n  hardening  ra te  becomes  
l e s s  with i nc r ea s ing  exponents  n,  t h e  ra te  of r i s e  due 
to this component  would become p r o g r e s s i v e l y  less .  

It is of i n t e r e s t  to compare  the above solution for 
the dis locat ion loop punching model with the cont inu-  
um solution.  When the hardening  ra te  dec r ea s e s  as 
n ~ oo the in te r fac ia l  s t r e s s  concent ra t ion  goes a symp-  
to t ica l ly  to 

l im ( r  = 1 + [18] 

This value is 89 pet higher  than the lower l imi t  given 
in Eq. [6] to which it should cor respond.  Although this  
solut ion is not to be p r e f e r r e d  to the cont inuum solu-  
t ion d i scussed  in the preceding  sect ion,  it gives a r e -  
sul t  well  within a factor  of 2 of the la t te r ,  and will be 
useful  to inves t iga te  effects of inc lus ion  in terac t ion .  

c) In terac t ing  Inclus ions :  Many inves t iga to rs  have 
repor ted  that in a given sample  la rge  inc lus ions  appear  
to produce cavi t ies  sooner  than sma l l  ones - - a  pa r t i cu -  
l a r l y  well r epor ted  case being that of P a l m e r  and 
Smith./9 Some of the prev ious  explanat ions  of this ef-  
fect appear  to be e r roneous  such as for ins tance  the 
energy  explanat ion of Gurland and Plateau ~ which 
was d i scussed  above to be only a n e c e s s a r y  condit ion 
for cavi tat ion.  The explanat ion advanced by Pa lmer  
and Smith that l a rge  inc lus ions  may  act as more  ef-  
f ic ient  s inks  for embr i t t l i ng  impur i t i e s  could ce r t a in ly  
be val id but cannot l ikely  be r e spons ib le  for this phe- 
nomenon in all  cases .  It is r easonab le  to expect that 
the effect may have its or ig in  in in te rac t ion  between 
inc lus ions .  F r o m  d imens iona l  ana lys i s  it is c lear  that 
the s t r e s s  concent ra t ion  cannot be dependent  on inc lu -  
sion s ize  for the case of an isola ted la rge  inc lus ion  
(surface energy  r e s t r i c t i o n s  being unimpor tant )  in an 
infini te  medium where there  is only one length d imen-  
sion. When inc lus ions  a re  in ve ry  f ini te  media  or when 
many  inc lus ions  a re  p re sen t  in a body so that the i r  
spacing becomes  of the o rder  of the i r  d i ame te r  a new 
length p a r a m e t e r  appears  in the ana lys i s .  It can be 
r ead i ly  seen,  however,  that even in this  case the s t r e s s  
concen t ra t ion  will be dependent  only on the ra t io  of in -  
c lusion size to spacing.  If al l  inc lus ions  a re  of the 
same size this  would make the s t r e s s  concent ra t ion  

dependent  only on the volume f rac t ion  of second phase 
but not d i rec t ly  on the inc lus ion  size.  It is c lear ,  t h e r e -  
fore,  that an inc lus ion  s ize  dependence of the s t r e s s  
concent ra t ion  can occur ,  at a given volume f rac t ion  of 
second phase,  only if local  va r i a t i ons  of volume f r ac -  
t ion exist ,  making it poss ib le  for some l a r g e r  than 
average  inc lus ions  to be nea r  ne ighbors  at a spac ing  
equal to or s m a l l e r  than the average  spacing.  The s i t -  
uat ion is sketched out in Fig. 8(b) where the ra t io  of 
the net pa r t i c le  d is tance  to the par t i c le  s ize  is given 
by the local  volume f rac t ion  c of second phase.  As-  
suming  that the in t e r io r  of the punched cyl inder  of the 
secondary  p las t ic  zone can undergo p las t ic  r e laxa t ion  
as in the previous  case so that a const i tu t ive  equation 
of the type given in Eq. [15] is valid,  the in te r fac ia l  
t ens i l e  s t r e s s  can be calcula ted ana ly t ica l ly  for a fixed 
p / ~  by the p rev ious ly  outl ined approach only for an ex-  
ponent of n = 2 (see Appendix). A much s i mp le r  approx-  
imate  method can be used, however,  to obtain the i n t e r -  
facia l  s t r e s s  for any exponent n by b reak ing  down the 
cont r ibut ions  to the in te r fac ia l  s t r e s s  into th ree  
sou rces :  a) the s t r a i n  hardening  cont r ibut ion  r e su l t i ng  
f rom the extens ion of the cy l indr ica l  zone as if it were 
an isola ted tens ion  spec imen,  b) the p las t ic  drag con-  
t r ibu t ion  r i s i n g  l i n e a r l y  f rom the cen te r  of the cyl inder  
to the in ter face ,  and c) the cont r ibut ion  of the dis tant  
flow s t r e s s .  This  gives for the in te r fac ia l  s t r e s s  

-- . F  / 
L 

(see Appendix), where the well  known express ion  (see, 
e . g . ,  Brown and E m b u r y  34) for the ra t io  of the net p a r -  
t ic le  spacing to pa r t i c le  rad ius  in a plane 

P 

was used for a local  volume f rac t ion  c of second phase.  
The change of the in te r fac ia l  s t r e s s  with i nc r ea s ing  
plas t ic  s t r a i n  is plotted in Figs .  10(a), and 10(b) for 
two values  of n r e p r e s e n t i n g  those for copper (n = 2.5) 
and s teel ,  (n = 4) and for a va r i e t y  of va lues  of the vo l -  
ume f rac t ion  c. As can be seen f rom the f igure  for 
sma l l  volume f rac t ions  there  is no in te rac t ion  between 
inc lus ions .  

We now cons ider  f i r s t  that all  pa r t i c l e s  a re  of con-  
s tant  s ize but  a re  d i s t r ibu ted  r andomly  in space or on 
any p lanar  sect ion.  If the a r e a  al located per  pa r t i c le  
is a, then the probabi l i ty  of f inding n pa r t i c l e s  in an 
a r ea  of s ize A is given by a Poisson  d i s t r ibu t ion  as 

1 ( A ~  n A 
= . ~-)" P (n, a) ~-. \ ~ - /  exp ( -  [21] 

Cons ider ing  that the chosen a r ea  A together  with n 
cor responds  to a new volume f rac t ion  

2 
c -  nTrp [22] 

A 

for a par t ic le  rad ius  of p, we can obtain r ead i ly  the 
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Fig. 10--Dependence of interracial s t ress  on local volume 
fraction of second phase part icles ,  (a) for copper, n = 2.5, (b) 
for 1045 steel, n = 4. 

p r o b a b i l i t y  for  f inding a loca l  vo lume f r a c t i o n  c in 
integer mul t i p l e s  of the  a v e r a g e  vo lume f r ac t i on  E 
by  l e t t ing  the  a r e a  A go to a, i.e., 

1 
P(C/C-): e ( c ) ' '  : 0 ,  1, 2 , 3 . . . )  [23] 

To obta in  the p r o b a b i l i t y  for  f inding any a r b i t r a r y  

n o n - i n t e g e r  l oca l  vo lume f r ac t i on  be tween  c and c + dc 
we m e r e l y  le t  n = c//~ become  a cont inuous  v a r i a b l e  
by in t roduc ing  the g a m m a  function to obta in  

( c) I ,1 dP ( c / ~  = ~dn/F(n + 1) where  n = c " 

f d n l  r (n  + 1) 
0 

This  l e a d s  f ina l ly  to the p r o b a b i l i t y  of having a loca l  
vo lume f r ac t i on  v a r i a t i o n  equal  to o r  g r e a t e r  than c as ,  

f dn/F (n + 1) 

1 - P (c/g) = c/~ = 0.4412 ~ ,  

f d n / r  (n + 1) c/e 
0 

[25] 
w h e r e  the  i n t e g r a l s  in the  n u m e r a t o r  and denomina to r  
a r e  the incomple t e  and comple t e  Neumann funct ions  
which can be r e a d i l y  eva lua ted  (see  E. H. E r d e l y i ,  
e t  al .  35) 

This  p r o b a b i l i t y  is  p lo t ted  in Fig.  I i  a s  a function 
of the vo lume  f r ac t i on  r a t i o  c/~. To find the depen-  
dence  of the  p l a s t i c  s t r a i n  on the l oca l  vo lume f r a c t i o n  
of second  phase  we equate  the  i n t e r f a c i a l  s t r e s s  in Eq. 
[19] to the i n t e r f a c i a l  s t r eng th  ~i. With i n c r e a s i n g  
p l a s t i c  s t r a i n  7, the s e p a r a t i o n  condi t ion  is  r e a c h e d  
f i r s t  for  c l o s e l y  spaced  l a r g e  inc lus ions  ( l a rge  loca l  
vo lume f r ac t ion  of second  phase)  fo l lowed by  inc lu -  
s ions  with d e c r e a s i n g  s i ze  and i n c r e a s i n g  spac ing .  
The f r a c t i o n  f of the  s e p a r a t e d  inc lus ions  of the  t o t a l  
populat ion is  then given d i r e c t l y  by  the cumula t ive  
p r o b a b i l i t y  of f inding r e g ions  of loca l  vo lume f r a c t i o n  
having a va lue  in e x c e s s  of that  for  which the c u r r e n t  
p l a s t i c  s t r a i n  is  suf f ic ien t  for  cav i ty  fo rma t ion ,  i.e., 

f (7)  = 1 -P(c /c - )  = 1 - P  (ci(7)/c--). [26] 

The app l i ca t ion  of th i s  app roach  to inc lus ions  in 
s t e e l  and copper  is  d i s c u s s e d  in the accompany ing  
pape r  by  Argon  and Im. TM 

Fina l ly ,  i t  is  of i n t e r e s t  to p r e s c r i b e  when inc lu-  
s ions  can be  c o n s i d e r e d  n o n - i n t e r a c t i n g ,  and when 
t h e i r  i n t e r ac t ion  mus t  be t aken  into account .  I n t e r a c -  
t ion be tween  p a r t i c l e s  occu r  when the s e c o n d a r y  p l a s -  
t ic  zones  of ne ighbor ing  p a r t i c l e s  in the plane of 
punching touch,  i.e., when ~ /p  of Eq. [17] equals  that  
of Eq. [20]. Th is  g ives  a c r i t i c a l  s t r a i n  r a t i o  
(7 /~y)c r i t .  above which i n t e r a c t i o n s  mus t  be con-  
s i d e r e d .  

: 1 ,  

The dependence  of th is  c r i t i c a l  s t r a i n  on the vo lume 
f r ac t i on  of second  phase  i s  shown in Fig .  12 fo r  two 
s t r a i n  ha rden ing  exponents .  

2. EXPERIMENT 

A d i r e c t  e x p e r i m e n t a l  v e r i f i c a t i o n  of the a p p r o x i m a t e  
a n a l y s e s  p r e s e n t e d  above was found d e s i r a b l e .  Since no 
meaningful  and r e l i a b l e  method  of d i r e c t  i n t e r f a c i a l  
s t r e s s  m e a s u r e m e n t  could be conceived ,  i t  was c o n s i d -  
e r e d  useful  to m e a s u r e  the p l a s t i c  s t r a i n  d i s t r i bu t ion  
a round  n o n - d e f o r m i n g  inc lus ions  to c o m p a r e  them 
with the s t r a i n  d i s t r i bu t i ons  obta ined  for  the l imi t ing  
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non-hardening  and l inea r  behav io r s  plot ted in Fig. 6. 
To do this ,  a model  e x p e r i m e n t  was des igned in which 
the p las t ic  s t ra in  d i s t r ibu t ion  in a soft  copper  m a t r i x  
could be m e a s u r e d  around a hardened  cy l indr ica l  cop-  
p e r - b e r y l l i u m  inclus ion which could be heat  t r e a t ed  to 
have a yield s t rength  about 10 t imes  that of the copper  
ma t r ix .  The model  spec imen  was p r e p a r e d  by d r i l l ing  
a cen t ra l  0.25 in. hole a l m o s t  through a 2.5 in. diam 
OFHC copper  cy l inder .  This  p iece  toge ther  with a 
graphi te  funnel containing an amount of cas table  cha rge  
of Cu-Be a l loy was p laced  into a vacuum furnace  where  
the spec imen  and the inside of the d r i l l ed  IDle was evap-  
o r a t i o n - c l e a n e d  by mainta in ing  the a s s e m b l y  100~ be -  
low the sol idus point of the al loy for  45 min. The t e m -  
p e r a t u r e  was then r a i s e d  to cas t  the charge  in place.  
After  this the spec imen  was cooled to 800~ and ma in -  
tained the re  for  two h to homogenize  the al loy followed 
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by quenching and t e m p e r i n g  at 300~ for  two h to obtain 
peak ha rdness .  The cy l ind r i ca l  bar  with the Cu-Be co re  
was then machined  into two 1.75 in. squa re  b locks  of 1.5 
in. th ickness  with the cy l ind r i ca l  core  running along the 
shor t  length and through the cen te r  of the square  faces .  
All f aces  of the b locks  were  then pol i shed  and one of the 
square  faces  was provided  with a fine, s c r a t c h e d  
square  gr id  of 0.017 in. spacing running p a r a l l e l  to 
the edges  of the block.  The two blocks  were  then put 
toge ther  face  to face  so that  the gr id  r e m a i n e d  be-  
tween the blocks .  The pa i r  were  then c o m p r e s s e d  
10 pct in a plane s t r a in  c o m p r e s s i o n  j ig as shown in 
Fig. 13. The c o m p r e s s i o n  faces  and the two outs ide 
faces  touching the j ig were  coated with a MoSs sp ray  
to r educe  f r ic t ion .  This  p reven ted  b a r e l l i n g  of the 
spec imen .  After  c o m p r e s s i o n  the blocks  were  r e -  
moved f r o m  the jig, taken apar t  to r e v e a l  the in t e r -  
nal  gr id ,  which was then m e a s u r e d  to compute  the 
d i s t r ibu t ion  of the l a t e r a l  s t r a in  p a r a l l e l  to the p r in -  
cipal  extens ion d i rec t ion .  This  d i s t r ibu t ion  of the 
m e a s u r e d  no rma l  s t r a in s  is shown in Fig.  6 for  c o m -  
pa r i son  with the t h e o r e t i c a l l y  de t e rm ined  bounds for  
the s t r a in  d is t r ibut ion .  The actual  m e a s u r e d  s t r a ins  
a re  g r e a t e r  than the p las t ic  s t r a in s  nea r  the inc lus ion 
but b e c o m e  s m a l l e r  than the p las t ic  s t r a in s  at g r e a t e r  
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Fig. 13--Experimental arrangement for determining local 
iolastie strains in a copper block with a hardened, cylindri- 
cal Cu-Be "inclusion". 
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dis tances .  Since the inc lus ion  was not r ig id  but actu-  
al ly had a f a i r ly  high compl iance  and showed s igns  of 
some plas t ic  s t r a in ing  these  depa r tu re s  f rom expected 
behavior  a re  cons idered  not su rp r i s i ng .  In any event 
the expe r imen ta l  d i s t r ibu t ion  l ies  n e a r e r  to the p l a s -  
t ic non -ha rden ing  solut ion than to the l i nea r  solution.  
This  lends support  to the bounding ana lys i s  d i scussed  
in Sec. 1.2. 

3. DISCUSSION 

The various approximate analyses presented above 
show that for very small inclusions where no local 
diffuse plastic relaxation is possible because of the 
complete absence of dislocations in the surroundings, 
the shear stresses on the inclusion interface can be 
relieved by punching out dislocation loops as suggested 
by Ashby. I~ This cannot relieve the interfacial tensile 
stresses which may reach the interfacial strength. 
When the inclusion diam is less than about IOOA there 
is insufficient elastic energy stored in the surroundings 
of the inclusion and cavities cannot form upon reaching 
of the interfacial strength at the interface. When the 
inclusion diam exceeds this cut-off limit, stable cavi- 
ties can form. In this range of increasingly larger in- 
clusions, however, local plastic relaxations become 
more and more likely and a continuum analysis for the 
stress concentrations becomes appropriate. All such 
continuum analyses give a rather mild stress concen- 
tration factor which for a pure shear mode of deforma- 
tion is only of the order of ~/3, i.e., the interfacial 
stress is of the order of the local equivalent flow 
stress in tension, when the volume fraction of second 
phase is small so that the secondary plastic zones of 
particles do not touch, then the particles act in isola- 
tion and the interracial stress is independent of the 
particle size but depends only on the local flow stress 
and any local long range triaxial stress, when the vol- 
ume fraction is large or when the shear strain is large 
so that the secondary plastic zones of particles touch, 
the particles interact. If the particles are of uniform 
size and quasi-uniform spacing, the interfacial stress 
becomes in addition to the plastic strain, dependent 
also on the volume fraction of the second phase but re- 
mains still independent of the particle size, i.e., at 
constant volume fraction any increase in particle size 
is balanced by a proportional increase in particle 

spacing.  The in te r rac ia l  s t r e s s  becomes  par t i c le  s ize  
dependent  only if there  a re  s igni f icant  local  va r i a t i ons  
of volume f rac t ion  of second phase f rom point to point 
for a given average  second phase volume f rac t ion.  
Such va r i a t i ons  of volume f rac t ion  ac tual ly  exis t  in 
many inc lus ion  be a r i ng  al loys and can account for the 
often r epor t ed  effects of pa r t i c le  s ize  on local  s t r a i n  
for cavi ty  fo rmat ion  in the case of non -de fo rmab le  in -  
c lus ions .  Expe r imen ta l  evidence for such effects will 
be p resen ted  in the accompanying paper  by Argon and 
Ira. 18 

The in te rac t ion  of secondary  p las t ic  zones around 
pa r t i c l e s  d i s cus sed  here  is ,  however ,  not the only pos-  
s ible  explanat ion for pa r t i c le  s ize  effects in void fo r -  
mation.  Cox and Low 36 have d i s cus sed  other  poss ib i l i -  
t ies  for p las t i ca l ly  deformable  inc lus ions  and for b r i t -  
t le,  inc lus ions ,  having a va r i a b i l i t y  of s t rength  based  
on s t a t i s t i c a l l y  d i s t r ibu ted  flaws. 

We close with a note of caution that  our ana lys i s  ap-  
pl ies  only to n e a r l y  non-de fo rmab le ,  equiaxed inc lu -  
s ions .  There fo re  the r e s u l t s  mus t  not be applied in -  
d i s c r i m i n a t e l y  to cases  of deformable  inc lus ions  which 
could p re sen t  qual i ta t ive ly  di f ferent  behavior .  

APPENDIX 

A.I. interracial Stresses Around Large 
Spherical inclusions 

The first integral of the differential equation for the 
normal stress along the secondary plastic zone (Eq. 
[7]), gives 

(r(x) = 2 f 2 - k s  x + C [A- l ]  
P 

where x is m e a s u r e d  f rom the end of the secondary  
p las t ic  zone. Using the n o n - l i n e a r  const i tu t ive  equa-  
t ion of Eq. [15] gives 

e _ ( 2 f 2 t e s X  C 12 

[A-2] 

which when in tegra ted  gives the d i sp lacement  u, also 
m e a s u r e d  f rom the end of the secondary  p las t ic  zone 
as 

u - 6yYoP ~n§  + D [A-3] 
2 ( 2 - k  s (n + 1) 

where 

2 r  C [A-4] 
- + - -  

YoP Yo 

When x = 0, ~ = C / Y  o and u = 0. This gives 

+ L 
[A-5] 

The other boundary condit ion is that u = yp/2 when 
x = X/2. This gives 

yp _ e v  YoP [ (  "f 2 k s A 

2 2~/2ks~n+ l) L\ Y-~- 
+ C ,~,~§ C n+l 

[A-6] 
f rom which the in tegra t ion  constant  C could be d e t e r -  
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mined as a function of the yet unknown extent  of the 
s econda ry  p las t i c  zone X/2. The s econda ry  p las t i c  
zone can then be obtained by subst i tu t ing  C(~t/2) into 
Eq. [A-I ]  and se t t ing e = 0 at x = 0. This ,  however ,  
t e l l s  i m m e d i a t e l y  that  C = 0, which can only be s a t i s -  
f ied if X is chosen to sa t i s fy  Eq. [A-6] for  the spec ia l  
value  of C = 0. This  g ives  the extent  of the s econda ry  
p las t i c  zone as 

1 

where  m = d - 3 k o / k  s and ey = 7y/X/3- was used in the 
evaluat ion.  

We now obtain the in t e r f ac i a l  s t r e s s  due to the 
punching out of the s e c o n d a r y  p las t i c  zones  as 

1 

e : k o q -  ~- ( q - 6 ( n +  1 ) (  7 ) ) - ~ -  .~ -y  , ,  [a-s] 

The dis tant  s t r e s s  govern ing  the dis tant  p las t ic  
s t r a in  wil l  a lso  appear  a c r o s s  the boundary  and must  
be added to the above s t r e s s  to obtain the to ta l  i n t e r -  
f ac ia l  s t r e s s .  This  s t r e s s  is ko(7 /~v )  l/n giving for  
the to ta l  i n t e r f ac i a l  t ens i l e  s t r e s s  e r r  f inal ly,  

J 

r< ' -  ( )} e r r  : ko ~__)n + ( -3  x /6 (n  + 1) 7 - ~  [A-9] 
L x 7y I m 7y 

A.2. In te rac t ing  Inclusions 

When the s e c o n d a r y  p las t i c  zones  of p a r t i c l e s  touch 
at l a rge  vo lume  f r ac t ions  of second phase,  or  at l a rge  
p las t i c  s t r a in s ,  the in te r rac ia l  s t r e s s  b e c o m e s  depen-  
dent a lso  on the loca l  vo lume  f r ac t ion  of second phase.  
Fo r  this  ca se  ana ly t ica l  solut ions  a r e  diff icul t  to ob-  
ta in and it is m o r e  in s t ruc t ive  to r e s o r t  to approx i -  
mate  solut ions .  An approx imate  solut ion can be ob-  
ta ined r ead i l y  by dividing the in t e r f ac i a l  s t r e s s  up 
into t h r e e  par t s .  The f i r s t  contr ibut ion to the i n t e r -  
f ac ia l  s t r e s s  comes  f r o m  cons ide r ing  the cy l ind r i ca l  
in te rconnec t ing  p las t i c  zone be tween p a r t i c l e s  as shown 
in Fig .  8(b) as  a round t en s i l e  b a r  which has undergone 
a p las t i c  ex tens iona l  s t r a in  of 7P/X which r e su l t s  in a 
s t r e s s  of 

1 1 

e, :  IA-lol " \ E y  / -~y 

The second contr ibut ion comes  f r o m  the p las t i c  
shea r  drag  on the extending cy l inder  along its wal ls  
which is 

I -,.11 

where  the s h e a r  d rag  along the wall  k s : q 3 - k o / m ,  can 
be taken as the c r i t i c a l  r e s o l v e d  shea r  s t r e s s  for  s l ip  
in a s ingle  c rys ta l ,  which is the po lyc rys t a l  yield 
s t rength  in shea r  k o divided by the Tay lo r  fac tor  for  
shea r ,  i .e . ,  m / 4 - 3  = 3.1/q-3-. 

The th i rd  contr ibut ion comes  f r o m  the boundary  
t r ac t ions  govern ing  the dis tant  f ie ld.  This  contr ibut ion  

is 
1 

e 3 = ko(717y) -~ [A-12] 

The sum of al l  th ree  contr ibut ions  g ives  the total  

i n t e r f ac i a l  t ens i l e  s t r e s s  and is the quanti ty in Eq. 
[19]. 

An ana ly t ica l  solut ion for  the d i s loca t ion  loop punch- 
ing component  of the i n t e r f ac i a l  s t r e s s ,  i . e . ,  compo-  
nents  1 and 2 above,  can be obtained again r ead i l y  for  
n = 2, by subs t i tu t ing  Eq. [A-6] into Eq.  [A- l ]  and l e t -  
t ing x = X/2. This  would give the i n t e r f ac i a l  s t r e s s  as 
a function of ;t /p which now, as shown in Fig.  8(b) is  
governed  by the loca l  concent ra t ion  of second phase c. 
The end r e s u l t  is obtained r e a d i l y  as 

err = ko + -~- \ 5 /  

• + ( a / o ) 3  - 

where  

0 

is the ra t io  of the net d i s tance  in the plane of p las t ic  
punching to the rad ius  of the pa r t i c l e .  

Fo r  o ther  n va lues  an approx imate  solut ion of the 
equat ions  in Appendix A.1 is poss ib le  for  the i n t e r a c t -  
ing p a r t i c l e s .  Fo r  given va lues  of (7 /7y) ,  (X/O), and n, 
the value  of C / Y  o can he obtained f r o m  Eq. [A-6] by 
cu rve  plotting. The in t e r f ac i a l  s t r e s s  r e s u l t i n g  f r o m  
the f i r s t  two cont r ibut ions  can then be obtained f r o m  
Eq. [A- l ]  for  x = ~,/2. To this  the contr ibut ion  f rom 
the dis tant  f ie ld  given by Eq. [A-12] mus t  s t i l l  be added. 
In te r fac ia l  s t r e s s e s  obtained in this  somewhat  m o r e  
exac t  manner  a r e  usual ly  about 5 pct s m a l l e r  than 
those  computed f r o m  Eqs.  [19] and [20]. 
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