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JORDAN BIALGEBRAS AND THEIR RELATION TO LIE BIALGEBRAS
V. N. Zhelyabin* UDC 512.554

We develop the notion of Jordan bialgebras and study the way in which such are related to Lie
bialgebras. In particular, it is shown that if a Lie algebra L(J) obtained from a Jordan algebra
J by applying the Kantor-Koecher-Tits construction admits the structure of a Lie bialgebra,
under some natural constraints, then, J permits the structure of a Jordan algebra.

Hopf algebras [1] that exemplify associative bialgebras take on considerable importance in the theory
of associative algebras. Those are associative algebras on which the structure of an associative coalgebra
is given so as to fit in well with the initial multiplication. Hopf algebras are closely connected with objects
such as quantum groups and Lie bialgebras. The latter were introduced in [2], where they aimed at a
study of solutions for the classical Yang-Baxter equation. Like associative bialgebras, Lie bialgebras are
Lie algebras with Lie comultiplication which is a 1-cocycle. The notion of a Lie coalgebra was defined in
(3] The definition of a coalgebra related to a certain variety of algebras was given in [4]; in particular, a
Jordan coalgebra was defined as one whose dual is a Jordan algebra. In [5], based on the analogy with the
known Kantor—Koecher-Tits construction as it applies to ordinary algebras, we established the relationship
between Jordan coalgebras and Lie coalgebras.

In the present article, we define Jordan bialgebras and study the way in which they are related to
Lie bialgebras. In particular, it will be shown that if a Lie algebra L(J) obtained from a Jordan algebra
J by applying the KKT construction admits the structure of a Lie bialgebra, then, under some natural
constraints, J affords the structure of a Jordan bialgebra.

1. ASSOCIATIVE AND JORDAN BIALGEBRAS ACCORDING TO DRINFELD

Let ® be a field. For linear spaces U and V over €, denote by U ® V their tensor product over &.
On the space V ® V, define a linear map 7 by setting 7(}_;a; ® b;) = (3_; b ® a;). As usual, id is the
identity map of V, and we write V* for the space of all linear functionals on V. For elements f € V*
and v € V, (f,v) expresses a value of the linear functional f at v. Let p: V* @ V* — (V ® V)* be
a linear map defined by {(p(f ® 9):2{,3‘ a; ® b;) = Z{,j(f,a,-)(g,bj). Similarly we specify the linear map
PV RV*QV* — (VeVRV).

Definition. A pair (A4, A), where A is a linear space over ® and A : A — A ® A is a linear map, is
called a coalgebra.

If the pair (A4, A) is a coalgebra, the map A is referred to as comultiplication. For an element a in A, if
A(a) = 3 ay; ® ay;, we write A(a) = ¥, a¢1) ® az), following Sweedler (see [1]).
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Consider the space A* and define multiplication on A* by setting

(fg,a) =D _(fia@)9,92))

where f,g € A*,a € A, and A(a) = ), a(1)®a(3). The space A* with the assigned multiplication is then an
ordinary algebra over @, which we call the dual of the coalgebra (4, A). Obviously, (fg, a) = (p(f®g), A(a)).

The dual A* of (4, A) determines the bimodule action (-) on A, defined as follows: f-a =", a(1)(f,a(z))
and a- f = Y (f,a1))a(z), where f € A* and A(a) = )7, a(1) ® a(3). For any f,g € A* and a € 4,
(fg,a) = (f,g-a) = (g,a - f) holds.

Now let A be some algebra with comultiplication A and let A* be its dual. The algebra A induces the
bimodule action (e) on the space A*, defined by (f e a,b) = (f,ab) and (be f,a) = (f,ab). Consider the
space B(A, A*) = A® A*, on which we define multiplication (x) by setting

(a+ fyx(db+g)=(ab+f-b+a-g)+(fg+feb+aeg).

Then B(A, A*) is an ordinary algebra over ®.

Suppose that M is some variety of ®-algebras and A is an a.lgebra in M, with comultiplication A. A
pair (A, A) is then called an M-bialgebra — in the sense of Drinfeld — if the algebra B(A4, A*) belongs to
M. In this case, (4,A) is an M-coalgebra (see [4]).

In what follows, associative and Jordan bidéebras as are defined by Drinfeld will be called D-bialgebras.

Let A be an associative ®-algebra. On the space A® A, define the action of A by setting a(b®c) = (b®ac)
and (b ® c)a = (ba @ c). Under that action, A ® 4 is an associative A-bimodule. f a € A and b€ A® 4,
we put [a,b] = ab — ba.

THEOREM 1. Let A be an associative $-algebra with comultiplication A. Then the pair (4, A) is
an associative D-bialgebra if and only if (4, A) is an associative coalgebra and A satisfies the equalities

A(ad) = A(a)b + aA(d), )

[a, 7A(B)] = —7([by 7A(a))- (2)

Proof. Let (A, A) be an associative D-bialgebra. Consider the algebra B(A, A*). Since it is associative,
for any elements a,bin A and f in A* we have (fxa)xb = fx(ab). It follows that (f-a)b+(fea)-b = f-(ab).
Consequently, if A(a) = Y aq) ® az) and A(d) = 37, b1) ® b(z), then f - (ab) = Y, a1)b(f,a@)) +
s by(f, abay)-

Let ¢ be an arbitrary element in A*. In view of the latter equality, then, we obtain

(p(g ® f), A(ab)) = (g, f - ab) = (p(g ® f), Y _amyb @ agzy + > by ® abgy).
a b

Since the space p(A* ® A*) is dense in (A ® A)*, it is clear that A(ab) = A(a)b + aA(b), and the first
equality is thereby proved.

The second equality is obtained by applying a similar argument to (a * f) *b = a » (f x b).

Conversely, assume that (4, A) is an associative coalgebra and that A satisfies (1) and (2). We show
that B(4, A*) is an associative algebra. Let f,g and a,b be arbitrary elements in A* and A, respectively.
Suppose A(a) = 3, a(1)®a(zy and A(d) = 37, b(1) @ b(a). In view of (1), then, f-(ab) = 3, a(1yb(f, a(z)) +



s b(1)(f,ab(z)). It follows that f - (ab) = (f -a)b+ (f ®a)-b. Therefore, f » (axb) = (f xa) xb. The
equality (@ xb) x f = a x (b« f) is derived similarly. Since

(9,(a- )b+ (aef)-b)=(p(f®9), Y o) ®amb+ ) bza @by
a b

and

(g,a(f-b) +a-(f o b)) = (o(f @g),Zbam ®a() + Zb(,) ® abyy),
a b

by (2) we obtain (a- )b+ (ae f)-db=a(f b)+a-(f eb). This gives (ax f) xb=ax(f»b).

The equalities (fxg)xa = fx(gxb), (axf)*xg =a*(f*g), and (fxa)xg = f x(axg) can be proved
similarly.

Now, it is rather obvious that B(A, A*) is associative. Consequently, (4, A)is an associative D-bialgebra.

It should be observed that Theorem 1 is an associative analog of Theorem 2 in [2] and that the equality
[, 7(A(D))] = ~7[b,TA(a)] is equivalent to

Y aa) ® agayb — bay ® aay = D bz) ® ab(y) — b(2)a ® by, (3)
a ’ b

where A(a) = 3, a1y ® a(z) and A(b) = 3, b(1) ® ba).
We give examples of associative D-algebras. Consider the ring ®[z] of polynomials in one variable. On
the space ®[z], define A by setting A(1) =0 and A(z") = ¥ 1., z* ® z"+}~%. Then
n . m .
A(xn)zm + znA(zm) — Zzs+m ® - + Zzi ey :n+m+1-s -

=1 =1

n+m m
Z ' ® phtmti-i + Zzt ® 2:vvf-rn-(»l—z - A($n+m).
i=mtl i=1

It is not hard to infer, then, that the pair (®[z], A) is an associative coalgebra. If m > n, then

m n
sz+1—-i ® :z:"'H _ 2:m-{-n+1—l Rz = Z 2® zm+n+1-—-+

i=1 =1

m n m
§ : ' ® 21’:&-{-1&-{»1-—1 _ E :zm+n+1—| Rz — Z pmtntl—i Rz =
si=n4l i=1 i=n41

i gt @ gMHntli gt g patl-i

i=1
Therefore, ($[z], A) is an associative D-bialgebra by Theorem 1.

Let A be an associative algebra and z and y be linearly independent elements of A. Assume z? =

y? = 2y = yz = 0. Define comultiplication A on the space A by setting A(a) = [r,a], where a € A and
r=z@y—y®z. Then A(ab) = A(a)b+ aA(b). Verification of the equality [a, TA(b)] = —7([b, TA(a)]) is
overt. Comultiplication A is coassociative, that is, (A ® id — id ® A)A(a) = 0 for all a € A. Indeed, the
condition on z and y yields A{z) = A(y) = 0, and so

(A®id—id® A)A(a) =

A(za)®y— A(ya)®z+z® Alay) —y® Afaz) =



—-2Qzay@y+y®zaz@y+zzQyay@z - yQuaz @ z+
z2RzayQy—-zQyuy®c—-yQzazQy+yQyaz @z =0.

This implies that, for n > 3, the algebra ®, of n x n-matrices can be endowed with the structure of an
associative D-bialgebra. If Z($,) is the center of ®,, then A(Z(®,)) = 0.

In the above-given examples of associative D-bialgebras, comultiplication A satisfies A(z) = 7(A(z))
for any central element z. If the latter equality holds for some D-bialgebra, we say that its comultiplication
is cocommautative on its center.

We bring in a definition of a Lie bialgebra in terms of comultiplication. Let L be a Lie algebra over
®. Consider the linear space L @ L. The space L ® L, as is known, is a Lie L-bimodule provided that the
action of L on L ® L is defined by [, ® 3,1] = [I;,]] @ I + I ® [I3,1]. Suppose that on L, comultiplication
A is given. The pair (L, A) is a Lie bialgebra if and only if (L, A) is a Lie coalgebra and A is a 1-cocycle,
that is, it satisfies A([a,d]) = [A(a),b] + [a, A(D)] (see [2]).

For Jordan D-bialgebras over a field @ of characteristic not 2, 3, an analog of Theorem 1 is the following:

THEOREM 2. Let J be a Jordan $-algebra with comultiplication A. Then the pair (J, A) is a Jordan
D-bialgebra if and only if (J, A) is a Jordan coalgebra and A satisfies the following equalities:

(A®id-id®A)A(e?) =2(10a®1)(A®id ~id ® A)A(a) +
201®1a-a®1®1)(id®7)(A ®id)A(a) +
2(A(a) @1 - 1® A(a))(id ® 7)(A(a) @ 1), (4)

(A®id+id® A+ (T®id)([d®A))(1Q®a+a®1)A(a) =
2((1®e®1)(1d®@ A)A(a)+ (e ®1® 1)(id ® 7)(A ®id)A(a) +
(1® A(a))(id ® 7)(A(a) ® 1)) + (A @ id)A(a?), (5)

A(a?) — A(a?)(b® 1) — A(b)(1 ® a®) + 2A(b)(a® a) —
24(ab)(a®1) +2(A(a)(5@ 1))(a® 1) +
2(A(a)(1®b))(1®a) — 2A(a)(1® abd) = 0. (6)

Proof. We follow the same line of argument as was used to prove Theorem 1. If 1 is unity in J, then
(6) yields A(1) = 0.

Let (4, A) be an associative D-bialgebra. Consider an adjoint Lie algebra A(~) (an adjoint Jordan
algebra A(+),1/2 € &). On the space A() (A(+)), define comultiplication A(~) (A(+)) by setting A(-)(a) =
A(a) - 7(A(a)) (A™M)(a) = L(A(a) + 7(A(a))). Then the pair (A(~), A(-)) is a Lie bialgebra ((A(+), A(+))
is a Jordan D-bialgebra).

2. JORDAN D-BIALGEBRAS OF TYPE A(H)

Let & be a field of characteristic # 2 and let (A4, A) be an associative D-bialgebra. Our present goal is
to show that a Lie algebra obtained by applying the Kantor-Koecher—Tits construction to A{*) admits the
structure of a Lie bialgebra.

We recall how the KKT process goes for Jordan algebras. Let J be a Jordan &-algebra with unity
1. For an element a € J, denote by a’ an operator of right multiplication by a. The linear subspace of



Endg(J) generated by operators a’ is denoted R(J). The linear map d : J — J is called a derivation
of J if (ab)d = adb + a(bd) for any elements a and b in J. If a,b € J, put [a’, V'] = o'} —~ Va’ and
a b= (ab)’ —[a’,b]. It is well known that a linear combination of operators of the form [a’,¥] is a
derivation of J. Such derivations are called inner.

Let Der(J) (Intder (J)) be a linear space of all derivations (inner derivations) of J. Then the space
Der (J) is a Lie algebra under commutation and, moreover, Intder (J) is an ideal in Der (J). Now let D be
a Lie subalgebra of Der (J) containing Intder (J) and let J be an isomorphic copy of the space J. Consider
the linear space

L(J)y=JeR(J)eDaJ.

First, on the space L(J), define the linear map ¢ by the rule e(a +¥ +d+¢) = ¢~ b +d+@, where a,b,c € J
and d € D.
Next, define multiplication [, ], on L(J) by setting

[a1+ Vi + 51,02 + Va + 52) = a1Va — aaVi + b1e(V2) — bae(Vy)+

a1 Vb —ay Vb + ViV - VBV,

where a;,b; € J and V; € R(J) @ D, i = 1,2. Then the space L(J) with the assigned multiplication will
be a —1,1-graded Lie algebra. Denote by L; components of L(J), where i = —1,0,1. Write U for a simple
three-dimensional subalgebra of L(J) generated by elements 1, 1/, and 1. The map ¢ : L(J) — L(J) is an
automorphism of L{J).

Assume that, on the space L(J), comultiplication Ay is defined. We say that A, agrees with the grading
of the algebra L(J) if A(L;) C 32;,4-; L; ® Lx. Let A be comultiplication given on the space J. We say
that Ay is associated with A if, for any elementa € J, Ar{a) € 3, a(1)®a(2)—a(2)®a21)+L1®D+D®L1,
where A(a) = 37, a(1) ® a(z).

Let A be an associative algebra with unity 1 and let A(+) be its adjoint Jordan algebra. Denote by D,
an inner derivation of A given by a. The Lie algebra of all inner derivations of 4 is denoted Intder (4). Any
element in Intder (A) is a derivation of A(*), and Intder (A(+)) C Intder (4). Suppose that L(A(})) is a Lie
algebra obtained by applying the KKT construction to A(*) and to Intder (4). Write [, ] to denote the
bimodule action of the algebra L(A(*)) on the space L(A(+)) @ L(A(*)); multiplication in A(*) is denoted
(0). As usual, [, ] stands for multiplication in A{~). The following is then valid:

THEOREM 3. Let (4, A) be an associative D-bialgebra and let (A(+), A(+)) be an adjoint Jordan D-
bialgebra. Assume that comultiplication A is cocommutative on the center of A. Then the algebra L(A(1))
can be endowed with the structure of a Lie bialgebra with comultiplication Ay, such that A agrees with
the grading of L{A(})), Ay is associated with A(+), and AL(U) = 0.

Proof. By R [D] we denote a linear map of the space A into R(A(*)) (Intder (A)), given by R(a) = a’
(D(a) = D,). Let a,b € A, A(a) = Y, a(1) ® a(z), and A(b) = 3, b(1) ® b(z). In view of (3), then, the
space L(A(H)) @ L(A(H)) satisfies the following equalities:

Z “En ® (a(,)b)’ - (b"(l))’ ® ‘122) = Zb&) Q (ab(l))l - (b(z)“)' ® bh), )
a b

Z D“u) ® Da(:)b - Dbﬂm ® Dqy,y = Z D”(z) ® Dﬂ”(x) - D”(:)“ ® Dy, (8)
a b



D) ® (a@yb)’ — bagy @ afgy = D b(z) @ (abrwy)’ — b(zye ® by, (9)
a b

Za: a(1) ® amb — (baqy))’ ® az) = ; b(2) ® abry — (bz)a)’ ® bqa), (10)
;a(l) ® Da,yb — ba(1) ® Dq,, = ; b2y ® Das,, — bzya @ Dy,,,, (11)
Z“: Day @ a(2)b — Diagyy @ 6(z) = Zb: Dy ;) ® ab(zy — Dy5ya @ b(a), (12)
XQ: (1) ® az)h — bagyy ® agz) = Zb:g(z) ® ab(1y — b(z)a ® by), (13)
X“:a(l) ® az)b — ba(y) ®T(z) = Xb: ba) ® ab(z) — b(2)a ® byy). (14)

These were obtained by applying to both parts of (3) the operators R R, D® D,id® R, R®id, id® D,
DQ®id, e®id, and id @ ¢, respectively.

If z,y € L(A™)), we put {z,y} = 2@ y— y® z. Obviously, [{z, v}, 2]z = {[z, z]1, ¥} + {z, [v, z]r}. Now
let a € A and Alt)(a) = %Ea a(1) ® a(z) + a(z) ® a¢1). Then comultiplication Ay is defined by setting

1
285(a) = ) _({a@ an} + {a@n aind) + 5 2 ({82) Dagy } + {Dagy e},

a a

' — — 1 7 '
248p(a’) = Z({a(l)v aa} + {a@),an}) + 2 2({“(z)v Da, } + {Dagyr a1y},
_ _ — 1 _ _
2AL(G) = Z({azz)a“(l)} + {azl)) a(Z)}) + E Z({Q(Z)’ Da(x)} + {Da(;))a(l)})’

_ _ 1
Ar(Da) = Y ({o) 3@} — {3 8} — {1, 8z} = 7{Dayr Day}-
a

Since A is cocommutative on the center of A, the map Ay is well defined. The map A agrees with the
grading of the algebra L(A()), Ay is associated with A(*), and A (U) = 0. For any element a € L(4(1)),
the equality (¢ ® €)(AL(a)) = AL(e(a)) holds.

We give a number of technical lemmas which help us prove Theorem 3.

LEMMA 1. For any a,bin A,

Ar([a, b)) = [AL(a),b]r + [a, AL(b)]L

and
Ap((@,blz) = (AL(@), Bz + @ AL ().
Proof. Let us derive the first equality. Suppose A(a) = 3", an1) @ a(z) and A(b) = 3, b(y) ® b(a). We
state, first, that a D-bialgebra (A4, A) satisfies the equality

4A ) (ao0b) = 4(AM)(a) o (5@ 1) + AP (B) o (1® a)) — AN (a)(id ® D) + A (b)(D, ® id).



Indeed, by the definition of A(+), 4A(+)(a 0 b) = A(ab) + A(ba) + T(A(ab)) + T(A(ba)). Therefore,

4A(+)(a o) b) = Za(l)b ® a2y + Z b(l) Q ab(z) + Zb(l)a (o2 b(z) + Za(l) 2] ba(g)+
a b ] a

Y a@) ®@amb+ Y abay @by + Y ba) ® brya + > " baa) ® aqy).
a b b a

By (3), we obtain
Y a@®aup = aa) @ o), bl + Y ap) ®baq) =
a a

a
Y a@) ® [y 8]+ Y a@b ®agy + 3 by ®bapa ~ Y abuy @ by,
a a b b

Similarly,
Y aw®bagy =Y am @ [bagl+ Y bz @ abu) — O baye @by + Y bagr) @ aay.
a a b b a

This gives the desired equality.
Now, take elements [Ay(a),b]. and [a, AL(d)];. Since

(2A5(a), 8]z = ~ Y _({aq), a(2) © b} + {a(z), aga) 0 b}) — %Z({a(z), (b au)]} + {[byagz)], a1y })

and

[a, ZAL(b)]L = Z({b(l), b(z) o a} + {b(z), b(l) o a.}) + -;' Z({b(g), [a, b(l)]} + {[a, b(g)], b(l)}),
b b

the above equality yieids (AL(a), bl + [a,AL(B)]r = A (aob) — Al¥)(boa) = 0. The first equality is
proved because [a, ]r = 0. The second equality is easily obtained from the first by applying the map ¢ @¢.

LEMMA 2. For any a and bin 4, we have

Ap(la,b]r) =[AL(a), ¥ + [a, AL(¥)]L

and
Ar(a, b)) =[AL(@), Y] + [@ AL(®)]z.

Proof. To prove the first equality, let A(a) = 3, a(1) ® a(z) and A(b) = 3, b1y ® b(3). It is then clear
that

4Ar(aob) =) ({awb,ain} + {agy (ayb)'} + {aq), (bagzy)'} + {bagzy, afyy N+
1
5 Z({a(z)’ D“(1)b} + {Dﬂ(z) ’ a(l)b} + {ba(z), Dd(x)} + {Dba(,): a(l)})+
a

Z({bu)a, b(z)} + {b(2), (1)) } + {b(a), (abz))'} + {ab2), b21)})+
b

1
2 Z({b(z)i Dbma} + {Db(z) ) “b(l)} + {ab(i')' Db(x)} + {Da”(a)’ b(l)})'
b
Since [a,}], = aob, and for any elements z and y in A, 4[z’,y']; = Dy 4] holds, it is routine to verify that

4(Ar([a,¥]1) ~ [AL(e), V)L - [a, Ap(¥)e) =



Z({a(z)» (ba(1))'} - {baq1y, aizy} + {aq), (a(2yb)'} = {az)b, a(y) N+
1
5 Z({a(g), Db“(x)} - {Da(,) ' ba(l)} + {Dﬂ(:)b' a(l)} - {a(g)b, D“(l)})+
D ({abgay, bz} — {beays (abn))'} + {82)a. b1y} — {bay, (baya) D+
)

1
3 Z({b(z), D“b(x)} - {Db(z) 1bya} + {Db(=)°' by} = {b@a, Db(x)})'
b

Equalities (9)-(12) imply
Ap((a,b]z) = [AL(a), ¥]L + [a, AL (V)L
Applying the map £ ® ¢ to both sides of the latter yields the second equality.

LEMMA 3. For any a and bin A, the following equalities are satisfied:
Ap(la, Dy]r) = [Ar(a), D)z + [a, AL (Ds)]e,

AL([@, Dylr) = [AL(a), Ds)r + (@ AL(Dy)]z,
Ar(la, Ds]r) = [Ar(a’), D)z + [, AL(Ds)],
Ap(la’,¥]r) = [Ar(a’), ¥ + [a', AL ()]s,
AL([Da, Ds)1) = [AL(Da), Dy + [Da, Ap(Ds)]L-

Proof. Let Afa) = 3, a(1) ® a(z) and A(b) = 37, b1) ® b(z). Then 241 ([q,b]) = alayb ® ey +
a(2) ® a(l)b —a® ba.(z) - ba(z) ® a(l)) + Zb(b(l) ®ab(2) + ab(z) ® b(l) — b(l)(J.@ b(g) — b(2) ® b(l)a). Therefore,

245 ([0,8)) = Y ({aq)b a{z)} + {ag2 (an)b)'} ~ {aq), (bag2))'} = {bacay, afy) )+
1
3 D ({2 Daguys} + {Dagsy» a(1)8} = {Dbagays 31y} — {ba(2), Dasgyy N+
D {3y (ab2y)'} + {abga), b1y} = {b(aya biay} — {bzy, (baya) D+
b
1
5 > " ({abez), Dy, } + {Davs)» bay} = {2y, Dsaya} = {Dbays (Buya)})-
b
Since [a, Dy]z = [a,b], and for any z and y in A, 4[2’,y’]L = Dy}, We can verify it overtly that
2(AL([a, Dy]r) - [AL(a), Db]s ~ [a, AL (Ds)]L) =
> ({baqy, agzy} + {ac), (dag))'} = {aqy, (azh)'} — {bagzy, afy )+
1
3 Z({G(Z)» Dba(l)} + {Da(z) ybay} — {D“(:)"' ay} — {agz)b, Do) })+

D (—{baay, (52)8)'} = {b(2ya, bay } + {abay, bz} + {bzy, (abesy) P+
b

1
5 Z({b(Z)aa Db(;)} + {Db(,)m b(l)} - {b(2)| Dab(;)} - {Db(,)yab(l)})'
b



From (9)-(12), we obtain the equality

Ap([a, Ds]r) = [AL(a), Ds)r + [a, Ar(Ds)]r.

If, now, we apply the map £Q® ¢ to both sides of the latter we arrive at the second equality envisaged above.
Proofs of the last three equalities follow the same route as is one for the first, in which case use must be
made of (7), (8), (13), and (14).

LEMMA 4. For any a and b in A, the following equality is satisfied:
AL([G, E}L) = [A[,(a),B]L + [a, AL(Z)]L.

Proof. Let a,b € A. Then [a,b]; = (a0b)’ —[a’,b'];. For any c € 4, we have Ay([c,1]1) = [AL(c), 1]
and AL([¢/,T]1) = [AL(<'), T]L. Since (aob)’ = [(a0b), 1]z and aob = [a,}]y, it follows that Az ((aob)’) =
[Az([a,¥]L),1]L. In view of Lemma 2, Ag((a o b)) = [[Az{a),¥)r,T]L + [[a, AL(¥')]z, 1]z, and by the
Jacobi identity, we obtain

Ar((aob)) =[[Ar(a), T]z,b]e + [A(a), [¥', TIz]e + ([0, T]z, AL ()L + [a, [A(Y), T]L]z-

Consequently,
Ar((aobd)) = [As(a), ¥z + [A(a), BlL + [@', AL(¥)]z + [a, 8 (B)]z,
and by Lemma 3,
Ar((aob)) = Ar([a, L) + [A(a), Bz + [a, A(B)]z.
This gives the desired equality.

LEMMA 5. A pair (L(A(Y),A,) is a Lie coalgebra.

Proof. Denote by A* and L* the duals of coalgebras (4, A) and (L(A(M), AL), respectively. Clearly,
L* is a —1, 1-graded algebra. Let L*,, L% and L} be components of L*. It is not hard to see, then, that

5 =V ® W, where the spaces V and W are isomorphic to, respectively, A* and Intder (4)*. It is also
evident that [*; and L7 are isomorphic to the space A*. For each functional w in W, define the functional
@ in A* by setting (@, a) = (w, D,).

We show that L* is a Lie algebra. Denote multiplication in L* ((4*)(~)) by [, ]« ([, ])- By the definition
of Ag, L* is anticommutative, and the following relations hold: [L*,,L%], C L}, [L%, L¥], = 0, and
(L%, Lgle C L}, where i = —1,1 and j = —1,0,1. The inclusions [V,W], C V, [V,V], C W, and [W, W], C
W are also obvious.

Let wy, w2, w3 € W, a € 4, and A(a) = ), a(1)® a(z). Then ([[wy, w3)., w3]s, Da) = -'—i— «({[w1, wals,
Dapy)(ws, Day) = (w1, wale, Dagy)(ws, Dayy)))- I Ala)) = E,, am)) ® aqya) and Aaz) =
Dag U2(1) ® a2)2) then ([[wy,waly, wals, Do) = F X, ((B1, ay))(@3, aayp)) (@3, a2) — (i3,
@) (W2 83, a2) — (D1, a@y)) (B3, a@) @) (@3, a1) + (D1, agz)2)) (@3, agz)))(W3,01)). Con-
sequently, 16{[[w1, wa]s, w3ls, Da} = {[[@1, W3], W3}, a). Therefore,

16(]('(111, wa, 'lU3), Da) = (J(r”\ly 1'7’\2) @)1 G),

where J(w;,ws,w3) and J(W7, W3, W;) are Jacobians in the algebras L* and (A4*)(~), respectively. Since
J(wi, Wz, w3) = 0, we have J(w,, wy, w3) = 0.

For v1,v2,v3 € V and u € L% | | J LY, the equalities J(v3, v2,v3) = 0, J(vq, vz, w3) = 0, J(v1, w2, w3) =0,
J(u,v2,v3) =0, and J(u, wz,w3) = 0 are to be proved similarly.



Let v € L*,, u € L}, w € L}, and a € A. Then J(v,u,w) = 0. Indeed, by the definition of Ay,
! 1 ! !
(v, u}s, v, a’) = 1 Z(([”v tla a(,))(w, DG(;)) ~{[v, vl DG(;))(w' a(z))+

([v,ul., Da(:))(w, azl)) = {[v, ul«, a(l))(w’ Dd(:)))'

If w € W, repeating the above argument, we have
([[v, uley W)y @’y =
1 - —~
5 2 a@)(w a@@)(B,61) + (v, 6@} @)@, 1) -

(v, 8y ) (w, a1y )@, az) — (v, ag1)2)) (8 a(1)(1)) (D, az)).
Therefore,

([[vv u],, w]ha,) = % Z((v oy, a(z))((i,a;) —(vou, a(l))(ﬁ’ 02)) = —%([v ou, ﬁ],a),

where 2v o u = vu + uv. Likewise we obtain ([[v,w]s,ul.,a’) = —3{[v,@] o u,a) and ([v, [4,w].}s,a') =
-%(v o [u,@],a). Then (J(v,u,w),a’) = 0. The case w € V can be proved similarly. Repeating the
argument, we infer that (J(v,u,w),D,) = 0. Thus J(v,u,w) = 0. The equality J(v,u,w) = 0, where
ve L, UL}, u €V, and w € W, is derived in a similar way.

Let v,u € L} and w € L* ;. Then {[v, w]., u], € L}. Reasoning as in the two cases envisaged above, we
have 1

([0, wher ler @) = (Sl o, )] — wo (v o ),
for any a € A. Consequently,
(J(v, w, u),8) =

(%[u, [v,w]] —uo(vow) - %[v, [u,w]] +vo(uow)a) =

(—i—[[u,v],w] ~uo(vow)+ vo(uow),a).

Since 3{[u,v],w] — uo (vow)+vo(uow)=0,it follows that J(v,w,u) = 0. The equality J(v,w,u) =0,
where v,u € L*, and w € L], can be proved similarly.

Finally, since {L}, L¥], = 0, where ¢ = —1,1, we have J(v,u,w), = 0 for any v,u € LY and w € L.
Consequently, L* is a Lie algebra. Therefore, the pair (L(A(+)), A1) is a Lie coalgebra. That (L(A(+)), AL)
is a Lie bialgebra is implied by Lemmas 1-5. Theorem.3 is thus proved.

3. LIE BIALGEBRAS ASSOCIATED WITH JORDAN ALGEBRAS

Let ® be a field of characteristic # 2 and J a Jordan $-algebra with unity 1. Suppose that D is some
algebra of derivations of J containing Intder(J), and L is a Lie algebra obtained from J and D following
the KKT process. Denote by U a subalgebra of L generated by 1, 1, and 1. Multiplication in L is denoted
{,]. Suppose that a pair (L, AL) is a Lie bialgebra. Then the following is valid:

THEOREM 4. Assume that the characteristic of ¢ is not 2, 3, comultiplication Ay agrees with the
grading of L, and A(U) = 0. Then J admits the structure of a Jordan D-bialgebra with comultiplication
A and, moreover, Ay is associated with A.
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First we argue for some properties that characterize Ay. If z,y € L, then, as above, put {z,y} =
T Qy—-y®=z.

LEMMA 6. Let comultiplication Ay, satisfy the conditions of Theorem 4. Then, for any ain J and d
in D, the following equalities are true:

Ar(a) =Y {a, 8} + Y {c;.di},
; i

Ap(a') =Y {abi}+ ) {e 4k,
AL(a@) = Z{bg,a,-} + Z{e,-,dj},

Ap(d) = Z({zhﬁs} -zZ; Q)+ Zdlj ® d3j,
i J
where a;, b;,¢;, i, % € J and d;,dyj,da2; € D.
Proof. Let a € J. Because comultiplication Ay agrees with the grading of L, we have

(@)=Y a®b+) ®fi+) ci®di+ )Y h®ag,
s k j 1

where all a;,b;, ek, fi,cj,q1 € J and dj,hy € D. Since Ap(a) = —1(Ap(a)), it is clear that Ap(a) =
2i{ei b} + 30.:{c;,d;}. The equalities [a,1] = 0 and Ap(1) = 0 give us Ag([a,1]) = [Ar(a),1] +

la, Ar(1)] = 0. This yields
Za:'@bi=zb.'®ai- (*)
To both parts of this equality we apply the map R® R to obtain } .a{ @b, =3, b ® a.

Now we take an element a’. Since a’ = [a,1] and AL (1) = 0, we have Ay (a') = [AL(a),1]+[a, AL(1)] =
Yifain by + Ti{al, b} + Y{c), di} = Li{ai, b} + T;{c}, d;}. The third equality can be proved similarly.

Let us derive the fourth equality. Let d € D. In the same way as above, we obtain
Ar(d) = Z{zi,yi} + Z”L ® up + Z{wf,dt} + Z dyj ® dyj,
i K 1 ]

where z;, v, vk, ug, w1 € J and dj, dyj,dz; € D. The pair (L, Ar) is a Lie bialgebra and [1,d] = 0, and so
[1,Ar(d)] = 0. Hence,

Z{zi, vi}+ Z("" ® up + v ® ux) + Z{wl,dz} =0.
[ k i

Consequently, Y, z; ® ¥} + 3, vk ® u} = 0 and Y _;{wi,di} = 0. If, now, to both parts of the first equality
we apply the map R ® id we obtain ¥,z ® y = — 3, vy @ uj. Since 3, {w],di} = [3{w, di}, 1], it
follows that ), {w;,d;} = 0, whence the desired equality.

Now, define comultiplication A on the algebra J. Let a € J. In view of Lemma 6, Ar(a) = 3, {ai, b/} +
Y.;{cj,d;}. We then put A(a) = 37, a; ® b;. By (#), comultiplication A is cocommutative. Let J* be
the dual of the coalgebra (J, A). The algebra J* is commutative. Let L* be dual to the coalgebra (L, A).
There is no loss of generality in assuming that L* = J* @ R(J)* @ D* @ J*, where J* is an isomorphic
copy of the space J*. It is easy to state that there exists an isomorphism between spaces J* and R(J)*,
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for which the image of an element f from J* is denoted f’. Consider the algebra B = B(L, L*), introduced
in Sec. 1. Obviously, L and L* are subalgebras of B, in which case multiplications on L and L*, induced
by multiplication in B, coincide with the initial ones. Denote multiplication in B by {, ]. Since the pair
(L,AL) is a Lie bialgebra, B is a Lie algebra. Write = for the projection of the space B onto L*. By the
definition of multiplication in B, we have (x([I*,1]),11)} = (I*, (I, 1]} for any elements I* € L* and I,]; € L.

LEMMA 7. Let f,g,h € J* and a € J. Then ([#',[f’,¢],a’) = ((f,h,g),a), where {f,h,g) is an
associator of elements f, h,g in the algebra J*.

Proof. Let a € J, A(a) = Za a(l) QD d(z), A(a(!)) = Ea 0(1)(1) ® 6(1)(2), and A(a(z)) = Za a(z)(l) D
a(2)(2)- By the definition of A and Lemma 6, then, Ar(a’) = 3, {a1),33)} + 3, {c},di}, where ¢; € J,
di € D, and Ap(dy) = Ej({z;j,ﬁi]-} - :::1- ® y"-j) + v for z;5, %; € J and v € D @ D. Consequently,

(id ® Az)Az(a') = Y a) ® {alayay Eaxn} = D 8(z) ® {eya), afaya) 1+
a a

Z‘-‘i ® {=ij, %ij} + u,
ij
where u€ R(J)QR(J)QR(J)+ DQL®L+L®DQ®L+LR®LRD.
Induce a linear map £ on the tensor cube of the space L, putting {(z @ y®2z) = y® z®<. Since (L, AL)
is a Lie coalgebra, we have (id + ¢ + £2)(id ® Az)AL(a’) = 0 (see [3]). From this equality, we obtain

Do ® 8T, =) (3 ® 9w ®Tay) ~ Huya) ® 31)(1) ® F(z)):
ij a
If to the latter we apply the map id @ R ® Re we see that
D@2 @45 = D (ainy@ @ 5y ® sy ~ ) @ Haya) ® Aa)-
ij a
Therefore,
(W, [\ glha) = =) (M @ f ®4),cl @l ®yl;) =

(%)
2 (p1(h® f ®9),a1)2) @ a1)1) @ a(2) — a(ay2) ® an) @ agayw) = (£, b, 9), a)-

Consider the space C = J @ J* with multiplication (x) given by

(a+F)x(b+g)=(ab+f-b+g-a)+(fg+ feb+gea),

where a,b€ J, f,g € J*, (f eb,a) = (f, ba), and (f,a-g) = (fg,a). For elements z,y,z € C, (z,y,z) is an
associator in the algebra C. Denote by X the projection of the space C onto J*.

LEMMA 8. Let a,b € J and f,g € J*. Then the algebra B satisfies the following equalities:

(f,9l=(f9) - f 9] (15)
[f.9'1 = fg, (16)
[f.¢'l = -3, (17)
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o, f] + (& f] = 2[d', '), (18)

(f.b,a) = [b,{a', £}, (19)
(f.3.9) = [[f",a'. 7], (20)
(f10,9) = [a [, ¢}, (21)
(a, f,5) = [f,[a",b]]. (22)

Proof. Let Afa) = ), a1y ® a(zy and Ad) = 3, b(1) ® b(3)- By Lemma 6, we have Az(a) =
Lalaayaiy} + Lileidih Anle) = o {aq),d@)} + Tifchrdits AL(8) = Ly {bay biay} + 3 {e5, D}
and AL (V) = 34 {bay, b2y} + 2o,{€}, D;}, where c;,e; € J and d;, D;j € D.

We prove (15). Take an element u = [f,3] — (fg9)' + [f',¢']- Then

(wa') = ([f,g)a) = (f9),a) = Y _(fraw){9,a2)) = (fg,a) = 0.

Likewise we obtain (u,d) = 0 for any d € D. Therefore, [f,7] = (fg)’ — [f’,¢']. Equalities (16) and (17) are
to be proved similarly.

We derive (18). By the definition of multiplication in B, we have [a, f] = (a- f) + 3 ;({f, ci}di + 7([a, f])
and [G, f] = ~(a- f) + 3;(f,ci)di + x([@, f]). Let u = x([a, f]) + (x[d, F]). Then u € R(J)* + D*. If
v € R(J)* and d € D, then (u.v +d) = —2(f,ad) = 2{x([a’, f']),v + d). Therefore, u = 2x([a’, f']). On the
other hand, [, f'] = Ei (f,ci)di + =([d’, f']). Consequently, [a, f] + [g, —f.] =2[d, f'].

Take an element [b, {a’, f']]. It is clear that

() £ = 3o4f, b + Y (F,aDye; + (s, wle’, £,

and for any ¢ € J, we have (x[b,x[d, f']],2) = (f',[[c,8],a']) = (A((F,%,a)),&). Therefore, [b,[a’, f']] =
Yilfie)bds + 30 :{f, aDj)e; + M(F, b,a)).
Alternatively, since ba = [b,a’] and the pair (L, Ay) is a Lie bialgebra, we have

Ag(ba) =Y {bay (baya)} + Y faybiafay} + > {ef,aD} = Y {ei, (bdi)'} + v,
b a j i
where u € R(J) ® D + D ® R(J). Therefore,

A(ba) = Z a(l)b @y + Z b(l) @ ab(g) - ZGDJ' Se; — ZC,' ® bd;.
a b j

3

Hence,

(F.b,a) = 3_(f,cadbds + D_(f,aDs)e; + (7, b)) = (b, [a', £)

Equality (19) is thus proved.

We prove (20) and (21). By the definition of multiplication in B, [f,a’] = f - a + 7([f,a’]). Therefore
x([f,a']) € J* and, moreover, 7([f,a']) = A(f xa). Consequently, [f,a'] = f-a+ A(f xa). Similarly,
[f';a]l = f-a+ A(f xa). Using (17), it is not difficult to show that

[fo.a'1 = [f",[7.¢') = (f9) - a+ M(Fg*a)) = - (g-a) = A(F x (g - a)) — FA(G % a).
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The expression that fills the right part of this equality is equal to (f,§,a). Likewise we obtain (f,9,a) =
[(fg)'sa] + [f'.[g",a]]. In view of (17) and the Jacobi identity, we have [fg,a') - [f'[7,a']] = [f',a'],5].
Consequently, (f,7,a) = [[f’,a'],g]. Since the algebra C is commutative, (f,q,7) + (a, 7, N+ @ f.a)=0.
Therefore,

(f.0,9) = (9 al = [, [¢",all - [(fo),al +[¢', [f 0l = [a [, g']]-
Equalities (20) and (21) are thus proved.

And, finally, we derive (22). Since the pair (L,AL) is a Lie bialgebra, we have Ap([a’,V]) =
5. ({fbeqs), a7} — {8, bagm}) - Telabaya, i} - {8y B }) + , where u € R(J) ® R(7) + D ® D.
Therefore [f, [o,¥]) = 2o (1 aqz)baqr) — (£, bagz))aq) — (£, b(a))abaay + (f, abeay)bgr) + #([f, [a', ¥']]). Since
=([f,[a',¥'])) € J*, we have (x([f,[d’,¥]]),€) = (M(a, f,b)),E). Using the last two equalities, we arrive at
(22).

Proof of Theorem 4. Comultiplication Ay, is associated with A. We show that B(J, J*) is a Jordan
algebra. It is not difficult to state that there exists an isomorphism of algebras C and B(J, J*), under which
the image of the subalgebra J* is J*. We prove, first, that J* is a Jordan algebra. In view of Lemma 7, it
suffices to show that, for any f € J*,

[(f*, f1=0. (%)

From (15), (16), (17) and the Jacobi identity, we obtain [(f2)', f'] = (£, F, f1 = /. f'L. A +1A[F. £l =
(72,71 = [f, £2] = —2[(f)', f']. Consequently, 3[(f?)', /'] = 0, and so [(f?), f'] = 0. Thus, J* is a Jordan
algebra. Therefore, J* is a Jordan subalgebra in C.

Now we show that C is a Jordan algebra. To do this, it suffices to prove the validity of the following:

(ffe,f) =0,

(a* f,a) =0,
(f%,5,0) + 2(f xa,b,f) =0,
(@*,3.7) + 2(f xa,§,0) = 0,
(@5, F) +2(f xa,b,a) = 0,

where a,b € J and f,g € J*. The first equality follows from (21) and (*#). Since J is a Jordan algebra,
the second equality is implied by (22).

Let us prove the third equality. In view of (19), (fZ,b,a) = [b,[a’,(f?)']]. By (15) and the Jacobi
identity, we obtain [a’, (f?)'] = [¢,[f, f]l = [[@’, f], f] + [f.[a’, f]]. By the definition of multiplication in B,
we have ([@', /1, 7| = (@~ 7, 7)+ [(n(1a’, /1), F) and [£, [/, T = ~(f, - /1 [, br({a’, F)]- Tt is easy to see that
7([a’, f]) = fea and x([a’, f]) = —a e . Therefore, by (18) and (15), [o", (F?)] = 2[(a- f), f'] + [f oa, f] -
(f, fea)l =2[(a-f),f'] -~ 2((f e a), f]. Consequently, [b,a’, (f2)]] = 20, [(a - f)', £]] — 2[b, [(fea), f1
But, by (19) and (21), we then have

[b7 [a,v (fz)I]] = —2(0 . f) b) jf-) - z(f-.a: b) 7) = _Z(T* a, b, T)-

The fourth and the fifth equalities can be proved similarly. In this way C is a Jordan algebfa, and so
too is B(J,J*). Consequently, the pair (J, A) is a Jordan D-bialgebra. Theorem 4 is thus proved.
Acknowledgement. I am deeply indebted to Prof. Shestakov, who initiated the present investigation.
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