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SHMEL’KIN EMBEDDINGS FOR ABSTRACT
AND PROFINITE GROUPS

N. S. Romanovskii* UDC 512.5

The Magnus embedding is well known: given a group A = F/R, where F is a free group,
the group F/[R, R] can be represented as a subgroup of a semidirect product AT, where T is
an additive group of a free Z A-module. Shmel’kin generalized this construction and found an
embedding for F/V(R), where V(R) is the verbal subgroup of R corresponding to a verieiy V.
Later, he treated F as a free product of arbitrary groups, and on condition that R is contained in
a Cartesian subgroup of the product, pointed out an embedding for F/V(R). Here, we combine
both these Shmel’kin embeddings and weaken the condition on R, by aessuming that F is a free
product of groups A; (i € I) and a free group X, and that its normal subgroup R has irivial
intersection with each factor A;. Subject to these conditions, an embedding for F/V(R) is found;
we call it the generalized Shmel’kin embedding. For the case where V is an Abelian variety of
groups, a criterion is specified determining whether elements of AT belong to an embedded group
F/V(R). Similar results are proved also for profinite groups.

INTRODUCTION

The Magnus embedding is well known; see [1]. Given a group A = F/R, where F is free, that embedding
allows the group F/[R, R] to be represented as a subgroup of a semidirect product AT, where T is an additive
group of a free ZA-module. In {2, 3], Shmel’kin generalized this construction and found an embedding for
a group F/V(R), where V(R) is the verbal subgroup of R corresponding to a variety V. In [4], Shmel’kin
treated F' as a free product of arbitrary groups, and with the requirement that R is contained in a Cartesian
subgroup of the product, pointed out an embedding for F/V(R).

In Sec. 1 (Thm. 1), we combine these two Shmel’kin embeddings and weaken the requirement on R, by
assuming that F is a free product of groups 4; (i € I) and a free group X, and that its normal subgroup R
intersects triviality with each of the factors A4;. Subject to these conditions, an embedding for F/V(R) is
found, which we call the generalized Shmel’kin embedding. Such a generalization seems important by reason
of the fact that in dealing with the group F/V(R), it is often necessary to treat some one of its subgroups
H/V(R), where H > R. By the Kurosh theorem, the group H, in our case, factors into a free product of
groups conjugate to subgroups in A4; and a free group. Obviously, w.r.t. this factorization, the subgroup R
again satisfies the condition above, which permits us to apply the embedding construction also to H/V(R).
In Theorem 2, we specify the criterion determining whether elements of AT belong to an embedded group
F/V(R), with ¥ an Abelian variety of groups. This generalizes the relevant criteria obtained in {5] and [6]
for the factor group of a free group, and in (7] for the factor group of a free product.
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In Secs. 2 and 3, we are concerned with the generalized Shmel’kin embedding in a class of profinite
groups. Here, F is taken to be a free product of profinite groups A4; (+ € I) and a free profinite group
X, and V is an arbitrary variety of profinite groups. As in the case of abstract groups, we point out an
embedding for F/V(R) (Thm. 3), and for V an Abelian variety, specify the criterion determining whether
elements of AT belong to #/V(R) (Thm. 4). Previously, the Magnus embedding for the factor group of a
free profinite group was studied in [8], and the Shmel’kin embedding — in [9].

1. GENERALIZED SHMEL’KIN EMBEDDING FOR ABSTRACT GROUPS

1.1. If a group G acts on a group H, we say that H is a G-module. For a given variety V of abstract
groups, there exists a free G-module with basis {z;|i € I} in V. As a group, this module is free in ¥V with
basis {z{ |i € I, g € G}; the action of G is defined in the obvious manner. Below, for the group elements
a and b, b* and b*~! stand for a~lba and b2b~1!, respectively.

LEMMA 1. Let G > A be groups; V a variety of groups; T a free G-module in V, with one free

generating element ¢; ¢: G — H an epimorphism; S some H-module of V (treated also as a G-module);
L = HS the respective semidirect product. Suppose that the homomorphism 1 : A — L is given so that

a = ap- 34, 34 € S (a € A).

Then the map
t*~ ! — 5, (a € A)

extends to an homomorphism of the G-module T, generated by elements t2~1 (a € A), onto a G-module S
generated by s, (a € A). The first of these modules being a group is a retract of the group 7' free in V.
Proof. Let t4 be an A-submodule of T generated by an element t. Then T being a group is a V-free
product of groups t4, (t4)% (i € I), free in V, where {g; |i € I} is a system of representatives of the right
cosets of G w.r.t. A other than A. Let T4 be an A-module generated by elements t*~! (a € A). In view of
the formula
(ta—l)a' — goa'~1, (ial—l)_l, (1)

T4 being a group is generated by the set U = {t*"'|1# a € A}, and it is a retract of the group t# free in
V, for the basis of the latter group is obtained by adding to U one element ¢. The group f, too, is a retract
of T, and its basis is constituted by the set

{ta_.l, t(a-—l)ga l 1 #a c A, 1 € I}r

which is complemented to a basis of T by the elements t, t% (i € I).
Consider in S an A-submodule 54 generated by elements s, (1 # a € A). Since

(ap - s5a) - (@' - s4r) = (aad')p - saar,

we have

’

$& = sgqr - SN (2)

This formula implies that S, is generated as a group by elements s, (1 # a € A), and S is generated by
Sqy 3% (1 # a € 4,1 €1I). Since T is free in V, the mapping of its basis

2l Say (ta—l)yi — 5% (1 £a€ A, i€ I)
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extends to a group homomorphism, which is a module homomorphism in view of (1) and (2). The lemma
is proved. :

THEOREM 1. Let F = (21 A;) * X be a free product of nontrivial groups 4; (i € I) and a free

group X with basis {z; |j € J} (we do not exclude the case with 4; or X missing); R is a normal subgroup
of F such that RN A; = 1 (i € I); A = F/R. Identify the groups A4; (¢ € I) with their canonical images
in A; denote by T the canonical image of an element z € X in A. Let V be a variety of groups and T
be an 4-module free in V with basis {fz |k € I U J}. Consider a semidirect product M = AT and an
homomorphism 7: F — M given by the map

@ = toit] = a7 (s € Aiy i €]), 7 — T 15 (F € J).

Then the kernel of 7 coincides with V(R), that is, T yields an embedding of F/V(R) in M.
Proof. Since BT < T and T € V, we have ker 7 > V(R). We need to prove the inverse inclusion.
Consider a group F/V(R) and the Kaloujnin—-Krasner embedding 1 of this group in a Cartesian wreath
product R/V(R)1 A, which is represented as a semidirect product AS, where S is a basis subgroup of the
wreath product (cf. [10] and [11, Thm. 6.28]). We have

a'i¢=a‘i'sa.': Sa; es(a’zeA'nieI); z]¢:EJ'3]) 8J€S(j€c])-

Notice that S € V. For k € TUJ, denote by Ti an A-submodule of T generated by an element ¢;. For: € I,
denote by T; an A-submodule generated by elements 137! (a; € A;). The subgroup of T generated by all
T. (i € I) and all T; (7 € J) is denoted T. The free group T of V factors into a V-free product of its V-free
subgroups Tk (k € I UJ). By Lemma 1, the group T. is a retract of T;. For this reason, T factors into a
V-free product of its V-free subgroups 7T (i € I) and Tj (j € J), each of which is an A-submodule. Again
by Lemma 1, for every ¢ € I, the map ¢} =1 s s,, (a; € A;) determines an homomorphism o; : T. — 8§
of A-modules and the map t; — s; determines an homomorphism ¢; : T; — S of A-modules, for every
j € J. Therefore, the homomorphisms o4 (k € I U J) extend to an homomorphism o of the group T
into S, which is also an A-module homomorphism. The homomorphism ¢ and the identity map A — A
yield an homomorphism 7 : AT — AS of semidirect products. By construction, 7y = . In particular,
ker r < ker ¥ = V(R). The theorem is proved.

1.2. Here, we deal with a more specific case where V is an Abelian variety, that is, V is one of the
varieties An,; Ag is a variety of all Abelian groups and A, (m > 1) a variety of Abelian groups of period
m. Then T is the usual module over a group ring (Z/mZ)A. The group M, in this case, is identified with a

. A0 . . "
group of matrices (T 1 ) A proof of the next theorem follows essentially the same line as Proposition 1
in {12], but with substantial deviations in some places.

THEOREM 2. Suppose that the conditions of Theorem 1 are satisfied and V = A,,. The matrix

0
(a ) in M, where
t 1

t= Zu;t,- +Zt’jtj,

iel JjeJ
belongs to F7 if and only if the following hold:
w € (Ai—1)-(Z/mZ)AGET, Y wi+) (F—vj=a—1 (3)
i€l i€t
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Proof. A check that conditions (3) distinguish a subgroup in M is straightforward. Since the generating
a; 0 . Ej 0 ) .
i € Ai) 1 I ) S J
(t;(a,- - 1) 1) (a € ) (tj 1 (J )

for the group F'7 satisfy (3), all elements of Fr also satisfy these. We need to prove the inverse: an element

elements

of M satisfying (3) belongs to Fr. First we define some new objects.

F o
Consider a right free (Z/mZ)F-module S with basis {sx |k € I UJ}, a matrix group L = (S 1>,

and an embedding o: F — L given by the map

a; 0 . z; O .
aa-»( 1>(a,~eA;,1eI), -'5_1'“’(1:"1 1)(]61).

si(ai — 1) j

The embedding o extends to an embedding (also denoted &) of the ring (Z/mZ)F in the ring

L= ((Z/n.;Z)F Z/?nz>'

Let v € ZF and

= (Zsrc 'ka(v) Z)

Dy:v— De(v) (keIulJ)

We call the function

a partial Foz derivative. Notice that a = £(v), where
e:(Z/mZ)F — Z|mZ,
is a trivialization map, and the following formulas hold:

ifa; € A; (i € I), then Di{ai) = ai — 1, Di(a;) =0 for k # 3;
Dj(25) = 1(j €J), Di(a;) =0 for k # ji
ifu,v € (Z/mZ)F, f € F, then Di(u + v) = Di(u) + De(v),
Du(wv) = Da(u)v -+ e(u) Da(v), Da(f~) = ~De(H)f .

(4)

Furthermore, for i € I, we have D;(v) € (4; — 1) - (Z/mZ)F. A fundamental ideal A of the group ring
(Z/mZ)F being a right (Z/mZ)F-module decomposes into

S (A= 1)-(2/mZ)F + (z; — 1) - (Z/mZ)F.

i€l j€TJ

This sum is direct. Using (4), we obtain the following:
if ve (Ai —1)-(Z/mZ)F, then D;(v) = v and Dy(v) =0 for k #3;
ifv={z; —1ue(z;—1)-(Z2/mZ)F, then Dj(v) =u and Di(v) =0 for k # j.

For an arbitrary element v € A, therefore, its projection onto
(A4; = 1)-(Z/mZ)F (i€ I)
coincides with D;(v), and one onto

(zj—1)-(Z/mZ)F (j €J)
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coincides with (z; — 1) - D;(v). Hence, if v € (Z/mZ)F, then
v=e(v) =3 Di(v) + (25— 1)- Dj(v)-

iel jeJ
The canonical epimorphism F — A yields the ring epimorphism
(Z/mZYF — (Z2/mZ)A,
and together with the map
sk—’tk (kGIUJ),

these determine a module epimorphism S — T and a matrix group epimorphism L — M. We make the

convention that all of these epimorphisms are denoted by one letter — . Consider Fox derivatives dy = Dy
from (Z/mZ)F into (Z/mZ)A. Since T =0 -7, for f € F we have

fr= (Ztkf:‘ydk(f) (1]) '

We embark on the proof of the theorem. Suppose that the matrix

* 0) eM

c= ,
t 1

where t = Y txuz, satisfies (3). In the group F, there exists an element f such that
a 0
T= .
m=(23)

Replace ¢ by c¢(f7)~!. We have thereby reduced our problem to the case where c is a unitriangular matrix,

dw+ Y (7 - Dy =0.

i€l jeJ

and

For an element u; (7 € I), in the ring (Z/mZ)F we choose a preimage v; that belongs to (4; —1)-(Z/mZ)F

and for u;j (j € J), choose an arbitrary preimage v;. Let

Since vy = 0, we have v € kery = (R~ 1) - (Z/mZ)F, and v is represented thus:
v=Y (mn—1)f,
1

where r; € R and f; € F. Using formulas (4) yields the equality di((~ — 1)) = di(f;" 71 f1). Furthermore,

k (Z(?‘z - 1)f1) de (r = 1)f1), (H(f, rfi ) = de(fz—l"'lfl)'
1

1
Therefore, if
f=Ilt ms),
]

then
die(f) = di(v) = di(v) = vy = ug.

Hence fr = ¢. Theorem 2 is proved.
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2. ABOUT PROFINITE GROUPS

Recall that a profinite group is a topological group represented as a projective limit of finite groups.
From the topological standpoint, profinite groups are characterized as ones that are compact and totally
disconnected. (For information about profinite groups, see [13-16].), Below, when we speak about profinite
groups, the terms a “subgroup,” an “homomorphism,” etc., are meant to bear connotations of the category
of topological groups, that is, respectively, a “closed subgroup,” a “continuous homomorphism,” etc.

Suppose that a profinite group A is represented as a projective limit of finite groups 4, (A € A), and
K is a compact topological ring. Then K4 = lim K A4, is called a group algebra over K of the profinite A.

In each profinite group, there exists a syst;—n of generating elements such that every neighborhood of
unity contains almost all, that is, all but finitely many, elements of that system. A free profinite group X
with basis {z; |j € J} is a completion of an abstract free group with a basis {z;|j € J} in the profinite
topology defined by subgroups of finite index containing almost all elements of the basis. A free product
of profinite groups A; (i € I) is a completion of an abstract free product of these groups in the profinite
topology defined by subgroups U of finite index such that U contains almost all groups 4; and U N 4; is
an open subgroup in 4; (i € I).

A variety of profinite groupsis a class of profinite groups closed under subgroups, homomorphic images,
and direct (in the category of topological groups) products. The variety of profinite groups is uniquely
assigned a class K of finite groups closed under subgroups, homomorphic images, and direct (in the category
of abstract groups) products. A corresponding variety of profinite groups consists of pro-K-groups only.
As is the case with abstract groups, the variety of profinite ones can be defined via identities. An identity,
in this case, is an element of the free profinite group X, with a countable basis. The identity v € X, is
satisfied on a profinite group G if, for any homomorphism X, — G, the image of v (value of v) equals 1.
As distinct from the abstract case, every variety of profinite groups is defined by one identity.

Let V be a variety of profinite groups, v its defining identity, and G a profinite group. The subgroup in
G generated by all values of v is called a verbal subgroup and is denoted by V(G). If X is a free profinite
group with basis {z; |j € J} and V a nontrivial variety, then the factor group X/V(X) in which is the set
{z; |7 € J} embedded is a free group with basis {z,; |7 € J} in V. A free V-product of groups 4; (i € I) in
the variety V is the factor group of a free product of these groups w.r.t. a verbal subgroup corresponding to
V. Its Cartesian subgroup is the kernel of the canonical homomorphism onto a direct product of A; (7 € I).

We show how Abelian varieties of profinite groups are structured. Each such variety [denoted A(Q)] is
uniquely assigned the set

Q=@ |per,
where 7 is the set of all primes and «(p) either is a nonnegative integer or equals co. A class of profinite
groups corresponding to this variety consists of finite Abelian groups the periods of primary components of
which have the form p?, where B < a(p) (p € 7). A free one-generated group of the variety in question is
an additive group of the ring Zg, which is a direct (topological) sum of the rings of p-adic integers Z, for
a{p) = oo and the residue rings Z/p*(?)Z for a nonnegative integer a(p) (p € 7). Free groups in a bigger
rank are delivered as additive groups of direct sums of copies of the ring Zg.

If a profinite group A acts continuously on a profinite B, then the group B is called an A-module. In
this event we can form a direct product of the groups A and B, which is also a profinite group; see [16,
Lemma 1.3.6].

Let V be some variety of profinite groups and A a fixed profinite group. Consider a class of A-modules
contained in V. This class hosts free objects. A free profinite A-group with basis {z;|j € J} in V is
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constructed as follows. Represent A as a projective limit of finite groups A, (A € A), and for every A € A,
consider a free group X, with basis {z;* |j € J, ax € Ax} in V. On X, the canonical action of the finite
group A, is defined, which we can translate into the continuous action of A. Then X = lim X)) is a free
A-group with basis {z;|j € J} in V. (The set {z;|j € J} is embedded in X in the obvious way.) If ¥
is an Abelian variety of profinite groups that coincides with .A(Q2), then X is the usual topological module
with basis {z;|j € J} over the group algebra Zg 4.

Remark. Lemma 1, without any changes, can be brought to bear on profinite groups, provided that
G is assumed finite in its formulation.

3. GENERALIZED SHMEL’KIN EMBEDDING FOR PROFINITE GROUPS

THEOREM 3. Let F = (‘_;I A;) * X be a free product of nontrivial profinite groups 4; (: € I) and a
free profinite X with basis {z;|j € J} (we do not exclude the case with A; or X missing); R is a normal
subgroup of F such that RN A; =1 (i € I); A= F/R. Identify A; (i € I) with their canonical images in
A, and write T for the canonical image of £ € X in A. Let V¥ be a variety of profinite groups and T a free
A-module with basis {tx |k € IUJ} in V. Consider a semidirect product M = AT and an homomorphism
7: F — M given by the map

a,'—-bt,'a,'t,-—l::a,--t?"—l (a;EA;,iEI), T; =T L (jEJ).

Then the kernel of  coincides with V(R), that is, 7 yields an embedding of F/V(R) in M.

Proof. It is a simple matter to verify that ker v < V(R). To prove the inverse inclusion, it suffices to
establish that if ¢: F — G is an homomorphism into a finite group for which ker ¢ > V(R), then it goes
through 7. Note that ker ¢ contains almost all subgroups A; (i € I) and almost all elements z; (j € J).
If we allow the application of the Kaloujnin-Krasner embedding to the wreath product we reduce our
problem to the case where G = BC is a semidirect product (C a normal subgroup), C € ¥, Rp < C, and if
7: G — B is a canonical projection then the homomorphism ¢7: F' — B is surjective. Since ker pNA; = A;
for almost all ¢ € I, the group F contains an open normal subgroup H such that

kerpor > H> R, HNA; <kerpnA; (iel).

Therefore, A’ = F/H is a finite group, and since H > R, there exists a canonical epimorphism ¢: A — A’.
Consider a free A’-module S with basis {sg |k € TUJ} in V. There is an homomorphism v: AT — A'S
determined by the homomorphism #: A — A’ and by the embedding tx — sx (k € TU J). Let

@i = QiPT * Caypy Cagp € C (ai € Ay, i € ), zjp =gjm-¢j, ¢; €C (J €J).

Keeping in mind the remark in the preceding section and taking into account that, for any i € I, the map
a; — a;p (a; € A;) is an homomorphism of the group A;4 onto A;p, we can assert that the map

a;P — a;pT, s?"”-l — Cap (@i € Ai i €), 29 — 20w, 55 o c; (fET)
extends to an homomorphism o: 4’ S — G, where Sis an A’-submodule of S generated by the elements

stV (@ e Ay i€l), s (7€)

By construction, ¢ = 7y0; so, ¢ goes through r. The theorem is proved.
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Let ¥V = A{Q) be an Abelian variety of profinite groups. Then, as indicated in Sec. 2, T is a right free
topological module (in the classical sense) with basis {tx |k € I U J} over the ring ZoA. The semidirect

0
product AT can be identified with a matrix group M = 1); the homomorphism 7 is given by the

T
a; 0 z; 0
- : € A, iel) z; ] e J).
a; (i,-(ai—-l) 1) (a; € 44, 1 € ):cJ—e(tj 1) (7eJ)
We establish the criterion for elements in M to belong to an embedded group Fr. A similar criterion was
stated in [8] for the case where F = X, A = F/R is a pro-p-group, and ¥ = A(p™) is a variety of all

map

Abelian pro-p-groups.
THEOREM 4. Assume that the conditions of Theorem 3 are satisfied, and V = A(Q2). The matrix

a 0\ .
( ) in M, where
t 1

t= Zu,‘tg + Z’thj,
el j€J

belongs to F'r if and only if the following hold:

w €(4i—1)-ZoAG€D), Y w+)Y (F- v, =a- L (5)
icl jeJ
Proof. As in the proof of Theorem 2, we note that conditions (5) will distinguish a subgroup in M,
denoted H, and that Fr < H.
We argue for the inverse inclusion. Assume, to the contrary, that there exists a matrix ¢ € H \ Fr.
Standard manipulations will help us reduce the problem to the case where I and J are finite sets and all the
groups A; (i € I) are finite. We may also assert that there exists a canonical epimorphism of the ring Zgo

onto some residue ring Z/mZ and there exists an epimorphism ¢ of the group A onto a finite A’; moreover,
if T is a free (Z/mZ)A’-module with basis {t} |k € U J}, and

A0
. —_ L =
v M (T' 1)

is 2 group epimorphism determined by the epimorphism ¢: A — A’ and by the map ¢, — ¢t (k€ TUJ),
then ¢ ¢ Frip. We also assume that the kernel S of the through homomorphism F — A4 — A’ satisfies
the following condition: SN 4; =1 (i €I). Let F be an abstract free product of groups 4; (i €I)and X.
The group F is contained as an abstract subgroup in F and is dense in it; therefore, Fry = Fri. Let

T=19 |7, R=5nF.

By Theorem 1, the map 7 yields an embedding for the group F/ (ﬁ"‘[ﬁ, ﬁ]) The criterion determining
whether elements of a corresponding matrix group belong to ﬁ/ (ﬁ"‘{ﬁ, ﬁ]) was stated in Theorem 2. We

a' 0)
Sothup 1

of L lies in F7 iff conditions (3) are satisfied. The matrix cy satisfies these, which is a contradiction with
ct) & Frip. The theorem is proved.

can therefore say that the matrix
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N =

10.

11.

12.

13.

14.

15.

16.
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