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Combined tension and torsion experiments with thin wall specimens of Cu-AI-Zn-Mn polycrystalline 
shape memory alloy (SMA) were performed at temperature T = A z + 25 K. The general stress-strain 
behaviors due to the thermoelastic martensitic transformation, induced by a combination of external 
forces of axial load and torque, were studied. It is shown that the progress of martensitic transfor- 
mation (MT) at general stress conditions can be well considered as triggered and controlled by the 
supplied mechanical work (a kind of equivalent stress) in the first approximation. Pseudoelastic 
strains in proportional as well as nonproportional combined tension-torsion loadings were found fully 
reversible, provided that uniaxial strains were reversible. The axial strain can be controlled by the 
change of torque and vice versa due to the coupling among tension and torsion under stress, not 
only in forward transformation, but also in reverse transformation on unloading. The pseudoelastic 
strains of SMA polycrystal are path dependent but well reproducible along the same stress path. The 
evolution of macroscopic strain response of SMA polycrystal, subjected to the nonproportional pseu- 
doelastic loading cycles with imposed stress path, was systematically investigated. The results bring 
qualitatively new information about the progress of the MT in SMA polycrystal, subjected to the 
general variations of external stress. 

I. INTRODUCTION 

THE thermally or stress-induced thermoelastic marten- 
sitic transformation (MT) in shape memory alloys now 
seems to be well understood, at least for the most simple 
single crystal, single interface conditions, for which the vast 
number of basic experimental and theoretical works have 
been performedS~]The progress of the transformation is con- 
trolled by the so-called thermoelastic criterion--balance of 
chemical and mechanical forces driving or opposing the 
motion of martensite variant interfaces that can be physi- 
cally well formulated on the atomic level just at the moving 
martensite variant interfacesY~ When the external stress or 
temperature is varied in a proper range, characteristic for 
each thermoelastic shape memory alloy (SMA), the alloy 
responds by the nucleation and growth (forward MT) or 
shrinking (reverse MT) of martensite variant particles. This 
brings about a macroscopic strain change only if external 
stress is applied, due to the self-accommodation of crystal- 
lographic strains of growing martensite variant particles in 
stress-free, thermally induced MT. The stresses and strains 
considered in thermodynamical theory[2~ are typically sca- 
lars, suitable for experimental single crystal data. The effect 
of general external stress on the stress-induced, first-order 
solid state transformations has been discussed in the frame 
of thermodynamics by Kato and Pak. t3] 

On the other hand, the engineering applications of SMA 
require a simple but reliable estimation of the general mac- 
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roscopic thermomechanical behaviors of complex polycrys- 
talline SMA for which the single crystal results and models 
are not directly applicable. For this reason, the transfor- 
mation behavior of SMA polycrystals is now being widely 
studied micromechanically on the mesoscopic level. The 
formulation of the problem through an energetic balance by 
employing the thermodynamical potential in the form of 
complementary free energy �9 associated with the MT in a 
unit constitutive element is the most powerful and standard 
current approach.t4,5,6] As an example, Patoor et aL[r] intro- 
duced the complementary free energy �9 in the form of Eq. 
[1 ], where f represents the volume fraction of transformed 

Im 
martensite phase,f  = -~, and serves as an internal variable; 

E~ is the external stress; M,~kt is the elastic compliance ten- 
sor; T is temperature; B and To are the material constants; 
and ~'~ is the part of local stress tensor due to the incom- 
patibilities of transformation strain field, g~(r). 

1 Z  f " tr (Zij, T , f )  = f - ~  ,j eij (r) dV - B (T-To) f 

1 1 
+ ]  ZijMqk ,Zk, + 2-V Jr o',j' . . . .  (r) e,:  (r)dV [1] 

While the first two terms represent the part of free energy 
directly used to convert the parent phase to the martensite 
structure, the third and fourth terms account for the elastic 
strain energy and a part of the mechanical energy that has 
to be stored due to the internal stresses, ~ '(r) ,  created by 
incompatibilities of transformation strains, ~(r), of individ- 
ual transforming particles. Although a lot of simplifying 
assumptions and averaging techniques have to be employed 
in further formulation of the model in order to obtain the 
simulated general uniform stress-strain-temperature behav- 
ior of a constitutive element, the latest simulations provide 
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Fig. l ~ h e  shape of  the thin wall specimen for combined tensmn-torsion 
experiments. 

remarkable results for proportional stress conditions.t6] 
However, the process has a tensorial character in nature, 
and at present, little is known about the interaction of gen- 
eral stress with thermoelastic martensitic transformation, 
both experimentally and theoretically. 

The evolution of local transformation strains of individ- 
ual martensite variant particles, g;(r, t), during stress- or 
temperature-induced MT is of prime interest from a 
material point of  view. On the mesoscopic level of  SMA 
polycrystal, we can easily determine only the evolution of 
the average transformation strain, E~(t), across the volume 
of transforming polycrystal (Eq. [2]). Here, it will be called 
the "transformation path." 

E'~ (t) = -~ E'i~ (r, t )dV [2] 

The constitutive description of thermoelastic MT has to be 
formulated in terms of uniform stresses, strains, and tem- 
perature (Eq. [3]). The measured uniform strain, E~, is com- 
posed of the elastic strain, E~, transformation strain, E,~, and 
thermal dilatation strain, E,~L In spite of the practical rate 
independency of the experimental stress-strain-temperature 
behaviors observed, the time has been included to account 
for the history-dependent deformation behavior of thermoe- 
lastic MT in a most simple way. If the external stress, E,j, 
varies in a general nonproportional way during a single 
thermomechanical cycle, the transformation path defined 
above need not to be the same in forward and reverse 
branches of the thermomechanical cycle. This makes a 
qualitative difference with respect to the standard uniaxial 
loading tests. What do the transformation paths of ther- 
moelastic MT in SMA polycrystal actually look like at such 
conditions? 

Eij = Eeilj q- Et~.,/ -[- Ethij : f (~-"ij (t) ,  T (t))  [3] 

Also, the ability of shape memory alloys to "memorize" a 
particular transformation path after a special thermome- 
chanical treatment remains evidently the most exciting fea- 
ture of these materials. The knowledge of transformation 
paths of SMA polycrystal under extemally enforced non- 
proportional stress conditions is essential for a proper un- 
derstanding of the mechanics of shape memory effects 
exhibited by polycrystals of SMAs. In fact, the growing 
martensite variant particle should be considered to interact 
with general nonproportional stress even in uniaxial loading 
of SMA polycrystaU 41 

This has motivated the experimental study reported in 
Section II. To simulate general stress conditions, we have 
chosen a combined tension-torsion loading of thin wall 

specimens of Cu-10 wt pct A1-5 wt pct Zn-5 wt pct Mn 
shape memory alloy as a simple and physically well-defined 
test. When the thin wall tube is subjected to axial load, L, 
and torque, M, the resulting macroscopic stress state can be 
characterized as average stress across the volume of the 
SMA polycrystal, ]~u" Let us suppose that the thermoelastic 
MT is induced by the uniform stress E,j. It has two nonzero 
components of axial stress, o; and torsional shearing stress, 
z. Analogically, the average uniform strain, Eu, is given by 
the axial strain, e, and torsional shear strain, y. These com- 
ponents of stress and strain tensors can now be indepen- 
dently controlled or studied. The strain response of SMA 
polycrystal to the general variation of stress and tempera- 
ture can be systematically investigated by independent ap- 
plication of external forces of torque and axial load in 
combined tension and torsion experiments. The experimen- 
tal data serve as model information about the general stress- 
strain-temperature thermomechanical behaviors of 
thermoelastic SMA polycrystal. The results reported here 
are limited to the transformation pseudoelasticity at con- 
stant test temperature. 

II. E X P E R I M E N T A L  P R O C E D U R E  

The thin wall specimens for combined tension-torsion 
experiments were made of Cu-10 wt pct A1-5 wt pct Zn-5 
wt pct Mn industrial, polycrystalline SMA produced by Fu- 
rukawa Co., gage length I = 35 mm (25 mm and 40 ram) 
and diameters doxt = 8 rnm and din, = 5 mm (Figure 1). 
The specimens were finally heat treated at 873 K for 2 
hours and quenched in ice water (grain size, d < 120/xm). 
Transformation temperatures, found by electric resistivity 
measurements, are M s = 239 K, M i = 223 K, A s = 248 K, 
and A I = 260 K. 

A Shimadzu AG-10TS testing machine designed for 
combined tension-torsion tests with a closed loop servo- 
control analog system was adapted for simultaneously ap- 
plied cyclic tension and torsion in force, strain, or mixed 
control using a PC. A special combined strain extensometer 
was carefully calibrated to avoid cross effects among ten- 
sion and torsion strains in the interval of used extensions 
and angles of rotation. Combined load tests were performed 
at room temperature T = 285 K (A s + 25 K) in strain or 
force control modes. The development of a surface step 
pattern on an electrolytically polished specimen surface was 
observed in situ by an attached optical microscope. 

16Md~x t dex t 0 
"7" : 4 4 ' 3' -- [4] 

7r (do• - d i n t )  2l 

o - F  3'F 
C s = - -  C E = - -  [5] 

TF ' ~F 

Y 
rinv= CSr, Yi,v - [6] 

C E 

To determine macroscopic torsional shear stress, r, and 
shear strain, y, from measured torque, M, and torsion angle, 
0, the maximum elastic values on the surface of  hollow bar 
specimens were calculated by Eq. [4]. The yield stresses 
and strains, at which the forward MT starts (o e and e ~ in 
tension and r e and y~ in torsion), were always determined 

2924~VOLUME 26A, NOVEMBER 1995 METALLURGICAL AND MATERIALS TRANSACTIONS A 



4 0 0  ~i 

3 0 0  - 

2 0 0  - 

1 0 0  - 

. . . .  

- 1 0 0  - 

- 2 0 0  - 

- 3 0 0  - 

L 
- 4 0 0  

- 0 . 0 2  

T E N S I O N  

~3[MPa] 

TORSION 
I I_~ I I 

I t_ q; [MPa] 2 0 0  

100 

0 

-100 

- 2 0 0  
E 

I I 

7 
I I I I 

-0.01 0 0.01 0.02 -0.03 -0.01 0 0.01 0.03 
(a) (b) 

Fig. 2--Uniaxial pseudoelastic stress-strain curves; strain control, T = 285 K: (a) symmetrical tension-compression and (b) symmetrical tors ion+/- .  
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Fig. 3--Uniaxial pseudoelastic stress-strain curves; strain control, T = 285 K: (a) tension loading-unloading (five loops), (b) symmetrical tors ion+/-  (five 
loops), and (c) through (e) partial pseudoelastic loops in stabilized state in tension. 

from the first two pseudoelastic loops on as-quenched spec- 
imens. The "0.05 pct proof stress" method was employed 
to determine the yield points. The empirical coefficients, C s 

and C E, defined by Eq. [5], were calculated for each spec- 
imen from the preceding data of  the first two loops and 
used to determine the energetically equivalent values of 
shear stress, ~nv, and shear strain, Y~.v, according to Eq. [6]. 
The equivalent stresses and strains in simultaneous tension- 
torsion are calculated by Eq. [7]. Such a technique allows 
us to determine the energetically equivalent values of uni- 
form stresses and strains in combined tension and torsion 
without knowing in advance the yield and flow criteria for 

SMA. It only corresponds to the idea that the amount of 
elastic energy needed to trigger MT is equal in tension and 
torsion deformation modes (Section III provides more de- 
tails). The strain states of the specimen in the combined 
load test are given by [e, '~/#inv] in strain space and their 
evolution during the pseudoelastic cycle will be called here 
"strain path," while the sequence of [o-, r~nv] stress states 
in stress space will be called "stress path". Moreover, the 
inelastic transformation strains e ~ and N",v are calculated by 
Eq. [8]. The evolution of transformation strain states, [e ̀r, 
~D%], during the progress of MT represents the transfor- 
mation path of SMA polycrystal in combined tension-tor- 
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sion test. 

O-eq = ~/0"2 "~ (CS'r) 2, eeq = ~/C2 ~- (.y/fE)2 [7] 

o- y ~'C s 
e 'r = e E '  y,r C e E [8] 

III. RESULTS AND DISCUSSION 

A.  Uniaxial Loading  

Since the basic mechanical characteristics of the pseu- 
doelastic material are described by a standard uniaxial load- 
ing-unloading test, the pseudoelastic curves recorded in 
symmetrical tension-compression (Figure 2(a)) and sym- 
metrical torsion + / -  (torsion fight-torsion left) (Figure 
2(b)) tests are shown here to introduce the SMA material 
used. The specimens used for compression tests are of 
slightly different shape with shorter gage length (1 = 25 
mm, doxt = 8 mm, and din t = 5 m i l l )  and smoother transition 
to the specimen head. The steps corresponding to marten- 
site variant particles, activated in surface grains, were ob- 
served in situ on the specimen surface during the first two 
symmetrical tests as appeared, grew, and disappeared on 
unloading. The growth or shrinking of a martensite variant 
particle proceeded via sudden bursts along the habit plane 
but continuously in the direction perpendicular to the habit 

plane. The particles were distributed highly inhomoge- 
neously on the surface area observed in deformed state. The 
steps observed in the same arbitrarily chosen place in ten- 
sion, compression, torsion+, and torsion- deformation 
modes were mostly of different orientations. This happens 
due to the well-known asymmetry of the interaction of MT 
with the + / -  orientation of the shear stress, v,81 The exper- 
imental data of symmetrical pseudoelastic loops, however, 
suggest a good isotropy of the stress-strain behaviors on the 
mesolevel of Cu-A1-Zn-Mn SMA polycrystal. While the 
first torsion + / -  pseudoelastic loops are always perfectly 
symmetrical, the tension-compression mechanical behav- 
iors regularly exhibit slight asymmetries (for example, in 
the width of hysteretic loops). However, the martensite start 
stresses, o e, and the slopes of stress-strain loops in the 
transformation flow region are practically identical in ten- 
sion and compression if the correction for true stress is 
made. Such tension-compression deformation behavior is in 
sharp disagreement with experimental data, obtained on 
some other SMA alloys as Cu-Zn-A1 or Ni-Ti, where large 
dissymmetry among tension and compression deformation 
behaviors has been recently reported (discussion and ref- 
erences in Reference 9). 

It is a common experience with polycrystalline SMA that 
the shape of pseudoelastic stress-strain loops changes es- 
sentially in several introductory loops and then remains al- 
most unchanged for a large number of cycles (Figures 3(a) 
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and (b)). In order to bring the specimen into a relatively 
stable mechanical state, together at least ten introductory 
loops in all deformation modes used were necessary. When 
the introductory loops were performed along the same (sim- 
ilar) strain path, an essential strain anisotropy was intro- 
duced into the microstructure of the specimen. 
Consequently, a measurable nonproportionality among 
stress and strain paths was observed in subsequent defor- 
mation tests, as reported in Reference 10. After such an 
initial cycling, the stress-strain curves become approxi- 
mately stabilized. The stress-induced MT becomes mechan- 
ically reversible, nevertheless, due to the dissipative nature 
of thermoelastic MT; the stress-strain behavior still displays 
the well-known, complicated hysteretic character. Exam- 
ples of axial loading-unloading pseudoelastic curves in sta- 
bilized state, including various partial loops, are shown in 
Figures 3(c) through (d). The following should be noted. 

(1) Martensitic transformation is not completed at the 
maximum stress even in the largest pseudoelastic 
loop. 

(2) The width of hysteresis of the partial loop depends 
essentially on the minimum-maximum stress differ- 
ence. 

(3) All partial loops are always perfectly closed (on re- 
turn, they pass exactly through the same stress-strain 
state, where they have been started). 

(4) All the stress-strain states, enclosed by the experi- 
mental hysteretic loop of maximum area, can be re- 
peatably reached by properly chosen deformation 
paths. 

The partial loops were included here, since we believe 
that the key to the mechanical description of stress-induced 
MT lies in the proper understanding of the preceding hys- 
teretic behaviorsJ 71 

Due to the changes of the shape of the pseudoelastic loop 
with the number of cycles, only the first tests in each de- 
formation mode on as-quenched specimens bring meaning- 
ful information about the critical stresses o -F and 7 ~ to 
induce forward MT. Two such pseudoelastic loops, per- 
formed on a single specimen, are shown in Figure 4. The 
shear stress, z, and shear strain, y, represent the maximum 
values on the surface of still a relatively thick wall tube 
and are not fully appropriate for the description of the uni- 
form strain and stress states of the transforming specimen. 
Due to this uncertainty and, at the same time, due to the 
need for definition of equivalent stress but lacking the 
knowledge about yield and flow criteria for SMA poly- 
crystal, we introduced directly the energetically equivalent 
values of shear stress, 7"inv, and shear strain, 'Yinv, in torsion. 
If the torsion pseudoelastic curve is drawn in %vand %v 
coordinates (2eq loop), the phenomenologically evaluated 
density of elastic energy, necessary to trigger MT, is by 
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definition equal in tension and torsion tests. However, as 
we can see in Figure 4, not only the critical stresses and 
strains coincide, but also all of  the forward branches of both 
pseudoelastic loops recorded in tension and torsion auto- 
matically fit one another as a result. Since we newer knew 
the exact values of C s and C e coefficients in advance, we 
could not know at which shear strain to reverse the run of 
the torsion test. The maximum stresses of first tensile and 
first torsion loops are, therefore, different. The character of 
o- - e and z - 7 pseudoelastic loops changes essentially 
in subsequent pseudoelastic cycles (Figures 3(a) and (b)); 
nevertheless, the once determined coefficients for calcula- 
tion of equivalent stresses and strains result in a very good 
fit of  all of  the pseudoelastic loops in stabilized state. (In 
Figure 5, the 7th tensile and 1 lth symmetrical torsion loops 
are brought together, and the maximum shear strain y~ = 
CEe M is applied in the torsion test.) The scheme, of course, 
can be used for fully reversible strains only. We will further 
use 'Tin v and Yinv for the description of shear stress and shear 

strain instead of r and y, since the main goal of this study 
is the investigation of transformation paths in nonpropor- 
tional loadings and the scale on the y-axes of  stress and 
strain spaces is of lesser importance than the shape of trans- 
formation pathways itself. 

B. Proportional Combined Loading 

Pseudoelastic loading-unloading behavior under a constant 
ratio of axial and torsional strain increments (proportional 
loadings) was examined on a specimen already brought into 
the mechanically stable state by performing introductory cy- 
cles in tension and torsion + / - .  A set of strain control ex- 
periments [(Ay/Ae) = const.] with prescribed linear strain 
paths was performed, and the stress response was measured. 
The maximum equivalent strains in each test were ~ = 
0.03. The tension and torsion strains were applied simulta- 
neously, and as a result, the transformation paths in forward 
and reverse MT were identical in this case. 
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The stress-strain behavior studied in combined load test 
is fully characterized as a time sequence of [0, r] stress and 
[e, 3'] strain states. However, the invariant values of shear 
stress and shear strain for torsion are used to present the 
stress and strain paths in corresponding stress and strain 
vector spaces. The length of the strain (stress) vector in 
such coordinates is the equivalent strain, eeq (equivalent 
stress, 0-eq)" The pseudoelastic loops, recorded separately by 
tension and torsion controllers, are always drawn in 0- - e 
and r - y coordinates (Figure 6) in order to present the 
undistorted data as well. When the critical stress states [o ~, 
~v] for forward MT are evaluated from such curves and 
drawn in 0- - %v stress space (Figure 7), they lie quite well 
on a half-circle with the diameter 0"eq = 150 MPa. Com- 
pression experiments could not have been performed on the 
longer (l = 35 mm) specimen and are not included. The 
part of such a "transformation yield surface" in the form 
of a half-circle does not automatically imply that the ma- 
terial obeys the von Mises yield criterion because of the 
definition of tin v in torsion (the C s 4: ~/3). Not only the 
transformation start stress states but also the recorded max- 
imum stress states [o ~, ~v] reached in each test lie quite 
well on the half-circle in the stress space. Finally, when we 
draw the equivalent stress-equivalent strain, O'eq -- e~q, 
curves, they fit each other similarly to the special cases of 
pure tension and pure torsion tests shown. We do not know 
from these experiments if the mechanical energy needed to 
trigger MT is really equal in tension and torsion deforma- 
tion modes. We may conclude, however, that the amount 
of the supplied mechanical work in combined tension-tor- 
sion loadings, characterized by the value of equivalent 
stress, controls very well both the start and the overall pro- 
gress of MT. 

The application of tension, torsion, and compression 
loadings to SMA material provides, nevertheless, a unique 
opportunity to determine part of the transformation yield 
surface. The problem is the change of the shape of the 

(Y2 
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Fig. 8- -The experimental transformation yield surface m principal stress 
space, recalculated from [o ~, r  forward MT start stress states determined 
from the first two pseudoelastic loops on different specimens; T = 285 
K. 

pseudoelastic loops with the number of cycles performed 
that limits us to the first two pseudoelastic loops on each 
specimen. Also we take the shear stress, r, as representative 
for not really thin wall specimens. The principal stresses o-~ 
and 02, calculated from the transformation start stress states 
[o ~, "f] recorded in the first two pseudoelastic loops on 
each specimen in various tests (tension, compression, tor- 
sion + / - ,  and simultaneous tension-torsion), are drawn in 
principal stress space. The part of the transformation yield 
surface constructed in this way is shown in Figure 8, where 
the symmetry along the biaxial stress axis is reasonably 
supposed. One can see that the determined branches of ex- 
perimental transformation yield surface slightly differ from 
the theoretical von Mises ellipse drawn through the [a e, 0] 
stress state. Anyway, if the SMA material obeys the von 
Mises yield criterion (if the MT is triggered by the critical 
elastic energy of distortion) and the r and 0" well charac- 
terize the uniform stress state, the experimentally deter- 
mined coefficient C s should approach the theoretical a = 

value. One must be very careful to use only the data of 
first symmetrical loops on as-quenched specimens to deter- 
mine the transformation start stresses. If, for example, ten 
pseudoelastic loops are performed in tension only (as in 
Figure 3(a)) and the 1 lth loop is a symmetric tension-com- 
pression one, the absolute value of a e in compression, eval- 
uated by the "0.05 pct proof stress" method by using the 
original elastic constant E, could be 100 pct higher than a e 
of the tension part of the symmetrical loop. Also, the slopes 
of stress-strain loops in the transformation regions in ten- 
sion and compression would be very different. 

C. Nonproport ional  Combined Loading  

When the SMA polycrystal is subjected to the nonpro- 
portional loadings (for example, torsion at applied axial 
force), the uniform stress changes in a nonproportional way. 
The existing martensite variant particles, already induced 

METALLURGICAL AND MATERIALS TRANSACTIONS A VOLUME 26A, NOVEMBER 1995--2929 



C O M B I N E D  

T E N S I O N  - T O R S I O N  

[ 0 ,  17, T] CONTROL 

C s = 1.23 

C E = 2.2 

300 

200 

100 

0 

STRESS PATH 
I I 

q~inv[MPa] 

3 

4 
2 

~- 0.02 

0.01 

0 
1 O 

I I I I 

0 100 200 300 

-! 

STRMN PATH 
I 

~ inv  Total 

�9 2 

0 0.01 0.02 

250 

200 

150 

100 

50 

0 

TENSION 
I I I 

- - i  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

I I I I 

0 0.005 0.01 0.015 

250 

200 

150 

100 

50 

0 

TORSION 
I I I I I 

- : Z  [MPa] 

�9 3 

2 4 

! 
0 

400 

300 

200 

100 

0 

V 
EQUIVALENT 

I, I I 

Oeq[MPa] 
2 

/./. ................... E.eg. 
I I 

0.01 0.02 0.03 0.04 0 0.01 0.02 
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strain path (total) and transformation path (transf.) are drawn in strain space. 

by axial stress in the previous deformation history, need 
not be the most favored ones by the extemal stress any- 
more, stop to grow, interact with other newly nucleated 
particles, or even shrink back to the parent phase. What is 
the macroscopic stress-strain behavior of SMA polycrystal 
with misorientated crystal grains under such loading con- 
ditions? This has been systematically studied using nonpro- 
portional combined load tests. 

The stress path is imposed in a stress control test (Figure 
9), and the response of the specimen is illustrated by the 
separate pseudoelastic loops o- - e and ~- - 3,, strain path 
and transformation path in strain space, and equivalent 
stress-strain, ~q - eeq, loop. The first important result is 
that the pseudoelastic strains in a nonproportional loop are 
again completely reversible. The shape of o- - e and z - 
y pseudoelastic loops becomes rather exotic, since they sep- 
arately contain only part &the  information about the stress- 
strain constitutive behavior, expressed by Eq. [3]. On the 
other hand, the equivalent stress-strain O'eq - -  ~aq curve fits 
the shape of the uniaxial loading-unloading pseudoetastic 
loop. The O'eq -- eeq loop characterizes the mechanical en- 
ergy stored in each stage of the nonproportional test (com- 
pare Figures 4 and 9, with different specimens and similar 

maximum equivalent strains). If we consider the area en- 
closed by the O-eq - ~'eq loop (or better the sum of areas 
enclosed by o- - e and %v - Y~nv separate loops) as a 
measure of the total dissipated energy in a nonproportional 
loop, we observe that the energy dissipation in the nonpro- 
portional test is not any larger than in the proportional one. 
This justifies the usage of Eqs. [6] and [7] even for non- 
proportional tests. The shape of strain paths documents a 
coupling among tension and torsion under stress not only 
in forward MT (as typically observed in metal plasticity 
and described in plasticity theory by the yield criterion and 
the flow rule for loading) but also on unloading due to the 
reverse MT. 

The transformation path can be better controlled in a 
strain control test, as shown on Figure 10. The evolution 
of external stress as a system response, however, exhibits 
a very complicated behavior (the opposite torque force has 
to be applied during reverse branch of  the strain control 
loop). Nevertheless, the equivalent stress-strain, O'eq - -  ~'eq, 

loop still corresponds relatively well to the tensile pseu- 
doelastic loop. Since it is the stress that controls the pro- 
gress of thermoelastic MT, we prefer the stress control 
experiments with well-defined stress paths imposed, in or- 
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der to get one continuous forward loading [(dG~q/dt) > 0]  

up to the maximum stress state, followed by one continuous 
unloading [(dGeq/dt) < 0] back to the original stress state 
[0,0]. The stress control mode is also physically acceptable 
due to the practical rate independency of stress-strain be- 
haviors and due to the large slope of experimental stress- 
strain curves in the mechanically stable state (Figures 3(c) 
through (e)). 

It thus has been shown that the deformation behavior of 
pseudoelastic SMA polycrystal under nonproportional 
stress conditions can be well characterized by the supplied 
mechanical work (equivalent stress). The equivalent stress- 
strain curve, O'eq - -  ~eq,  characterizes the progress of MT in 
SMA polycrystal at general nonproportional stress condi- 
tions in the similar level of approximation as the tensile or 
- e curve for uniaxial stresses and strains. The evolution 
of the average transformation strain in a nonproportional 
pseudoelastic cycle is, however, path dependent and reflects 
the strong shear stress sensitivity of MT. 

D. Transformation Pathways in Combined Loading 

The strain response of SMA polycrystal to the prescribed 
evolution of stress states deserves special attention and will 
be discussed in this section. As we have already seen, the 

response of the as-quenched specimen in a proportional 
loading test is indeed proportional to the imposed linear 
strain (stress) path. This proportionality is lost if the spec- 
imen has been mechanically loaded repeatedly along the 
same (similar) strain path in previous deformation his- 
tory.U ~ 

Interesting mechanical features of the general stress-in- 
duced MT appear in nonproportional tests in the form of 
the recorded strain (stress) response to the simple imposed 
stress (strain) paths. We performed a systematic investiga- 
tion of transformation paths of SMA polycrystal using sim- 
ple stress paths imposed in stress control experiments 
(Figure 11) in order to understand the path dependency of 
general stress pseudoelastic behaviors. Some results are 
summarized in Figures 12(f) through (j). The stress paths 
recorded in strain control experiments (Figures 12(a) 
through (e)) were included just to compare the response of 
SMA polycrystal in both control modes. Other experimen- 
tal data can be found in References 11 through 13. 

Let us compare the strain paths recorded in two nonpro- 
portional tests along different stress paths to a single maxi- 
mum stress state A = [o ~, ,7~v ] = [300,190]. One can see 
that pseudoelastic strains are completely reversible, and prac- 
tically the same maximum equivalent strains, ~ ~ 2.5 pct 
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(the distance from the origin [0,0] in strain space), have 
been reached regardless of the applied stress path. Never- 
theless, the maximum strain states reached are different if 
different stress paths toward the A point are imposed (Fig- 
ures 12(f) through (j)). The scatter among B, B1, and B2 
in strain space for the simple stress paths used, however, is 
smaller than 0.3 pct in spite of the large inelastic strain 
corresponding to the maximum equivalent strain. 

We thus find that the average transformation strains of 
SMA polycrystal depend on the shape of the already passed 
transformation path (elastic strains are path independent 
and given solely by the external stress according to Hook's 
law). The strain of a uniaxially deformed specimen also 
depends on the previous deformation history (various 
strains correspond to a single stress due to the energy dis- 
sipation and mechanical hysteresis, refer to partial loops in 
Figure 3(e)). The difference is that in combined loading, 
we deal with energy dissipation along the forward trans- 
formation branch only. Indeed, the scatter among maximum 
strain states, corresponding to a single maximum stress 
state, approached along various stress paths is just another 
consequence of the energy dissipation during the process 
of the stress-induced MT. The energy dissipation takes 
place along different transformation paths, and the obtained 
maximum strain states, B, B1, and B2, are different from 
each other, while the same strain state is reached with good 
reproducibility along the same stress path. The scatter 
among maximum strain states generally increases with the 
O~q, since the amount of dissipated external work is larger 
in this case. Also, when both forward and reverse MT have 
already taken place along one of the strain paths, the scatter 
among strain states corresponding to a single stress state 
can be significantly larger (refer to the strain states C F and 
C R corresponding to a stress state C reached along various 

stress paths in Figures 12(g) through (j)). In the limit of 
SMA materials with very small width of hysteresis loop, 
the pseudoelastic behaviors would still be shear sensitive 
but almost path independent (B = B1 = B2) in our opinion. 
The shape of the strain paths in stress control nonpropor- 
tional tests (as in Figure 120) ) would be the same whether 
the test proceeds clockwise or counterclockwise, On the 
other hand, if the energy dissipated is so large that the trans- 
formation strains become irreversible, Eqs. [6] and [7] do 
not describe well the equivalent strain even in the forward 
branch of the pseudoelastic cycle. 

Finally, we were interested in transformation flow of 
SMA polycrystal under combined forces. Specially de- 
signed experiments were performed to study systematically 
the strain response of a partially transformed SMA poly- 
crystal to the general stress changes. The results are shown 
on Figure 13. The specimen was deformed ten times; it was 
deformed first in torsion up to the stress state [O-,'7"inv] = 

[0,250], and then loading was continued further along ten 
various stress paths a through j up to the maximum equiv- 
alent stress, ~ = 300 MPa (Figure 13(a)). Only forward 
branches of stress paths of the tests are analyzed. The O'~eq 
is a little smaller than 300 MPa in tests g and i due to 
control errors. The recorded evolution of macroscopic 
strains (strain paths, Figure 13(b)) and average transfor- 
mation strains (transformation paths, Figure 13(c)) provides 
systematic information about the behavior of stress-induced 
martensite subjected to the various types of general stress 
changes. 

At first, it should be noted that regardless of  the shape 
of the applied stress paths a through j, the maximum strain 
states, [e", Y~,,v], corresponding to the maximum equivalent 
stress ~r~q = 300 MPa are again located near the half-circle 
in strain space in accord with the previous results. This is 
not necessarily true for transformation strains, particularly 
the maximum transformation strains corresponding to the 
c through f stress paths. In tests a through c, the transfor- 
mation strains develop partially further in torsion+ after 
the change of stress path direction, as would be largely 
expected, since the mechanical work continues to be sup- 
plied, (do-,.q/dt) > 0. The reverse transformation clearly 
proceeds (A ~v  < 0 and 2xe 'r = 0) after the change of 
stress path direction in tests g through j, but it is com- 
pleted only in cases i and j (?h). What happens along the 
stress paths d through h? The reverse MT does start on 
reloading when O-eq decreases in d through f cases but tem- 
porarily stops when the minimum of equivalent stress is 
passed and the mechanical work again becomes supplied. 
The forward MT starts again in the new direction, now 
driven mainly by the prevailing axial stress. The transfor- 
mation paths g and h are the most interesting ones. There 
is a large transition region between the reverse MT and 
forward MT on reloading, and the torsion component of 
transformation strain decreases even if the mechanical 
work is being supplied. The strain responses from whole 
nonproportional pseudoelastic loops e, f, and h are com- 
pared with the evolution of  Creq (supplied mechanical 
work) in Figure 14. Do the martensite variant particles 
nucleated in the beginning torsion+ branch of the applied 
stress path shrink when the mechanical work is being sup- 
plied on reloading along stress paths g and h? Does the 
reorientation of stress-induced martensite particles take 
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place or does the reverse transformation stop uncompleted, 
while new martensite variant particles nucleate and grow, 
causing thus the decrease of torsion+ transformation 
strain component, 7~v? How the MT proceeds on the mi- 
crolevel of transforming martensite variant particles at 
such general stress conditions remains a theme for further 
experimental and theoretical investigations. 

IV. CONCLUSIONS 

The following basic characteristics of the general stress- 
induced transformation pseudoelasticity have been found in 
combined tension-torsion experiments with thin tubular Cu- 
A1-Zn-Mn SMA polycrystalline specimens. 
1. The thermoelastic MT was induced by external stress 
varying in a general nonproportional way during the pseu- 

doelastic cycle. Transformation paths of SMA polycrystal 
(the evolution of average transformation strain) were sys- 
tematically studied and are presented. 
2. The progress of the general stress-induced thermoelastic 
MT in SMA polycrystal can be considered as triggered and 
controlled by the supplied mechanical work (a kind of 
equivalent stress). 
3. Regardless of the shape of the simple strain (stress) path 
imposed, the pseudoelastic strains in a simple loading-un- 
loading nonproportional mechanical cycle are completely 
reversible, provided that the axial loading-unloading strain 
of comparable magnitude is reversible. 
4. The axial strain can be controlled by the change of 
torque and v ice  ve r sa  due to the coupling among tension 
and torsion under stress, not only in forward transforma- 
tion, but also in reverse transformation on unloading. 
5. Pseudoelastic strains induced by general combination of 
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external forces are path dependent but very well reproduc- 
ible along the same stress path. 
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