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Various characteristics of 3"/3' phase equilibrium in ternary Ni-A1-X alloys are analyzed by the 
cluster variation method (CVM) with the phenomenological Lennard-Jones pair potential. Among 
the eleven alloy elements studied, three types of substitution behavior in 3", i.e., the preferential 
substitution for Ni sites (Co and Cu), the almost entire substitution for A1 sites (Ti, Nb, Mo, 
Hf, Ta, and W), and the substitution for both (Cr, Mn, and Fe), are recognized depending upon 
the relative magnitude of the Ni-X and A1-X interactions. In the last type, the substitution site 
appears to depend remarkably upon the A1 and/or  X concentrations in 3": while X atoms enter 
preferentially, the A1 sublattice in the case that the sum of the two concentrations is less than 
the stoichiometry composition (0.25), they begin to enter the Ni sublattice as the sum exceeds 
it. The predicted substitution behavior is in good agreement with direct and indirect experimental 
evidences thus far reported. The direction of 3"/3' equilibrium phase boundaries, the equilibrium 
partition coefficient of X, and the effects of alloying upon the order-disorder transformation 
temperature from metastable 3" to 3' all appear to be closely related to substitution behavior. 
Also, the variation of lattice constants of 3" and 3' with the alloy element concentration may be 
better understood by collation with the substitution sites or the short range order in each phase. 

I. INTRODUCTION 

U N D E R S T A N D I N G  the alloying effects upon the char- 
acteristics of y ' / y  phase equilibrium is of vital impor- 
tance for the development of Ni base superalloys of 
superior high temperature performance. Hence, numer- 
ous constitutional data, such as phase equilibrium com- 
positions, partition coefficients, and lattice parameters 
and so forth, have been hitherto accumulated in many 
ternary Ni-A1-X and higher order systems. Recently more 
attention has been drawn to refractory elements to seek 
further improvement of the resistance to creep rupture at 
high temperatures. 

Compared to experiment, much less theoretical efforts 
appear to have been made to investigate the characteris- 
tics of phase equilibrium in Ni base superalloys. In the reg- 
ular solution model developed by Kaufman et  al., [1-4] 
intermetallic compounds are treated either as a line 
compound or in the same manner as the solid solution 
in the case that they have a finite stability composition 
range. In the latter treatment the two sublattices forming 
y' are not distinguished. In contrast, it has been dem- 
onstrated by Sanchez et al. ~51 that the cluster variation 
method with the Lennard-Jones pair potential is capable 
with sufficient accuracy of describing the 3"/3' phase 
equilibrium in the binary Ni-A1 system, given data on 
the cohesive energy of component species and the lattice 
parameter at some compositions in the relevant phases 
of binary systems. 

This method assumes in effect that the lattice strains 
which are introduced upon alloying are uniform, though 
they in fact may be localized around the solute atoms. 
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As a result, a significant amount of error may be in- 
volved in the evaluation of  internal energies and so 
for th .  [61. Also, the coherency strains in the vicinity of  

*A different approach based upon a polynomial expansion for the 
expression of energies has been used to extend the analysis to the 
entire composition in some binary systems, r7,81 

y ' / y  interfaces, which are likely to affect significantly 
the characteristics of phase equilibrium, are not taken 
into account. However,  because the lattice constant, an 
important parameter which governs the creep resistance 
of  superalloys, is explicitly included, the effect of al- 
loying upon lattice constants can be analyzed simulta- 
neously with other characteristics of  phase equilibrium. 
Thus, this method seems to be most appropriate at this 
time for promoting our understanding the effects of al- 
loying element upon the 3"/3" equilibrium and its mod- 
eling in higher order systems to achieve more accurate 
and complete predictions of microstructures and me- 
chanical properties of Ni base superalloys than the hith- 
erto available one, for example, the method based upon 
the multiple linear regression analysesJ 9,1~ In fact, an 
attempt to extend this analysis to a few ternary or even 
higher order systems has already been reported. Ill] 

Guard and Westbrook E121 were the first authors to de- 
duce the substitution site of  various alloy elements in y '  
from the appearance of the 3" phase field in the iso- 
thermal section of ternary phase diagram. The proposed 
correlation of the substitution site with the appearance 
of the 3" phase field may indicate that the substitution 
behavior not only affects the mechanical properties of y' 
itself, but also has an important influence upon the char- 
acteristics of 3"IT ternary phase equilibrium. Hence, in 
this report a considerable emphasis is placed upon the 
analysis of  the substitution site of alloy element in y' 
and its comparison with the experimental results as well, 
e.g., M6ssbauer spectroscopy [13'14] and ALCHEMI (Atom 
Location by Channeling Enhanced Microanalysis), f15~ 
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which yield more direct results compared to the deduc- 
tions from the appearance of the phase field, t~2,~61 

II.  M E T H O D  OF C A L C U L A T I O N S  

A. Free Energy o f  y' and y Phases 

The procedures of calculation are exactly the same as 
those described previously. ~5:] Only the nearest neigh- 
bor pair interactions are assumed to have significant con- 
tributions to the energy of both y'(L12) and y(fcc) phases. 
Under such an assumption, the tetrahedron approxima- 
tion may be adequate for calculating the entropy of the 
system. The entropy per each lattice point is written as 

= ~Ltzi:, ) - 3 E {L(y~y') + L(y~n)} 
O 

5 ) 
+ -4 ~/. {L(xA) + 3L(xf)} [la] 

and 

S~ = --k(~okl 2 L ( z i j ~ t ) - 6 E L ( Y o ) + 5 E L ( x i )  ) 
ij i 

lib] 

for y' and y phases, respectively. Here, the superscripts 
A and B denote the AI and Ni sublattices, respectively. 

ABBB (or Zijkl ) is the probability of finding atoms Then, z ok t 
i, j ,  k, and I in a tetrahedron nearest neighbor atom clus- 
ter in y' (or y) as shown in Figure 1; yAB (or Y0), the 
probability of finding the i and j atoms in a nearest 
neighbor atom pair; x a (or xi), the probability of finding 
the i atom at one lattice point; k the Boltzmann constant, 

AI 

Q Ni 

Fig. 1- -Tet rahedron cluster for fcc structure used in the calculation. 
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and L(O = ~ In ff - ft. The summation extends from 1 
to 3 (1, 2, and 3 for Ni, A1, and X, respectively). It is 
also assumed that the energy is expressed by the sum of 
the nearest neighbor pair interactions, namely, 

and 

Wl 
Hv" = - -  E eo(r)(Y~ + yfe) [2a] 

4 ., q 

Wl 
H~ = 2 E.. ei:(r)yi: [2b] 

tj 

where Wl is the nearest neighbor coordination number in 
the fcc lattice. The pair energy eij(r) is dependent upon 
the interatomic distance, r, and thereby, the concentra- 
tion dependence of atom interaction is incorporated. 

In order to obtain the most probable atom configura- 
tion at equilibrium, the grand potential of the system de- 
fined as 

f~ = H -  TS + PV + E txixi [3] 
i 

ABBB ( o r  Zijkl ) a n d  t h e  is minimized with respect to both zok ~ 
atomic volume, V, namely, the atom distance, at con- 
stant temperature, T, pressure, P,  and the chemical 
potential of the i atom,/zi,  under the normalization con- 

ABBB dition, i.e., Z0k t z 0k~ = 1. As a result, the most probable 
atom configuration in the tetrahedron cluster for y' is 
expressed as 

zijkt = exp 

exp - 2  uu~t- 4 

z AB AB AB BB BB BB) I /2  
• tYij Yik Yil Yjk Yjt Ykl 

• (xAxexfxf) -5/8 [4a] 

ui:l = eo(r) + ei~(r) + e,(r) + ejk(r) 

+ e:t(r) + ekl(r) [5] 

where A is the Lagrange multiplier introduced to take 
into account the normalization condition, and fl = 
1/kT. Also, the equilibrium nearest neighbor atom dis- 
tance is calculated from the equation, 

w~ ~ deij AB 
4 .. - ~ ( Y ~  +y~B) = _ p  [6a] 

i j  

The corresponding equations for y are, respectively, 

z. l=exp( ) 

exp - 2  u~:z- 4 

• (yi)yikYitYjkYjlYkl) J/2 

X ( X i X j X k X l )  - 5 / 8  [4b] 

wl ~ij de~ . . . .  P [6b] 
2 .. dV Yi: 
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The pair interactions are expressed by the Lennard-  
Jones potential o f  the form, t~sJ [(~)tTliJ ( t(~)nij ] 

eu(r) = eO _ mij [7] 
\ n i j /  

Following Sanchez et al. ,tsj mq and n 0 are put equal to 
8 and 4 which are close to the average value o f  the ex- 
ponent o f  pure metals. The potential parameters r~j cor- 
responds to the interatomic distance at which eij(r) reaches 
its minimum,  i .e . ,  the most  negative value, - e  ~ The 
most  probable configurat ion and the equilibrium atom 
distance in each phase are calculated by incorporating 
Eqs. [6] into the successive iteration scheme called the 
Natural Iteration technique.t~91 The substitution site o f  X 

a (or x~) for given P, T, and in y '  can be known f rom x 3 
/xi values. The characteristics o f  3 " / 7  phase equilibrium 
are calculated f rom most  probable atom configurat ions 
of  each phase which yield the same value o f  1~ under  
the same values o f  P ,  T , /x  i in the two phases. The trans- 
formation temperature f rom metastable 3" to y is deter- 
mined as the min imum temperature at which the a tom 
configuration becomes  the same in the two sublattices 
o f  y ' .  

B. Determination o f  Parameter  Values 

The values o f  the L-J potential parameters are evalu- 
ated in principle in the same manner  as used in the anal- 
ysis o f  the binary system. For  fcc metals, 

2 
e ~ - Hi [81 

W1 

a i  
[91 

where Hi and ai are the enthalpy and the lattice parameter  
o f  pure i metal,  respectively.  The data on Hi of  metals,  
alloys, and compounds  are available in the compilat ion 
by Hultgren et a l J  2~ and those on ai, in Pearson [22] and 
its recent much enlarged edition.t23~ For  elements which 
do not form the fcc lattice at relevant temperatures,  Hi 
for metastable fcc phase was est imated f rom the latent 
heat of  allotropic t ransformation Ezra or the lattice stability 
parameter compiled by  Kaufman  Ez4J and Kaufman and 
Nesor.  t251 Because the change  in the specific volume as- 
sociated with the allotropic transformation is usually not 
very significant, t261 ri o f  such elements was calculated 
assuming that the specific volume is not changed upon 
transformation. The values for pure metals thus deter- 
mined are shown in Tables I(a) and (b). In Table I(b) 
the superscripts h, b, and cb indicate that the element 
takes hcp, bcc,  and complex  bcc structures at room tem- 
perature, respectively.  

In the system in which an L12 type compound  (iso- 
morphous  to 3") is reported to exist, the Ni-X interaction 
parameters can be calculated f rom equations, 

aNi (Hi - 2 off H ~ )  1/4 

ri j  : ~/2 H i 2 0/4 n J [ 10] 

2 (Hi - 2 a 4 H~j) 2 
e ~ = [11] 

W 1 H i - 2 a 8H~ 

where H~j and a~j are, respectively,  the heat o f  formation 

Table I. Lennard-Jones Potential Parameters for (a) Binary and (b) Ternary Ni-AI-X Systems 

0 o  
iV eu/ell r J r n  

(a) 
Ni-A1 

T'-Ni3A1 
y -Ni 
"BF" 

AI-A1 

Ne~ = 17.13 kcal/mole, rn = 2.491 

1.047 1.023 
1.058 1.019 
1.000 1.053 

0.766 1.149 

o 0 
Alloying e0/ell riJrll 
Element Ni-X A1-X X-X Ni-X A1-X X-X 

(b) 
Ti 1.184 1.109 1.095 h 1.035 1.122 1.174 
Cr 0.982 0.790 0.902 b 1.018 1.073 1.032 

(0.760)* (0.780) 
Mn 0.908c 0.839 0.659cb 1.036c 1.066 1.096 
Fe 1.057 c 0.931 0.964 1.017 c 1.031 1.014 

(0.790) (0.924) 
Co 1.002 0.910 0.998 1.007 1.009 1.006 
Cu 0.886 0.858 0.785 1.015 1.049 1.026 
Nb 1.488 1.298 1.656 b 1.038 1.171 ~ 1.181 
Mo 1.285 1.035 1.506 b 1.028 1.147 v 1.115 

(1.700) 
Hf 1.450" 1.129" 1.450 h 1.058 v 1.236 v 1.293 
Ta 1.543" 1.262" 1.797b 1.049 v 1.165v 1.180 
W 1.460 1.238 1.960b 1.029 1.150 v 1.132 

*The values in the parentheses are the ones which bring calculated and measured phase boundaries into close agreement. They are designated 
as the "BF" values in the text. 
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o �9 (b) rN~c~. Data were taken from Hultgren 1211 Fig. 2 - - D e t e ~ i n a t i o n  of Lennard-Jones potential parameters of  Ni-Cu interaction: (a) eN~c~, 
and P e r s o n ,  I22} respectively. 

a n d  the lattice parameter of the compound, and a = 
a~/aNi. The interaction parameters thus determined are 
denoted by the superscript c in Table I(b). 

In the majority of the systems, no L12 compound has 
been reported to exist. In such systems the parameters 
are determined by best fitting the enthalpy and the lattice 

parameter of the fcc solid solution. The parameter values 
were initially guessed assuming binary regular solution 
behavior and then more precise values were determined 
performing calculations following the procedures de- 
scribed in Section I I -A for binary systems. In Figures 
2 and 3 are shown examples of determining the Ni-Cu 

0 . 0  
o Axon & Hume Rothery 

Ellwood & Silcock 

- 2 . 0  

- 4 . 0  

0 ,= 

m u 

~u 

.I 
x 

- 6 . 0  

1.151 

~1.10 

t~ 

N 

,-4 

0 1 . 0 5  

4-J A 
O 
.~ 1 . 0 0  
4J 

�9 Bradley & Goldschmidt 

A Obinata & / 

rCuAl = 1.049 

I i I i l I i I I 

Cu 0.5 A1 

(b) 

Cu 0.5 A1 

(a) 

Fig. 3 - -De te rmina t ion  of  Lennard-Jones potential parameters for AI-Cu interaction: (a) eA,c~~ ," (b)  ranch. 
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and A1-Cu interaction parameters. Because the influence 
of one parameter upon the other was usually insignifi- 
cant (i.e.,  the e ~ value did not affect the rij value and 
vice versa), the value of each parameter can be readily 
obtained by this procedure. The thermochemical data are 
not available for Ta and Hf. Accordingly, the semiem- 
pirical method proposed by Miedema et al. p7'28~ was used 
to evaluate the heat of  mixing, Hij, for these elements 
(superscript m in Table I(b)). Also, the Vegard 's  law 
was assumed to estimate the lattice parameter of  the sol- 
id solution, a~j, when no data appear to be available 
(superscript v). 

The parameter values of  Ni-A1 interaction are shown 
in Table I(a). Those evaluated from the data of  enthalpy) 
and lattice parameter of  3"-Ni3A1 and 3,-Ni are reason- 
ably close. The values designated as "BF" are the ones 
which yield best fit to the 3"/3" boundary compositions 
in the binary system, which are very similar to those 
previously reported. TM 

It is difficult to determine precisely the error limits of  
these parameter values. The errors in the original en- 
thalpy and lattice parameter data may be inherited in them. 
For example, -+ 15 and --_2 pct errors in e ~ and r o values, 
respectively, considerably alter the numerical results for 
some elements, particularly those designated as Type III  
elements (Section I l l -A) .  The differences resulted from 
the ranges of  parameter values will be mentioned as much 
as possible when they are considered to be significant. 
In the calculations the interaction parameters normalized 
by e~ and rll are all assumed to be temperature inde- 
pendent, which implies that one assumes the same tem- 
perature dependence of the enthalpy and lattice parameter 
as that of  pure Ni. The error involved in such a proce- 
dure is likely to be less than a few percent for both H~j 
and a u. 

I I I .  R E S U L T S  AND D I S C U S S I O N  

A.  Preferential  Substitution Lattice o f  X in 3" 

In Figure 4 is shown the calculated variation of the X 
A o f .  concentration in the A1 sublattice of 3", x3, at 1000 

The bulk concentration of X is 3 at. pct. The fraction of 
occupancy of AI sites is seen to vary greatly from one 
alloy element to another. The symbols [MAX], [EQ], 
and [RD] denote the concentrations of  X for the cases 
in which all atoms are substituted for A1, an equal num- 
ber of  atoms enter the two lattices, and atoms are ran- 
domly distributed in the two lattices, respectively. It is 
seen that Nb, Hf, Ta, and W are substituted almost en- 
tirely for A1. Titanium and Mo are mostly substituted 
for A1 for Ni concentrations larger than the stoichiometry 
(XNi > 0.75). However,  small amounts of  these atoms 
begin to enter the Ni sublattice as the Ni concentration 
becomes less than the stoichiometry, i .e. ,  when the A1 
lattice is filled up with A1 and/or  these atoms. 

The proportion of Cr, Mn, and Fe atoms entering the 
Ni sublattice is increased in this order in the Ni-lean side 
of  stoichiometry. On the other hand, in the Ni-rich side, 
Cr and Mn atoms mostly enter the A1 sublattice. A little 
more than half of Fe atoms are seen to enter the A1 sub- 
lattice. In the same composition range, Co is substituted 

d 
.r . , .  

e ~  

c -  

. r =  

t -  

O 
. e . -  

e ' -  

1.3 
e -  

0 
( -3  

X 

Bulk A1 content, at% 

25 20 
I [ ,  , , 5 �9 I I 

MAX] 
Nb,Hf ,Ta ,W 

T1 

+F 

Fe 

0o 

0u 

0 
70 75 80 

Bu lk  N1 c o n t e n t ,  at% 

Fig. 4 - -Var i a t ion  of  alloy element  concentration in the A1 sublattice 
with Ni (or A1) concentration in y ' .  The bulk alloy e lement  concen- 
tration is 3 at. pct. 

for A1 with larger probability than random, but the num- 
ber of Co atoms in the A1 lattice is less than that in the 
Ni sublattice. Copper preferentially enters the Ni sub- 
lattice. Hereafter,  substitution behavior is classified into 
three groups: Type I elements which are preferentially 
substituted for Ni (Co and Cu); Type II elements which 
are almost entirely substituted for A1 (Ti, Nb, Mo, Hf, 
Ta, and W); and Type III elements of  which the substi- 
tution site is remarkably changed on both sides of  stoi- 
chiometry (Cr, Mn, and Fe). 

The above classification seems to be in good agree- 
ment with the substitution sites of  each element hitherto 
accepted, as summarized by some authors. L12'16,29] How- 
ever, some discrepancies are observed: from the shape 
of the 3" phase field Mn was regarded as wholly sub- 
stituted for A1; [12} the results from X-ray diffractometry 
etc. tend to favor the substitution of Mo and W for both 
Ni and A1 sites. [30,31.32] In these comparisons the differ- 
ences in bulk compositions of  3" were ignored. One of 
the greatest advantages of  the present analysis may be 
that the concentration dependence of substitution behav- 
ior is readily analyzed. 

The variations of  calculated x a of  Fe, Cr, and Co with 
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I ALCHEMI 
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Fig. 5--Comparison of calculated (a) Fe and (b) Cr and Co concen- 
trations in the A1 sublattice with those measured by ALCHEMI. us] 
Dashed curves are calculated with the use of the "BF" values in Table 
I(b). 

the Ni (or A1) content are compared with those measured 
by means of electron channeling (ALCHEMI) t15} in 
Figures 5(a) and (b). The bulk concentrations of these 
elements in 7' are all approximately 5 at. pct. The 
temperature at which the atom distribution was actually 
quenched was not determined, in this experiment. Ac- 
cordingly, the calculations were performed at two tem- 
peratures, i .e. ,  500 and 1000 ~ The solid and dashed 
curves are calculated, respectively, using the parameter 
values determined in Section II-B and the values which 
best fit the reported 3 / / 7  equilibrium phase boundaries 
(Section Il l-B; in Table I(b), they are shown in the pa- 
rentheses and hereafter denoted "BF"). The difference 
in the two curves at 1000 ~ is large. Though the mea- 
sured x ~  is considerably larger than the calculations at 
the lowest Ni content (NiToA125Fes), the observed vari- 
ation of  xae with the bulk Ni concentration is exactly the 
one predicted from the calculation. As seen in Figure 
5(b), the agreement between theory and experiment is 
very good also for Cr and Co. The two sets of parameter 
values yielded very similar results for Cr. 

The occupancy fraction of Fe and Co in the A1 sub- 
lattice was also measured by means of  the M6ssbauer 
spectroscopy. {]3,14] As shown in Table II, whereas the 
xAe back-calculated from the measured occupancy frac- 
tion tends to be somewhat higher than the calculated ones, 
agreement is appreciably improved (the number in the 
parentheses) if one used the "BF" values in Table I(b). 
However, it is not clear whether structural vacancies are 
present at an off-stoichiometry composition of L12 ordered 
compounds, as reported for some B2 type com- 
pounds, f331 or, if they are, significantly affect substitu- 
tion behavior of these elements. 

The existence of various types of substitution behavior 
can be interpreted simply from the relative magnitude of 
the potential of  each atom pair. In the following it is 
assumed that structural vacancies do not exist in y'. 
Figure 6 shows the calculated e~3(r) and e23(r) (both nor- 
malized by e~ as a function of  the bulk Ni content in 
y' for Cu, Cr, and Nb, which represent each type of 
substitution behavior, respectively. For Nb, the Ni-Nb 
interaction (el3) may be much more negative than the A1- 
Nb interaction (e23). Hence, it is energetically much more 
favorable for this element to be substituted for A1 and 
surrounded by twelve first neighbor Ni atoms. Thus, most 
Type II elements exhibit almost entire substitution for 

Table II. Comparison of the M6ssbauer 
Spectroscopy Data on the Site Occupancy of 

Fe Atoms in Ni3AI with the CVM Calculation 

x~r Back- 
Fraction Calculated 

of Fe from the CVM 
Atoms in Measured Calculated 

the A1 Occupancy xae at 
Sublattice* Fraction 1000 ~ 

Ni73.sAIz3.8 Fe2.5 0.78 0.08 0.041 
(0.045) 

Ni70.3 A120.4 Feg.3 0.54 0.20 0.126 
(0.185) 

*The specimens were homogenized at 1000 ~ for 24 h. t]4] 
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Fig. 6 - -Compar i son  of Ni-X(e13), A1-X(e23), and Ni-Al(el2) pair po- 
tentials for three X representing each type of substitution behavior. 

A1. For Cu el3 is only slightly more negative than e23. 
This element may be substituted for Ni, because the Ni 
sublattice has three times more lattice points than the A1 
sublattice and, thereby, entering the Ni sublattice may 
be favored in terms of the configurational entropy. The 
tendency of Cu to occupy Ni sites is not so strong as 
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Fig. 7 - -Var ia t ion  of A1 concentration in the Ni sublattice with the Ni 
(or A1) concentration in 3". The bulk alloy element concentration is 
3 at. pct. 

that of  the Type I I  elements to occupy A1 sites and, thus, 
the substantial fraction of the Type I elements may enter 
the A1 sublattice (Figure 4). 

The difference in the Ni-Cr and A1-Cr pair potentials 
is intermediate between those of Nb and Cu. As stated 
earlier, Cr atoms are preferentially substituted for AI when 
XA~ + XCr < 0.25. When the sum of  the two concentra- 
tions exceeds 0.25, the question may arise as to which 
atoms are squeezed out of  the A1 sublattice. In Figure 7 
the calculated A1 concentration in the Ni sublattice, X~l, 
is plotted over the composition range which encom- 
passes the stoichiometry of  several ternary 7 ' .  In 3" 
containing Nb and Mo, A1 begins to enter in the Ni sub- 
lattice as soon as xNi becomes less than 0.75. This is 
because squeezing out of  A1 into the Ni sublattice may 
be energetically more favorable on account of  a more 
negative el3 value than e]2 (Ni-A1 interaction, thin curve 
in Figure 6). On the other hand, in "y' containing Cr and 
Mn, x ~  continues to be very small (almost null) until 
the A1 sublattice is filled up with A1 atoms (XAI = 0.25). 
The Ni-Cr interaction is less negative than the Ni-AI so 
that Cr or Mn atoms are squeezed out and, as a result, 
AI atoms stay in their own sublattice. The variation of  
x~, with the composition in Cr or Mn added y '  is close 
to that in Cu added 3/. 

A It is noted that, in Figure 5, x3 of Type III elements 
tends to decrease as XNi is increased from the stoichi- 
ometry. This is probably because the distinction of atom 
configurations in the two sublattices diminishes as more 
Ni atoms occupy the A1 sublattice. As one goes farther 
in the Ni-rich side, the order-disorder transformation from 
metastable y '  to 3" takes place. 

In Figure 8 are shown the variations of  x~ with the 
bulk X concentration, X3, in y '  which is at equilibrium 

A with 3'. x3 is seen to increase almost linearly to x3, which 
means that the X partitioning between the two sublattices 
is not much varied with the bulk X content. 

B. y ' / y  Phase Boundaries 

In Figures 9(a) through (d) are shown the calculated 
y ' / y  equilibrium phase boundaries in the isothermal sec- 
tion of  the phase diagram of Ni-A1-Cr, Fe, Co, and Mo 
systems. Except for Co, experimentally determined phase 
boundaries a r e  i n c l u d e d .  [34,35,361 In the calculation, the 
"BF" values in Table I(a) were used for the Ni-A1 in- 
teraction parameters. As in the binary case, the Ni-X 
and A1-X interaction parameters obtained from the en- 
thalpy and lattice parameter data usually did not repro- 
duce the experimental phase boundaries in ternary 
systems. The best fit values of  interaction parameters are 
determined by trial and error in some systems in the fol- 
lowing manner: the change in e~ relative to e~ causing 
a small horizontal shift in the 7 ' /3 /boundar ies ;  also, the 
change in e~ alters the curvature of  the boundaries as 
the X concentration is increased. The values thus deter- 
mined (denoted "BF")  are shown in the parentheses in 
Table I(b). 

It is seen in these figures that for small concentrations 
of  alloy elements the direction of 3" /7  phase boundaries 
correlates well with substitution behavior as originally 
pointed out by Guard and Westbrook. {12] Namely,  in the 
Ni-A1-Co system the (Y' q- 3') two phase field extends 

METALLURGICAL TRANSACTIONS A VOLUME 20A, APRIL 1989--655 



40 

d 
(J 

30 

e- 

~- 20 

t -  
O 

4-J c'- 

Q 
(,3 

X 

Nb,Hf 

i ! 

Ti . .  
/ 

[MAX]/) 
,/// 

/ / /  

Mo Fe 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

/ / CO 

j ,  
/ 

t 
t ~" ell 

Cr 

/ 
/ 

/ 

Mn 

/ 
/ 

/ 
/ 

/ [EQ] 

I 

0 ~ 
0 5 10 15 

Bulk X con ten t  in  v ' ,  at% 

F i g .  8 - - V a r i a t i o n  o f  a l l o y  e l e m e n t  c o n c e n t r a t i o n  in  the  A1 s u b l a t t i c e  

w i t h  the  b u l k  c o n c e n t r a t i o n  in  y '  w h i c h  is at  e q u i l i b r i u m  w i t h  y.  

nearly parallel to the Ni-Co side. As the fraction of sub- 
stitution for A1 sites is increased, the two phase field first 
tends to be upright (Cr and Fe) and leans toward the 3' 
side (Mo) at relatively small concentrations. 

It is noted that as the X concentration is increased, 
both the 3"/(3" + 3') and 7 / (3"  + 3') boundaries are often 
curved convex toward the 3' side. Concomitantly, the slope 
of tie-lines appears to be increased. This seems to be 
consistent with the generally accepted rule that, at equi- 
librium, an alloy element tends to be enriched in the phase 
which is more stabilized than the other phase by the 
presence of it, and, thus, the phase field is widened rel- 
ative to the other. However,  this rule is unlikely to be 
obeyed strictly. As seen in Figures 9(b) and (c), both the 
experimental and calculated phase boundaries lean to- 
ward the 3' side, rather than the y '  side, in spite of  the 
fact that Cr (or Fe) is enriched in 3' at equilibrium (see 
next section). Hence, in the case that one of the equi- 
librating phases is an ordered compound,  the direction 
of phase boundaries appears to depend primarily upon 
substitution rather than partition (thus, stabilizing effect 
thereof) behavior of alloy elements. 

C. Part i t ion  Coef f ic ien t  o f  A l loy ing  
E l e m e n t  b e t w e e n  y '  a n d  y 

In Figures 10(a) through (g) are shown the variations 
of  measured and calculated equilibrium partition coef- 

ficients of  some alloy elements. The coefficient is de- 
fined as 

, 

k~,/y = x_~ [121 
x~ 

It is plotted against x3 ~' and x~' for elements enriched in 
y'  and y, respectively. The experimental data shown here 
were taken either from the diffusion couple measurement 
(white circles) t37] or by annealing in the two or three phase 
field (solid circles). {3s] Dashed curves are calculated with 
the "BF" values. 

The partition coefficient also appears to be affected 
by substitution behavior. Both experiment and calcula- 
tion show that except Mo and W, Type II elements (here 
Ta, Figure 10(f)) are enriched in y '  (k y'/~ > 1), and the 
concentration dependence of k~'/r is rather small. In 
contrast, Types I and III elements are all enriched in 
y (k r'/y < 1), and the coefficients are usually dependent 
upon the concentration of alloy elements (Figures 10(a) 
through (d)). 

These characteristics of partition behavior may be in- 
terpreted in terms of the atom configuration in the near- 
est neighbor shell. In Tables III(a) through (d) are shown 
the number of  i-j pairs per lattice point, Po, the ratio of 
the number of  i-j pairs to that of random distribution, 
o-o, and the number o f j  atoms in the first neighbor shell 
of an i atom, n o, in the binary and three ternary systems. 
These are written, respectively, as 

BB 
P . -  , Po=Y~J + ( i # j )  [13a] 

2 2 

W 1 BB J 
nv = - -  Yo + [14a] 

2x~ 2 

for 3" and 

Po = Yo, Po = 2yo ( i  = J) [13b1 

Yo 
n o = W l -  [14b] 

Xi 

for y. For both phases, o-ij is written as, 

Pii Pi; 
o-" xf  ' o-u 2xixj  (i ~- j )  [15] 

These quantities were calculated at equilibrium com- 
positions of  y '  and y. However,  for the sake of com- 
parison, the alloy element concentrations were made equal 
in the two phases. Thus, these compositions are not the 
ones connected by a single tie-line. It is seen in 
Table III(a) that o-12 is increased upon ordering with con- 
comitant decrease in o-~1 and o-22 in the binary system. 
This indicates that, as usually expected, the probability 
of  finding pairs of  unlike atoms is increased upon E l  2 

ordering. It is noted that n .  and n12 somewhat differ from 
the values of  completely ordered y '  of  stoichiometry 
composition (8 and 4, respectively) due to the larger Ni 
concentration in 3" at equilibrium with 3'. 

Of  all the elements studied, Ta and Co exhibit the 
largest and the smallest k v'/v, respectively. The first 
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neighbor atom configuration in these systems is shown 
in Tables Ill(b) and (c). The Pu and so forth associated 
only with Ni and A1 are not shown in these tables. They 
are not much different from the corresponding values in 
Table Ill(a). Because Ta is substituted for A1, the atom 
configuration in the first neighbor of  Ta, n3:, is almost 
the same as that of  A1, n2j, in y ' .  These are even similar 
in the two phases. The enrichment of  Ta in y '  may be 
attributed to the larger o-13 value (1.29) in y '  compared 
to that in y (1.16), just like 032 in the binary systems. 
As a result, the substitution for A1 sites necessitates the 
enrichment in y '  because strongly attractive Ni-X pairs 
are formed more readily in Y' than in the other phase. 

Because Co atoms enter in both sublattices of  y ' ,  the 
situation is more complex. However,  there is a remark- 
able difference in the nearest neighbor atom configura- 
tion. Namely, whereas two A1 atoms are present in the 
first neighbor shell of  Co in y '  (n32 = 2 .0 ) ,  approxi- 
mately only one A1 atom can enter the first neighbor in 
y (n32 = 1.2). Hence, the enrichment of Co in y '  is un- 
favored because more Co-A1 pairs, whose interaction is 

less negative than the others (Table III(c)) and thus is 
relatively unstable, are formed than in y. Similar atom 
configurations are obtained in other systems of Types I 
and III  elements. 

The measured k ~'/~ of  Mo is seen to depend remark- 
ably upon the Mo concentration; whereas Mo is enriched 
in y '  at small concentrations, the reverse is true at larger 
concentrations (Figure lO(e)). The dashed curve is seen 
to reproduce fairly well the concentration dependence of  

z,/~' k ' of  Mo. Whether W is enriched in y or Y is not well 
established. The solid circles in Figure 10(g) indicate the 
same concentration dependence of k ' of  W as that of  
Mo. The Type II elements, such as Ta, are usually char- 
acterized by a combination of large e~ and 1"33 values. 
They may be weakly attractive, or even repel each other 
in the y '  and y lattices because of  the rapidly rising first 
term in the L-J potential. In contrast, Mo and W can 
have very strong attractive self interactions in Y. As shown 
in Table Ill(d), a significant amount of  Mo-Mo pairs are 
already present in y at 5 at. pct Mo level (n33 = 0 .6 )  
and its proportion may increase as the bulk content of  
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(f)  Ta; (g) W. White circles are the data by diffusion couple measurements at 1100 ~ Black circles are the data taken by two-phase anneal- 
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Mo is increased. On the other hand, since Mo (and pre- 
sumably W) is substituted for A1, very few Mo-Mo pairs 
can exist in 7' (n33 ---- 0 .1 ) .  This may result in progres- 
sively larger Mo enrichment in % exactly the tendency 
observed in the dashed curve of Figure 10(e). 

D. Order-Disorder Transformation Temperature of 3" 

It has long been questioned whether y' is completely 
ordered up to its melting temperature. The order param- 
eter of Ni3A1 was measured by high temperature X-ray 
diffractometry. [39] Recently, Cahn et al .  t4~ succeeded 
in determining the temperature of the order-disorder 
transformation from metastable y' to 7 (it is denoted as 
Top, hereafter) in Ni-A1-Fe alloys by a combination of 

thermal dilatometry and X-ray diffractometry. It was then 
suggested that the relative position of the transformation 
temperature and the liquidus of metastable 3" controls 
the formation of fine antiphase domain structure upon 
solidification and profoundly affects the ductility of 7'. 
The locus o f  this transformation temperature in the bi- 
nary system, which appears to fall in the (3" + 3') two 
phase field, represents an upper limit of 3" existence if 
nucleation of "y is suppressed for some reason. Thus, the 
evaluation of Top may have an important practical 
significance. 

In Figure 11 are compared calculated and measured jam 
Too of y' which contain 12.5 at. pct Fe. The "BF" val- 
ues in Table I(a) yielded the transformation temperature 
of 1685 ~ for binary y' of stoichiometry composition, 
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which is about 200 ~ higher than that reported by Cahn 
eta/. t4~ Though this trend is inherent in the figure, the 
qualitative features of the calculated variation of Too with 
the Ni/A1 ratio agree well with measurements. 

Figure 12 shows the calculated variation of Too with 
the bulk concentration of various alloy elements. The 
curves are drawn for constant Ni-A1 ratio (=75 /25)  for 
Fe and Cu and for constant Ni concentration for Nb and 
Mo. It is apparent that, whereas Nb raises Top, Cu and 
Fe lower it. The addition of Mo raises Too initially, but 
lowers it at larger concentrations. These variations ap- 

pear to be related closely to partition behavior of each 
element. Hence, the influence of alloy element addition 
upon Top may be attributed primarily to its influence upon 
the thermodynamic stability of ~/' relative to that of 7. 

E. Effects of Alloy Element Addition 
upon Lattice Constants 

The mismatch in lattice parameter between ~/' and 7 
is one of the most important parameters for the design 
of  creep and heat resistant Ni-base superalloys. In 
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Table III. Calculated Numbers of i - j  Pairs Per Lattice Point, p~j, Ratios of the Numbers of i - j  
Pairs to Those of Random Distribution, or0, and Numbers o f j  Atoms in the First Neighbor 
Shell of  an i Atom, no. , in Binary and Three Ternary y '  and y, in (a) Ni-Al, (b) Ni-A|-Ta, 

(c) Ni-AI-Co, and (d) Ni-AI-Mo Systems. The Atom Fraction of X in Each Phase Is the Same. 

(a) 
t .  �9 

Neo, y �9 N177A123 y: Ni- t 4A1 

kcal/mol Po ~ Po cro 

Ni-Ni - 17.1 0.56 0.92 0.70 0.97 
Ni-AI - 17.8 0.44 1.28 0.29 1.15 
AI-A1 - 7.2 0.00 0.00 0.00 0.07 

n~j i j : Ni A1 Ni A1 

Ni 8.6 3.4 9.9 2.1 
A1 12.0 0.0 11.8 0.2 

(b)* 
N%, y' : Ni78AlI7Ta5 y: Ni-9A1-5Ta 

kcal/mol Po ~ Po o-~j 

Ni-Ta -29.1  0.10 1.29 0.10 1.16 
A1-Ta - 10.3 0.00 0.00 0.00 0.00 
Ta-Ta - 6.8 0.00 0.00 0.00 0.00 

n o i j : Ni AI Ta Ni AI Ta 

Ni 8.5 2.7 0.8 10.1 1.2 0.7 
AI 12.0 0.0 0.0 11.9 0.1 0.0 
Ta 12.0 0.0 0.0 12.0 0.0 0.0 

(c) 
Y': Ni69A121Colo Neij, y: Ni- 13AI-10Co 

kcal/mol Po ~ Po ~ 

Ni-Co - 17.1 0.13 0.98 0.16 1.02 
AI-Co - 15.6 0.04 0.83 0.02 0.77 
Co-Co -17.1  0.01 1.56 0.01 1.21 

nij i j : Ni AI Co Ni AI Co 

Ni 7.5 3.3 1.2 9.0 2.0 1.0 
A1 11.0 0.0 1.0 11.0 0.1 0.9 
Co 8.0 2.0 2.0 9.4 1.2 1.4 

(d) 
Ne0, y': Ni77Alm8Mo5 y: Ni-10A1-5Mo 

kcal/mol Plj o'ij Po ~ 

Ni-Mo -21 .8  0.10 1.28 0.09 1.12 
A1-Mo - 9.9 0.00 0.00 0.00 0.04 
Mo-Mo -22 .6  0.00 0.29 0.00 0.98 

n o i j : Ni A1 Mo Ni A1 Mo 

Ni 8.4 2.9 0.7 9.9 1.5 0.6 
A1 12.0 0.0 0.0 11.8 0.2 0.0 
Mo 11.7 0.0 0.1 11.3 0.1 0.6 

*The p~ and o-~j values for Ni and A1 pairs are not included in (b) through (d). They are not much different from the values in (a). 

Figure  13 is shown the variation of  lattice constant  of  
the two phases (denoted as av, and a~) with the com- 
posi t ion of the b inary  phases calculated with the use of 
three sets of parameter  values shown in Table  I(a). As 
expected, the "BF" values yield remarkably larger ar, 
and a~ than the measured ones.t22~ The a~, curve was cal- 
culated under  the same assumption as before, i . e . ,  ab- 
sence of structural vacancies.  The curve is seen to have 

an inflect ion at the stoichiometry,  because the excess AI 
atoms which enter the Ni sublattice form A1-A1 pairs and 
tend to expand the lattice (because of a large r22 value). 
The same is true with a t ,  probably because of the sim- 
ilarities of the first neighbor  atom configurat ion (or the 
short range order) be tween the two phases (n21 = 12.0 
and 11.8 in 3" and y, respectively,  Table  II(a)). It is 
noted that ar  is sl ightly larger than at, at the same 
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composition. This can be ascribed to the larger number 
of A1-A1 pairs in 3' than in y '  (o-z2 = 0.07 and 0.00 in 
3' mad y ' ,  respectively). 

In comparing lattice constants with experiment in ter- 
nary systems, it is necessary to check whether the data 
were taken from a single phase alloy or from a y ' / ' y  
mixture. The latter data must be compared with those at 
the proper phase boundary compositions. Accordingly, 
the analysis was made with the use of  the "BF" values 
and the results were corrected for the ratio (0.983) which 
compensates for the difference between the curves [3"] 
and [BF]. 

Figure 14(a) shows the variation of calculated and 
measured [42] a~, and a~ with the H f  content. The initial 
compositions (xHf = 0) are the ones at binary equilib- 
rium. Solid curves are the variations along the temary 
equilibrium boundaries and dashed curves for constant 
A1 concentration. Both a~ and a~, are increased at a larger 
rate in the dashed curves than in the solid curves. This 
is because the addition of Hf removes almost an equal 
number of A1 atoms along the equilibrium boundary. The 
inflection of the a~, curve at xHf - 0.02 may occur for 
the same reason as that in the binary case, but the slope 
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Fig. 12--Variation of calculated order-disorder transformation tem- 
perature with the alloy element concentration. 

is larger because of the formation of Hf-A1 pairs (and 
A1-A1 pairs as well) between the two sublattices. 

It can be shown that the at, curve for Type III ele- 
ments, such as Cr, exhibits the same inflection at the 
stoichiometry composition. However, the degree of 
inflection for these elements is smaller than for Type II 
elements, due to relatively small differences in the atomic 
radii from that of  Ni. No inflection appears for Type I 
elements. 

The variations of a~, and ar with the Mo concentration 
are shown in Figure 14(b). The experimental data shown 
here were taken from the two phases which were sup- 
posed to be at equilibrium. E43J Although for most other 
elements the lattice constant of 3' is smaller than that of  
"g', the reverse is true with Mo. The calculated variations 
are seen to be in fair agreement with this observation. 
The fact that av increases at an increasing rate with the 
Mo concentration may be ascribed to the combination of 
large enrichment and tendency to form Mo-Mo pairs in 
y, as mentioned in Section I I I -C.  

Figures 15(a) and (b) show the variations of calcu- 
lated a v, and a~ with the concentration for all alloy ele- 
ments studied. The calculation was performed at 1000 ~ 
Type II elements are usually large in the atomic radius, 
and thereby the rate of increasing the lattice constants 
tends to be large. The appearance of the variation of lat- 
tice constants with the alloy element concentration does 
not differ much in these two phases. 
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IV .  S U M M A R Y  

The cluster variation method (CVM) with the 
Lennard-Jones pair potential was used to analyze sub- 
stitution behavior of alloy elements in Y', Y'/Y 
equilibrium phase boundaries, equilibrium partition coef- 
ficient, order-disorder transformation temperature from 
metastable Y' to Y and lattice constants in eleven ternary 
Ni-A1-X (X = Ti, Cr, Mn, Fe, Co, Cu, Nb, Mo, Hf, 
Ta, and W) systems. The values of the potential param- 
eters were determined primarily from the thermochem- 
ical data on enthalpy and the data on lattice constants of 
metals, binary alloys, and compounds. For systems in 
which no appreciable data appear to be available, em- 
pirical laws were utilized. 

The following conclusions may be drawn: 

1. Substitution behavior of alloy elements in Y' is clas- 
sified into three types. The elements whose interac- 
tions with Ni and A1 are similar in magnitude are 
substituted preferentially for Ni sites (Type I, Co, and 
Cu). The elements whose interaction with Ni is much 
stronger than with AI are almost entirely substituted 
for A1 sites (Type II, Ti, Nb, Mo, Hf, Ta, and W). 
The substitution site of  the other elements, of which 
the differences in the magnitude of interactions are 
intermediate, is highly dependent upon the bulk com- 
position of Y' (Type III, Cr, Mn, and Fe); whereas 
they are substituted for A1 when the sum of the A1 
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and X concentrations are less than the stoichiometry 
composition, they begin to enter the Ni lattice as soon 
as the sum of the two concentration exceeds it. For 
some elements such as Fe and Cr, the calculated oc- 
cupancy fractions in the sublattices are in good agree- 

ment with those measured by A L C H E M I  and 
M6ssbauer spectroscopy. 

2. The direction of  extention of the (y '  + 3') two phase 
field appears to be related to substitution behavior. 
The Type I elements have the two phase field parallel 
to the Ni-X side in the isothermal section of  the ter- 
nary phase diagram and the Type II elements, parallel 
to the A1-X side. The direction of the two phase field 
of  the Type III  elements is intermediate between the 
above two types. However,  the two phase field of  
these elements is usually curved convex toward the 
3" side as the X concentration is increased. Some Type 
II elements, e .g . ,  Me, exhibit a two phase field sim- 
ilar to that of  Type III elements. 

3. Most Type II  elements are enriched in 3" at two phase 
equilibrium. This is probably because the probability 
of  forming Ni-X pairs of  strong attractive interaction 
is increased in the L12 ordered lattice than in the solid 
solution of 3'. The Type I and Type III elements are 
enriched in 3', which may also be explained from the 
atom configuration in the nearest neighbor shell. The 
partition coefficient of Me and presumably W is highly 
concentration dependent. 

4. The effects of  alloying elements upon the order- 
disorder transformation temperature from metastable 
3" to 3' appear to be related to their partition behavior. 
The temperature is raised by the addition of Type II 
elements (except for large concentrations of  Me) and 
decreased by the addition of Types I and III  elements. 

5. The Type II elements, whose atomic radius is rela- 
tively large, increase the lattice constants of  both 3" 
and 3' at a larger rate than the other elements. Though 
the lattice constant of  3" is usually larger than that of  
% the reverse situation can occur in some systems 
such as Me,  characterized by a large enrichment in 
y and a relatively large atomic radius. 
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